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A BRIEF SURVEY OF BENFORD’S LAW
IN DYNAMICAL SYSTEMS

ARNO BERGER AND THEODORE P. HILL

ABSTRACT. This article provides a brief overview on a range of basic dynamical
systems that conform to the logarithmic distribution of significant digits known
as Benford’s law. As presented here, most theorems are special cases of known,
more general results about dynamical systems whose orbits or trajectories follow
this logarithmic law, in one way or another. These results span a wide variety of
systems: autonomous and non-autonomous; discrete- and continuous-time; one-
and multi-dimensional; deterministic and stochastic. Illustrative examples in-
clude familiar systems such as the tent map, Newton’s root-finding algorithm,
and geometric Brownian motion. The treatise is informal, with the goal of show-
casing to the specialists the generality and universal appeal of Benford’s law
throughout the mathematical field of dynamical systems. References to complete
proofs are provided for each known result, while one new theorem is presented in
some detail.

1. INTRODUCTION

The purpose of this article, written in honor of the authors’ friend and colleague
Professor Leonid Bunimovich on the occasion of his 75th birthday, is to present an
informal overview of the remarkable ubiquity of the statistical phenomenon called
Benford’s law (henceforth abbreviated as BL) in the mathematical field of dy-
namical systems. This topic is especially fitting to honor Leonid, since it was in
joint work with him [2] that the authors first explored some of its many intriguing
aspects, in response to the question “Do dynamical systems follow Benford’s law?”
raised by Tolle, Budzien, and LaViolette [19] after they had found experimental
evidence of BL in several familiar physical dynamical systems; see also [11, 16, 18].

The tone of this survey is intentionally informal with the goal of introducing
researchers in dynamical systems to a variety of mathematical examples of BL. As
such, most of the theorems presented here are not new, nor are they stated in the
most general form possible. One new theorem (Theorem 6.1 below) is included,
however, and references to the proofs of all other results are given. As the reader is
going to see, the results primarily take the form of sufficient conditions for a variety
of dynamical systems to conform to BL, in one way or another.

The article is organized as follows: Section 2 provides a brief introduction to BL.
Sections 3 to 5 present a selection of typical results regarding BL for various basic
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classes of dynamical systems. Examples are given to illustrate each theorem, though
the presentation of these examples is brief, with most of the (usually elementary)
details being left to the interested reader. In keeping with the informal tone, the
selection of material in this survey is somewhat narrow; for a more comprehensive
overview the reader may want to turn, e.g., to [7]. Finally, Section 6 establishes con-
formance to BL for the solutions of a class of highly non-linear two-step recursions,
utilizing dynamical systems ideas and techniques.

Throughout, standard notation and terminology is used. Specifically, N, Z, R,
and R denote the sets of all positive integers, integers, positive reals, and reals,
respectively, equipped with their usual arithmetic, order, and topology. Half-open
intervals in R are written as [a,b]={xz € R: a < x < b}, and similarly for open or
closed intervals. Also, |x| = max{k € Z: k < z} for every z € R. The cardinality
of any finite set A is #A. As usual, a function 7' : R — R being C™, with m € N,
means that 7" is m times continuously differentiable.

2. BASIC DEFINITIONS

For the purpose of this article, by a dynamical system is simply meant any math-
ematical model of how a particular process unfolds over time. Given is a fixed set
X (“phase space”), together with a rule T' that specifies how the process unfolds in
X. The phase space may consist of real numbers, vectors, or random variables, etc.,
and the changes may occur in discrete or continuous time. Given zy € X and a rule
T, the orbit Op(xg) is the trajectory of the process as it moves through the state
space X, starting at xy and proceeding according to the rule specified by T.

In this survey, the emphasis is on decimal representations of numbers, the classical
setting of BL, so here and throughout log ¢ denotes the base-10 logarithm of t € R,
and all digits are decimal digits. For other bases such as binary or hexadecimal,
analogous results hold with very little change, simply by replacing log with log; for
the appropriate base b > 1; the interested reader is referred to [7, p. 9] for details.

The basic notion underlying BL concerns the first (or leading) significant digit
and, more generally, the significand of a real number. Formally, for every x in
Ry, the (decimal) significand of x, denoted S(z), is given by S(x) = ¢, where
t is the unique number in [1,10[ with 2 = 10*¢ for some (necessarily unique) k €
Z. For negative z, let S(z) = S(—=z), and also S(0) = 0 for convenience. The
integer Di(x) = |S(z)] is the first significant (decimal) digit of x, so Di(z) €
{1,2,...,9} for every z in R \ {0}. For example, S(2025) = 2.025 = 5(0.02025) =
S(—20.25) and D;(2025) = 2 = D1(0.02025) = D;(—20.25).

