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Chapter 1

Asymptotic Series

Divergent series are the invention of the devil, and it is shameful to
base on them any demonstration whatsoever. N. H. Abel (1828)

The differential equations encountered in applied mathematics, science, and engineering
research are only rarely soluble in terms of familiar mathematical functions. When
an exact solution is lacking, it is often desirable to use local analysis to determine the
approximate behaviour of a solution near a point of interest (which could even be 00).
Asymptotic series provide a powerful technique for constructing such approximations.

1.A A Simple Example

To illustrate what an asymptotic series is, suppose we want to evaluate the Laplace
transform of cost:

I(x):/ e "costdt (x> 0).
0

If we didn’t know how to integrate this result directly, we might be tempted to
evaluate I by substituting in the Taylor series of cost:

I(z) = /Oooe—m;%%dt (x> 0).
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If we can justify the interchange of the two limit processes (the integral and infinite
sum), we would then obtain, on substituting u = xt,

I(z) = Z (&37 /000 e " dt

S =D" [ on

= ; @n)l 22 /0 e "u™ du
oo _1)"

— ; Wfﬁn +1)
— (="

B nZ:o (2n)! x2n+l (2n):

1 & 1\"
()

where I'(z) is defined by [~ e *u*~! du for Re z > 0 and elsewhere by T'(2+1) = 2I'(z)
(cf. Sect. 2.A). The resulting geometric series, with ratio —1/z?%, converges for z > 1

to the value
1 1 T

v 1+ 224l

In fact, on directly integrating I(z) by parts twice, we can quickly verify that the
final formula I(z) = z/(1 + x?) is valid also for z € (0, 1] even though the geometric
series we encountered above diverges on this interval.

Now suppose we attempt to apply the same technique to the compute the Laplace
transform of 1/(1 4 ¢), whose Taylor series is just the geometric series >~ (—1)"t"™

o0 e—zt
= dt
1) /0 1+1
= / eith(—];)ntn dt
0 n=0
= Z(_U”/ e~ " dt
0

= e “u" du
Z $n+1 0

(1.1)
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Unfortunately, we see that the resulting series diverges for all z (for any fixed x the
terms do not even go to zero as n — 00).

Why did our procedure fail for the second example? The problem is that the
Taylor series for 1/(1 4+ t) only converges for |t| < 1 and we integrated for ¢ € [0, 00).
Somewhat surprisingly, even though our final result is a divergent series, it can still
be useful for computing approximations to f(z) for sufficiently large z. In terms of
the Nth partial sums'

N n
INCED =t
n=0
we define the pointwise error or remainder
Ry(z) = f(x) = [n(z).
On making use of the Nth partial sums of the previously encountered geometric series,
N 1 (—t)N +1

—1) = -
2V =

n =0

f(x)—/oooe” ! dt

1+¢

we can express

N (_t)N+1

[ e[ G

n=0

o) _ 4#\N+1
:fN(x)+/O e—mt% dt.

dt

Then

o L ~ (N +1)!

Thus, the partial sum fy of the series approximates f(x) with an error that is
less than or equal to the first term it neglects, even though the series itself diverges!
For large z, this remainder is small, even for a few terms. For example, for N = 3,

we have 94
Fy()l< =5,

so for z = 10, and = = 100 say, we have
|R3(10)|< 2.4 x 107" and  |R5(100)|< 2.4 x 107°.

The series we found for f(z) is called an asymptotic series. The key distinction
here is the order in which the limits N — oo and x — oo are taken:

lwe use the symbol = to emphasize a definition, although the notation := is more common.
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e The series we found for I(x) is convergent since A}im Ry (z) =0 for fixed z > 1.
—00

e The series we found for f(x) is asymptotic since lim Ry(z) = 0 for fixed N.
T—r00

1.B Order Symbols

Let f and g be functions defined on D C X — Y, where the sets X and Y could
represent either the real numbers R or the complex numbers C. Let A be a subset
of D.

Definition: We say f is in the order of g on A if IM > 0>

|f(x)] < M|g(z)|for all z € A.

We write f(z) = O(g(x)). The order of g can be thought of as the class of all
functions that are asymptotically smaller than or equal to (some positive multiple of)
g on A. Equivalently, if g(x) is nonzero on A,

f(=)

— | < 00

wen | g(@)

r€A

(i.e. ‘5 is bounded on A).

e let A=X =Y =R, f(z) =sinz, g(r) = 1. Then sinz = O(1) on R since
lsinz| < 1 for all x € R.

Let A= X =Y =R, f(z) = sinz, g(r) = . Then sinz = O(z) on R since
sinz| < |z| for all z € R.

Let A= X =Y =R, f(z) =sinhz, g(z) = coshz. Then sinhz = O(cosh(x)) on

R since [sinh x| = ‘ez’e_ ’ < &t = coshz for all x € R.

2 2

Let A=X =Y =R, f(x) =10z, g(z) = z. Then f(z) = O(g(x)) on R.

Let X =Y =C, A= B.(0) ={z € C:|z| <7}, f(z) = 2% g(z) = z. Then
z € B.(0) = |z| < r = |2%| < r]z|. Hence 22 = O(2) on B,(0).

Let A=X =R, Y =C, f(z) =¢", g(xr) = 1. Then ¢ = O(1) on R.
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Remark: Of the first two statements, sinxz = O(1) is more useful if |z| is large and
sinz = O(x) is more useful if |z| is small.

Remark: Frequently one is interested in an order relation near some distinguished
point zy (which could include oco). It is therefore convenient to introduce a local
definition of asymptotic ordering.

Let X be one of the sets R, = RU {—00,00} or C, = CU {oco}. Suppose
20 € A C Xy (ie. 2 is a limit point of A).

Definition: We say f is in the order of g as z — zyp on A C X, if X, contains a
neighbourhood U of 2, such that for some M

zeUNA=|f(2)| < Mlg(2)].

We write f(z) = O(g(2)) as z — 2. Equivalently, if g is nonzero near z, € 4,

f(2)

limsup | —/=

< 00
== | g(2)

(i.e. ‘i is bounded on A near z). Recall limsup f(z) = inf sup f(z) is the
g z—20 6>0 Zeig(zw
z ZO

supremum of values of f(z) near zy. In particular, if f(z) is continuous at 2z, then
limsup f(z) = lim f(2) = f(z0).
Z—r20

Z—20

e X=Y=C,A=DB,(0),20=0€ A. Then |z| <r= [} <r|z| =

2 =0(z) (z—0in A).

e X=Y=C,A=DB,(0)%, zp=00€ A Then 0 <r < |z| = |2| <+ |*| =
z=0(z%) (2= ooin A).
Definition: We say f is in the little order of g as z — zp in A C X, if for all € > 0,
X, contains an neighbourhood U, of z; such that

zeU:NA=[f(2) <elg(2)].

We write f(z) = 0(g(z)) as z — zp. Equivalently, if ¢ is nonzero near z, (and
f(20) = 0 when 2z, € A),
1)
im

=20 g(2)

=0.
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e A =X =Y = C. Considering the limits points 0 and oo of A, we see that
2

limz—:O:>z2:O(z) (z—0in A) and lim%:O:>z:O(z2) (z = oo in A).
z—0 2 Z2—00 2

Remark: A less common but sometimes more convenient notation for f = O(g) is
f = g. The latter emphasizes that the (somewhat misleading) notation f = O(g)
actually represents a logical binary relation between the functions f and g and not
an equality. Likewise, an alternative notation for f = o(g) is f < g (although the
notation f < g, or equivalently, g > f, is much more common in applied fields).
These alternative notations are convenient for stating the following theorem.

Theorem 1.1 (Order Properties): The following implications hold:

(i) f<g(z—2imA)=f<xg(z— 2 inA);
(1)) [ <9 (z— 20 in A),a € RT = |f]°< |g]* (2 = 20 in A);

(1)) f<g (z—= 20 in A),a € RT = |f|*< [g]* (z = 20 in A);

(v) fg=xh(z—2inA)=f=xh(z—zinA);
(v) fg=<h(z— 2 inA)=f<h(z— 2z in A);
(vi) f<g=<h(z— 2 inA)=f<h(z— 2z in A);
(vit) f <0, g (2= 20 A)= fgx 0 (2 = 2z in A);
(viit) f <S¢, g<v (z—= z0in A) = fg < (z = 2z in A);
(ix) [P, g P (z—=20mA) = f+9g=<x¢ (2= 2 in A);
(x) f<¢, g<¢(z—>20inA)=f+g=<0¢(z2— 2 inA).

Proof: These results follow easily from the definitions. m

Problem 1.1: Prove Theorem 1.1.

Definition: If f — g = 0(g) (z — z0in A), we say [ is asymptotic to g and write
fr~g(z— 2z in A).
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Remark: If g(z) # 0 near zy (and f(z9) = g(20) when zy € A), then f ~ g (z —
2o in A) is equivalent to lim /() = 1.
o 9(2)
In Problem 1.2 we show that f ~ g is an equivalence relation. The following

theorem establishes a connection between this asymptotic equivalence and asymptotic
ordering.

Theorem 1.2 (Asymptotic Functions Have Same Order): f ~ g (z — 29 in A) =
f=0(g) and g = O(f) (z = 2z in A).

Proof: If f ~ g (z = 29 in A) then f — g = 0(g) (# — 2 in A), which implies
that Ve > 0, 4 a neighbourhood U; of z5 2

zeU.NA=[f(2) = g(2)I< elg(2)].
But by the triangle inequality we have
[F(2)=19(2)I< [f(2) = 9(2)] < elg(2)];

9 =1F )< 1f(2) = g(2)] < elg(2)]-
The first inequality yields |f(2)|< (1 + €)|g(z)|, which implies that f = O(g) (z —
2o in A). For the special case ¢ = 1/2, the second inequality implies that |g(z)| <
2[f(2)], so we see that g = O(f) (z — 2o in A). ]

Remark: The converse of the above theorem is not true. Consider f(x) = x and
g(x) = 2x. We have

|[f(2)|= |2[< 2|z]= |g(z)| hence f = O(g) (x — 0),
|9(x)[= 2||< 2[f ()] hence g = O(f) (z = 0).
But lim £2 = lim £ = 1+ # 1. Therefore f 4 g (z — 0).

X
7—0 9(@) 50 2

Q. Does f=0(g) and g = O(f) (2 = 2 in A) imply IK # 0 (const.) >
f~Kg(z— zin A)?

A. Exercise.

Problem 1.2: Show that the definition of f ~ ¢ satisfies
i) f~f,

(i) frg=9g~,

(i) f~g, g~h= f~h,

making it an equivalence relation.
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Problem 1.3: If f and g are continuous at z = 2z, is it necessarily true that f =
O(g)? Prove or provide a counterexample.

1.C Sequences and Series

Suppose
(i) pp: DC X =Y forn=0,1,...,N, where X,Y € {R,C};
(i) AcC D;

(iii) zg € Xo is a limit point of A.

Definition: The set {¢,}Y_; is called an asymptotic sequence (z — 2o in A) if
Gnr1 =0(Pp) (2 — zpin A) forn=0,1,..., N — 1.

e [fA=X=Y=C, 2 €C, and ¢,(2) = (2 — 20)", then

Zﬁnzﬂo gbn—(z) = jLIElO(Z —20) = 0= ¢pt1 = 0(¢y) (2 — 20 in A).

Hence {¢,}22, is an asymptotic sequence.

e IfA=X =Y =C, 2z = 00, ¢p(2) = %, then

. ¢n+1(z) : 1 :
1 = lim - =0 nt1 = 0(Pn A).
B0~ =0 e =0l (e eoin d)

Hence {¢,}52, is an asymptotic sequence.

e If A=X =Y =C, 2 =00, ¢n(z) = 22 then

. ¢n+1(z) ERRT 1 . - .
zlgglo o) Zlgglo o= 0= ¢pi1 = 0(Pn) (2 = 20 in A).

Hence {¢,,}5°, is an asymptotic sequence.
e fX=Y=C, A={z€C; |argz|< Oy < T}, 20 = 00, Pn(2) = 7%, then

lim Oni1(2) =lime”* = lim (e % %) =0= ¢p1 = 0(¢n) (z = 2 in A).
zZ—20 gbn(z) zZ—20 Tr—400

Hence {¢,}52, is an asymptotic sequence.
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eIf X =Y =R, A=(0,00), 79 =00, ¢(x) =e*™, then

. ¢n+1($) . =z
1 —_ 1 n(n+l) — " —_ " .
lim ) = lim e =0= ¢pi1 = 0(¢,) (x — 00)

Hence {¢,}22, is an asymptotic sequence. This example shows that it is not
necessary for the individual elements of an asymptotic series go to zero, or even
remain bounded. The “asymptoticness” of a sequence is determined solely from
the ratio of consecutive terms.

e Let X =Y =R, A=(0,1), g = 0. Consider the two sequences:
{bn(2)}2, = {logz, 1, zlogx, x, 2*log® x, 2°log x, 2°, v log® x, 2®log® x, 2*logw, 2°, ...},

Yn(r) =2" n=01,2,....

¢n+1 (w

It is easily seen that lim ) = 0foralln e Np, so that these are both asymptotic

z—0 én ()
sequences, with {1, } being a subsequence of {¢,}. One might say that {¢,} is a
more “refined” asymptotic sequence than {¢,,}.

Remark: Asymptotic sequences satisfy the following properties:

1. Any subsequence of an asymptotic sequence is an asymptotic sequence.

2. If {¢,,} is an asymptotic sequence and o > 0 then {|¢,|*} is an asymptotic
sequence.

3. If {¢,} and {¢,,} are asymptotic sequences then {¢,1,} is an asymptotic
sequence.

Definition: Two sequences {¢,}N_; and {1}, (not necessarily asymptotic) are

said to be asymptotically equivalent if ¢, = O(,) and ¢, = O(¢,) for n =
0,1,...,N.

Remark: If lim % = L, where 0 < L, < oo, for each n = 0,1,..., N, then

Z—r20 n

{pn}N_, and {9, } 2, are asymptotically equivalent as z — 2.

Lemma 1.1: If {¢,} and {¢,} are asymptotically equivalent sequences and {¢p,} is
an asymptotic sequence then {1,} is an asymptotic sequence.

Proof: wn+1 < ¢n+1 = ¢n < wn Therefore 1/1n+1 = ¢n (le 2ﬂnJrl = 0(1%)) L
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N
Definition: A sum " a,¢,(2), (a, const.) is called an asymptotic series if {¢,}2_,
n=0
is an asymptotic sequence.

In the case N = oo, nothing is implied about the convergence of this series. In
fact, the question of convergence is of no particular interest in asymptotic theory.

We now define how an asymptotic series can represent a function near some
distinguished point zj.

N

Definition: If f(z) = > andn(z) + 0(¢n) (2 — 29 in A) for some N € Ny, the
n=0
N
asymptotic series > a,¢,(2) is said to be an asymptotic expansion to N terms for
n=0
N
f(z— zoin A). We write f(z) ~ > anon(z) (2 = 29 in A).
n=0
N
Definition: The remainder after N terms is Ry = f(z) — Z A ®n(2).
n=0
Remark: If we let n
oy for on(2) £0,
Fn(z) =
0 for ¢on(2) =0,
N
we see that the statement f(2) = > andn(z) + 0(én) (2 = 20 in A) is equivalent
n=0
N
to f(2) = > andn(2) + Fn(2)¢n, where lim Fn(z) =0.
n=0 z€EA
N
Definition: If for each N € Ny, > a,¢,(z) is an asymptotic expansion to N terms
n=0
for f then the series is an asymptotic expansion of f. We write f(2) ~ > a,¢n(2)
n=0

(z = 2zpin A).
We now return to the example of the previous section.

e Consider the function f given in Eq. (1.1). Our naive attempt to obtain a series
o0

representation for f led to the divergent series ) % There are two questions
n=0

to be considered here: (i) is this an asymptotic series; and (ii) if so, is this an

asymptotic expansion of f?
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For this series we have ¢, (z) = 2~V and

lim Pnir(r) _ lim 1_ 0

so that series is indeed an asymptotic series. The remainder Ry satisfies (cf. Eq. (1.2))

N +1)!
mxl< TE = 1t o),
so that
[En(2)] < (N +1)! ¢N+1(x),and hence lim v (@)l =0, VN.
on(z) N(z) a=00 P ()
Thus we have
f(z) = /OO ﬁdt i (=1)"n! (z — 00)
o 0 14+t ot pntl ’

The following result indicates the degree to which asymptotic expansions are
unique.

Theorem 1.3 (Uniqueness): Let {¢, Y, be an asymptotic sequence. Then

f(z) ~ Z ntn(2) (2 = 29 in A) <—

n—1
. 1) =5 ajo,(2)
o=l oe T bRl

Proof: This equivalence follows directly from the fact that

lim (f(Z) —ao) i L) maok(z) L Bo(z)

bo(2)

T S go(z) 2% do(z)

and
n—1 n—1
f(z) - ;%%(2) f(z) - ;0%%(2) — QP (2)
o o) | T ()
—m BB g g

R P (z)
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Remark: This result shows that, given a function f and an asymptotic sequence
{pn}N_,, the asymptotic expansion of f, if it exists, is unique.

Remark: In particular, for the asymptotic sequence ¢,,(z) = (z—z0)", the corresponding
asymptotic expansion of an analytic function f is in fact just its Taylor series, with
the unique coefficients (cf. Prob. 1.5)

f(”)(zo)

n!

Qp = , n=0,1,2,....

Remark: On the other hand, as the following example illustrates, a function f
may have asymptotic expansions relative to different asymptotic sequences, and
furthermore, these sequences need not be asymptotically equivalent.

Problem 1.4: Consider the function H% and for n =1,2,... the sequences
1 r—1 > —z+1
n = ) n = ) 071 = :
bul) = 0 () = o ) =

Verify that:

(i) these sequences are asymptotic as (z — +00);
(ii) these sequences are not asymptotically equivalent;

(iii) the statements

1 = (=1)"! 1 “ r—1 1 > 2 _ 1
S Y e e
1+ — " 1+ — T 1+2 — 3n

are valid asymptotic representations as (x — +00).

Remark: In addition to a single function having different asymptotic expansions
relative to different asymptotic sequences, a single asymptotic series can be a valid
asymptotic representation for more than one function: if two functions f and g
differ by an amount that is asymptotically smaller than any element of the sequence
{dn}22,, the series doesn’t “see the difference”.

Theorem 1.4 (Nonuniqueness): If f(z) ~ i andn(2) and f — g = o(én) (2 —
n=0
2o in A) Vn, then g(z) ~ i antn(z) (2 = 2o in A).
n=0

Proof: Exercise. O
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1
1+x
(-1t

xn

and g(r) = 2= " From the previous example

e Consider the functions f(x) = T

o
we know that - ~ 21 (x — 400). But, on examining the difference

between f and g we get_

1 14+e™* —e™® 1
_ — — = =o( — — n.
)=o) = s~ S = T —o( %) oo
1 —x 0 —1)n1
Hence, by Theorem 1.4 we have e | Z L as T — +00.
14+ "

n=1

Problem 1.5: Let f be a function that is infinitely differentiable in a neighbourhood
of xg and ay = f®)(x0)/k!. Define ¢, (z) = (x — 20)" and S, (z) = 3 a;0;(z).

7=0
(a) Evaluate the kth derivative PP (x) of ¢, at x = xg.

(b) Evaluate the kth derivative S (x) of S, at x = xo.

(¢) Evaluate lim [f®(z) — S®) ()] for n =0,1,2,....

T—TQ

(d) Use L’Hopitals Rule to compute for n = 1,2, ...

i 4 (@) = Sna(2)
=g on(2)

Note: always check that L’Hopitals Rule applies before using it!

(e) Recall Taylor’s Remainder theorem:

flay = 3 I 0 ) 4 R, o)

=z

3
Il
=)

where Ry (z,70) = (x — 20)N f™) (en)/N! for some number cy between x and .
Use the continuity of f") to conclude that f™¥)(cy) is bounded by some constant
My . Deduce that

flz) ~ Zan(bn(x) (z — ),

(f) Evaluate the limit in part (d) directly from part (e) and Theorem 1.3.
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1.D Operations on Asymptotic Series

Suppose that

(i) ¢p: DC X —=Y,n=0,1,...,N, where X,Y € {R,C};

(1)

(iii) 29 € Xo is a limit point of A;
)

(iv) {pn}2y (2 = 20 in A) is an asymptotic sequence.

We want to determine under what conditions is it legitimate to add, multiply,
divide, differentiate, and integrate asymptotic series. Term by term addition of
asymptotic series is always possible:

Theorem 1.5 (Addition): If f(z) ~ > 2 jann(z) and g(z) ~ > 7 budn(2) (z = 20
in A), then af(z)+ Bg(z) ~ > 2 (aan, + Bby)on(2) (z — z in A).

Proof: We are given

f(2) ~ Y anda(2) = f(2) = Y andu(z) + Fn(2)dn(2),
9(2) ~ D bata(2) = 9(2) = ) bada(2) + Gu(2)en (=),
with }1_}1121 Fy(z) = zh_)rrzl Gn(z) = 0. Thus
af(z) + B9(z) = Y _(aan + Bba)dn(2) + [aFy(2) + BGx (2)]on(2).

