Review of Math 101
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. t)dt = f(b(z))V'(z) — f(a(z))d ()
T Ja(z)
% = 6alogyc
d
\/1%3;2 =sintx+C
dx 1
/1+x2 =tan "z +C

/secx dx = log(secx + tanz) + C

cos’x +sinz =1

cos 2z = cos’ x — sin’ x

1. Change of Variables
b , 9(b)
| #a) g@yds= [ sy du
N 9(a)

2. Integration by Parts

/abfg’z [fg]Z—/abf’g



3. Partial Fractions

()

(ii) Factor
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)

S(x)

Y

deg R < deg @

Q)= (z—a)"... (2 +yx +\)™... , where 42 — 4\ < 0

(iii) Expand

R(x) Ay 2 Ap
= 5 + .. YRR +...
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Expression x Domain Substitution | 6 or ¢ Domain Identity
a? — 12 [—a, d] T = asinf [-Z,7] 1 —sin?6 = cos® 0
Va? + z? (—00,0) r = atan (-%.3) 1+ tan?6 = sec? 0
xr = asinht (—00,0) 1 + sinh®¢ = cosh®t
1?2 —a? | (—oo,—a]U[a,00] | z=asecld | [0,Z)U[r, ) | sec?d —1=tan?f
x = acosht 0, 00) cosh®t — 1 = sinh*¢

Table 1: Useful trigonometric substitutions

sin™ x cos™ x dx

odd power: let © = other
even power: reduce with

2sinx cos x = sin 2z,

trig function

sinz =

1 — cos2x

2

2

, cos“x =

B 1 + cos 2z




Area ,

f(x) — g(2)| dx

a

A pu—
Volumes by Slices

V= / Alz)de = / (rout2 — rin2) Slice axis of revolution

Volume by Shells

Slice other axis

V=2m / rh dw
Comparison Test 0 < f<g
/ g converges = / f converges

/ f diverges = / g diverges

Convergent Divergent

<1
/1 ﬁdx (p>1)

/ e “dr (a>0)
0
1

1
—d <1
i (p<1)

1
/ log x dx
0+

/ e dr (a<0)
0

|
—d > 1
w21

w/27
/ tan x dx
0

Table 2: Useful integrals for Comparison Test

Linear Differential Equations

dy

Lt Py = Q).
Multiply both sides by I = e/ P@)dz;
d dy
—y)=1-—-+1Py=1
o Uy) =1+ 1Py=1Q



Geometric Series
> 1
k
= — <1
Srho
k=0
p-Series
kz ﬁ converges <= p >
=0

Harmonic Series

[e.e]
L ..
Z — diverges
k
k=0
Divergence Test
o
Zak converges = lim a, =0
—1 n—oo

Integral Test
If f is integrable on any closed interval and decreasing and non-negative on
[1, 00),

Z f(k) converges <= / f converges
1

k=1

Remainder Estimate
Let f be integrable on any closed interval and decreasing and non-negative on
[1,00). Then the remainder y_° ., f(k) of >°77, f(k) on truncating the series

after n terms satisfies
o
R
n+1
Comparison Test

If 0 <a; <b, for all £k € N then

> f(k)é/:of

k=n+1

(o] (o)
E by converges =- E aj converges
k=1 k=1

o0 oo
Z ay diverges = Z by diverges
k=1 k=1



Limit Comparison Test
Suppose a > 0 and by, > 0 for all kK € N and L = lim Gk

k—o00 k

0< L < o0:

o0 o0
E aj converges <— E bk converges
k=1 k=1

o0 o0
E by converges = E aj converges
k=1 k=1

Leibniz Alternating Series Test

o
The alternating series Z(—l)kak is convergent if the sequence {ax}32, de-

k=1
creases monotonically to 0

Alternating Series Remainder Estimate
If {ax}72, is a monotonically decreasing sequence that converges to 0,

[e.9]

> (Dray

k=n+1

S Qp+1

Absolute Convergence
An absolutely convergent series is convergent

Conditional Convergence
Convergence without absolute convergence (e.g. alternating harmonic series)

a
Limit Ratio Test Suppose a; > 0 for all £ € N and klim MLy
—o0 A
r<l= E ag converges
k=1

o0
r>1= Zak diverges
k=1

r=1=7



Limit Root Test Suppose a; > 0 for all £ € N and klim Vap =r
—00
r<l= Z aj, converges
k=1
r>1= Zak diverges
k=1
r=1=7

Power Series

Z cr(x —a)k

Radius of Convergence

0o converges absolutely if x| < R
R e if || =R
k=0 diverges if || > R

Taylor Expansion

3

—1 —a k —a)®
F(b) = Z (b o ) f(k)(a) + %]v(n)(c)

R,

for some ¢ € (a,b)

Taylor’s Inequality
If | f(™] is an increasing function on [a, b], then |R,| < [f™(b)||b — a|™ /n!
If | f™)] is an decreasing function on [a, b], then |R,| < [f™ (a)||b — a|" /n!

Binomial Series

where




Polar Coordinates
xz =rcosf
y =rsinf

Area in Polar Coordinates

A:%/ﬂwme

First Derivative of Parametrized Curve

dy
dy _ dt
dx_@
dt

Second Derivative of Parametrized Curve

dy_ddy _dt d
dz?2  drdr dr dt

Cylindrical Coordinates

T = pCcosy
y = psing
zZ =z

where ¢ € [0, 27]
Spherical Polar Coordinates
x = rsinfcosy
y = rsinfsin g
2z =rcosf

where 6 € [0, 7] and ¢ € [0, 27]

Unit Tangent Vector



Parametric Equation of a Line

r(t)=(1—t)p+tq, teR
Point-Direction Equation of a Line

(2,9, 2) = (20, Y0, 20) + t(a, b, c)

Symmetric Equation of a Line

T—To Y—Y 22— Z0
a b c

Point-Direction Equation of a Plane

(a,b,¢) - (x —xo,y — Yo,2 — 20) =0
Parametric Equation of a Plane Spanned by v and v
T =17+ tu + sv, t,s € R
Distance of (X,Y,7) from a Plane ax + by +cz=d

(X,Y,Z)(a,b,c) —d

D=

Ellipsoid
Ayt =1

Hyperboloid of One Sheet
P4yt —22=1

Hyperboloid of Two Sheets
oyt 2 =1

Elliptic Paraboloid
2=+

Hyperbolic Paraboloid

2 =a? —y?

Arc length

L:/ds:/\/mz/\/mdez/\r'(t)\dt



Surface area of curve rotated about axis

b
27r/ rds

r = (perpendicular) distance to the axis of revolution

Curvature

B |’ xr”|

P

dT
ds




