Math 225 (Q1) Solution to Homework Assignment 3

(a) Since Av, = (82 8?7)) <i?;) = <i?;) = (1)vy, therefore v; is an eigen-

vector of A corresponding to the eigenvalue 1. The characteristic equation of A
is

0.6 —A 0.3
0.4 0.7—AX

=M —13X+03=\-1)(A—-0.3),

0 = det(A — \) = ( ) = (0.6 — A)(0.7 — \) — (0.3)(0.4)

so that the eigenvalues of A are: A = 1,0.3. To find an eigenvector of A corre-

sponding to the eigenvalue 0.3, we solve the equation: (A — 0.3])z = 0. Since

0.3 0.3
A=031= (0.4 0.4

. - X1 - —X2 - —1 o —1
able and 1 +x2 = 0. Thus, x = (332) = ( . )—332( 1 )and@—( 1 )

is an eigenvector of A corresponding to the eigenvalue 0.3.

(1) -aeme () ()

Clearly, c=3/7—1/2 = —1/14.

which can be row reduced to (1) , To is a free vari-

We write

1 = Azg = A(vi + cva) = Avy + cAvy = v1 + ¢(0.3)vs.

13 = Az = A(v1 + ¢(0.3)v) = Avy + ¢(0.3) Avg = vy + ¢(0.3)v2.

In general, z; = vi + ¢(0.3)"vy. As k gets larger and larger, (0.3)* becomes very

small. Thus, x; tends to v, as k tends to infinity.

2=z =224 (-3)2=4+9=13.

2| = /22 + (—3)2 = V13.
zw = (2 — 30)(3 + 44) =6+8 —9i —12i° = (6+12)+ (8—9)i =18 —i.
z _ 2-=3i __ 2-3i3—4i __ (2—34)(3—4i) _ 6—8i—9i+12i> _ —6—17s _ __ 6 17 ;

w ~ 3447 T 3+4i3—4i — (3+44)(3—4:) 32442 25 25 257"



(a)  The characteristic equation for A is

0 = det(A— \) =

0—A 1
-8 4-A

‘ — A=A = (1)(-8) = X2 — A+ 8.

Using quadratic formula to solve this quadratic equation, we get

A= %[4 +/(—4)2 — 4(1)(8)] = %[4 +/—16] = %[4 +V16v/—1] = 2 + 2i.

Thus, the eigenvalues of A are: A\; = 2+2i and Ay = 2—2i = \;. The eigenspace
of A corresponding to the eigenvalue \; is the solution space of the system of

equations (A — A1)z = 0, which is

(0_(322_2%) 4—(21+27;))(2):<8)’
o (572 (2)-(60):

The augmented coefficient matrix _2—_8 2 9 _1 9 } 8) has the reduced row
echelon form <é —1/4 -E (1/4)i I 8) Thus, 21 + (— + 74)z2 = 0 so that
1_ 1,
z1 = (% — %i)zg and solution vector looks like z = (21) = 29 ( 4 1 4Z). Thus,
2

1_ 1,

{ < 4 1 42)} is a basis of the eigenspace of A corresponding to the eigenvalue
1+
1
A corresponding to the eigenvalue Ay = \.

(M 0N (242 0 _(3-3 1+710
(b) LetD-(O )\2)—< 0 2_2i>andP—< 1 1 . Then
P~ 'AP = D.

A1. By taking complex conjugate, {( )} is a basis of the eigenspace of

(c) By (b), corresponding to the eigenvalue a — bi = 2 — 2i, the eigenvector is v =

(I U e v

1 1
<111 3). Then Q—1AQ = C.

g = =1 Az follows from taking complex conjugate on both sides of ¢ = Z! Az.

Zl Az = 27 Az comes from the facts: BC = BC, BT = FT and B = B. 2T Az =



3

2T AZ is due to BC' = B C and that A = A, since A is a real matrix. 27 Az = (27 Az)T
follows from the fact that 7 AZ is a number (that is, 1 x 1 matrix) and for a 1 x 1
matrix B, BT = B. (27Az)T = ' ATz follows from (BCD)T = DTCTBT and
(BT = B. ATz = 2T Az = q follows from AT = A, since A is a symmetric
matrix. Once we have shown that § = ¢, the complex number ¢ must in fact be real,

since only a real number can be the same as its complex conjugate.

u+ vl + [Jlu—2> = (u+v) - (ut+v)+ (u—12)-(u——2)
=u-utu-v+v-utv-v+u-u—u-v—v-utv-v)=2u-u+2v-v

= 2[|ul]® + 2[|v||*.