The desired result follows from the fact that lim [aFn(2) +8Gn(2)] =04+0=0. O
Z—r20
Remark: Taking the formal product of ) a,,¢., and ) b,¢, yields an expression
containing all possible products ¢,,¢,, m,n € Ny. It is not possible, in general, to
arrange the functions {¢,,¢, }pr,—o into an asymptotic sequence. However, we will
mostly restrict our attention to asymptotic sequences satisfying the property

Pm(2)0n(2) = a(2)dmin(2), (1.3)

where without loss of generality one takes a(z) = 0 whenever ¢q(z) = 0. Sequences
which satisfy Eq. (1.3) can be multiplied in a manner reminiscent of polynomial
multiplication. Such sequences are necessarily of a certain form:
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Lemma 1.2: If {¢,}22, (2 — 20 in A) is an asymptotic sequence that satisfies
Eq. (1.3), then ¢, can be expressed as ¢,(z) = «a(z)p"(2), where lim B(z) = 0.

z€A
Here, we interpret 8°(z) =1 for all B(2).
Proof: Exercise. []
Theorem 1.6 (Multiplication/Division): If
(1) the sequence {¢n}o°, satisfies Eq. (1.3);
(1) f(z Za"(b” (z = 2z in A);
(111) g(z angbn (z = 29 in A);
with by # 0, then the product fg and the quotient f/g satisfy
F(2)g(2) ~ a(2) Y enn(z) (2= 2 in A)
n=0
z 1 .
e e G dtnle) (20 in )
where
Cp = Z Cljbn,j
=0
and
a 1 n—1
0
do=72  dn=g (an - Zdjbn_j) n>1.
7=0
Proof: We are given
N
n=0

where lim Fy(z) = lim Gn(z) = 0.

Z—20 Z—20
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Omitting the z arguments for brevity, we obtain, introducing the indices n = j+k
(which runs from 0 to 2N) and m =n — N,

N N N
f.g = Z Zajbk¢j¢k + Z(GjGN + bjFN)¢j¢N + FNGN(bN(bN

7=0 k=0 7=0

N n 2N N N
= (Z + > >ajbnja¢n + {Z(@J'GN +b;Fn)o; + FNGN¢N} 2

n=0 j=0 n=N+1j=n—N 7=0

N
= Z a;b,_jap, + Z Z ;0N ym—j PPN

7=0 m=1 j=m

0
+ {Z(%’GN +biFN)oj + FNGNQbN} ON

N
<Z Cn¢n + ENqu) ’

n=0

|
Q

where each term of

N N

En = Z Za]bN+m ]/6 +Z CL]GN +b F]\Oﬁj —f-FNGNB

m=1j=m

is seen to approach 0 as z — z; since

. : 1 forj=0
J — 9
Zh—>HZl()ﬁ (2) = {O for 7 > 0,

and lim Fy(z) = lim Gy(z) = 0.
Z—r20

Z—r20

The formula for division follows immediately upon inverting the product formula

for £ g(2)

ap = Zdjbn—jv
5=0
to obtain d,, forn =0,1,2,.... n

Remark: In the following two theorems, it will be helpful to recall that if f is
holomorphic in a set A then it either has isolated zeros in A or is identically zero

on A.
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Theorem 1.7 (Termwise Integration): If
(1) {dn}2y (2 = 20 in A) is an asymptotic sequence;

(ii) ¥'n, ¢p is holomorphic in A, with antiderivative ®,, satisfying Zh_g% d,(2) =0;

z€A

(111) [ is holomorphic in A;
(iv) f(z) ~ ) andn(z) (z = 29 in A);
n=0

Then the antiderivatives ®,,(z) form an asymptotic sequence and

/z f(¢)d¢ ~ ian%(z) (z = 2o in A),
=0 n=0

provided the path of integration (except possibly for zy) lies in A.

Proof: Without loss of generality, we may assume that none of the ¢,, are identically
zero on A. It follows that these holomorphic functions must have isolated zeros; that
is, there exists a d,, > 0 such that 0 < |z — 2| < 6, = ¢n(2) # 0.

From (i) and (ii), we see from L’Hopitals Rule that

. Dpyi(2) 5 Pa(2) I Pnt1(2)

_ - — 0.
2w Bo(z)  om BL(2)  som gn(2)

Also, (iv) implies
F(2) =) andn(2) + Fx(2)on(2),

where lim Fy(z) = 0 for each N. On integrating each side between 2, and z, we find
Z—20

[ Q=Y ana(a) + Ex(2)(c),

where

Jo Fn(Qén(¢) d¢
Dy (2) '
The desired result then follows upon taking the limit z — zq:

lim EN(Z) = lim f; FN(<)¢N(C) d¢ — lim FN(Z)¢N(Z)

Z—20 Z—r20 ®N(Z) Z—20 @EV(Z) Z—20

EN(Z) =
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Remark: By far the most difficult theorem to prove, and the one with the most
conditions, is the following theorem on term-by-term differentiation of asymptotic
series.

Theorem 1.8 (Termwise Differentiation): Let zo € C. If
(i) ¢n is holomorphic in an open convexr set A such that zy € A;
(11) {Pn}oc o, and {P)}o° are asymptotic sequences as (z — zy in A)

o On [ O(z—2) (2= 20 in A), if 2o # o0,
(i) & = O(z) (2 = 00 in A), if zg = 005

(iv) f is holomorphic in A;

(U) f ~ Zan¢n Z — 2o N A)z
n=0
then .
"(2) ~ Zangb;(z) (z = 2z in A).
n=0
Proof:
Case zy # oo:
Consider the circle C\(z) = {w € C : |w—z| = A|z — 2|} of radius |z — 2|

about zq for a fixed A € (0,1) such that Cy C A. We are given that

Zan¢n +FN( )¢N<Z)7

where lim F; ~(2) = 0. Note from (i) and (iv) that Fiy is holomorphic in A for all N
z€EA
and

WE

f'(2) = ) and(2) + Fn(2)dy (2) + Fiy(2)on(2)

0

3
Il

on(2)
Py (2)

[ =

and () + [FN<z> T ()2 g0,

3
I
o

The conditions that the functions ¢, are holomorphic and form an asymptotic
series guarantee that ¢/ is nonzero and bounded near z,. It thus suffices to show

that
lim Fy(z )(bN(Z) =0

R Pn(2)
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Let My(z) be the maximum value achieved by the continuous function |Fjy| on the
compact set C'y(z). Then since all points of C(z) remain inside A and approach z, as
z — 2, we see from lim |Fn(2)] = 0 that lim Mny(z) = 0. Hence Cauchy’s residue

z€A Z€EA
formula implies that

i/ Fn(w) dw‘ o 1 2\ |z — 20|  Mny(2)
Ci(2) (

F = < M = )
()] 2mi w— z)? 21 n(z) >\2\z—zo|2 Az — 2|

Finally, from (iii), we know that there exists a Ky > 0 and dy > 0 such that

0<|z—2)]|<0n, 2€EA= ¢IN(2)‘ < Ky |z — 2]
N
Now given € > 0, choose § € (0,dy) such that
eA
0<|z—2]<0d, z€ A= My(2) < —
Ky
on(z)| _ Mn(z)
F\ < K —
> [R S E| < SRyl <=

as desired.

Case zy = oc:

The proof proceeds similarly, but with Cy\(z) = {w € C : |w — 2| = A|z|} and
|z — 29| < dn replaced by |z| > dy. Note for w € C)\(2) that w — oo as z — oo since

I=Nzl=|z| - lw—=2|< |z +w—2=|w. O

Remark: For some applications, it is convenient to choose the set A in Theorem 1.8
to be an open subset of the pie-shaped sector S(zg,a, 3) = {z € C; 2z # zp,a <

Arg(z — z) < B}.

Remark: In this chapter we have given the basic theoretical foundation of asymptotic
sequences and series needed for the remainder of the course. The examples presented
thus far have been relatively simple in that an asymptotic expansion to a given func-
tion f relative to a given asymptotic sequence {¢, }>°, was not difficult to obtain.
In most applications, however, the situation is not so straightforward. The func-
tions for which asymptotic expansions are sought are usually unknown in advance,
typically being the solution to some initial or boundary value problem. Even the
appropriate asymptotic sequence to be used in the expansion of the solution is not
usually known and must be determined as part of the overall solution procedure.
These problems can be quite challenging.



Chapter 2

Expansion of Integrals

2.A The Gamma Function

For Re(z) > 0, define
' (2) i/ e 7l dt,
0

+

where the integration is performed along the positive real axis. Then I', is holomorphic
in the right half plane {z € C : Re(z) > 0}. A single integration by parts yields the
following recurrence relation

o0

Cy(z2+1)= / e dt = —e 't
0+
= ZF+<Z>.

Since I' (1) = [T e tdt =1 = 0!, we see that 'y (n+1) = n! for n € Ny. Continuing
in this manner we find that I'; (2 +n) = (z4+n—1)...(2+1)z';(2). On rearranging
this formula,

—tyz—1

I'i(z+4n)
(z+1)...(z4n—-1)

it is possible to analytically continue the function to the left-half plane:

I'y(z) = >

I (z) Re(z) > 0,
['(z) = I't(z+n)
2(z4+1)...(z+n—1)

—n<Re(z) < —n+1l,z#-n+1,n=1,23,...

The resulting function I'(z) is holomorphic in the complex plane except at z =
0,—1,—2,..., where it has simple poles. The graph of I'(z) for z € R is shown
in Figure 2.1 and an interactive three-dimensional plot of the surface I'(z) for z € C
is shown in Figure 2.2.

We proceed to derive a few useful relationships involving the I' function.

20
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e For o € (0,1) we have

['(a) = / e it dt = 2/ e V2 dy (letting t = ?),
0 0

+ +

which leads to

MNa)l'(1 —a) = <2/ e_yzy%‘_l dy) (2/ e~ gl 2 dx)
o+ o+
o oo 9, o 200—1
= 4/ / ef(x +y ) <g) dx dy
o+ Jo+t T

w/2 00

:4/ tan2a16/ e rdrdf
0 0
/2

/
= 2/ tan?*~1 9 de.
0

In particular, we see for o = 1/2 that I'*(1/2) = 2 foﬂ/Q df = 7 and

/ e dr = 2/ e dr = F(%) = /.
—0o0 0

A substitution then leads to the important result [~ e~ dx = /7 /a for
a> 0.

For arbitrary o € (0,1), we find, on substituting z = tan? 0,

Ia) =T()I'(1 —a) = 2/

0+

w/2 0o a—1

tan?*"10dp = / - dz.
0+ 1 + z

The integral here can be evaluated by a contour integration in the complex
plane, noting that the function z*~! = el®=D1g= ig holomorphic on the star-
shaped domain obtained by slicing the complex plane along the positive real
axis. This branch cut is shown in red in the following figure. In other words we
choose the antiderivative log z = log |z| + i arg z of the function z — 1/z, where
arg z € [0, 2m).

Imz|

Rez
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Here the large circular contour C'g is chosen to have radius R > 2, so that
|1+ 2| > R/2 on Cg, and the small semicircular contour C, is chosen to have
radius 7 < 1/2, so that |1 + 2| > 1/2 on C,. On denoting

. sa—l e(a—l)logz
f(z) = = ,
142 142
we then see, accounting for the residue from the pole of f at z = —1, that

) R+ir —ir
2miele~1im :/ f+/ f+/ [+ r
ir Cr R—ir Chr

Since a < 1, we see that the contribution from the circular arc Cp is

Ra—l
/ f‘ < 2mR = 47R“t — 0.
Cr

% R—o0

Likewise, since o > 0, the contribution from the semicircular contour C, is

a—1

We thus deduce that

] R+ir R—ir
i [

R— o0
oo (a—1)log|z| oo (a—1)(log|z|+i2)
- / il / ¢ -
O+ 1 + VA 0+ ]_ + z
— [(a)(l . e(a71)27ri).
Thus o) o)
e a—1)mi e a—1)mi _6—a7r7l + eonri
" = I(a) - ()

from which we see that

™

I(a) =T(a)T'(1 — ) =

sin o’

On extending this result by analytic continuation, one finds for all z € C\ Z

that
T

T(:)[(1 - 2) = (2.2)

sinmz’
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e For a > 1 and positive x and A, another frequently encountered integral can be
expressed in terms of I' using the substitution u = xt*:

o0 1 o0 o F (o3
/ e e gt = — / e tur"tdu = <)‘g) : (2.3)
0 Axx Jo A

For the special case @« = x = 1, this result simplifies to

A 1.(1 1
dt=<T(=)=T(1+=).
=i (s) =)

For 0 < a <1 and x > 0, a related integral is

o0 . 'O[I_‘
/ giatpolgp = L %) (O‘), (2.4)
0 e
where we introduce a branch cut (shown in red) along the negative real axis:

Im z
iR

Cr

ir +~qC
L
| r R Rez

We note that f(z) = e®?2%~! is holomorphic inside the blue contour. Cauchy’s
Integral Theorem thus implies that

Oz/TRf(t)dtJr/CRf%—i/er(z’t) dt+ [ f

Since a0 < 1, we see that

w/2 )
/ f‘ g/ 6—$RSIH9Ra—lR do
Cr 0

w/2
<R / e TR do = Ra*121(1 —e ™) - 0.
0

X R—o0

Likewise, since a > 0, we see that

™ (1—e "
<r®—|(—1] —=0.
[A<r(=)

0o 0 00 o
d — _ . d e —xtya—1 d _ t F(Oé)
/0 f(t)dt /Oof(zt)z t=i /0 et gt = —=2

xOé

Hence

as claimed.
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—4 -3 —2 —1 _1_' 1 2 3 i
-
.
i
i

Figure 2.1: Graph of I'(z) on the real line.

Gamma Function and Binomial Expansions

The I' function gives us a convenient way to write general binomial expansions. For
arbitrary «, z € C consider the general binomial expansion
(a—1) , a(a—1)~~~(a—k)(&—k+1)zk+

o a
(1+2) —1~|—az+Tz +- 4+ X

It is convenient to introduce a generalized binomial coefficient.

Definition: The generalized binomial coefficient is defined as follows:

We can now write the general binomial expansion in a more compact form

(1+z)a:1+k§; (Z)zk
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12 . i
11 ] B
10 ] B
9 ]
3 ]
7 : i
IT'(2)] " y
5 N
4 B
3 ]
2 N
1 Il!'?@
0 -
2 -1 0 1 2 3 4 _1Imz
Re z

Figure 2.2: Surface plot of I'(z) in the complex plane, using an RGB color wheel to
represent the phase. Red indicates real positive values. The poles at the negative
integers and 0 are evident.

For a € C\ Z, we re-write the genearlized binomial coefficient as follows:

c>zliia_ﬁ:am—n~«a—mm—k+n
k)~ kil

k!
ala=1)--(a—k)(a—k+1) T(a—k+1)

k! T(a—k+1)
ala—=1)---(a—k)(a—k _
= ( HT(o—ht 1; ) (using Eq. (2.1))
al'(«) Fla+1)

T HT(a—k+1) KT(a—k+1)

(2.5)

The above formula is a convenient way to represent the general binomial coefficient



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();
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in terms of the I' function. However, there is a slight variation of this formula which
is also convenient. To arrive at this other formula we need to make use of certain
properties of the I" function. Using Eq. (2.2) with z = a+ 1, we get

T(a+ 1) (~a) = m

Again using Eq. (2.2), but with z = a — k + 1, we get
s

Na—k+ DIk —a) = R = (=1

m
sinm(a+1)

Combining these, for o € C\ Z, allows us to write an equivalent form for the binomial

coefficient as Tk
(Z) = (—1)k—k!<r(__z>). (2.6)

Note that (‘3) =1, so, for @ € C\ Z, the binomial expansion becomes

[e.e]

(A+2)° =3 Fr(ffjkll 5 (2.7)
or, equivalently
(1+42)* = Z(—l)k%zk. (2.8)
k=0 '

For negative integers « = —n with n € N, formula Eq. (2.8) can be used directly. For
non-negative integer values of «, we take the appropriate limits. Since the I'" function
has simple poles at non-positive integer values of its argument, it follows that

lim I'(z) = 0o, or equivalently  lim =0 forn € Ny,

Z—=—n Z—=—n F(Z)
so that for non-negative integers o« = n € Ny, taking the limit in Eq. (2.5) yields

") = tim () = lim Llat+1)
k)  a—n\k _a%nk!F(Oz—k’—i—l)

I(n+1) n!
=S KT(n—k+1) = K (n—Fk)V
0 0, for k >n+1,

for k=0,1,2,...,n,

and, thus we recover the usual expression

n - n! k
k=0
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Problem 2.1: Show that

r<n+ 5) = éff;',ﬁ

Problem 2.2: (Alternate derivation of the binomial expansion in Eq. (2.7).)
Let a € C\ Z. Consider the infinite sum

J(z) = 2:; n! Fl;(()za—i——kllz n)zn' (2:9)

What is the radius of convergence R of the series in Eq. (2.9)7
Compute f'(z) for |z| < R.

Use your answer in part (b) to find a first-order differential equation with solution
f(z) for |z| < R. Hint: compute (1 + z)f’(2).

Solve the first-order differential equation in part (c) subject to the boundary
condition f(0) =1 to determine f(z).

Confirm that we chose the right boundary condition in part (d) by verifying that
all of the coefficients in the Taylor series of f(z) about 0 agree with those in
Eq. (2.9).

Use part (d) to find the asymptotic expansion of (¢? + 225)_1/ ? for the asymptotic
sequence {t"}>, ast — 0.

2.B  Some Elementary Examples

In this section we give a few examples to illustrate, in a relatively ad-hoc manner,
some of the techniques used to obtain asymptotic approximations to integrals of the
form

I(z) = /xf(f)dé, o I(z) = /zf(C)dC-

If f(2) ~ >0 5 andn(z) for some asymptotic sequence {¢, }°2, then, provided the

conditions of Theorem 1.7 hold, we can integrate the asymptotic series term by term.
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e Calculate an asymptotic expansion for I(x) = / et dt as (z — 0).

nt4n
If we try to integrate e™" ~ Z (t — O+) term by term we encounter a

problem arising from the upper hmlt of 1ntegrat10n

e (_1)nt4n+1 *°

0o i
e " dt ~ —_
/x ; n! (4n + 1)
The correct approach is to first peel off an infinite definite integral:

00 B 00 B T B 5 0 ( 1)nx4n+1
I _ th g t _/ o r(2) = \—) 4 +
(x) /m e dt /0 e " dt i e’ dt 1 Zn!(éln—i—l) (x —07)

Note the form of the terms in the asymptotic series:

On (1) = ' = a(2)"(z), where a(z) =z, B(z) = z*.

= x@Q«7

e [ind an asymptotic series as (z — 0 in A) for the exponential integral

00 ,—C
Ei(2) = / %dg‘, where A = S(0, —00,60), 6o < g

Since F; has a singularity at z = 0, we cannot split fzoo = fooo — foz. Instead,
consider its derivative:

) B e~ % 0 (_l)nznfl & n on—1
R I e —
n=0
On moving the first term to the left-hand side and integrating from 1 to z, we find
Ei(z)+1o ZN—f:M—FO (z—=01in A)
! & nn! '

n=1
where the constant C' can be evaluated as
C = lim(Ey(z) + log 2)

z€EA

00 ,—C
= lim {/ %d(ﬂogz—log(l%—z)

z2—0
zZ€EA

T o=¢
e 1 1
= lim lim — — =4+ ——d(
S ), T T THC

o ¢ 1
:A+7T_¢u+odg
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On using the fact that

"1 noroo oo rn 0 —x __ ,—Nnx
logn:/ —dk:/ / e’”d:cdk:/ / ek’”dkd:c:/ A
1 k 1 0 0+ J1 o+ i

we can show that C' = —v, where ~ is Euler’s constant:

o0 1 o0 —X
= lim / —dy—/ C dr
50+ \Jes_1 y(y +1) 5

<1 1
:/ —( —e_x)dx
o+ T\1+z

—=0.5772. . .,

using the substitution y = e* — 1.

Therefore

o0 g=¢ 2 (=1)"zm )
? n=1 ’

Incidentally, the fact that

lim(Ey(2) + log 2) = —

z€A

implies a close connection between the constant v and the I' function, namely:

+

oo 1
= lim _ ftl 00 —
zi>0+ ([ e logi]; +/z te dt)
= lim (log z + F1(2))

z—07t

F’(l):/ e logtdt
0
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A slight reformulation of the definition for v in terms of a telescoping series,

. “ 1 , n+1
7=l (Zrlog“>+,}£2&0g( )

k=1

(Nl
lim < e log(n + 1))
k=1

£l )]

k=1

I
5

has a simple geometric interpretation as the sum of the areas of the green regions in
Figure 2.3. The total shaded (green+red) areas is just the area 1 of the rectangle
[1,2]x[0,1] (since the telescoping sum Y ° [; — 5] = 1), so v is the fraction of
the shaded area that is coloured green. The convexity of the graph of f(z) = 1/x on

(0,00) then establishes that 1/2 <y < 1.

Yy 1
(171) y==

1 2 k E+1 x

Figure 2.3: Geometrical interpretation of Euler’s constant.

2.C Integration by Parts

One of the most useful techniques for assisting us in the asymptotic approximation
of integrals is integration by parts. This is easily illustrated with a few examples.

[e.9]

e Find the asymptotic behaviour of I (z) = / e " dt as (x — 00). Clearly lim I(z) =

T Tr—00
0. But how fast does I(z) — 0? Consider

o 1 & ]_ d 4 . ]- s
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From this inequality it follows that I,,;1 = o(l,) (z — o0). Noting that I(z) =
g

(&

3
Io(z), we then see that —— = Ip(x) + le(x) ~ Ip(x) = I(x) as © — co. We have
thus obtained the one term asymptotic expansion

-

I(x) ~ (x — 00).

