Math 225 (Q1) Solution to Homework Assignment 1.

LHS=u -v=wuv1 + -+ upv,.
U1
RHS = u'v = (ur, -~ ,un) | | =wivs + -+ upvy.
Un

Since LHS (left hand side) and RHS (right hand side) are the same, the proof is

complete.
(b) Note that ||u|| = u-u = /u + -+ u2. Thus,
lul| =0 = J[ullP =0=uf+ - +up =0
@u%z---qu =0, sinceu%ZO, u% > 0, etc.

ESoup == Uy

0<— u=0.

2. The (i, j)-th entry of the matrix on the LHS can be expressed as

(AB)");; = [ABlji =Y AjxBri= > Bridjr =Y [Blix[A"k; = [BTAT]:;
k k k
which is the (4, j)-th entry of the matrix on the RHS.

3. (a) To show that Ker(7T) is a subspace of the domain R"™, we need to establish the
following three claims.
Claim 1: 0 € Ker (7).
Proof. T(0) =T'(0 0) =0 T(0) = 0.
Claim 2: u,v € Ker(7T') implies u + v € Ker (7).
Proof. Let u,v € Ker(T'). Then T'(u) =0 and T'(v) = 0. Now,

Tu+v)=Tw) +T@@)=0+0=0

so that u + v € Ker(T).
Claim 3: ¢ € R and u € Ker(T') imply cu € Ker(T).
Proof. Let u € Ker(T'). Then T'(u = 0. Now,

T(cu)=cT(u)=c0=0
1



so that ¢ u € Ker(T), as desired.

(b) To show that Ran(T) is a subspace of the codomain R™, we need to establish
the following two claims.
Claim 1: 0 € Ran(T).

Proof. We proved T'(0) = 0 in part (a). Thus, 0 € Ran(T).
Claim 2: ¢,d € R and u,v € Ran(T") imply ¢ u + d v € Ran(T).
Proof. Let u,v € Ran(T). Then there exist z,y € R" such that T'(z) = u and
T(y) =v. Now cz +dy € R" and

T(cx+dy) =cT(zx)+dT(y)=cu+dv
so that ¢ u+ d v € Ran(T'), as desired.

Claim 1: If z € Nul(A), then z € Nul(AT A).
Proof. Let z € Nul(A4). Then Az = 0. Multiply by AT on the left, we get,

(AT Az = AT (Az) = AT0 =0.

Thus, x € Nul(AT A).
Claim 2: If z € Nul(AT A), then z € Nul(4).
Proof. Let z € Nul(ATA). Then AT Az = (AT A)z = 0. Now

1Az]]* = (Az) - (Az) = (Az)" (Az) =2" AT Az =270 =0
so that ||Az|| = 0. Thus, Az = 0 and hence z € Nul(A).

p=u—v=uw—-w) +w-v)=—(w—-u) - (v-w)

=-r—g=(-lg+(-1)r

so that p is a linear combination of ¢ and r. Thus, p, ¢, r are linear dependent.