Informally, a real-valued orbit, trajectory, or dataset is Benford if its significands
are logarithmically distributed, that is, if for every ¢ € [1,10] the (limiting) pro-
portion of significands with value < t is exactly logt. For instance, if a sequence
of numbers is Benford (precise definition below), then exactly log2 = 30.10% of
these numbers have first significant digit Dy = 1, exactly log% >~ 17.60% have first
significant digit D1 = 2, etc. Figure A shows the statistics of D; for three familiar
integer sequences. As suggested by this figure, it is straightforward to perform a
preliminary check on whether or not a dataset is Benford, simply by looking at the
frequencies of the first significant digits. For this reason, BL or, more precisely, the
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first-digit law derived from it, is widely used to check for indications of anomalies
in data; see, e.g., Chapter 10 in [7], or search [9] for “fraud”.

(2")  |30.10{17.61]12.49| 9.70| 7.91| 6.70| 5.79| 5.12| 4.58

(Fn) 30.11]17.62| 12.50| 9.68| 7.92| 6.68| 5.80| 5.13| 4.56

(n!) 29.5617.89(12.76| 9.63| 7.94| 7.15| 5.71| 5.10| 4.26

exact BL [30.10|17.60(12.49| 9.69| 7.91| 6.69 | 5.79| 5.11| 4.57

FIGURE A. Proportions (in percent) of first significant digits Dy =
1,2,...,9 for the first N = 10* entries of (z,), for the first-order
autonomous system x, = 2x,_1 and xg = 1 (powers of 2); the
second-order linear system x, = xp—1 + Tp—2 and r1 = a2 = 1
(Fibonacci numbers); and the non-autonomous system x, = na,_i
and xp = 1 (factorials). Each proportion matches quite closely the
corresponding precise proportion in BL (bottom row), in the case of
(2™) and (F,,) quite strikingly so; see also Example 5.4 below. This
match is indicative of the fact that all three sequences indeed are
Benford, according to Definition 2.1.

The following definition formalizes conformance to BL for various mathematical
objects that may arise from dynamical systems.

Definition 2.1. (i) A (real) sequence (x,) = (x1,x2,x3,...) is Benford if
limy o TSNS JXI: S ST et vie 1,100
(ii) a (Borel) function f :[0,00] — R is Benford if, with A denoting Lebesgue
measure,
lmy, MZEONESU@) <) logt  Wte[l,10[;

N
(iii) a (real-valued) random variable X is Benford if

P{S(X) <t}=logt  Vte][l,10[;

(iv) a sequence of random variables (X,) = (X1, X2,X3,...) converges in
distribution to BL if

lim,, 0o P{S(Xy) <t} =logt  Vtell,10[,
and is Benford with probability one if
P{(X1, X2, X3,...)is Benford } = 1;
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(v) a stochastic process (X¢)i>0 converges weakly to BL if (X;,) converges
in distribution to BL for every increasing sequence (t,) with ¢, — oo, and
is Benford with probability one if the function (or path) t — X; is
Benford with probability one.

As an immediate consequence of Definition 2.1, if a sequence () is Benford then

#{1<n<N:Di(x,) =4} . j+1
N N J

and similarly for a Benford function, random variable etc. Though BL is most often
encountered in this first-digit form, notice that (2.1) is weaker than the Benford
property; for instance, the sequence (x,) = (D1(2")) satisfies (2.1) but clearly is
not Benford.

Many intriguing and not immediately obvious characterizations for the Benford
properties of Definition 2.1 can be found in the literature; see, e.g., Chapters 4 and
5 of [7]. For later use, only one such characterization pertaining to property (i) is
stated here; throughout, let log0 = 0 for convenience, and abbreviate uniformly
distributed modulo one as u.d. mod 1.

(2.1)  limy_eo log Vje{1,2,...,9},

Theorem 2.2. For every sequence (x,,) in R the following are equivalent:
(i) (xy) is Benford;
(i) (axy) is Benford for every a € R\ {0};
(iii) (log|zn|) is u.d. mod 1.

Proof. See [7, Thms. 4.2 and 4.4]. O

3. ONE-DIMENSIONAL DISCRETE-TIME SYSTEMS

Throughout, given any set X, any map T : X — X or sequence of maps T, :
X — X, and any point g € X, denote by Or(xp) the unique sequence in X with
xp = T(xp—1) or x, = T (zy—1) for all n € N. Refer to Or(zp) as the orbit of xg
under 7" or (T},). A key object of interest throughout this article is what may be
referred to as the Benford set B: If X C R then simply

B= {xo € X: Op(xp) is Benford} )

If B constitutes a (measure-theoretically or topologically) large part, or even all of
X then BL can rightly be viewed as a prominent feature of the dynamics of T or

(T)-
3.1. Autonomous systems.