23
Continuing along these lines, we find for n =0,1,2, ...

1 [~ 1 dy/ _a
In($> = _Z/x t4n+3£(€ ) dt
4
e ” 4dn + 3
T fpin+3 ( 4 )I“H(x)

— ;l[QSn(x) — (4’/1 + 3)[n+1($)],

el
e na1(T

forms an asymptotic sequence: lim ¢+—1<> = 0. Note for
rAn+3 T—00 ¢n($)

(x — oo) that I+ = o([,) implies that 1,11 = 0(¢,) as well. Hence

where ¢, () =

I(2) ~ Y andu(z) (= c0),

3-7-11-...-(4n+3
where ag = 1, ant1 = —(%2)a, = —(-1)" i (4n + ), n > 0. The
terms in the asymptotic series may thus be written in the form
e~ 1

Onlr) = o) (), with afw) = - B(r) = .

The integral thus has the asymptotic representation
4 00 4
o e " a, e° 3 3-7
/z e dt ~ p nz%ﬁwélx?' [1—4—334%—42%8—... (x — o00).

Remark: Comparing to the example on p. 27, we now have asymptotic expansions
for I(z) for both small and large z:

[Tetar(3) - NS @00 (eres comenge
e ~T =)=y —— x series converges),
. 4 — nl(dn+1)
o e SN a
/ et dt ~ 2 E — (x — 00) (series diverges).
x T
z n=0

The expansion for z — 07 is just the Taylor’s series for I(x). Although this series
converges for all z, the convergence is slow for large x, as seen in Figure 2.4. In
contrast, the first few terms of the divergent series for I(x) (as + — 00) accurately
approximate the exact value of I(x) at large x.
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3 \ I
\ Tho(z)/1(z)
. ‘ — — Tu(2)/1(x)
| - — = = L(@)/I()
\ —  — DL(x)/I(x)
2_
\
\
| o
.
1 ~ ;? e e e
' lhl ' | ' |
1 2 3

Figure 2.4: Comparison of the 10 term (7}y) and 11 term (73;) Taylor series
expansions of I(z) about x = 0 with the N-term asymptotic expansion of I(z) =
[ et dt (x — o0) for N =1,2,3.

e Behaviour of I(z) = / e dt (2 — ).
0

Wrong approaches:

t2n x2n+1
/ Z oy dt = m not an asymptotic series (z — 00)
I(x) :/ e dt — / et2 dt form oo — 00
0 T
1 1d
I(x) = —/ e dt = / — dt singular at t = 0
2 ), tdt

Correct approach:
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Introduce a cutoff parameter a € (0, x

et dt+/ et dt
0

:I( + Jo(a, x),
where J,(a, ) / —dt Then

1 ["1d p

= — - —dt
Jo(a, x) 2/a s dt = /
2 2

er e? 1

= % — 2— + Jl(a 37)

We now show that Ji(a,z) = o(e*” /2z):

x €t2
—dt @2
. Jl (CL, l’) . / t2 . e_2 . 2
lim ——— = lim “*—— = lim —%—— = lim =0.
T—00 e T—00 e T—$00 (1 — —2)69” z—oo 222 — 1
2 2z 2z
Thus ,
T < Li(a,x
g {81 B B
2z 2 2z 2z
That is,
2
6:0
I ~— (x — 00).
(@)~ 5 | )

Notice that this one-term asymptotic series for I(x) is independent of the cuttoff
parameter a (why?).
Continuing in this manner leads to

xT 6$2
/ et dt ~ —
0 2x

again independent of a.

Remark: Integration by parts “looks like”

I(2) = apgo(z) + 11(2)
= a0¢0(2) +a1¢1(2) + I2(2)

:Zan(bn +IN+1( )
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Remark: The method will work if one can show that Iy = o(én) (2 = 20)-
Remark: Usually one finds ¢, (z) = a(z)8"(z), so that

I(z) ~ of2) Y anf"(2).

n=0

2.D Laplace Integrals

Until now we have considered integrals like fow e’ dt, with the variable z appearing
only in the limit of integration. In this section, we consider integrals where x appears
in the integrand:

](x):/ f(z,t)dt.

In particular, we will use Laplace’s method to study the behaviour of Laplace’s integral,

as r — 00.

The underlying heuristic argument is that e® = o(e?*) as ¥ — oo for a < 3.
Therefore, one would expect the leading-order asymptotic behaviour of I(z) as x — 0o
to be determined in a neighbourhood of a point ¢ at which A has a maximum in
[a,b]. As x gets larger, this maximum becomes increasingly steep, so the dominant
contribution to the integral comes from the immediate neighbourhood of the peak.

We begin by looking at a special type of Laplace integral that is of practical
importance, the Laplace Transform:

T

/2 . 1
/ et v — (1= 00).
0

If h has an interior maximum at ¢, with h'(c) = 0 and h”(c) < 0, and f(c) # 0,
one might expect the dominant contribution to be given by

b [o.¢]

I(x) N/ er[h(c)+%h”(0)(t—c)2}f(c) dt ~ exh(c)f(c)/ p3ah (72 g
a —00

2T

=IO S

(x — 00).
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e Laplace’s method predicts the leading-order behaviour
w/2 2
/ 75t it o ey [ 21 (x — 0).
—7/2 Zz

If A has an enpoint maximum, say at ¢ = a, with h'(a) < 0 and f(a) # 0, the
above argument suggests that

b , 00 , zh(a)
[(SL’) ~ / e:r[h(a)Jrh (a)(tfa)}f(a) dt ~ ezh(a)f(a)/ ezph (a)T dr — € h;f(a) (.CIZ' N OO)
a 0 -z (CL)

e Laplace’s method predicts the leading-order behaviour

/2 ) 1
/ e "t~ — (2 — 00).
0 x

e One may need to keep additional terms in the Taylor series expansion of h or f:
/2 00 e—act2 2] er
/ e” st sint dt ~ / 1=/t gt = e* ]
0 0

=— (z— 00).
In this case we can actually compute the exact behaviour of the original integral:

i

/2 ercost /2 et —1

/ et sint dt = [ } = .
0 -z |, x

—T

0

Remark: In the previous example we see that Laplace’s procedure to lowest order
predicts the first term of the exact result correctly, but not the second. Clearly we
need a more rigourous justification of the procedure, to help us know how many
terms we need to retain in the Taylor series to obtain a prescribed number of terms
in the asymptotic expansion.

e A special case of practical importance is the Laplace Transform,

I(x) = /00 e " f(t) dt.

0
In this case h(t) = —t has a maximum in [0,00) at t = 0, with A/(t) = —1.
The main tool that will allow us to determine the behaviour of Laplace integrals
is Watson’s Lemma. However, in order to prove Watson’s Lemma we will need the

following integral, which can be easily expressed in terms of the I" function, using the
substitution ¢ = xt:

o 1 * r 1
/ e—ccttoc dt = = / e—{fa dg _ (OC + )7
0 " Jo

l.aJrl

and the following lemma.
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Lemma 2.1 (Small Laplace Tail): Let 6 > 0. Given a function r(t) and some T € R

such that -
/ e "r(t) dt
0

J(x) = /;O e r(t)dt = o(xz™") (r — 00)

converges, the function

for all p e R.
Proof: Let

Since J(z) = lim K(T) converges, we know that there exists a Ty > 0 such that

T—o00
T>Ty=|J(z)— K(T)| <e.
Also, K is continuous and therefore bounded on [0, 7y]. We conclude that K is
bounded on [0, 00). Let M = sup | K.

[8,00]
For x > & we have

J(z) = / e~ Dt~y (1) dt
)
_/ ef(xfzf)tKl(t) dt
)
= 6_(Z—f)tK(t)|:O + (CL’ o ZE)/ e—(m—f)tK(t) dt
5
=0+ (z— 1) / e_(x_i)tK(t) dt,
5
so that
| J(2)] < (2 —2) / e INK (@) dt < (x — )M / o@Dt g — \fe— (@)
0 5

Then, since lim z*e~" = 0 for any p, we see that lim |z*.J(x)| = 0, as desired. [
T—>00 Tr—00

Theorem 2.1 (Watson’s Lemma): If f(t) ~ t“Zantﬂ” (t — 01), where a > —1

n=0
and 8 > 0, then
= —xt = anr(a—i_ﬁn—i_ 1)
/0 e f(t)dtrv; g (x — 00),

provided the integral converges for all sufficiently large x.
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Proof: We are given that

N

F() =17 ant™ +ru(t),

n=0

where 7y (t) = o(t*"#N) as (t — 0T). Then

0 N
/o gt e = 3 L )

n=0

where Ry (z fo t)dt. We know that there exists a number Z such that

Ry (z), like the mtegral on the left-hand side of the above equation, converges on

[Z,00). We need to show for all N € Ny that Ry (z) = o(—awrr) (2 — 00).
Given € > 0, there exists oy > 0 such that

0<t<éy=|rn(t) <et*™N,

Decompose Ry (z) = In(x) + Jy(z), where
oN
In(z) = / e "ry(t)dt,
0

() = / s ———

oN

We see immediately that Iy = o(—wrr) (@ — 00):

v o (o + BN +1)
|[N(a:)\</0 e t\rN(t)\dtga/O e AN gt < ¢ T

Also, from Lemma 2.1, we see in particular that Jy = o(z™") (r — oo) for p =
a+ BN + 1, so that Ry (z) = o(=arbwrr) (z — 00), as desired. O

e Recall the Laplace transform considered in Eq. (1.1):

oo —uxt
I(x) = / C
0

1+1¢

Since .
Z ™" (t — 0%).

we see that

I(z) ~ Z(—mxﬂl (z — 00).
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e (Modified Bessel function) Using the substitution ¢ = s — 1 we can express
Kolz) = / (s — 1) ds = e‘”"’/ e (2 4 26) V2 dt,
1 0

From Prob. 2.2, we know the asymptotic expansion

-1/2 00 n
2 -2 _ ~1/2 t ~ \/E t +
(2 + 2t) (2t) <1+ 2) Qt;Q”n!F(%—n) (t — 0*).

Hence F( .
2 |7 n+g3
z) e \/gnz:% Q”n!F(%—

e If a > 0, we can use the substitution u =t — a to find the asymptotic behaviour as
x — oo of

() 00 - .
[(.fll') - / e*fftt)\ dt = eax/ €7mu(u + @))\ du = eaxa)\/ e Tu <1 + g) du.
a 0 0

a
A /N u”
(2~ (0)m w0
a 0 nja

A n+1)
—ax )\
~e Z <n> angntl
7ax )\ )
~ Z anxn—i-l (.I' — OO)

Note that this is consistent with Lemma 2.1.

N

we have

Remark: The next theorem extends Watson’s lemma to the case of a bounded
interval, since, as just observed, the contribution from the tail of the improper
integral is asymptotically small.

Corollary 2.1.1 (Generalized Watson’s Lemma): If f(¢) ~ tO‘Zantﬁn (t — 01),
n=0
where a > —1 and 8 > 0, and fooo e "' f(t) dt converges for all sufficiently large =,
then for any a > 0,

@ = a,I’ 1
I(z) = /0 et f(tydt ~ 38 (;‘ajﬁfff I

n=0
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Proof: From Watson’s Lemma, we know that

o

Io(z) = /OOO e " f(t) dt ~ Z anla+ Bn + 1) (z — 00).

xa+5n+1
n=0

Let
Ra(o) = In(o) ~ oe) = [T et =o( ) 0 o0)

a

by Lemma 2.1, for every n € Ny. Hence in view of Theorem 1.4, I, and I, have the
same asymptotic expansion with respect to 1 /xo‘*ﬁ”Jrl as r — 00. ]

Remark: Watson’s Lemmas can sometimes be used to find amptotic expansions for
Laplace integrals even when h(t) # —t, using the substitution & = —h(t).

e The asymptotic behaviour of

]($) _ / e—wsinht dt
0

as x — oo can be found by first doing the substitution & = sinh ¢:

I(z) = b e 8 de

0 \/1+§2‘

From Prob. 2.2, we know
_ > §2n
1+ Pz - (€0
1+ 2 (=)

Hence

e To find the asymptotic behaviour as x — oo of

w/2 Ly
I(SL’) — / e Tsin tdt,
0

let & = sin?¢, so that dé = 2sint costdt = 26'/2(1 — £)'/2 dt and

1! —ag
0=3 ), ami—g
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From the asymptotic expansion

-1/2 /2 1/2 DES
A=~ Ve ZM g €70

we then see that

1 [1 K (=1)"T(5 +n)
x)~§\/;nz% n!F(%—n)m" (&= 00).

We now turn to more general Laplace integrals. If we want to use Watson’s Lemma
to find the asymptotic behaviour of

as © — 00, where h is a real-valued strictly decreasing continuous function on |a, b],
the substitution £ = H(t) = h(a) — h(t) leads to

h(a)—h(b)
I(z) = @ / e P(e) de,
0

where F(£) = f(H1(£))(H™1)'(€).

The following result extends our Generalized Watson’s Lemma to the more general
situation where the function h in the integrand is known to be decreasing in a
neighbourhood of a global maximum at a.

Corollary 2.1.2 (Laplace’s Method): Suppose f and h are real-valued functions on
la, b], such that f € C, h € C', and k' < 0 on some subinterval (a, c). Suppose also
that h(t) < M < h(a) for t € (¢,b), so that the maximum of h is approached only
at a. Define H(t) = h(a) — h(t) for t € (a,c) and F (&) = f(HY(&))(H)'(¢) and
suppose

&~y e £ 0T,
n=0

with @« > —1 and # > 0. Then

b
T 1

xa+ﬁn+1

provided the integral converges absolutely for all z > X.
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Proof: On making the substitution £ = H(t) for t € [a, ¢], we find for x > X that
b
/ ™D £ () dt‘
b
< / e(z—X)h(t)eXh(t) |f(t)| dt
‘ b
< e(x—X)M/ eXh(t) |f(t)| dt
each(a)
=0 (W) (z = 00)
for any n € Ny. In view of Theorem 1.4, we then see from Corollary 2.1.1 that

h(a)—h(c)
[(a:)rvexh(a)/ e~ F(€) dE ~ e Z%’ (etbrntl) o) O
0

h(a)—h(c)
I(z) — e*h@ / e F(€)dE| =
0

xa+6n+1

Remark: In order to use this result requires a knowledge of F', which depends on
H~L. Of course the difficulty here is in having to compute H .

Remark: If i is holomorphic, then an asymptotic expansion for H~*(£) can be found
by series reversion. Letting 7 =t —a and £ = g(7) = H(a + 7), so that g(0) = 0,
we need to invert

E=g(r) =T +ar +asm® + ...+ anT" + Ry, (2.10)

where a; # 0 and Ry = o(7") as 7 — 0, for the inverse function 7 = g=1(£). A
(unique) series expansion

T=g""&) = i€ + b€ + b8 + ...+ by&N + S, (2.11)

where Sy = 0(£V) as € — 0, for the inverse function can be obtained by substituting
Eq. (2.11) into Eq. (2.10):

§ = arbi€ + (aghi + arby) & + (azb? + 2asb1bs + a1b3)E?
+ (3@3[)?()2 -+ Gng -+ agblbg) + ...+ (’)(fN) (f — 0),

on noting as £ — 0 that 7 ~ a;'¢ and hence 7V = O(¢V), so that Ry = o(7)
implies Ry = o(£Y). On equating like coefficients, we obtain

-1
b]_ - (1,1 5
-3
b2 = —CLI as,
—5(0 2
by = ay°(2a5 — aja3),

and so on. A general formula for the coefficients b,, is derived in Appendix A. The
desired series for H~1(£) is then given by a + g~ *(€).
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e When h(t) = —t%, we reproduce the (exact) result

= —zt? _ w—m{ﬁwll—‘(%)_l E
/Oe dt—/oe2\/Z 2ﬁ—2x(x—>oo).

e When h(t) = —t* and f(t) = t* we reproduce another exact result (cf. Eq. (2.3)):

0 00 df
—zt . —xz€ /A

e~ e gt — / egoN 08

/o 0 AO-DA

1 0071 e —

_X/ et D/A-1 ¢
0

1 (et

ina;l) (x — 00).

Remark: Because of the difficulty in computing H~!, a widely used alternative to
doing a change of variables in the integrand is to substitute an asymptotic series
for the functions h(t) and f(¢) directly into the integral. This technique relies on
the following elementary property.

Lemma 2.2: If f ~ g and g is bounded as x — x then e/ ~ €9 as v — x.

Proof: There exist numbers o > 0 and M > 0 such that |g| < M whenever
|z — x9| < d. Then given ¢ > 0, we can find a § € (0,dy) > 0 such that

£
o~ <82 1f gl < gl <=

Thus lim [f(z) — g(x)] = 0. Since e” is a continuous function, we then see that
T—T0

flx i _
lim e’ = lim /@9 — e“”lggo[f(x) 9@l _ e’ =1.
T—xT0 69(1’) T—T0

Hence ef ~ €9 as v — xo.

Remark: It is not necessarily true that f ~ ¢ implies h(f) ~ h(g) for any continuous
function h: consider f(z) =z, g(x) = 7 and h(x) =sinz as x — 7.

Problem 2.3: Prove that if A is continuous everywhere and there exists a A so that
|h(g(2))] = A > 0 and g is bounded for all z sufficiently near z, then f ~ g =
h(f) ~ h(g) as z — 2.
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Remark: In particular we see from Problem 2.3 that a complex version of Lemma 2.2
also holds: if f ~ g and g is bounded as z — z, then e/ ~ ¢9 as z — 2.

If h has a maximum at ¢ = a, with A'(a) < 0 and f(a) # 0, then one obtains

b , ) , zh(a)
I(l’) ~ / e:t[h(a)Jrh (a)(tfa)}f(a) dt ~ ezh(a)f(a)/ e:):h (a)T dr — € ;f(a) (.CL' N OO)
a 0 —zh (CL)

e Laplace’s method predicts the leading-order behaviour

/2 ' 1
/ e At ~ = (2 — o).
0 x

e Laplace’s method predicts the leading-order behaviour

w/2 9] —xt? /2 o x
/ e” 5t sint dt ~ / =12t gt = " [6 ] ~< (x — 00).
0 0

—ZT
0

In this case we can actually compute the exact behaviour of the original integral:

w/2 zcost /2 T _ 1
/ e St sint dt = {6 } _C )
0 -r |, x

In the previous examples h'(a) # 0 What if h'(a) = 07 Corollary 2.1.2 can be
applied to validate and generalize the heuristic leading-order asymptotic expansion
when h has a maximum of arbitrary order:

Corollary 2.1.3 (Maximum with N — 1 Zero Derivatives): Let f and h be infinitely
differentiable real-valued functions on [a,b]. Suppose f(a) # 0 and h has an
exterior maximum at a, with h™(a) =0 forn =1,2,...,N — 1, h®™(a) < 0, and
supy.p h(t) < h(a) for all ¢ € (a,b). Then the leading-order asymptotic expansion

as ¥ — oo of I(x) = f: e f(t) dt is

I(x) ~ %F(%) ™M) f(q) (_h(fvv—)!m)m)lm (x — o00).
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Proof: In terms of the positive constant K = —h(")(a)/N! we have
h(t) ~ h(a) — K(t —a)™ (t —at).
Moreover, from Taylor’s remainder theorem for h', we see that

h(N+1)(§)

/ _ _ \N-1
W(t) = —NK(t—a)™ + —

(t—a)™,

for t € (a,b] and some £ € (a,t). Let M > 0 be an upper bound for the continuous
function AN+ /N1 on [a,b]. Then

W) < (t—a)N ' [-NK+M(t—a)] <0
ifa<t<a+ NK/M = c. We may thus apply Corollary 2.1.2 with
u=H(t) = h(a) — h(t) ~ K(t —a) (t —a™).
Note that H is invertible on (a,c) and
E=HH(E)~KH () -a)¥ (€07,

so that

O~ (5) T s

We then see that f(H1(£)) ~ f(a) (£ — 07) and

1

~ NKl/Né'l/N_l (5 _> 0+)

(H)(€)

Hence
['(1/N)

N(Kz)"Y

~ %r(%) ™™ f(a) (_}L(NL)!@I)UN (x —o00). O

I(z) ~ ™ f(a)

e In this example we have h(t) = cost with N = 2. Laplace’s method predicts the
leading-order behaviour

/2 T
/ "t dt ~e*y [ —  (z— 00).
0 2z
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In order to obtain more than the leading order behaviour of the integral, more
terms of the asymptotic expansions of f and h must be used. The natural question
which then arises is: How many terms from the asymptotic expansions of h and f
must we retain in order to achieve some predetermined order of approximation for
the integral? From our Generalized Watson’s Lemma we find for av > A that

ok ock—l—,B 00 (ak+B+1
/ —ot? 3t B gy / —xtAZ t ZM (r — 00),
0

so to expand to order ™ we require all terms that satisfy

ak + B <Ak + Ap— 1. (2.12)

e Revisiting the behaviour of (p. 39)

/2 L
](ZL’) — / e~ Tsin tdt,
0

as r — 00, one could alternatively expand

£ 2 t
sin?t ~ (t -5t O(t5)) ~ 1 — 3+ ot%  (t—0).

