Math 225 (Q1) Homework Assignment 1.
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1. Letu= ], v = : be two vectors in R". Recall, the dot product of u

Unp, Un,
and v is defined as

15

U= ULV + -+ UpUp.-

and the length (also called magnitude or norm) of w is defined as

l[ul| = Vu - u.

(a)  Show that

u-v=u'v,

where u? = (uy,--- ,uy) is the transpose of u.
(b)  Show that ||u|| = 0 if and only if u = 0, that is, the vector u has zero length if

and only if u is the zero vector.

2. Let A = (aij)lgigm,lgjgn be a m x n matrix and let B = (bjk)lgjgn,lgkgp be a
n X p matrix. Recall that the product C' of the matrices A and B is a m X p matrix,

C = (¢ik)1<i<m,1<k<p, Where the (i, k)-th entry of C' is given by
Cik, = aj1b1p + ai2bag + - - - + ainbp.

Note that c¢;; is the “dot product” of the i—th row of A with the k—th column of B.
Also recall that the transpose of A is the matrix AT which is a n x m matrix whose

i~th row is the i-th column of A. That is, if D = AT and D = (drs)1<r<n,1<s<m, then
drs = Qgp, forall 1<r<n, 1<s<m.
Show that (AB)T = BT AT,

3. LetT : R™ — R™ be a linear transformation, that is, T is a mapping taking
vectors in R to vectors in R" and T satisfies the properties
T(u+v)=T(u) 4+ T(v)

T(cu) = cT'(u)
1



for all u,v € R™ and ¢ € R. Recall, the kernel of T is the subset of R™ defined by
Ker(T) ={u e R" : T(u)=0}.
and the range of T' is the subset of R™ defined by
Ran(T)={v e R™ : v=T(u) for some ue€ R"}.

(a)  Show that Ker(T') is a subspace of R".
(b)  Show that Ran(T) is a subspace of R™.

4. Let A be a m x n matrix. Recall that the null space of A is the set
Nul(4) = {z € R" : Az = 0}.
Show that Nul(AT A) = Nul(A).

5. Let u, v and w be any three vectors in R". Define the vectors p=u—v,g=v—-w
and r = w — u. Show that p, ¢ and r are linearly dependent by expressing one of the

vectors as a linear combination of the other two vectors.