Theorem 3.1. Let T : Ry — Ry satisfy T'(x) = ax + g(x) for some a > 1 and
g=g(z) > 0. Ifloga is irrational and g(z) = o(x) as x — oo then B = R, ; if loga
is rational and g(x) = o(z/logx) as x — oo then B = @.

Proof. See [7, Thm. 6.13]. O

Example 3.2. The orbit of 29 under T(x) = az is (axo, a*zo, a3z, . ..). By Theo-
rem 3.1, the sequences (2") and (5") are Benford; similarly (5-2") and (2-5") are
Benford. Clearly (10™) is not Benford.
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Example 3.3. By Theorem 3.1, the orbit of xp under T'(z) = 2z + e~ is Benford
for every x¢ € R, and indeed for every xyp € R — notwithstanding the fact that no
simple explicit formula for T™ is known to the authors.

Theorem 3.4. Let T : R — R be C? with T(0) =0 and 0 < |T'(0)| < 1, and c € Ry
sufficiently small. If log |T"(0)| 4s irrational then B D [—c,c] \ {0}; if log [T"(0)] is
rational then BN [—c¢,c] = @.

Proof. See [7, Cor. 6.18]. O

Example 3.5. Given any a € R, the map T(x) = = 4+ ae™* — a is smooth with
T(0) = 0 and T'(0) = 1 — a. By Theorem 3.4, the orbit Oz (zg) is Benford for all
xo sufficiently close to 0 if @ = 0.1, but for no such zg if @ = 0.9. In fact, Op(x¢) is
Benford unless T'(xg) = 0 if a = 0.1, but is not Benford for any z¢ € R if a = 0.9.

For the statement of the next theorem, as well as several results in a similar spirit
later on, say that B has full measure in a set Y C X if Y\ B is a nullset. Thus, if B
has full measure in Y then (Lebesgue) almost every element of Y also belongs to B.
Say that B is meagre (or of first category) in Y if BNY is a union of countably
many nowhere dense sets in Y. Note that if B is meagre in Y, and if Y is a Baire
space (with the topology inherited from X) with no isolated points, e.g., if Y is any
non-degenerate interval, then Y \ B is dense in Y and uncountable; in particular,
Y \ B # & in this case. As is well known, it is not uncommon in dynamics for sets
of interest (or their complements) to have full measure and yet be meagre. The
following simple result indicates how such a situation may occur naturally in any
study of BL based on Theorem 2.2; see, e.g., [1, Lem. 3.2].

Proposition 3.6. Given any number b > 1 and sequence (c,) in R, the set
{yeR: (b"y+ ¢,)is u.d. mod 1}
has full measure but is meagre in R.

Theorem 3.7. Let T : Ry — Ry be C' with T(x) = ax® + g(z) for some a €
Ry,b> 1. If ¢/ (x) = o(x*~1/logx) as x — oo then there exists c € Ry so that B
has full measure but is meagre in [c, oo|.

Proof. See [7, Thm. 6.23]. O

In the context of Theorem 3.7, note that while the set BN |c, oo[ is large measure-
theoretically, the set [c, co[\B is large topologically as it is residual, i.e., it contains
an intersection of countably many open dense sets, and hence is dense in [c, 00|
and uncountable. Thus the Benford set and its complement are intertwined in a
very intricate way indeed. Such a state of affairs is going to be observed repeatedly
throughout the remainder of this article.

Example 3.8. The orbit of x¢ under T'(z) = x?+1 is Benford for almost all zg € R,
but the set {xg € R : Op(zp) is not Benford} is residual in R, hence in particular
dense and uncountable. It is unknown whether or not the integer sequence Or(1),
or in fact O (k) for any k € Z, is Benford; see [7, Exp. 6.25].

Theorem 3.9. Let T : R — R be real-analytic with T(0) = T (0) = 0. If T is not
constant then there exists c € Ry so that B has full measure but is meagre in [—c, c|.
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Proof. See [7, Cor. 6.28]. O

Example 3.10. The orbit of xg under T'(z) = 2 — 1 + e~ * is Benford for almost
all, but not all, xy € R.

As the reader will have noticed, the previous theorems address Benford behavior
of orbits generated by maps that grow (at most) polynomially as z — oo or  — 0.
The next result presents a simple condition guaranteeing Benford behavior in orbits
under exponential functions.

Theorem 3.11. Let T' : Ry — Ry be such that x — logT(10%) is convex. If
T(10%) > 10*T(1) for all x € R4 then B has full measure but is meagre in Ry.

Proof. See [7, Prop. 6.31]. O

Example 3.12. The orbit Or(zg) of xp under T'(x) = e* is Benford for almost all,
but not all, zg € R.

While the results in this section so far pertain to systems that are rather unex-
citing dynamically, the following is about a classical “chaotic” system.