On setting A =2, =0, and p = 3/2 in Eq. (2.12) we see that to expand to order

73/% we need to keep terms with 4k < ak < 2k + 2 since o > 4; this implies that
k=0ork=1a=4:

! 2 o 2 t4 1 F(l) 1 [L’F(é)
I ~ —xt? _xt*/3 dt ~ / —at 1 N\ dt ~ = 2 - 2
(@) /o6 ‘ 0 3 2 i 3250
103 13)ErGE 1 [« 1
~ - ~ o1 = .
2 Vi 37 2037 WUt g) =)

e For a > —1, let us find the behaviour of

as © — oo in three different ways:
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(i) Letting & =t + at?, we see for t € (0,1/2) that % =142at >1—-2t>0, and
t = (=141 + 4af)/2a. On [1/2,1] we see for a > 0 that £ > min(£(1/2),£(1)) > 0
and for —1 < a < 0 that £ > min(§(1/2),£(1),—1/(4a)) > 0. We may thus
apply Corollary 2.1.2:

(ii) Alternatively, we could find the first few terms with series reversion. For
£ = h(t) =t + at®
we find
hHE) =€ —af? +2a* + ... (£ —0)
so that (h™1)(£) =1 — 2a€ + 6a%¢* + ... and

I(x) ~ / e (1 =20 + 6a’* +...) du
0
1 2a 12a?

~N - — —

x 2 3

(x — 00).

(iii) As a final check, let us Taylor expand e about ¢ = 0. On setting A\ = 1,
a=2 3=0,and p = 3 in Eq. (2.12) we see that to expand to order 72 we

need to retain terms with 2k < k + 2; this implies that £ < 2:

1 2 244 2
t 1 2 12
I(:C)N/e‘“t(l—xatQerC; )dtw———aJr . (2 — 00).
0

r  x? 3

Note that when using methods (ii) and (iii), one still needs to check that the
conditions of Corollary 2.1.2 hold.
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Problem 2.4: Find the leading asymptotic behaviour as x — oo of

1 t3
/ exp |:£L' (t + 5 sinht)] costdt.
0

e (Movable maximum) Let us find the asymptotic behaviour of

I(z) :/ e eVt qt,
0

as © — oo. If we let h(t) = —t, which has a maximum at 0, the other piece,
f(t) = eVt is o(t™) for all m € R (t — 0), so its asymptotic expansion with
respect to ¢, (t) =t" is

f(t) ~0+0t+0t + ... (t — 0).

Watson’s Lemma then yields I(z) ~ 2+ % + ... (z — 00), which, while correct,
isn’t very useful. To find the leading-order behaviour, we need to determine the

maximum of the entire integrand. Letting g(t) = —at — 1/t, we see that e/®
has a maximum when 0 = ¢/'(t) = —z + 1/t?, that is, when ¢t = 1/y/x (noting
g"(t) = —2/t> < 0). This point is called a moveable mazimum since its location

depends on x. Let us transform into this moving frame by letting s = ¢/, so that
the maximum occurs at the fixed value s = 1, independent of x:

1 o
R

We can now apply Laplace’s method. Since the function h(s) = —s — 1/s has an
interior maximum at s = 1, we shift the integration variable to £ = s — 1, so that
the peak occurs at 0:

1 oo
I(x) = —/ eVEh(1+E) e
() N

We then expand h(1 + &) in a Taylor’s series about & = 0:

1
MI+§=—€-1- g~ —E-1-(1-(+&)~-2-¢  (E20)
Hence
RN RN RN
[(x)we\;E /_1 e_ﬁ§2d§~€\;_/_ 6_ﬁ52d§~\/iz—/z (x — o00).

To check that we have retained enough terms, note that for A = 2, u = 1/2; and
g =0, Eq. (2.12) implies that ak < 2k, so that £ =0 or o < 2.
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e (Stirling’s Formula) Let us now determine the asymptotic behaviour of I'(x) for

T — 00:
[ee] o] [e e} eft
[(x) = / et dt = / ele=Nlogt=t g4 — / e L —
o+ 0+ o+ t

However, logt has no maximum in [0, 00), so we need to find the maximum of the
entire integrand. Letting g(¢) = (z — 1) logt — ¢, we see that

-1
S 2 S

and ¢"(r — 1) = —1/(x — 1) < 0 for x > 1. For large x the maximum occurs at
t =x — 1~ 2. We can therefore transform to the frame of this moving maximum
by introducing the variable s = t/x:

00 oo ex(logsfs)
[(x) = / e S (sz) " lrds = x’”/ — ds.
0

+ 0+ §

Letting h(s) = log s—s, we see that the maximum now occurs at s = 1. On shifting
the integration variable to £ = s — 1, we find

oo pzh(1+€)
I(z) = 2° / e,

L 1té
Now
M1+ =log(1+6—(1+O~-1-5+5 -5 (c0)
and
(O =g~ 1-E+E  (€0)

On setting A = 2 and p = 3/2 in Eq. (2.12) we see that to expand to order z /2
we need to keep all terms with even values of ak + 8 < 2k + 2. Since a > 3 then
k < 2 and we need only consider even values of ak + (3 in [3k, 2k 4 2]: for k = 0 we
need to retain the £ and €2 terms, for £ = 1 we need the £* terms and for k = 2
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we need only the £° term:

1
[(x) ~ J:zem/ o€ /2 $(§3/3*§4/4)(1 Sy §2) d¢

3 4 6
o [eeniea(S - S) vk ]a-crenag
4 2¢6 4
o8’ /2 1— ﬁ v ﬁ 21 d
/oo 4 i 18 3 %
00 256
/ *“5/21+§ 2x§4+ } dg
I'(3 21/2 [(2)2%2  7al(2)252  22D(1)27/2
1/2 x3/2  1945/2 1827/2

1 7 b}
~ \V2rzte” <x1/2+ — + >

232 432 Gp3/2
27T 1
~ A — 14+ — )
V7 < +12x) (x — 00)
The first term leads to Stirling’s formula:

n!~ (QTﬁl) (n +1)HHe-(n+D)
n

1 n
2r(n+1)n" <1 + —) e~ (D)
n

~ V2 (n — 00).
en

2.EE  Fourier Integrals

Let us now determine the behaviour as x — oo of the Fourier integral

I(x):/ et f(t) dt

where x,t € R. For Laplace integrals the primary result that allowed us to obtain
asymptitic expansions was Watson’s Lemma. For Fourier integrals, the corresponding
result is the Riemann—Lebesgue Lemma.

Theorem 2.2 (Riemann-Lebesgue Lemma):
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(1) If f is piecewise continuous on a bounded interval [a,b] then
b .
/ e f(t)dt = o(1) (x — 00).

(i1) If f is continuous on an unbounded interval (a,b), except perhaps at a finite
number of points, then

b
/ et f(t) dt = o(1) (x — 00),

provided for sufficiently large x the integral converges uniformly.
Proof:

(i) Without loss of generality, we may suppose that f is continuous on [a,b] (if
not, we can subdivide [a,b] into a finite number of subintervals on which it is
continuous and then sum the results).

Let M = I{n&f( |f|- Since f continuous on [a,b] = f is uniformly continuous on
a,b

a, b, given £ > 0, there exists a sufficiently fine partition
g y
{a:t0<t1<...<tn_1<tn:b}

of [a, b] such that for j =1,2,...n,

5
te [tj—latj] = ’f(t) - f(t])| < 2(b — a)'
We will use the fact that for x > 0,
b ibr __ iax ibx lax
/emdt‘:e —¢ <|e |+ e ‘:2
“ (H x x

We then find for @ > 4nM /e,
b .
/ e f(t) dt‘ =
<l [ ea S [ e 1) - pee) a
j=1 tj—1 j=1Yti-1

- 2 u €
<S M2 -t
Z x+;2(b—a)(t] t] 1)

Jj=1

S [ et + 0 - s
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Thus
b

lim [ ™ f(t)dt =0,
T—r00 a

as desired.

Let ¢j, j = 1,2,...,n be the points of discontinuity of f in (a,b) listed in
ascending order. Then given £ > 0 we know from the Cauchy criterion and (i)

that there exists a number 6 € (0,1 1r<r1jn [cj+1 — ¢;]) such that the integrals
I<n

facra et f(t) dt, fcjjj; et f(t)dt for j =1,2,...n, and f;w e f(t) dt are each
bounded by ie/(n + 2) for all sufficiently large x. Since f is continuous on
[cj+06,cjp1—0d] foreach j = 1,2,...,n—1 we know from (i) that the contribution
from each of these n—1 subintervals is less than 3¢ /(n—1) for sufficiently large z.
On summing up all 2n + 1 contributions we find for sufficiently large x that

b
/ei’”tf(t)dt<£. O

Remark: If f € Cla,b] then we may use the Riemann-Lebesgue Lemma to find the
asymptotic behaviour as x — oo of

b
](m):/ et f(t) dt.

a

On integrating by parts we find

b

izt b
[(.T) — € Zx(t) _ %/ ez’xtf/(t) dt
_ é[em f(a) — e F(b)] + Ry(x),

where

Ri(z) = - /ab et (1) dt = o<1) (z = o0)

i T

since f" € Cla,b]. Hence

I(x) ~ %[ei‘”f(a) - eibxf(b)] (x = 0).

Furthermore, if f € C[a, b] then repeated integration by parts N times yields

=2

I(x) = Z (%) [eiaxf(n—l)(a) _ ez‘ba:f(n—l)<b)} + Ry (),
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(N
Ry (z) = (é) /b et FN () dt = (’)(Q:LN) (r — 00).
If f e C*la,b] then

where

1
T

I(x)~ ) ( )n[em Fo 0 (a) — e fN@)] (2 — 00).

Note that the contribution to the asymptotic expansion comes only from the
endpoints.

2.F Method of Stationary Phase

Let us now consider the generalization

I(x) = /b e £ (1) dt

of a Fourier integral, where z,t € R and A : R — R and f is differentiable on
[a,b]. The heuristic reasoning underlying Laplace’s method doesn’t apply in this
case since |e™"®| =1 for all z,t € R.

The idea behind the method of stationary phase is that for large x, contributions
from the integrand oscillate rapidly and will typically cancel each other out, except
near (i) the endpoints a and b due to lack of symmetry, and (ii) a zero of 1/(t), where h
changes relatively slowly.

Definition: A point at which h'(t) vanishes is called a stationary point.

Remark: In physical problems involving wave propagation, h(t) has the interpretation
of a phase, hence the name method of stationary phase.

e Let us first find the asymptotic behaviour of

1) = [ s

in the case where f is differentiable and h has no stationary points in [a, b]. Letting
€ = h(t), we find

) = etz 1 -~ = — T — 00).
o= [ IO st~ T ] e

Thus, I(z) = O(1/x) as © — 0.




2.F. METHOD OF STATIONARY PHASE 53

Y

(a) (b)

Figure 2.5: Comparison of y = Re e®"®) (1 + v/t) with x = 50 for (a) h(t) = ¢, which
has no stationary points; (b) h(t) = (2 — t)?, which has a stationary point at ¢ = 2.

Remark: To find the asymptotic behaviour of I(x) when h has a stationary point,
we will need the following lemma.

Definition: If h™(a) =0 forn =1,2,...,N — 1, k™ (a) # 0, and &’ # 0 on (a, b),
we say that N is the order of the stationary point of h at a.

Lemma 2.3: Let )
I(z) = / ¢ £ (1) dt,

where f is differentiable on [a,b], f(a) # 0, h has a stationary point of order N
at a, and b’ # 0 on (a,b]. Then

I(2) ~ %r (%) F(a)ei=h@ (%)W (z = o0).

Proof: As t — a* we have e@lh®-h@lf(t)/f(a) ~ F(x,t), where F(x,t) =
eieht ™ (@)(t=a)" /N That i is,

ehO=h@) £(4) = [F(z,t) + R(z,t)]f(a),

where R(z,t) = o(F(x,t)) ast — a*. Given x > 0, choose § sufficiently small so that
1
a<t<a+0=|R(z,1)| < - |F(xz,t)].
Decompose I(x) = I1(z) + I2(x) where
a+o a+d
@) = [ MO p0de= @) [ (P + R ) e

a+d
~ @) £ () / F(z,t)dt (x — 00)
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and

L= [ eosna=0(t) o)

+6 T

noting that A has no stationary points in [a + §,b]. On introducing the substitution
¢ = [N (a)| (t — a)N /N, we find on using Eq. 2.4 (or its complex conjugate) that

/aa+6 F(z,t)dt = /aoo F(x,t)dt — /aoo F(z,t)dt

+4

1 N! IN- poo . 1
— sgn(h(N)(a))izg ¢1/N—1 -
N(w(a),) / ¢ ¢ df”(x)
1. /1 Nli \YN
~ ﬂﬁ) (—mwn) (&= o)

since (t — a)" has no stationary points in [a + §,00). Here, the complex plane is cut
along the negative real axis, so that Argz € (—m, 7). It follows that

1) ~ (3 ) Fpe (%)W (2 = o0).

Remark: The previous result gives just the leading order expansion of I(z). If more
terms are required, then the neglected contributions of order O(1/x) must be taken
into account.

Problem 2.5: By substituting 7 = —t, show that if h instead has a stationary point
of order N at b, with b/ # 0 on [a,b) and f(b) # 0, then

I(z) ~ —%r(%) F(B)eih® (%)w (z = o0).

Remark: Slight modifications would be necessary if we wanted to extend the above
analysis to the case where h has no stationary points (N = 1): both endpoints
contribute to the leading-order behaviour, as seen previously.

Remark: If A has a stationary point at ¢ € (a,b), we simply sum the contributions
from the subintervals [a, ¢] and [c, b].
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e Consider the behaviour as z — oo of
/2
I(z) :/ e st dt.
0

Here f(t) = 1 and h(t) = cost. Since h'(0) = 0 but A”(0) = —1 # 0 and A'(t)
—sint # 0 on (0,7/2], we see that h has a single stationary point of order N =

at t = 0. Thus
I(x) ~ ,/%ei(x_”/@ (x — 00).

Remark: The leading asymptotic behaviour of I(z) = fj e f(t) dt is determined
by the highest-order stationary point of A in [a, b].

o

Remark: To get the full asymptotic series one must take into account contributions
from all stationary points and end points. This is in contrast with Laplace’s method
for Laplace integrals, where the full asymptotic series is determined entirely from
the immediate neighbourhood of the point at which h attains its global maximum.

2.G Method of Steepest Descent

Let A € R, D C C and the complex-valued functions h and f be holomorphic on
D. Given a contour C in D, suppose we wish to find the asymptotic behaviour as
A — o0 of

I\ = /Ce’\h(z)f(z) dz.

In the method of steepest descent, one

(i) deforms the contour to a new contour C' on which Im h(z) = const;
(i) parametrizes C as z = ((t) with ¢ € [a, b];

(iii) uses Laplace’s method on the resulting integral, expressing h({(t)) = u({(t))+1v,
where u(z) and v are real valued:

C

I\ = e“‘”/ M) £(2) dz.

Remark: One could alternatively find a contour on which the real part of h is
constant and use the method of stationary phase instead, but Laplace’s method is
typically easier.
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Remark: The following lemma shows that the path of constant phase is typically a
path of steepest descent (or ascent), hence the name “method of steepest descent.”
Given a surface u = u(x,y), note that Vu = (u,,u,) is the direction in which u
increases most rapidly.

Lemma 2.4 (Steepest Descent): If
(1) h(zx +1y) = u(z,y) +iv(x,y) is holomorphic at zy = xg + iyo,
(i) I'(z0) # 0,
(i1i) C is the curve through zy defined by v(x,y) = vy,
then Vu is tangent to C' at 2.

Proof: From the Cauchy—Riemann equations we know that

Uy = Uy,
Uy = —Uy.

Hence h'(zp) # 0 implies that
0 # ug + 10, = Uy — 1Uy = Uy + 1U,,

so that the vectors Vu and Vv are both nonzero at z.

Parametrize C' as (§(t),n(t)) with tangent T' = (£'(0),7/(0)) and normal N =
(m'(0), =¢'(0)) at z = (£(0),1(0)).

At the point zy we then see that

Vu-N = (g, uy)-(11'(0), =£'(0)) = (vy, —v2)(0(0), =€'(0)) = (v, v)+(£'(0),7(0)) = 0

since v(&(t),n(t)) = vo. Hence Vu is perpendicular to IN and therefore parallel to T'
at 20-

Remark: If h/(z) # 0, Lemma 2.4 guarantees that there is a unique path z =
(€(t),n(t)) of constant phase through zy = (x¢, yo) = (£(0),7(0)), in the direction of
the gradient of u. Denoting U (t) = u(&(t),n(t)) we know that U'(0) = u, (o, y0)&' (0)+
Uy (20, Y0)1' (0) = Vu-T # 0, since Vu is nonzero and parallel to T" at z.

Remark: From the Laplace method, we know that the dominant contribution to
fab AV f(¢(t)) dt comes from points where U achieves its maximum. These are
either the end points a and b or critical points of U (points where U’ is zero or does
not exist). In the case where h'(zy) # 0, we have just seen that U’(0) # 0, so such
points must be end points of the integration path. In the following example this
dominant contribution comes from the endpoint ¢t = 0.
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e To find the asymptotic behaviour as A — oo of

1

I\) = / eMlogt dt,
o+

we cannot use integration by parts since log(0) = —oo and log(1) = 0. Let h(z) = iz

and f(z) = log z. The contours on which Im h(z) are constant are the vertical lines

x = constant, such as the contours C; and Cj in the following figure.

1y

C( .
T S2 14+4T
CiA YO,

C 1z

We thus deform the original contour C to C; U Cy U Cs.
For A > 0 we see as T" — oo that

1 1
/ M log zdz = / M) og(t 44T dt = e’\T/ e log(t +iT) dt = o(1)
Co 0 0

since 1 T
log(t +1T) = 5 log(t* + T?) + itan™* -
1 1 t? T
=3 log(T?) + 3 log (1 + 772) +itan™! n
~ log(T) (T — 0).
Also,

lim M) log 2 dz = / e M log(it)i dt
0

T—o00 1
[T T
:z/ e (logt—i—z—)dt
0o 2
/ e—ﬁ(logg—logwrz’g)dg
0

(—fy —log A + zg)
ilog\ iy +m/2
A A

P R S N
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on using the substitution £ = At and the fact that (1) = fooo e tlog€dé = —.
Finally,

lim [ eM®logzdz = — / e og(1 4 it)i dt
_ Z'ei)\ 6—)\t

Nze“\z —) n—l) (A — 00).

)\n—i-l

Thus

1 2 — -1
]()\)N_zog)\ 2'y+7r/ MZ i)"(n — 1)! (A = 00).

)\ )\nJrl

Remark: When h/(z) = 0, then U’(0) = 0 no matter what path z = (£(¢),n(t))
we choose through z,. However, the following lemma shows that only certain
directions through z, actually correspond to paths of steepest descent, while others
correspond to paths of steepest ascent. For this reason, points where h'(zy) = 0
are called saddle points. We will want to integrate along the steepest descent path,
so that the integrand becomes sharply peaked at zy as A — co. Note that if 2, is
not an endpoint of the integration path, then U will have a local interior maximum
at 0.

Lemma 2.5 (Saddle Points): If
(1) h is holomorphic at z,
(ii) h™(a) =0 forn=1,2,...,N —1 and k™) (a) = pe'®, with p > 0,

then there are N paths of steepest descent (ascent) through zy, with direction %

(27 forn = 0,1,2,...,N — 1.

Proof:
Let 2z — 2y = re®?. Then
BV (= pio N N
h(z) — h(zy) ~ N<! 0) (z — )N = pN—!rNelNe = 'ON—![COS(Oz + NO) +isin(a+ N6)|.

The direction of steepest descent of Re[h(z) — h(zo)] is given by the value of 6 for
which Re[h(z) — h(zp)] is most negative, namely for a+ N6 = cos™*(—1) = (2n+1)7.
Likewise, the directions of steepest ascent satisfy a + N@ = cos™!(1) = 2nn. Notice
that in each of these directions we have sin(a+N6) = 0, so that these are all directions
of constant phase.
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e We now use the method of steepest descent to find the asymptotic behaviour of

1
I = / e dt
0

as A — oo. Let f(z2) = 1, h(z) = i2? = i(z + iy)? = —2zy + i(2* — y?). Since
h'(0) = 0, but A”(0) = 2i, at the origin we have a saddle point of order N = 2,
with a = 7/2. The steepest descent directions out of the origin are given by 7/4
and 57 /4, while the steepest ascent directions are given by 37/4 and 77/4. We
choose C to be the curve 22 — y* = 0 coming out of the origin, at angle § = /4.
We denote the curve 22 — y? = 1 as C3 and deform the original contour C' to
C1 U Cy U (O3, as shown below:

K (T, T) ¢ (VITT2,T)

C
1 s
c 1 7
Now
4+ o V1+T?
/ A 2] < / AT gy = / M @ <NV1I+T2 =T — 0.
02 T T T—o0
Also
lim [ eM®dz = (1+41) Tt gy (1 +4)
T—o0 1 0 2 2\ .
Let us parametrize C3 by t =y € [0, T, so that U(t) = Reh({(t)) = —2tv/1 + 2,
which has a maximum in [0, 00) at ¢ = 0. Letting s = —U(t) we have iz? = —s + i

on Cjy, so that z = (1+1is)"/? and dz = 2i(1 + is)~'/?ds. Then

lim M)y = —Ee”‘/ e (1 41is) Y2 ds.
0

T—00 03 2
Since
(1+is) ™/ ~ ﬁi GOl (s = 0)
“— nl F(% — n) ’
we then find using Laplace’s method that
- NPT < S
Tlglgo 036 dz 5¢ \/%%F(%—n))\"“ (A — 00).
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Thus

IE LT e in
I()\)N— _(1+Z)__6)\ZI‘1_—TL))\TZ+1

2 (2 (A = 00).

e (Bessel Function) Consider the asymptotic behaviour of

/2
Jo(A) = —/ cos(A cos ) db

T J /2

/2
= — / cos(A cos 6) db
0

2 .
— —Re/ 62)\coszdz
C

™

as A — 0o, where C' is the contour shown below.

\%

(o

2R\

Letting
h(z) =icos z = icos(z + iy) = sinx sinh y + i cos x cosh y,

we see that there is a unique curve of constant phase cosxcoshy = 0 through
z = 7/2, since h'(n/2) = i # 0. However, since h'(0) = 0 and A"(0) = —i
we see that N = 2 and a = —7/2, so that the two steepest descent curves of
constant phase, shown above in green, leave the origin at 6 = 37 /4 and 77 /4. The
two steepest ascent curves are shown in red. All four curves satisfy the equation
cos z coshy = 1. We want to deform C' to a path connecting the origin and (7 /2, 0)
that leaves the origin on a path of steepest descent. We thus consider the deformed
contour Cy; U Cy U Cs:

1y

| [®)
S

c, ACs

—iT

Co
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We find for T > 0

‘Re/ ei)\coszdz <
Cy

Also,

7T/2 ) ) 7'1'/2
/ e Asintsinh T gy / 1dt = W/Q—cos_l(sech T) —> 0.

os~1(sech T) os~1(sech T') 0

0
Re/ e CSE gy = Re/ e sinhty dt = 0.
Cs -T

Finally, recall that the contour C; was chosen so that h(¢(t)) = U(t)+1, making it
convenient to introduce the change of variables s = —U(t), so that s =i —icos(z),
with

ds =isinzdz = i(1 —cos® 2)"?dz = i(1 — (1 +i5)*)? dz = i(s* — 2is)/? dz

on C}, where we use the branch argz € [—m, 7| to evaluate the square root. On
noting that U = 0 at the origin and s = —sinzsinhy — oo as z — 7/2 and
y — —o0, we thus see that

2 .
Jo(A) = —Re 7lim e OSE ]y
m — 00 Cl

2 > -
= —— Rei/ e NN (52— 245) M2 ds
7T 0

2 : *° —1/2
= ——Re ie”\(—Qi)l/z/ e’Ass’1/2<1 - i) ds
s 0 21

~ =2 RejeiN(—2i)71/2 /OO e sl i _Tl) (i—s)nds
T = n! F(% — n) 2
~ i(A—7/4)
Ree \/ Z S F )\n (A = 00).

Remark: The strategy of the steepest descent method is:

1. Identify possible stationary points of h.
2. Determine the paths of steepest descent from each stationary point.

3. Justify, via Cauchy’s theorem, the deformation of the original contour onto one
or more paths of steepest descent.

4. Determine the asymptotic expansion.



Chapter 3

Asymptotic Solution of Linear
ODEs

3.A Classification of Singular Points

[Bender & Orszag 1999, pp. 62—-63]

Exact solutions in closed form can only rarely be obtained for ordinary differential
equations, either linear or nonlinear. Most of the time we must content ourselves
with some sort of approximation to the solution. For linear equations one can usually
predict the local behaviour of the solution near a point without knowing how to
solve the equation explicitly. It suffices to examine the coefficient functions of the
differential equation in a neighbourhood of the point.

The general homogeneous linear ordinary differential equation of order n is

u(2) 4 ppr (2)u" 7V (2) o pa(2)u(2) + pa () (2) + pol2)u(z) = 0. (3.1)
Definition: The point zy # oo is an ordinary point of Eq. (3.1) if pi(2) is analytic at
zo for k=0,1,...,n— 1.
e For the equation zu' = u every point except z = 0 is an ordinary point.
e The equation «' = |z|u has no ordinary points since |z| is nowhere analytic.
Remark: All n linearly independent solutions of Eq. (3.1) are analytic at ordinary
points. If any solution is expanded in a Taylor series about an ordinary point, then

the radius of convergence will be at least as large as the distance to the nearest
singularity of the coefficients py(z).

62
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Definition: The point zy # oo is a regular singular point of Eq. (3.1) if (i) zo is
not an ordinary point of Eq. (3.1); and (ii) (2 — 20)" *pr(2) is analytic at z, for
kE=0,1,...,n—1.

e The equations zu' = u, 2?u” = u, and z?u’ = w all have a singularity at z = 0. The
point z = 0 is a regular singular point of the first and second equations but not the
third.

Remark: If a solution of Eq. (3.1) is not analytic, its singularity will be either a pole
or a branch point. There is always at least one solution of the form

u(z) = A(2)(z — 20)°,

where A is analytic at zp, A(zo) # 0, and « is called the indicial exponent. The
Taylor series of A, expanded about zj, has a radius of convergence at least as large
as the distance to the next nearest singularity. If Eq. (3.1) is of order n > 2, then
there is a second linearly independent solution of the form

where B is analytic at z;. In general, the n'* solution is, at worst, of the form

—_

n—

u(z) = ) Aj(2)(z — 20) " [log(z — =0)/’,

.
Il
=)

where A; is analytic at 2o for j =0,1,...,n — 1.

Definition: The point zy # oo is an irregular singular point of Eq. (3.1) if it is neither
an ordinary point nor a regular singular point.

Remark: There is no comprehensive theory for irregular singular points. What can
be said is the following:

(i) at least one solution is not of the form of those given previously for ordinary
and regular singular points;

(ii) while it may happen that a solution is analytic, or has a branch point at an
irregular point 2y, typically every solution has an essential singularity at zg.
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Remark: To classify the point zy5 = 0o, one considers the behaviour of

w(€) = u(1/¢)

near ¢ = 0. From Eq. (3.1), one then obtains, upon repeated differentiation of
u(z) = w(1/z), an equation of the form

W) + Gu-1(Qu V() + ...+ @(OQw" () + a(Qw'(¢) + (Qw(¢) =0.  (3.2)

Definition: The point zy = oo is:

(i) an ordinary point of Eq. (3.1) if {, = 0 is an ordinary point of Eq. (3.2);

(ii) a regular singular point of Eq. (3.1) if {;, = 0 is a regular singular point of
Eq. (3.2);

(iii) an irregular singular point of Eq. (3.1) if (; = 0 is an irregular singular point of

Eq. (3.2).

Problem 3.1: Classify all points of the Airy equation v’ = zu.

3.B Behaviour near Ordinary Points

Since all solutions of a linear ordinary differential equation are analytic at an ordinary
point zg, they can be expanded in a Taylor series about z:

u(z) = Z an(z — 29)".
n=0
Substituting this series into Eq. (3.1) and equating like-degree terms yields a

recursion relation for the a,s.

e We want to determine the local behaviour of solutions to the Airy equation v” = zu
near z = 0. The point z = 0 is an ordinary point, so all solutions are analytic at
z = 0. Let us expand u in a Taylor series about z = 0:

u(z) = Z anz".

n=0
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We insert this solution into the Airy equation to obtain

[ee] o0
E n(n —1)a,z" E a, 2"
n=2 n=0

and then collect like-degree terms:

[ee]

205+ N[0+ 2)(n + 3)anss — a,)2" =0,
n=0

This implies that ag, and a, are arbitrary, ao = 0, and

An

s = C n=0,1,2....
nts (n+2)(n+3) "
For j =1,2,..., we deduce for
2
. azj—3 aof(g)
n=3]—3 a3 = - > A3j = ———F 5,
T (35— 1)(3) T 9T+ 2)
4
, a3j—2 al'(5)
=37 — 2 i1 = ;
TR T EE ) T T T+ )
n = 3] —1: agj+2 = 3j-1 = a3j+42 0

If we define ¢y = aof(g) and ¢; = alF(g), then the general solution of the Airy
equation can be written as

e 3n 0 Z3n+1

z
ulz) = CO% 9mn! T'(n + 2) +Cl§ 9mn! T'(n+3)

Since the coefficient function in the Airy equation is entire, we know that this series
must have an infinite radius of convergence. It is conventional to define two special
linearly independent solutions:

o0 3n 3n+1
. - 9-2/3 < 74/3
Bi(z) = 371/¢ i G + 375/6 Z = (3.3b)
N = 9np I‘(n + %) 9np) F(n + ) ' .

The functions Ai, Bi are called Airy functions. The constants are chosen so that:
(i) For x € R, Ai(x) decays exponentially as x — +0o0;

(ii) For x € R, Bi(x) oscillates 90° out of phase with Ai(x) as x — —o0.
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The qualitative behaviour of Ai(x) and Bi(z) for x € R changes dramatically as x
passes through the origin. This can explained, at least heuristically, by comparing
the real variable version of the Airy equation v” = xu with the constant coefficient
equations (for real \)

u” = Nu (3.4a)

and
u” = —\u. (3.4Db)

The solution of Eq. (3.4a), u(z) = Ae’ + Be . grows or decays exponentially,
depending on the constants of integration, whereas the solution of Eq. (3.4b),
u(z) = Acos(Ar) + Bsin(Az), oscillates. For the Airy equation, the solutions
grow or decay exponentially when x > 0 and oscillate when < 0. Points like this
where the qualitative nature of the solutions changes due to a coefficient function
passing through zero are called turning points. We will encounter turning points
again later.

Figure 3.1: The Airy functions

3.C Behaviour near Regular Singular Points

The solution near a regular singular point can be found by the Frobenius method.
This technique is discussed in introductory texts on differential equations. We will
summarize the technique here.
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In this section we shall restrict most of our analysis to second-order equations,
although everything can be generalized to higher-order equations. Consider the

differential equation , /
y" +p(x)y +q(x)y = 0. (3.5)

If z¢ is an ordinary point of Eq. (3.5), then two linearly independent solutions of the
form

y(r) = Zan(x — x9)"

can be found. What happens if xq is a singular point? We can get an idea as to what
happens if we examine the Cauchy—-Euler equation:

$2y” + amy/ —+ by = O’ (a7 b= COnStant). (36)

If we look for a solution of the form y = 2", this leads to
r?+(a—1)r+b=0. (3.7)

Thus, y = 2" is a solution to Eq. (3.6) only if r is a root of the above quadratic
equation.

e For the equation
32%y" + 11y’ — 3y = 0,

the quadratic (3.7) becomes 2+ 8r—1 = 0, which leads to two linearly independent

solutions: y(x) = 2/ and yy(z) = 273.

Remark: The general solution to the Cauchy—Euler equation (3.6) can be found
with the transformation x = e (which converts it into an equation with constant
coefficients):

x4 cpx™?, if 71 # 1,
y(x) = ca” + ez’ log z, ifry=ry=r, (3.8)
x%[cq cos(Blogx) + cosin(Blogx)], if ry,re = +if5.

When written in the standard form
a b
y'+ -y + 5y =0,
T T

it is clear that x = 0 is a regular singular point of the equation. The solutions will
also usually be singular at x = 0, as in the previous example.

In general, if x, is a regular singular point of Eq. (3.5), then p and ¢ can be written
as
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where A and B are analytic at xg. Equation (3.5) now becomes
Aw) B
T — To (x — x0)?

/"

y = 0.

In terms of the operator
2

L= (z— x) % + A(z)(x — xo)% + B(z).
we may thus write Eq. (3.5) as Ly = 0.

This equation resembles the Cauchy—Euler equation, so it is reasonable to look
for a solution of the form

y(x) = (z —20)"Y (2),
where Y is analytic at xy. This means that Y can be expanded in a Taylor series:
y(x) =(x —x0)" Y an(z—mz0)" = an,(x — xg
n=0 n=0

P ag£0. (3.9)

The series in Eq. (3.9) is called a Frobenius series. Since A and B are analytic at z,
each can be expanded in a Taylor series:

=Y Au(z—x)",  Blx)=Y Bulz—=o)"

On substituting these expansions into the operator £, we find that

[,y:Z(n—I—r)(n—i—r Day,(x—z0)"" + (ZA T—2xp) ><Z(k+r)ak(m—x0)k+’">

n=0 k=0

(Z Bj(x — xo) ) (Z(ak(l’ — xo)k+r>

k=0

Z n+r)(n+r—1)a,(r—x0)""" + Z < (k+ r)Ankak) (x — xo)™"
=0 k=0

n=0
+ Z (Z Bn_kak> (2 — 20)"".
k=0

n=0
If we define the coefficient of the term ag(x — zo)" by
P(r) =r*+ (4o — 1)r + By, (3.10)

this result may be written

Ly = P(r)ag(x — xo)" + i {P(n +7r)a, + Z_:[(k +r)A,_k+ Bn_k]ak} (2 —x)" ™.

- (3.11)
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Setting the individual coefficients of (z — 29)"™" to zero then yields
n=0: P(r)ay=0, (3.12a)

n—1
n=1: Pn+r)a,=— Z[(k + 1) An_k + Ba_klag. (3.12b)
0

k
If the nontrivial Frobenius series in Eq. (3.9) is to be a solution to Ly = 0, it follows
from Eq. (3.12a) that P(r) = 0:

r? + (Ag — 1)r + By = 0. (3.13)

Thus, r must be a root of the quadratic polynomial (3.10). Equation (3.13) is called
the indicial equation. Using the solutions of the indicial equation, r = r; and r = ro,
the a,s can then be determined recursively from Eq. (3.12b) in terms of an overall
arbitrary constant ag, provided that P(n + r) # 0 for every n € N. That is, at least
one solution in Frobenius form can be found provided r; —ry does not equal a nonzero
integer.

e Suppose we want to find a solution about x = 0 of the differential equation

(x+2)2%y" — 29/ + (x + 1)y = 0. (3.14)
The coefficient functions are given by
1 r+1
PO="mry = aarey
We see that x = 0 is a regular singular point since
1 9 r+1
zp(z) = i roq(z) = L2

are both analytic at x = 0.
Let us look for a Frobenius series solution of the form

o0
= E A ag # 0.
n=0

Instead of expressing zp(z) and x2q(z) as power series and using Eqs. (3.12), it
is more convenient in this case to substitute the above expansion for y(z) directly
into Eq. (3.14):

oo o

0= (x+2) Z(n +r)n+r—1)a,z""" — Z(n +r)ap ™t + (z + 1) Z anz™t

n=0 nO

Zn—l—r—l (n+r—2)a,_ 1x"+r+22 n+r)(n+r—1)a,z""
n=0

00 00
_ § TL+ n—i—r + E an_lxn—l—r + E anxn+r
n=1 n=0



70 CHAPTER 3. ASYMPTOTIC SOLUTION OF LINEAR ODES

On letting P(r) = 2r? — 3r + 1, we then find that

n=0: P(r)ay =0,
n=1l: Pn+r)a,=—[n+r—1)(n+r—2)+1a,;.

The indicial equation P(r) = 0 implies that » = 1 or » = 1/2. The recurrence
relation gives for r = 1:

Qo Qo Qo
al = —— Ao = — A = — —
1 3, 2 107 3 30
and for r = 1/2:
a; = —3a a9 = 7 Q, a3 = — 133 a,
1 — 4 05 2 — 32 05 3 — 1920 0-

Two linearly independent solutions are therefore (for ay = 1):

and

3 7 133
— 212 L2 199 03
val) = ( 17T 3" T 100" +)

so that the general solution is y(z) = c1y1(x) + caya(z).

Remark: What happens if the roots of the indicial equation are equal, that is, if
r1 =1y =r? We can get one Frobenius solution y,(z) = > 7 an(x — 2¢)"™", but
how do we determine a second linearly independent solution? A hint is given by the
solution (3.8) to the Cauchy—Euler equation. In that case the linearly independent
solutions are y;(x) = 2" and y(z) = 2" logx. It therefore seems reasonable in the
general case to look for a second solution of the form

yo(z) = y1(x) log(x — zo) + Z bo(x — 20)"™ 7. (3.15)

n=0

To show that a solution of the form (3.15) will always work in the case where
P(r) has a multiple real root, let us define a,(r) to be the solution of the recursion
relation (3.12b) with ag(r) = 1 and define

w(z,r) = Z an(r)(z — x0)" "

n=0
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One solution to Lw(z,r) = 0 is given by yi(z) = w(z,r1). When P(r) = (r — ry)?

and ag = 1, we see from Eq. (3.11) that
Lw(z,r) = P(r)(z —20)" = (r —r1)*(x — 20)"" (3.16)

Differentiation of Eq. (3.16) with respect to r then yields

9 T 2 r

Eﬁw(m, r)=2(r—r)(x—x)" 4+ (r —r)(x — x0)" log(x — xo).

On interchanging the order of differentiation and setting r = r;, we deduce that

w
yo(x) = W(m,ﬁ) is a second solution:

z{a—“’(x,rl)] s I

or or

r=ry

From the definition of w(z,r) we then see that

o) = o {(ac — )" Y an(r)(o - >}

n=0

r=ri
00

= (x — o)™ log(x — x0) Z an(r)(x — 20)" + (z — x0)™ Z a, (r1)(x — xo)"

n=0
9

= y1(2) log(z — z0) + Y _ ay,(r1)(x — o)™,

n=0
which is precisely the form suggested earlier, Eq. (3.15).

Remark: In the case where ri—ry = N € N, we note for r = ry that the coefficient ay
in Eq. (3.12b) is multiplied by P(N + 1) = P(r;) = 0. If the right-hand side of
Eq. (3.12b) is zero, ay is then arbitrary, yielding a second linearly independent
solution in Frobenius form. However, if the right-hand side of Eq. (3.12b) is nonzero
for n = N, then Egs. (3.12) cannot be satisfied for r = r5: there is only one equation
in Frobenius form, corresponding to r = r;. In this case differentiating

Lw(z,r)=(r—r1)(r—r9)(x — x0)"

ow

with respect to r at r = r; shows only that yo(z) = 8—(9@,7“1) is a particular
r

solution of the inhomogeneous equation

L {g—l:(:c,rl)} = (ry —r2)(x — x)™.

Nevertheless, since L is linear, we only need to find a second (linearly independent)
particular solution y(z) and then the difference of these two particular solutions
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will be a solution to the homogeneous equation Ly = 0. Fortunately, a second
particular solution to

Ly(x) = (11 — ra)(z — x0)"

o0
y(z) = Z&n(:r — xo)" .
n=0

can always be found. For n # N the coefficients a, satisfy the same equations as
the coefficients a,, namely Eqgs. (3.12) with = ry. For n = N = r; — ry, equating
the coefficients of (z — )" yields a constraint that leaves ay arbitrary but fixes
the value of ag:

in Frobenius form

N—
Z[(k +ro)An_k + By_i|ar = 1.

k=0

1
N
The above constraint can always be satisfied by scaling ag, recalling for this case
that the right-hand side of Eq. (3.12b), with a; replaced by ay, is nonzero for

n = N. The difference yo(z) — y(x), containing the arbitrary constant ay is the
desired second solution to the inhomogeneous equation Ly = 0.

The following theorem summarizes these results.

Theorem 3.1: Suppose that Eq. (5.5) has a regular singular point at xo and that the
corresponding indicial equation P(r) =0 has roots at r1 and rs.

1. Ifri,rg € R with ry —ry € Z, then there exist two linearly independent solutions
of the form

o0

p(e) = ane 20, a0,

n=0

= Z bn(l’ — .%'O)n+r27 b() 7é 0
n=0

2. If ri,r9 € R with vy = ry, then there exist two linearly independent solutions of
the form

ya(x) = y1 () log(w — o) + Y _ balw — o)™,

where the constants b, may be zero.
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3. Ifry,ro € R withry —ry € N, then there exist two linearly independent solutions
of the form

yi(x) = an(z — )", ag #0,
n=0

ya() = Ayr () log(x — o) + ) balx —20)"™™, by #0,

n=0

where the constant A may be zero.
4. If ri,r9 = a1, then there exist two linearly independent solutions of the form

y1(x) = cos(Blog(x — x0)) Z an (T — 20)" T, ag # 0,

n=0

yo(x) = sin(Blog(x — x¢)) Z bo(x — x0)" T, bo # 0.

n=0

Problem 3.2: Find two linearly independent solutions about = = 0 to

22y —xy +(1—2)y=0.

3.D Behaviour near Irregular Singular Points

As was stated previously, there is no comprehensive theory for irregular singular
points. However, we can get some insight by examining a first-order differential
equation:
u' = p(2)u. (3.17)
The solution is easily obtained and is

u(z) = cel PO % ¢ = const.

Now suppose p has a pole of order N at z = 2. Then

e 2, is an ordinary point if N = 0;
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e 2, is a regular singular point if N = 1;
e 2 is an irregular singular point if N > 2.

We can expand p in a Laurent series:

N
p(z) = Zz—zo +Zanz—zo
nl n=0
This leads to
( 0O a
2 (2 — )" if N=0
= an nl .
p(z)dz = { bilog(z — 20) +Z + if N =1,
/ n:0n+1
N ~
b1 1 - " _(z— )"t if N > 2.
Z; 1 —n)( z—Zo) = 1log(z ZO)+Z;H+1<Z 20) !
\ N=— n=

Define

. i an n+1 = . al bn
):exp <§0n+1(2_20) >, S(Z):Z(l—n)(z—zo)”_l'

n=

Then v is analytic at z = zy, with v(z9) = 1. The solution may now be written as

cv(z) if N =0,

e ([ B e

It is clear that if
1. N =0, the solution is analytic at zp;
2. N =1, the solution has, at worst, a pole or a branch point at zg;
3. N > 2, the solution has an essential singularity at z.
Now consider a second-order linear differential equation
u" + p(2)u’ + q(z)u =0, (3.18)

with an irregular singular point at z = 2zy. The previous example suggests making a
change of dependent variable as follows:
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Then
W(2) =S (2u(z),  u(2) =[5"(2) + S (2)u(2),

so that Eq. (3.18) becomes
S"(2) + S”(2) + p(2)S'(2) + q(z) = 0. (3.19)

Note that this is a second-order nonlinear differential equation and so may seem worse
than Eq. (3.18) for u. This is where we make a crucial assumption:

S"=0(8%) (2= z)|

Most of the time this is a reasonable assumption, but it must be verified after the
fact in each case. To see why this may be reasonable, let us re-examine the solution
to the first-order equation (3.17). We have

by
(1 =N)(z— 2Nt

S(z) ~ (z = 20) it N > 2.

On differentiating this asymptotic expansion, we find

bN _NbN
!/ "
S'(z) ~ CEEALE S"(z) ~ R (z = z0),
so that g N
lim (2) = lim —(z—2)" ' =0 for N >2.

220 S’Q(z) z—z0 by

Hence S” = 0(S"?) (2 — ).
Equation (3.19) may now be approximated by

S~ —p(2)8" = q(2).

This equation, while still nonlinear, is at least of first order. Moreover, it can readily
be solved with the substitution y = S’, from which we can then determine the
solution u to Eq. (3.18).

e Let us determine the behaviour of z3u” = u as x — 0. Noting that z = 0 is an
irregular singular point, we let u(z) = %@

S 45— L (3.20)

3
Assuming that S” = 0(S") (z — 0), we find

g
732

S~
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g

where o denotes the sign +1. Then S ~ =2 (x — 0). Since

30

1 o
S 2x5/2’

we can then check the consistency of our assumption:

52~ T T T gt

To find more terms in the asymptotic expansion of S, let us try to express

—0 (x = 0).

S(z) = —;—”

with C(z) = o(z~%/2). This implies that

/ / : / —3/2
S'(x) = x3/2 +C'(z) with O = o(z™%?)
and 35
" T " . "o —5/2
§"(x) = 555 + C"(x)  with C" = o(z7%?).

If we substitute these expressions into Eq. (3.20) we find:

—30 // ! 1
ooz T ¢ <3_/2+C> R

that
so tha 30
21;5/2

C// Cl 4 Cl2

(3.21)

Since C'(z) = o(x~%/?), we see that C'? = o(x~3/2C"); the dominant balance of

terms is thus given by
20 _, 30

2327 7 95/2

(x — 0).

Then

, 3

and hence C(z) ~ 2logz = o(z7'/%) as & — 0. Now express C(z) = 2logz+ D(z),
where we anticipate that D(z) = o(logx) (x — 0).
To go further, we find from Eq. (3.21) that

3 ., 20 (3 ) 3 A"
2 TP +x3/2(4m+D)+(4m+D = 557"

which simplifies to

20 3 3
D// _D/ D/ D/2 — )
+ x3/2 o 2x + 1622
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On differentiating C'(z) = 2 logz + D(z), we see that D'(z) = o(z™!) and D"(z) =
o(x™%) as x — 0. The dominant balance is then given by

20 3
w20~z 20
so that 5
o
D/ ~ — 71/2
327 (x —0)
and

3
D~ k:+1—g$1/2 (z — 0),

where k is a constant. As desired, we verify that D(x) = o(logz) as x — 0.
Since D approaches a constant as z — 0, we now have enough terms to ascertain the
leading-order asymptotic behaviour of the solutions u(z) to the original differential
equation:

w(z) ~ Ko/t (x —0),

where K is a constant.



Chapter 4

Perturbation Theory

4.A Introduction

In perturbation problems one considers functions

u:Qx I —R™,
where u(x;e) = (ui(x;e),us(x;€), ..., un(x,€)), x = (r1,22,...,2,) € & C R” and
e € I C R. Usually the function u is defined implicitly as the solution of a system

of differential equations with boundary and/or initial conditions. We may represent
such problems as:

P M(u,e) =0, M is a differential operator (possibly nonlinear),
" | B(u,e) =0, B isa boundary condition operator.

The objective is to solve the problem P for u(x;e). Usually, this is too difficult, so we
settle for some sort of approximation ¢(z; ) to u(x; ). Typically, the parameter & will
be a small positive constant (i.e. ¢ € I = (0,a)) and we will seek an approximation ¢
which is asymptotic to u:

u(z;e) ~ p(x;¢€) (e—=0") Vaeq.

Definition: A function ¢ : (0,a) — R™ is called a gauge function if 0 is continuous
and strictly monotonic.

e The functions 1/e, e" for n # 0, v/, and —cloge are all gauge functions on (0, a)
for sufficiently small a, whereas e sin(1/¢) is not a gauge function on (0, a) for any a.

Suppose that
(i) ¢: Q2 x(0,60) = R, QCRY
(i) 0:(0,a) — RY is a gauge function;

(iii) Qo C Q.

78
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Definition: We write ¢ = O(d) (¢ — 07) uniformly in € if there exist positive
numbers a and M such that for all x € €,

0<e<a=|p(xe)l< Mie).

p(z,¢)
i(e)

This is equivalent to ‘ being bounded on €y x I.

Definition: We write ¢ = 0(9) (¢ — 07) uniformly in € if for all £ > 0 there exists
a > 0 such that for all x € €,

0<e<a=|p(xe)l<Ei(e).

Equivalently, 81_1)I(I)1+ 90((52)8 )

= 0 uniformly in €.

o Let 29 € (0,1), Qo = (wo, 1), 2 =1(0,1), p(x,e) =¢/x, and 6(¢) = €. Then

£
<—=M
= = M)

ISHEYL)

|p(z,)|=

in g, where M = 1/z, is independent of x. That is, ¢ = O(0) (¢ — 07) uniformly
in g, but not uniformly in €.

e Let L >0, =1(0,L), 2= (0,00), p(z,e) = ex, Y(x,e) = esinzx, and () = ¢.
Then |¢(x,e)|= ex < Le for all z € Qy. That is, ¢ = O(0) (¢ — 01) uniformly in
o, but not uniformly in Q. On the other hand |¢(x,¢)|= ¢|sinz|< ¢ for all x € Q.
Therefore ¢ = O(9) (¢ — 07) uniformly in .

o Let 29 € (0,1), Qo = (z0,1), 2 = (0,1), o(x,6) = e /%, and §(¢) = ", where
n € N. Then |¢(z,e)|= e/ < e7™/¢ for all z € Q. Hence in €y,

p(z,€)

i(e)

Therefore ¢ = 0(0) (¢ — 07) uniformly in €y, but not uniformly in €.

< lim e e ™/% = (.
e—0T

0 < lim

e—0t

Definition: The function ¢ is a uniform asymptotic approximation to u in €2y valid
to order ¢ if u — ¢ = 0(d) (¢ — 07) uniformly in Qp. We write u ~ ¢ (¢ — 07)
uniformly in €.
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e Let xy € (0,1). Suppose that

u(x,g)—xig, @(x,&)-é(l—%), ie)=¢
Then )
u(z, ) — (x, )= m —o(e) (e —0).

uniformly in (g, 1), so that ¢ is a uniform asymptotic approximation to w in (g, 1),
but not in (0, 1):
2 2

£ £
lim lim ———— =0# 00 = lim lim ————.
20t e—0t 22(x + €) e—0+ 20+ 22(x + €)

e Let 2y € (0,1) and
u(z,e) =z +e+e 5 p(re)=zx+e, 6()=c",

where n € N. Then
fu(z, €) — pla, €)= e~/ = o™

uniformly in (z, 1) but not in (0, 1):

lim lim e =0%1= lim lim e .
z—0F e—0t e—=0t z—0t

Definition: A sequence of functions {¢, }_, where ¢, : Q x (0,a) — R is a uniform
asymptotic sequence in Qq if @1 = 0(¢,) (¢ — 0) uniformly in €.

N
Definition: The series ngn(:c,a) is a uniform asymptotic series in Qg if {¢n},

n=0
is a uniform asymptotic sequence in €.

e For example, p,(z,e) = u,(z)e" is a uniform asymptotic sequence if u,1(x)/u,(x)
is bounded for each n € N.
4.B Regular Perturbations

Let u :  x (0,a) — R™. The most naive way to try to solve the problem

pe{bid = o
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is by assuming an asymptotic expansion of the Poincaré type:
u(@,e) ~ > g (x)e". (4.2)
n=0

On substituting this expansion into P, one obtains a sequence of linear problems:

PU : {M(Uo,O) :O, Pn : {L(un) :Rn(u07"'7un—1)7 2 1.

B(ug,0) =0, é(un) = En(uo,...,un_l) "

e Consider the problem

P W+ (14+ex)u=0, x€(0,00),
lu(0) =1,

which has the exact solution
u(z,e) = e+, (4.3)

On introducing the expansion (4.2), the problem P becomes
0= Z u (z)e" + Z un(2)e"™ + Z T, (2)e" T = uf) + up + Z(u; + U + Uy ),
n=0 n=0 n=0

n=1
Z un(0)e™ =1,
n=0

which reduces to the sequence of problems

uy + ug =0, u 4+ U, = —TUp_1,
PO'{UO(O) 1 P"'{un(O) 0 n>=1

We can easily solve these first-order linear ordinary differential equations to find

uy = e °,

That is,
x 2
wie) =~ [ eds= e
x 2 4
wle) = ["¢|-§ o= e,

B . T (_1)71—162(71—1) B (_1)nx2n Y
un(x) = —e /0 f{ 9n—1(n — 1)! ]d€_2n—n!6 '
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Since
n+1 2
un;llgg; = 2(n$—f 1 =0(1) (e — 0) uniformly in (0, L) but not in (0, c0),
we see that

> —1)" 2n
u(z, ) ~ E (2)—‘$e”’5n — v/ (e —0)
"n!
n=0

is a uniform asymptotic series in (0, L) but not on (0, c0).

Definition: The problem P is a reqular perturbation problem in € if

Z Up ()™

is a uniform asymptotic approximation to u(zx,¢) in €.

Definition: The problem P is a singular perturbation problem if P is not a regular
perturbation problem.

Remark: The previous example is thus a regular perturbation problem in Qo = (0, L)
and a singular perturbation problem in Q = (0, 00).

Remark: Typically, a straightforward expansion will give rise to a uniform asymptotic
expansion only in some proper subset €}y of the domain ).

e (Boundary Layer) The problem

Jeu —u =0, z € (0,1),
P {u(O) =0, u(l)=1 (4:4)
has the exact solution
B erle — 1
U(l',ff) = 61/5——1

The expansion (4.2), reduces P to

. u6 = 07 . u;z = ug—h
PO'{UO(O):(), w(1) = 1, P”'{un(O):un(l):O nzl
Unfortunately, problem F, has no solution; this means that the original problem P

has no regular perturbation expansion.

Since ¢ multiplies the highest derivative, setting € to zero (e.g. to obtain the
problem F) drastically changes the nature of the differential equation. As seen
in Fig. 4.1, for small but nonzero € the solution is constant everywhere except in
a narrow region of thickness O(e) near x = 1, where the solution varies rapidly.
This is known as a boundary layer. The large derivative in the boundary layer
compensates the smallness of €, so that the highest-order term cannot be neglected
in the boundary layer.
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Figure 4.1: Formation of a boundary layer at x = 1.

e (Rapid Oscillation) The problem

" _
P:{su +u =0, z € (0,1), (4.5)

u(0) =0, wu(l)=1

has the exact solution

(o) — S0/ V)

sin(1/v/e)
The expansion (4.2), reduces P to
Uy = 07 Up = _u//—h
. . n >
PO'{uo(O)zo, w(1) =1, P"’{un(()):un(l):O nzl

Again, problem P, has no solution. As illustrated in Fig. 4.2, for small € the exact
solution varies rapidly over the entire interval.

e (Multiple Scales) The problem

p. u” + 2t +u =0, z € (0,L),
u(0) =1, ¥(0)=—¢

has the exact solution
u(z,e) = e “cos(V1—e2x).
The expansion (4.2), reduces P to

P - u’o’+u0:0,
P L wo(0) =1, uy(0) =0,
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— — —¢e=10.005
— e =0.00014

Figure 4.2: Rapid oscillations in a singular perturbation problem.

ul +up = —2uy, w4+ u, = —2ul,_,

. . n n ? > .

b {m(m —0, W) =-1, T w0 =w©0=0 "7

We find ug = cosx, u1 = —xcosx, and that wu, contains a term proportional to
x™ cosx. We see that uy(x)e/ug(z) = —ex = o(e) (¢ — 0) uniformly in (0, L). The

asymptotic expansion then contains terms of the form (ex)™cosx. This problem
thus has two scales, namely x and ez, as illustrated in Fig. 4.3.
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Figure 4.3: Multiple-scale behaviour for ¢ = 0.1 of e~** cos(v/1 — €2x) (solid red) vs.
+e7%* (dashed blue).



Chapter 5

Matched Asymptotic Expansions

5.A A Simple Example

The expansion (4.2) can be used to reduce the problem

P_{su”+(1—|—€) +u=0, ze€(0,1),
uw0) =, u(d)=p
to
Juf+up =0, un Uy = —uy =g, S
P“'{uom):a, uo(1) = 4, P“'{unm):un(n:o n=t

However, we see that problem F, has no solution. The solution to the differential
equation in Fy is
ug = Ae ™

Clearly, one boundary cannot be satisfied and must be dropped. If we apply only the
left boundary condition, then

up(0) =a = A=a,
whereas if we apply only the right boundary condition then
up(l) =8 = A = fe.

The exact solution to P is

(B — ae Ve)el =" + (a0 — Be)e /¢

R (5.1)

u(z,e) =

For small € one finds

u(x,€) ~ fe! ™ 4 (o — Be)e /¢ (5.2)

86
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1\

N

Figure 5.1: Outer solution of Eq. (5.1) for ¢ = 0.05, =0, and g = 1.

and for z > 0,
u(z,e) ~ Bet ™ = u°. (5.3)
We denote the latter solution by u® since it is the leading term of the outer solution.
Equation (5.2) implies that
u(0,¢) ~ a.
In contrast, since the e=#/¢ term is not negligible for z = 0, Eq. (5.3) incorrectly

predicts

u®(0,¢) ~ Be.
The underlying problem here is that the order in which one takes the limits x — 0
and € — 0 is crucial:

Iim lim w(z,e) =« e= lim lim u(z,¢e).
e—=0t z—0t ( ’ ) 7&6 z—0t e—=0t ( ’ )

To address this problem, it is helpful to introduce a magnified scale & = z/e,
which allows us to zoom in on the boundary layer. Let

(B —ae 1/e)el =% + (a — Be)e~*
1 — el-1/¢ ’

w(é,e) = u(ed, e) =
Now expand w for small € (holding ¢ fixed):
w(, g) ~ Be+ (a— Be)e s,

In terms of the original variable, we can write this as the leading term of the inner
solution u':

w(g, 5) ~ Be+ (o — Be)e ™ = ul(x,¢). (5.4)
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We then recover the correct left boundary condition u(0,e) = « but the incorrect
right boundary condition u(1,¢) = Be + (a — Be)e /s ~ Be as ¢ — 0.
If we retain an extra term in the inner solution we obtain, as ¢ — 0,
w(,e) ~ Be' T + (a — Be)e™ ~ Pe(l — eg) + (a — Be)e,

so that .
w(E,g) ~ Be(l —z) + (o — Be)e ™= = ul(x,e). (5.5)

Now we still obtain the correct left boundary condition u! (0, e) = a but the incorrect
—1/e

boundary condition u!(1,¢) = (a — Be)e /¢ — 0 as ¢ — 0, as shown in Fig. 5.2.

Figure 5.2: Inner solutions given by Egs. (5.4) and (5.5) for ¢ = 0.05, @ = 0, and
B=1.

Remark: We call £ = x/e the inner variable. However, the question naturally arises:
what is the best choice for the inner variable? Suppose we instead chose the inner
variable to be the magnified scale ¢ = z/e%. We would then find that

_ —1/e\,1—¢2 _ e
wlee) = u(eie o) = Lo Do e foe

~ Be(l— %) + (a—Be)(1—<€) (¢ —0).

Then
w(:—2,5> Nﬁ@(l—:ﬂ—k(@—ﬁ@)(l—g) = ul(z,e). (5.6)

As shown in Fig. 5.3, for the case where a < fe, this inner solution satisfies
ul(0,¢) = a and ul(1,¢) = (o — Be)(1 — 1/e) = o0 as € — 0.
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Figure 5.3: Inner solution given by Eq. (5.6) for ¢ = 0.05, « =0, and g = 1.

Remark: If instead we choose the inner variable to be the magnified scale £ = z:/4/,

we find
w(é,e) = u(ve,e)
(8~ ac™ /)6l VE 4 (o — fe)emt/e
- 1 _ el-1/e
~ Be(1—VEE) (e 0).
Then
w(%,s) ~ Be(l —x) = ul. (5.7)

As shown in Fig. 5.4, this choice leads to incorrect boundary conditions at both
endpoints: u!(0,¢) = Be and ui(1,e) = 0.

Remark: The basic idea underlying the method of matched asymptotic expansions
is to find asymptotic expressions valid over different intervals and then match them
on their overlapping domains. Specifically, we can write u from Eq. (5.3) in terms

of the inner variable £ = x/e and expand it for small ¢, holding & fixed:

u® = Be! 7 ~ Be(1 — €) = (u°)! (e —0).

Likewise, we can expand u! from Eq. (5.5) for small €, holding z fixed:
ul(z,e) = Be(l — x) + (o — Be)e ™/ ~ Be(l — z) = (u!)° (e = 0).
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Figure 5.4: Inner solution given by Eq. (5.7) for e = 0.05.

Notice that the inner expansion of the outer solution equals the outer expansion of
the inner solution:

(uO)I — (uI)O.
This is called the matching principle. When satisfied, the asymptotic matching
procedure has been successful.

Problem 5.1: If we instead choose the inner variable ¢ = x/e% show that the
matching principle is not satisfied when o # fe.

5.B Expansion Operators

The heuristic arguments of the previous section were based on finding approximations
to u valid on overlapping subsets of {2 and matching these expressions on this
overlap region.

Consider the function
u(r,e) =x+¢e+eF

for z € [0, 1].
The natural choice for the outer and inner variables are the variables that appear
in the function, respectively z and £ = z/e.
For small €, the outer solution (z > 0) is
u

u”(x,e) = up(x) + eug(x) = v + ¢,
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where ug(z) = x and uy (z) = 1.
For small €, the inner solution

u'(z,e) = w(é,e) = wo(§) +ewi(§) = e +e(§+1),

where wg(¢) = e¢ and wy(§) = £+ 1.
In the outer region,

u(z,e) —up(x) = +e* =0(1) (¢ —0)
u(x,e) — ug(x) — euy(z) = e = 0(e) (¢ —=0)

uniformly for x € [z, 1] for any x¢ > 0.
In the inner region,

w(&e)—wy(l) =e(+1)=x+e=0(1) (¢—0)

uniformly for x € [0, ¢].

As € — 0, we see there is unfortunately no overlap between the regions [z, 1] and
[0, ¢]. However, we can actually allow xy to depend on ¢, say xy = 7(¢) and still get
a valid asymptotic expansion for the outer solution, provided llir(l] n(e)/e = oo:

u(x,e) —ug(x) = e+ e %% < e+ e M/ = o(1).

For example, we can choose 1(¢) = y/2. Thus, the outer solution is actually uniformly
valid on the enlarged interval [y/e, 1].
Similarly, the inner expansion is valid in a region larger than [0, ()], provided

li_ff(l)C(@ = 0:
w(,e)—we() =x+e<(e)+e=0(1) (¢—0).

For example, we can choose ((g) = /3, thereby leaving an overlap region of validity
[€1/2,¢1/3] for the inner and outer solutions.
We now introduce some formal notation. Suppose

(i) u: Q2 x(0,6) >R, QCR™
(i) {an(e)}22, is an asymptotic sequence of gauge functions;
(iii) Qo C Q.

Definition: The ezpansion operator EMu : Qg % (0,a) — R relative to the asymptotic
sequence {av,(€)}52, is defined by (Eju)(z,e) =3 7 uj(z)a;(e), where

u(z, €)

=1
UO($) 55—1>I(I)1Jr 050(5) ’

(2) = lim U8) — (B Mu)(w,€)
u;(x) Eg0+ e

i=1,2,...,n,

provided the limits exist in €.
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Remark: As in the proof of Theorem 1.3, we see that

— lim u(z,e) — (EP ) (z,€) — up(z)a,(€) — lim u(z,e) — (Elu)(x,€)
0= £—>0 a,(e) l—>0 an(e) '

For = € y we thus have

u(z,e) = (Eru)(z,e) + o(an(e)) (e = 0%).

e Consider again the function u(z, &) = z+e+e~*/¢ with oy, (e) = €", with Qy = (0, 1].
We find
(z) = lim u(z,¢) T
U = _—
0 e—07t 1 ’

te) = i 225
e—m/a
=0 for n > 2.

i) = g,

Thus
(EJu)(z,e) =z,

T

(Elu)(z,e) =x+e  forn>1.

Definition: Given the change of variable £ = z/d(¢), denote w(,e) = u(z,e) =
u(d(€)&, €), and suppose {5,()}22, is an asymptotic sequence of gauge functions.
The expansion operator H relative to the asymptotic sequence {3,(e)}ne, is

defined by (Hfu)(§,¢) = > 7 w;(§)B;j(€), where

o w(se)
wol€) = B )
R w(ga E) - (Hg_lu)(f>€) .
w;(§) —gli)r(r)l+ 5.0 j=1,2,...,n.

e For u(z,e) = v+et+e /% with B,(g) = ", we have w(&, e) = u(e€, e) = e 4e(E+1),

since
wo(e) = tim 8D — e
w1(f) — 11I(I)1+ w(é.ae)g_ wo(ﬂf) — 5 + 17
wn(€) = for n > 2.

Thus

(H{u)(E,e) =e*+e(+1) for n > 1.
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Remark: From the previous example we have

B =z, ng =%
Thus
—z/e
EVHYu = B¢t = E0(e™*/%) = lim ——— =0,
e—=0t 1
and
HYEu = HY(z) = HY(¢£) = lim £ _ 0
¢ ¢ ¢ e—0t 1 ‘
That is,

Egng = HgEgu.
We also found
Elu=1x+e¢, Hiu=e"*+e(f+1).

Thus
EyHiu=E (e +e(6+1) = Ej(e™  +u+e) = Bju=ux+¢,

and

HYElu= H}(z +¢) = H(6 +2) = 0+ ¢ lim ebte

e—0t €

=ce(f+1l)=x+e

That is,
E Hiu = H.Eu.
The statement that

EyHiu=H;E u Vn € Ny (5.8)
is a way of expressing the matching principle.
Remark: A generalized version of the matching principle,
EyH{"u = H{"E}u,

is sometimes used in situations where the case n = m does not work.

Definition: When the matching principle is successful, the composite expansion
operator C7 defined by

Ciu= Eju+ Hlu— E;H{u

can be used to generate global approximations to singular perturbation problems.
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e For u(z,e) = x4+ + e /¢ we find

Cou=FEu+ Hlu— ESHu=2+e*—0=a+e"/"
C;uzE;u—i-ng—Engu:I—|—6+6_£+6<§+1)—(I‘+5)=I+€+€_I/€.

5.C The Method of Matched Asymptotic Expansions

The results of the previous section were obtained with the benefit of the exact
solution. We now attempt to ascertain these properties directly from the differential
equation. First, we must determine the location of the boundary layer. If physical
considerations do not indicate the location of the boundary layer, one may have to
resort to trial and error. If the wrong location is used, the matching will not be
successful.

e Let us revisit the problem

p. eu"+(1+e)'+u=0, x€]0,1],
| u(0,e) =a, u(l,e)=p '

Suppose we determine that the boundary layer occurs at £ = 0. On substituting
the expansion (4.2) and discarding the boundary condition at 0, the outer problem
becomes

ug 4+ ue =0, AU, =l —ul
Fo: {Uo(l) =0, Fu {Un(l) =0 L

The solutions to these first-order differential equations are given by

ug(z) = pe'=*,

WV
—_

@) = [ @A) Hd )
We recursively find u,(z) =0 for all n > 1.
The outer solution is thus given by
u(x,e) = Be' ™ + o(e") (e —=0)

for any n € N.
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To determine the correct inner variable, try £ = x/d(¢), where d(¢) = o(1) as

€ — 0. Then .
U(JI,E) :w<g7€> :w(&g),
/ - 1 / E _1 /
W(e,e) = 50/ (5.¢) = w62,
" ]‘ " x ]‘ "
u'(z,e) = ok (5,5> = 5w (&,¢),

so that the inner problem becomes

1
P! %w”+(1+s)gw’+w=0, v € =10,1],

w(0,¢) = .

We have discarded the right-hand boundary condition since the right boundary lies

outside the boundary layer. The resulting system, being a second-order ordinary

differential equation with only one boundary condition, is underdetermined. The

extra constant of integration will be determined by matching to the outer solution.
There are three cases of interest:

Case (i): £%5(8)/8 =00
The inner problem may be written

S+ (14 e)w' + 0w =0,
pr.l9
w(0,¢) = a.

On expressing w(§, €) = wo(§)+0(1), the lowest-order problem becomes, noting
that /0 = o(1) and ¢ = o(1),

which has the solution wy(§) = «. The leading-order behaviours of the inner
and outer solutions are then respectively given by

Egu = ug = fel 77, ng = wy = «.

Since § = o(1), we thus find that

EJH}u = E (wo <§)> = wp(00) = «,
HOE 4 = H(up(5€)) = uo(0) = e.

Since o # fe in general, we see that the matching principle, Eq. (5.8), is not
satisfied.
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Case (ii):

Case (iii):

CHAPTER 5. MATCHED ASYMPTOTIC EXPANSIONS

limd(e)/e =0

e—0

Express the inner problem as

2

o
W'+ —(1+e)uw +—w—0

)
Pl €
w(0,¢) =

Since § = o(1), the lowest-order problem becomes, expressing w(&, e) = wo(&) +
o(1),

wp(0) = a.

which has the solution wy(§) = a+ A§ where A is a constant. The leading-order
behaviours of the inner and outer solutions are then respectively given by

E = ug = Be' ™7, ng:woza—i—Af.

Since ¢ = o(1), we thus find that

if A=0,
() (=

HgEgu = Hg(uo((%)) = up(0) = Pe.
Again, the matching condition is not satisfied.
ie)=¢

The inner problem reduces to

w’ 4+ (1+e)w' +ew =0,
P!
w(0,¢) = «

On expressing w(&,e) = Z wy, (£)e™, the inner problem becomes

wo —|—w0

/
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from which we deduce that wy(£) = a — Ag(1 —e7%) and wy(§) = (Ag — )€ +
Ai(1 —e7%), where Ay and A; are constants.

Thus T
E;]ng = Eg (’wo(g)) = ’on(OO) = — Ao,

HYESu = H(u(=€)) = uo(0) = fe.

The lowest-order matching condition E) Hou = H¢EJu can thus be satisfied if
we choose Ay = a — e, so that

wy(€) = Pe + (o — Pe)e™
wy(€) = —Be& + Ay(1 —e™%).
At the next order, we find, noting that u; = 0,
x x
E;Hglu =E! (w0<g) + 6w1(g>> = fo(z) +efi(x),

LB = HY(uo(=€)) = g0(€) + 201 (©)

where
~lin [wo(i) +eun(2)]
= ll_r}l(l) [ﬁe (v — Be)e ™/ — Bex 4+ e A (1 — e_x/s)] = Be(l — x),
1

) = lim oo () (2 ) fo(o)]
= 21_1)1(1) i [Be + (a — Be)e “v/f _ Bex + Ay (1 — e7/%) — Be(1 — z)]
—ll_r%g[oz—ﬁe ‘”/5—1—8141( ’w/s)] = Ay,

9o(§) = lim up(e§) = lim Be' 7% = Be,

—ef _
(€)=l 2 [3615 — ] = felim © L = e

We can thus make E}Hiu = fe(l — ) + Ay equal HiEju = fe(l — &) =
Be(1 — z) by choosing A; = 0.

We have thus recovered the inner solution, Eq. (5.5), that we previously obtained
with foreknowledge of the exact solution:

w(é,e) ~ wo(€) +ewi(§) = Pe(l — £€) + (a — fe)e™

The choice 0 ~ ¢ thus yields an inner variable that allows the corresponding
inner solution to be matched to the outer solution u(z,e) ~ Be!~*. Note that
w(0,¢) = o and u(1,e) = B, as desired.
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Remark: With £ = 2/6(e), we say that the boundary layer thickness is O(6(g)). The
full solution can be expressed as

u(z,e) ~ ul(x,€) near the origin,
’ u®(x,e) away from the origin.

While «/ and u© are valid on overlapping domains, the place to switch from one
domain to the other is not so easily determined. This difficulty can be circumvented
with the composite expansion operator:
COu = E% + ng - Egng.
x
= up(x) + wp <g> — Pe

= el + Be + (o — Be)e /% — Be.
= Bel ™ + (a — fe)e /.

Going to higher order, we obtain the same result:

Clu= Elu+ Hglu - E;ng
= () + wo (g) +ew (g) — Be(1 - 1) (5.9)

= B! 4 Be(1 — x) + (a — Be)e ™/ — Be(l — )
= el + (a — fe)e /.

In the limit € — 0, we see that this composite solution obeys the desired boundary
conditions. It is instructive to compare this result with the exact solution:

(8 = ae™V)e " + (o= Be)e -
1 — el-1/e
~ el + (o — Pe)e /e (e —0).

u(z,e) =

As shown in Fig. 5.5, the matched asymptotic and exact solutions are indistinguishable
to graphical accuracy, even at relatively large values of the perturbation parameter,
such as € = 0.1.

Remark: The correct choice of §(g) must be such that the terms neglected in the
outer equation are retained in P!. In the previous example, since u” was neglected,
along with a «’ term, in the lowest-order outer equation, both w” and w’ must be
retained in the lowest-order approximation to P’.
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Figure 5.5: Matched asymptotic solution and exact solution given by Eq. (5.9) for
e =0.1.

Remark: Typically one wants to choose §(g) so as to obtain the “least degenerate”
form of the inner equation in the sense that the coefficients of the differential
equation are of comparable size, to the extent possible. In our example,

€ 1
ﬁw” + 5(1 +e)w' +w =0,
which can be rewritten as

2

4] )
w'+-1+e)w'+—w=0,
5 5

2
we know that 0 = o(1), so o = 0(§) Of the three cases
€ £

(iif) — <2,

Case (iii) is the “least degenerate”.
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e (Nonlinear ODE) [Bender & Orszag 1999, p. 463]
Consider the problem

(5.10)

P eu"+2u' +e* =0, x€]0,1],
" w(0,e) =wu(l,e) =0.

Let us assume that the boundary layer is at = 0 and look for an outer solution
of the form

u(x,e) ~ Zun(x)sn
n=0
On discarding the boundary condition at x = 0, we find

2ug + e =0,
Po.{UO(l):(),

2
that =1 .
so that uy(z) 08

Let the inner variable be £ = x/(¢) and w(§, ) = u(x,e). The inner problem is

) 52
pl. {w"—l— 2—w + —e =0,
- 5 £
w(0,¢) = 0.

2

We choose the least degenerate case — < — ~ 1, so that
e €

Pl w” + 2w +ee” =0,
"l w(0,e) =0,

Let us look for an inner solution of the form
w(g,e) ~ Y wy(§)e".
n=0

The lowest-order problem is

Pl wy + 2wy = 0,
0" wo(O) = O,

which has the solution wg(§) = A(1 — e~ %),

Thus
T

EJH{u = E] (wo(g>> = wp(o0) = A,

H{EJu = HY(ug(e€)) = uo(0) = log 2.
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The lowest-order matching condition EYHJu = H{EJu can thus be satisfied if we
choose A = log 2, so that the inner solution is

wo(€) = log 2(1 — ¢~%),
The composite solution is then given by
Co%u = Eu + ng — Egng
x
= uo(w) + wo (T ) — log?2 (5.11)

= log — e %/%og 2,

1+

as shown in Figure 5.6.

0.6

0.5 7

0.4

0.3 7

0.2

0.1

0
0 02 04 06 08 1

Figure 5.6: Matched asymptotic solution in Eq. (5.11) for € = 0.05 compared to the
exact solution of Eq. (5.10) computed numerically with a shooting method.

e (Two boundary layers) [Bender & Orszag 1999, p. 437]
For the problem

P.{su”—xQU’—u:O, z € [0,1],

u(0,e) = u(l,e) = 1. (5.12)

let us look for an outer solution of the form
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The outer problem

2,/
T Uy +up =0
Fy: 0 ’
" {Uo(l) =1,
has the solution ug(z) = e'/*~1. We see that the left boundary condition cannot
be satisfied and therefore expect a boundary layer at x = 0.

Let the inner variable be { = z/d(¢) and w(&, €) = u(x, ). The inner problem is

pl . {%w”—ééﬂw'—w =0,

w(0,e) =1,
or
5 52
m_ Y20 9
pl. {w 65 w 8 w =0,
w(0,¢e) = 1.
3 52
We choose the least degenerate case — < — ~ 1, taking § = /:
€ €

PI ' wl/ o \/Eé—le —w = 07
"l w(0,e) =1.

Let us look for an inner solution of the form
w(é,e) ~ Y wy(§)e".
n=0

The lowest-order problem is

12
I . wo_wozoa
%'{wdm:1,

which has the solution wg(£) = Be® + (1 — B)e ¢, where B is a constant. Then

x 0 if B=0,
st (o(3)) ot {51
HEJu = H(ug(€)) = uo(0) = oo.

Since the outer solution diverges, no match is possible.

What went wrong here is that the outer solution ug is actually incorrect: there
is another boundary layer at x = 1. That is, we need to drop both boundary
conditions; the outer solution then becomes ug(z) = Ae'/*, where the constant A
will be determined by asymptotic matching.
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Let us try the inner variable ¢ = (1 — x)/u(e), with u(e) = o(1) and express
u(x,e) = v(¢,e) = v((1 —x)/u,e). Then v’ = —v'/p and u” = v"/u?, so that the
inner problem at the right boundary is

€ (1 — MC)Q /
—v 4+ ——v —v =0,
Pp: 9 12 7
v(0,¢) =1,
o 2 2
1 —
PI . {U”‘I"MU,_M_U:O,
R " € €
v(0,e) = 1.
2
We choose the least degenerate case il =< g 1, taking yr = €. The inner problem
€ €

at the right boundary becomes

pr fU (- Q) —ev =0,
B v(0,e) = 1.

We express

v(Ce) ~ Y valQ)e

n=0
and find
" /
i {UO(O) =1,

which has the solution vy(¢) = C'+ (1 —C)e™¢, where C'is a constant. On matching
the outer solution ug(x) = Ae'/* to the left boundary layer, we find

oo o T B {0 if B=0,
Engu =L, (w()(%)) = wO(OO) - {sgn(B) -o00 if B#0,

if A=
H{ Eyu = H{ (uo(e€)) = uo(0) = {Sgn(A) oo ifA # 8i

The matching condition thus requires A = B = 0. That is, u(z) = 0 and wy = e~*.
On matching the outer solution to the right boundary layer, we find

E0Hu = E? (vo(l - x)) = vp(00) = C.

HYEJu = H(up(1 — £€)) = uo(1) = Ae = 0.

The matching condition requires C' = 0. That is, vy = e~¢.



104 CHAPTER 5. MATCHED ASYMPTOTIC EXPANSIONS
Finally, the composite solution is

Cou = EJu+ Hu + Hlu — E)H{u — E)Hu.

:uo(:c)—i-wo(%) +v0(1;x) —0-0 (5.13)

— eix/\/g _'_ ei(lfx)/s

In Figure 5.7, we see that the boundary layer thickness at the left is wide, O(/2),
and at the right is narrow. O(e).

1_

0.8

0.6

0.4

0.2

Figure 5.7: Matched asymptotic solution in Eq. (5.13) for ¢ = 0.02 compared to the
exact solution of Eq. (5.12) computed numerically with a shooting method.

5.D Application to PDEs

Consider the following first-order linear partial differential equation in two independent
variables:

{a[a(:r, ug + b(x, u,] + c(z, t)u = d(z,t) = €R, t €]0,00),
u(z,0,e) = f(z).

Depending on the coefficients a, b, ¢, and d, such a problem can lead to boundary
layers on the boundary ¢ = 0 (initial layer) or even internal boundary layers.

Typically, if (x,t) € Q, where 2 is an n-dimensional set, boundary layers will be
(n — 1) dimensional.
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e (Burgers’ equation) [Holmes 1995, Example 2, p. 91]
For the problem

ou ou 0%u
b E—Fua—x:g@ r€R, te€[0,00),

u(x,0,e) = p(z).

Here the initial condition ¢(z) satisfies ¢'(x) < 0 for x # 0. Of particular interest is
the case where ¢ has a jump discontinuity at x = 0: ¢(07) < ¢(07). For example,

w(x):{q x <0,

cg x>0,

where ¢, > cgp = 0.
Let us look for an outer solution of the form

u(x,e) ~ Z up(z)e".

The outer problem
Oup |, Q0
By:{ Ot " ox
U/[)(ﬁ, 078) = 90(x>a
ou 3u0 82U0

:O,

0

=L +Uug— +u =
P : ot 00z Y ox ox?’
uy(z,0,e) =0,

can be solved by the method of characteristics. Letting A parametrize the initial

curve ug(z,0), s be the characteristic variable, and z = uy(z,t), we find

(dt
—=1 t|._o=0,
ds ’5—0

Po:§ —=up=2 z|_,=X\

Thus
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We thus see that z satisfies the implicit equation z = p(\) = p(z—s2) = p(z—tz),
that is, up = p(z — uot).

Since ¢, > cg, this implies that the solution is multiple-valued in the region
crt < o < cpt of an (z,t) diagram. Let us assume that there is a single smooth
curve

z=7(t), (0)=0
along which the outer solution has a jump discontinuity, often called a shock. That
is, we look for a shock layer:

crp x> ().
. . : _x—=() _
Accordingly, we choose an inner variable £ = 5 and set w(&, t,e) = u(x,t,¢),
—y(t
so that u(x,t,e) = w<x 57( ),t,a). We see that
ou_ Aou o
ot § 0
and
ou 10w
oxr 6 0¢

The inner equation is then

vYow Ow wow e 0w

56£+ T 5o T 2o

or
az_w—é_za_w+5<w )aw
oez ot e g
2

We choose the least degenerate case — < — ~ 1 and expand
e €

w(&, t,e) ~ anft

to find

I, 8211)0 ’ 8w0
0 - 852 :(’wo—"}/)a—5
82101 8w0 81111 a'wO
P! = — - Ryt
R R THR L Al T
We integrate once with respect to £ to find
8w0 1

(9_5 = §w(2) — "YIUJO -+ A(t),
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so that
d’wo

W — y'wy + A(t)
Let us now match to the outer solution:

0 ey ) fulom) 2 <70 g

wo (00, t) x> ~(t)

= de.

ONI cr x<~(1),
WO ~ bl e~ {0 TSI o),
Thus
lim wy = ¢y, lim wy = cpg.
E——o0 £—o0
0
In particular this means that Elilin T _ 0. Hence, as £ — +o00 we find
— 00

1
0= 5ck—7ern+Al),

1
0= 50% —'er + A(t).

On subtracting the second equation from the first, we find

1
0= 50?% — ;=7 (cr — cr),

so that 1 )
v = §(CL + cR), At) = SCLCR:

Thus the shock takes the form of a straight line, y(t) = 3(cr, + cg)t, that separates
the trajectories ¢yt and cgrt. We can then determine the inner solution by partial
fraction decomposition:

s

[l
= — dwo
Cr, — Cp Wy — Cy, Wy — CR

1 _
— {log Yo~ Cr + log B(t)] )
Cr, — CR Wy — CR
Thus E(.1)
Crp —CR )
) = = >
w0<€7 ) 1 _ E(f,t) 9

where E(¢,t) = B(t)e2¢(t=¢r) To determine the constant of integration, B(t), one
must perform the matching to higher order.
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WKB Theory

Recall the earlier examples (4.4):

eu” —u' =0, et/ — 1
b {u(O@)zO, u(l,e) =1 u(w,€) = elle — 1’

where the solution varies rapidly over a narrow region (the boundary layer), and (4.5):

b {gu//_+_u:O7 u(:l:,g):Si_n(x/\/g),
uw(0,e) =0, wu(l,e)=1 sin(1/+/2)
where the solution oscillates rapidly over the entire domain. Both solutions exhibit
exponential behaviour, with a real exponent in the first case and an imaginary
exponent in the second.
It is natural to seek an approximate solution of the form

u(x,e) ~ A(z)eS®/5E), d(e) = o(1).

Here S(x) is called the phase. If S is real, there is a boundary layer of thickness §(¢),
while if S is imaginary there are rapid oscillations of wavelength ~ §(¢).
The above expansion can be readily generalized to higher order in :

1 C n
u(z,e) ~ exp (@ ; Sp(z)d (5)) (6.1)

This is known as either the WK B approximation, after Wentzel, Kramers, and Brillouin,
who popularized the technique, or the WKBJ approximation, to acknowledge earlier
work by Jeffreys.

Consider the second-order homogeneous linear differential equation

{€2u” =Q(z)u x € [0,1],
u(0,¢e) = A, u(l,e) = B,

108
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where Q(x) # 0 on [0, 1]. Substituting Eq. (6.1) leads to

g2 <% > s;(x)an) + % > Si(x)e" | = Q(x).

To leading order as ¢ — 0 we find

e? 2e? e?
5550+ 55051+ 55 ~ Q=)
2 2
Since 5 < 52 1, we choose the least degenerate case 0(g) = e:

So? + (28,51 + SY) = Q(x).
The dominant balance is called the eikonal equation

So” = Q(z),

which has the two solutions
So(x) = F(z),  where F(z) = / O dt.
0

The higher-order balances are called transport equations:

2518 = —S!, (6.22)
>SS, =-S5,  (n=1). (6.2D)
j =0

The solution to Eq. (6.2a) is immediately seen to be

$1(x) = — 105 Q(x) + .

where k is arbitrary constant. The first-order WKB-approximation is then a linear
combination of the two solutions:

u(x,e) ~ 5o/t
CleF(a:)/s +026—F($)/5

vV Q(x)

We now apply the boundary conditions to express these linear combinations as
F(1)-F F
A+/F'(0) sinh (M) + B/ F'(1) sinh ( (x))
€ £
F'(x) sinh (@)

9

~

u(z,e) ~

noting that F(0) = 0.
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e In the special case where A = 0, B =1, and Q(z) = —1, we see that F(z) = ix

and
sinx/e

u(zx,e) ~ (e = 0),

sinl/e

which is in fact the exact solution.

e In the special case where A =0, B =1, and Q(x) = 1, we see that F(z) = z and
one again recovers the exact solution:

sinhx /e
u(z, ) ~ Snb1/c (e — 0).
e Let us look for a WKB solution for the problem
eu” + p(x)u' + q(z)u =0 z € [0, 1],
u(0,e) = A, u(l,e) = B,

where p(z) # 0 on [0, 1]. We find up to first order in € that

€ € € 1
ﬁsgf + 255651 + 586’ + gsgp +Sip+q=0.
We choose the least degenerate case d(¢) = € so that 1 ~ % < %. Thus

1
5(562 + Sgp) + 25,57 + Sy + Sip+q = 0.

The eikonal equation is thus
S> + Sop = 0,

which has roots S = 0 and S, = —p(x), so that without loss of generality

So(x) =0 or So(x) = — /096 p(t)dt = —G(x).

Thus
[T S6() +a(?)
Sile) = _/0 25y(t) +p(t) i
so tha
that . C ra
Sy =0= Si(z) 0 dt F(z),
and

Sy = —p(z) = Si(z) = —logp(x) + F(z).
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The first-order WKB-approximation is then a linear combination of the two solutions:
u(x,e) ~ g%o/e+5
—F(x) 2(e) —G(z)/e+F(x)
~ci(e)e + —=e e —0).
We now apply the boundary conditions to express these linear combinations as
A(e)p(0)Ae"W) — Bp(1) o F)
A(e)p(0)eF M) — p(1)e~FM)
p(0)p(1)(B — Ae= ") o~ Gla) [+ ()
p(@)[A(e)p(0)eF M) — p(1)e~F)]
where \(g) = e~ ¢(W/e,

u(x,e) ~

(e = 0),

Remark: For the special case A =0, B =1, p(x) = —1, q(z) = 0 we have G(z) =
—x, F(z) =0, \(¢) = /¢, reproducing the exact solution in Eq. (4.4):

erle — 1

U(l‘,g) = 61/5——1

Remark: The popularity of the WKB method stems from its ease of use and the fact
that it works for problems with rapid variation in regions larger than thin boundary
layers. However, a major drawback with the method is that it works only for linear
ordinary differential equations.

6.A Turning Points

[Bender & Orszag 1999, p. 505]
Consider the WKB approximation for the problem

e = Q(2)u,
b { u(0,e) =1, wu(oo,e) =0

on the domain Q = R, where Q(z) ~ ax as  — 0, zQ(z) > 0 for z # 0, and
r% = 0o(Q(z)) as ¢ — oco. The point x = 0 is called a turning point since the sign of Q)
changes from negative (= sinusoidal WKB solution) to positive (= exponential WKB
solution) as « passes from negative to positive values. The WKB approximation for

x> 01s
c1(e)ef@/E 4 cy(e)e F@)/e

vV Q(x)

where F(x fo VQ(t)dt and the boundary condition u(co,e) = 0 implies that
c1 = 0. However this approxnnatlon is clearly invalid near = = 0 since () — 0 there.

u

Rz, e) ~ (e = 0),
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Since we cannot apply the boundary condition at x = 0, we expect a boundary layer
near x = 0 which matches to WKB outer solutions u” on the left and u* on the right
of the boundary layer.

For x < 0 we have

A(e) cos(G(x)/e) + B(e) sin(G(z)/¢)

e — 0),
/Io@) =20

u*(x,¢) ~

where G(z) = [/ 1/]|Q(t)] dt.

Introduce the inner variable £ = z/d6(¢) and w(&,¢) = u(z,¢€), so that the inner

equation reads
2

Z—Qw” = Q08w ~ adéw (0 — 0).
&2 £2/3
Since the least degenerate case is 2" ad, we take 0(e) = 75 Thus ¢ = a'/3x /%3
a

and
w” ~ Ew (e —0).

We recognize the latter as Airy’s equation, with general solution

u!(z,8) = w(,e) ~ ale) Ai(€) + B(e) Bi(¢)
= a(e) Ai(a'Pz/e¥3) 4 B(e) Bi(a'/2z/¥3) (e = 0),

noting that the constants o and [ that yield a match to the outer solution may
depend on the parameter ¢.

Problem 6.1: Show that

1
2/

Bi(€) ~ %f‘”“eiﬁ”" (€ = ).

V5 (6= 00),

Ai(g) ~

On matching u! to u® we find as ¢ — 0 that

(u")P ~ a(e) Ai(al/Sx/SQ/S) + B(e) Bi(al/Sx/a?Q/S)

61/6 1 Oé(é) 2.1/2,.3/2 2.1/2,.3/2
—1/4 —2q1/243/2 /¢ 201/253/2 /¢ 2/3
~ T ——es + B(e)es (e < ),
Jral/ 2
e F@ /e e—3at/*a*?/e
(") ~ () == ~ 02<€)—a1/4x1/4 (62/3 <z < 52/5)

vV Q(x)
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since Q(z) ~ az as x — 0 and hence F(z) ~ [ Vatdt ~ 2a'/?2%% + O(a°/?[e) as
o — 0. A match is thus possible if 3(¢) = 0 and a(e) = 2y/7ca(€)/(ag)'/6. That is,

2ﬁ02(5) .
w(&,€) ~ “(ae)/5 Ai§) (e —=0).
On noting from Eq. (3.3a) that Ai(0) = W(?/?ﬂ we see that the boundary condition

w(0,¢) = 1 implies that
- 32/30(2/3) (ae)°

c2(e 2\/T ’

so that
w(é,e) ~ 32/3F<§> Ai(g) (e —=0).

Similarly, the match (u!)? = (ul)! is possible if we choose

2/31( 2
A(e) = —=B(e) = %

The resulting matched WKB approximation to the one-turning point problem as
e — 0 is then

(ag)"/.

€23 <1 <0,

( 32/3F(§)(a5)1/6 -COS(G(IL‘)/EE) — sin(G(x)/s)]
V2r i VIQ()|

2 a'Bx
) azsp( 2 A (2 2/5
u(zx,e) 3 F(g)A1(€2/3) xr < e,
3237 (2 (ae)/® [e~F@) /e
2Vm | VQ)

e2/3 <1 > 0.

We note as ¢ — 0 that there is a nontrivial matching interval, [¢%? ¢%5]. The
WKB approximation can be thought of as a special case of the multiple-scale analysis
introduced in the next chapter.



Chapter 7

Multiple-Scale Analysis

7.A Secular Terms
Consider the problem for u(t, ¢):

{u”+28u’+u:0 t €10,00),

u(0,¢) =1, u'(0,¢) =0, (7.1)

where the primes now denote differentiation with respect to t. The exact solution is

e, = e oos (VIZE0) ¢ S (Vim@d)] @)

so that |u(t,e)| <1+¢/v1—¢c?forallt>0.
If we try a straightforward perturbation expansion

u(t,e) ~ Y un(t)e”,

this yields

P - ug+U0:0,
O Luo(0) =1, wuh(0) =0,

ul 4+ u, = —2ul,_,
. n n ) > .
e {un<o> —u0=0 (=Y

The solutions for the first two contributions are
uo(t) = cost, wuy(t) = —tcost+sint,

so that
u(t,e) ~ cost + e(sint — tcost) 4+ o(e).

114
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However, the amplitude of the term tcost grows without bound, despite the fact
that the exact solution is bounded. This is known as a secularity. The perturbation
expansion is invalid since it attempts to separate the true dependence of v on ¢t and &
into a series containing products of functions of ¢ and functions of €; the exact solution
evidently cannot be written in this form. Instead, we see that for small € there are
really two time scales, t and et, as evident in Fig. 4.3. The method of multiple scales
provides a means of dealing with such problems.

7.B Derivative Expansion Method

The derivative expansion method is probably the most common of the various multiple
scale methods. One introduces several time (or length) scales and treats them as
independent variables:

If ¢ is the original variable and ¢ is the small parameter, we introduce the auxiliary
time scales

71 = €t, 7'2:6225, cee T~ =Nt
and express u(t,e) = w(t,m,...,7n,€). Then
W= (2+si+§i+...+sfvi>w.
dt ot on 0Ty OTN

Remark: The original problem is thus transformed from an ordinary differential
equation in u to a partial differential equation in w.

e Let us apply the derivative expansion method to the problem in Eq. (7.1):
' +2eu +u=0 t € 10,00),
u(0,e) =1, u'(0,¢) =0,

We introduce new time scales 7 = et, 7o = €%t and let u(t,e) = w(t, 11, 7o, €).

Th
o ,_ 0w w 0w
N 0t 87'1 87'2.

u

O*w Pw L. Pw  Pw
_ P °v 2),
- ( dtom an> +ole)

The problem then becomes:

( 92 2 2 2
a—w+zs(8—w+8—w>+s2(2 ow +a—w+2a—w>+w+o(52)_0,

ot? otor, Ot otory, Ot on
w(0,0,0,¢) = 1,
ow

ow 5 Ow
\ E(O,()?O,éf) + 58—7_1(0,0,0,8) + & 8—7_2(0,0,0,5) =0.
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We look for a solution to this partial differential equation of the form
U}(t, T1, T2, E) = wo(t, 71, TQ) + 5w1(t, 7'1) + 52w2(t) + (9(52).

We find

( 02w0
ot?
e we(0,0,0) =1,

—|—U)0:0,

8w0

[ (0000 =0
( 82’11]1 8211}0 8w0
—_9 _ 920
gz W otor, - ot

61 : w1(070) = 0,

871)1 . awo
L 815 (07 0) - 87_1 (07 07 O)a
( 82w2 821110 821110 8w0 82w1 8w1
=2 =2 - —2= 20 _ 9 —2
oz T T 0en, o “om  Cowom ot
g2 { wy(0) =0,
8w2 - 8w0 awl
L at (O) - 87'2 (07 07 0) 87'1 <07 O)

The solution to the € problem is
wo(t, 71, 7'2) = A(Tl, TQ) cost + B(Tl, 7'2) sint,

where the initial conditions on wy imply that A(0,0) =1 and B(0,0) = 0.
The ! problem is then

0*wy 0A , OB
BTe + wy _2<8_7'1+A) Slnt—Q(@—ﬁ—l-B) cost, (7.3)

The only way to avoid secularities in solutions to this sinusoidal differential equation,
which is being driven at its natural frequency, is to use our freedom in choosing
the functions A and B to insist that

0A
—+A=0
87’1+ ’
B
95 o,
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We thus find

A(r1, 1) = a(mp)e™ ™,

B(m, 1) = B(12)e ™,

where the initial conditions A(0,0) = 1 and B(0,0) = 0 imply that a(0) = 1 and
B(0) = 0. With this choice of A and B, the secular terms in Eq. (7.3) are thereby
removed and we can now solve for both wg and wy:

wo(t, 71, 72) = e " a(m) cost + B(72) sint],
wi(t,7) = C(m)cost + D(m)sint.

The initial conditions on w; then imply that C'(0) = 0 and D(0) = «(0) = 1.
The €2 equation thus becomes

82’LU2

W—l—wg = [(2/ + B)e™™ +2(C" + O)] sint+[(—28" + a)e™™ — 2(D' + D)] cost.

Again, we need to remove the secular terms:

(2 4+ B) +2e™(C"+ C) = 0,
(—28"+a) —2¢™(D'+ D) = 0.

We note that the terms involving o and 8 are functions of 75 only, while the terms
involving C' and D are functions of 7; only. Hence 2o/ 4+ = —2¢™(C” + C) and
(26" + ) = 2¢™(D’ + D) must be constants. For simplicity we choose these
constants to be zero. The system

2a' + 3 =0,
28" +a =0,

and the initial conditions a(0) = 1, 3(0) = 0 then imply that a(7) = cos Z and
B(72) = sin 2.

The system
C'+C =0,
D'+ D=0,
and the initial conditions C'(0) = 0, D(0) = 1 then imply that C(r) = 0 and
D(m) =e.
Thus

wo(t,m1,72) =€ [cos <%> cost + sin <%> sin t]

- 7’2)
= t—=).
e cos( 2

wy(t,7) = e sint.
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Finally, the solution to the €2 equation, given the initial conditions wy(0) = 0 and

. 8w0 0w1 B
O) - 87'2 (07 07 O) 87’1 (07 0) - 07

8w2 (
ot
is simply ws(t) = 0.
The resulting multiple scale solution,

2

u(t,e) =e |:COS <1 - %)t + esin t} + o(g?),

is compared with the exact solution in Fig. 7.1.

—— Uexact(t, €)
— — —u(t,€)

Figure 7.1: Multiple-scale solution via the derivative expansion (u) and two-variable
expansion (ug) versus exact solution uexact of Eq. (7.1) for e = 0.4.

7.C Two-variable expansion

Instead of introducing many slow variables 7,, = "t for n = 1,2,..., N, it is often
more convenient to consider only two time variables: the slow variable T = ¢t and the
modified fast variable

T=01+ew+evs+... + Nyt

for some constants v;. We can then express

d 0 0
EZ (1+€2y2+€31/3+'”+ENVN>8_T+E§'
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e Let us revisit Eq. (7.1):

u' +2eu +u=0 t € 1]0,00),
u(0,e) =1, uw'(0,e) =0

and introduce the time scales 7 = et and T = (1 + £*v)t. On letting u(t, &) =
w(T, 7,¢) we find

ow ow
! 2
W=+ ergn ey
o 07
"no__ 2
u' = {(1+5 y)—6T+a—a } w
0w 0*w of o O*w  O*w 9
572 +2€8T87 +e <2V_8T2 + 52 2) +o(£7)

The problem then becomes:

( 2 2 2 2
a_w+w+25(aw _|_aw)+52<2ya_w+a_w+28_w>_|_o(g2):()7
T T

oT? oTor = oT
w(0,0,¢) =1,

ow ow 5 Ow B
\ a—T(O,O,a) + 85(0,0,8) +€ Va—T(O,O,e) =0.

We look for a solution to this partial differential equation of the form
w(T,7,¢e) = wo(T, 7) + ew (T, 7) + *wy(T, 7) + o(e?).

We find

( 6211)0
012

€% < we(0,0) =1,

—|—sz0,

3w0
90,0 = 0.

\ (9T( 0)=0

( 82101 82’11]0 8w0
it — 9 _ 920
or: TS Corar  “or

et ¢ wy(0,0) =0,

8w1 . 8w0
\ 8_T<0’0) = —5(070)7
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( 02w2 82’11}0 62100 6w0 821111 8w1
ot wy = —2w - -

BIE oT?2 12 or _2aTaT YT
e? 1 ¢ wy(0,0) =0,

o
oT

0w2 . 6w1
[ o7 (00 =57 0.0 v

(0,0).

The solution to the £° problem is
wo(T,7) = A(1)cosT + B(1)sinT,

where the initial conditions on wy imply that A(0) = 1 and B(0) = 0.
The €' equation is then

2
% +wy, =2(A"+ A)sinT — 2(B"+ B) cosT. (7.4)

We avoid secular terms by setting

A +A=0,
B +B =0,

which, using the initial conditions A(0) = 1 and B(0) = 0, yields A(7) = e 7 and
B(7) = 0. We thus find

wo(T,7) =€ TcosT
wi(T,7) = C(1)cosT + D(7)sinT.

The initial conditions on w; then imply that C'(0) = 0 and D(0) = 1.
The €2 equation thus becomes

52
—6:2)2 +wy = [-2(D'+ D)+ (1+2v)e "] cosT + 2(C' 4 C)sinT.
We remove secular terms by setting
C'+C =0,
1
D'+D= 5(1 +2v)e 7,

with the initial conditions C'(0) = 0 and D(0) = 1. We thus find C(7) = 0 and
D(r) =1+ (14 2v)7]e, so that

1
w(T,7) ~wy +ewy =€ " {cosT + 5[1 + 5(1 + 2V)7':| SinT} .
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We see, however, that this solution still contains a secular term. Fortunately we still
have enough freedom to suppress this secularity: we need only choose v = —1/2, so
that D(7) = e " and

w(T, 1) ~wy+ewy =e " (cosT +esinT).

Thus

1 1 1
u(t,e) ~ w((l - 552) t,st) =e [cos (1 - 552)15 + esin (1 - 552> t} :

We observe in Fig. 7.1 for a relatively large value of € that this solution reproduces
the exact solution Eq. (7.2) more closely than the approximation obtained previously
by the derivative expansion method.

e (Rayleigh Oscillator) [Bender & Orszag 1999, p. 554]
For a > 0 consider the nonlinear problem
't u=e(u — 3u?),
u(0,e) =0, u'(0,¢) = 2a.

To remove secularities at leading-order, it is sufficient to introduce a single slow
variable, in which case the two-variable expansion and the derivative expansion methods

(with N = 1) are equivalent.
Letting 7 = t, we look for a solution of the form

u(t,e) = w(t,7,e) = wo(t, 7) + cwi (¢, 7) + o(e) e —0.

We find
( 821110

ot?
€1 ¢ we(0,0) =0,

+w0:()7

Owy
_ = 2
| 5 (00) =24,

ot

o T T ot T “ator
el 1 ¢ wi(0,0) =0,

821111 8w0 82100 _ 1(811)0)3
3 Y
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Let us express the solution to the £° problem as
wo(t, 7) = A(7) sin(t + (7)),

where the initial conditions imply that A(0)siné(0) = 0 and A(0)cosf(0) = 2a.
Without loss of generality we find A(0) = 2a > 0 and 6(0) = 0.
The ! problem then becomes

8211}1

ot?

+w, = (A —2A" — %A?’) cos(t + 0) + 2A0 sin(t + 0) — %A?’ cos 3(t +6),

where we have expressed the right-hand side directly in terms of Fourier harmonics
using the relation

it —it\ 3 3it | gp2ito—it ]
cos®t = (%) = 2Ree+% = Z(COSZ&L‘ + 3 cost).

To avoid secular terms we must set

Ao —1a3 g

4
2A0' = 0.
That is,
8A' =4A - A3 = A2 - A)(2+ A),
0" = 0.
Thus

/d —/ —8dA —/ 2L b Naace A +log o
TT ) AA At J\AT A2 Ar2) T e T

Hence

-7

A2 —4
T e
where the constant « is seen to equal a = (a® — 1)/a? because of the initial condition

A(0) = 2a. Thus

2a -0
Va2 —(a®—1)e "

The equation 6’ = 0, along with the initial condition #(0) = 0, implies that 6(7) =0
for all 7. Hence

A7) =

2asint
Va2 — (a2 —1)e¢t

Since lim A(7) = 2, we see that the solution approaches a limit cycle as t — oo, as
T—00

illustrated in Fig. 7.2.

u(t,e) ~ (e = 0).
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Uexact (tv 5)

123

Figure 7.2: Multiple-scale solution (u) of the Rayleigh Oscillator versus exact solution

Uexact for a =0.05 and € = 0.2.



Appendix A

Series Reversion

[Morse & Feshbach 1953, p. 411]
Given the power series of a holomorphic function,

(o ¢]
= E an 2",
n=1

with f(0) = 0 and f'(0) = a1 # 0, we now derive a general formula for the power
series of its (holomorphic) inverse function in a neighbourhood of 0:

o0
= E b,w".
n=1

Let C be a contour enclosing w. Then, using the substitution { = f(z) we find

B o f(2
fl(w)_27r c C—w 27m/f

Hence

() () = nt 2f'(2) L (n—1)! 1 i
(F)™ (w) 27Ti/c(f(z)—w)”+1d o /c(f(z)—w)"d7

on integrating by parts. Thus

b= () (0)

/ 1 q» 1 o
= - dZ =
2nmi Jo f(2) n! dzr=1 fr(z)

1 dn— 1 0 . -
- TL' dzn— Ton—1 <Zakz >

z=0

z=0
For example,

-1 -3 —5(5,,2
by =aj, by = —aj "as, by = ay°(2a5 — ajas).
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eikonal equation, 109
error, 3

expansion operator, 91
expansion operator H/, 92
exponential integral, 28

Fourier integral, 49
Frobenius, 68
Frobenius method, 66

Gamma Function, 20

gauge function, 78

generalized binomial coefficient, 24
Generalized Watson’s Lemma, 38

homogeneous equation, 72

indicial equation, 69
indicial exponent, 63
inhomogeneous equation, 71
inner problem, 95

inner solution, 87

inner variable, 88

irregular singular point, 63

Laplace Transform, 34, 35
Laplace’s integral, 34
Laplace’s method, 34
little order of, 5

local analysis, 1

matching principle, 90
method of multiple scales, 115
modified fast variable, 118
moveable maximum, 47

order, 53

order of, 4, 5
ordinary point, 62
outer problem, 94
outer solution, 87

particular solution, 71
phase, 52, 108
Poincaré type, 81

regular perturbation, 82
regular singular point, 63
remainder, 3, 10
Riemann-Lebesgue Lemma, 49

saddle points, 58
secularity, 115
series
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convergence of, 10
series reversion, 41
shock, 106
shock layer, 106
singular perturbation, 82
singular point

irregular, 63

regular, 63
slow variable, 118
stationary phase, 52
stationary point, 52
steepest descent, 55
Stirling’s formula, 49

transport equations, 109
turning points, 66
two-variable expansion, 118

uniform asymptotic approximation, 79
uniform asymptotic sequence, 80
uniform asymptotic series, 80

Watson’s Lemma, 35, 36
WKB, 108
WKBJ, 108
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