Theorem 3.13. Let T : R — R be the tent map T(x) = 1 — |22 — 1|. Then
B DO RN\[0,1], and BN[0,1] is a dense, uncountable nullset in [0,1].

Proof. See [7, Exp. 6.52]. O

One of the most widely used numerical root-finding algorithms is Newton’s method,
and as the next theorem shows, the differences between successive Newton approx-
imations conform to BL, and so do the differences between these approximations
and the (usually) unknown root.

Theorem 3.14. LetI C R be a non-empty open interval, and assume that f : T — R
is real-analytic but not linear, with f(x*) = 0 for some x* € 1. Let T : I — R be
the Newton root-finding map associated with f, that is, T(x) = x — f(x)/f'(z) if
f(x) #0 and T(x) =z if f'(x) =0.

(i) If «* is a simple root of f then the sequences (T"V!(z¢) — T"(x0)) and
(T"(xg) — x*) both are Benford for almost all, but not all, xo in a neigh-
bourhood of x*.

(i) Ifz* is a root of f with multiplicity at least 2 then the sequences (T™+*(20)—
T"(x0)) and (T™(z0) —x*) both are Benford for all xo # x* in a neighbour-
hood of x*.

Proof. See [7, Thm. 6.35]. O

Example 3.15. The Newton approximations associated with f(z) = e* — 2 and
g(z) = (e® — 2)® both are Benford in the sense of Theorem 3.14.

3.2. Non-autonomous systems.

Theorem 3.16. For every n € N, let T,, : Ry — Ry be given by T,,(x) = apz for
some a, € Ry. If Op(1) = (a1,a1a2,a1a2a3, .. .) is Benford then B = R ; otherwise
B=o.

Proof. See [7, Thm. 6.40]. O
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Example 3.17. Let T,,(z) = (2 4+ 1/n)x for each n € N. By Theorem 3.16,
Or(x) is Benford for all xg € R, since, as can be shown, the sequence Op(1) =
(3,3-5/2,3-5-7/3!,...) is Benford.

Theorem 3.18. For everyn €N, let T, : Ry — Ry be given by T (x) = anaz® for
some an € Ry, b, € R\ {0}. If iminf, o |b,| > 1 then B has full measure but is
meagre in R .

Proof. See [7, Thm. 6.46]. O

Example 3.19. Let T}, (x) = 2"2? for every n € N. By Theorem 3.18, Or(zo) is
Benford for almost all, but not all, zg € R.

Theorem 3.20. For every n € N, let T,, : Ry — Ry be such that x — log T,,(10%)
is conver on Ry, and T, (10%) > 10°*T, (1) for some b, € Ry and all n € N,
x € Ry. Ifliminf,, o0 by, > 1 then B has full measure but is meagre in [c, 00| for
some c € R.

Proof. See [1, Thm. 3.3] and [7, Thm. 6.49). O

Example 3.21. Let T,(z) = 2?" + 1 for every n € N. By Theorem 3.20, Or(xo) is
Benford for almost all, but not all, g € R.

4. ONE-DIMENSIONAL CONTINUOUS-TIME DYNAMICAL SYSTEMS

This short section complements the results of the previous section by considering
two continuous-time scenarios. Given any continuously differentiable function 7T :
R — R and any point xg € R, assume that the initial value problem

dx
z:=—=T(x), z(0)=xg,
@), #(0) = w0
has a unique solution x = z(t) for all ¢ > 0; to emphasize the analogy to the previous
section, denote this solution by Or ().

Theorem 4.1. Let T : R — R be C! with T(z) > 0 for all x € Ry. If T(z)/x
either converges to a (finite) positive limit as x — 0o or is non-decreasing on |c, 00|
for some ¢ >0, then B D R,.

Proof. See [7, Thm. 6.58]. O

Example 4.2. Clearly the solution x(t) = xpe of the initial value problem i = ,
x(0) = x¢ is Benford for all xg # 0. Similarly, by Theorem 4.1, the solution of

z=vaz2+1, z(0)=ux
is Benford for every zy € R.

Theorem 4.3. Let T : R — R be C' with T(0) = 0. If T'(0) < 0 then B D
[—c,c] \ {0} for some c € Ry.

Proof. See [7, Thm. 6.60]. O
Example 4.4. For every zg # 0, the solution of

) T

xr = —m, QU(O) = X0

eventually gets close to 0, and hence is Benford by Theorem 4.3.



8 A. BERGER AND T. P. HILL

5. MULTI-DIMENSIONAL AND STOCHASTIC SYSTEMS

This section presents three scenarios where the phase space X is not one-dimen-
sional, and may in fact be infinite-dimensional. Though they are stated here in
their most elementary and concrete forms, the results in all three scenarios can also
be understood more abstractly as pertaining to the dynamics of T': X — X given
by T'(x) = z e xg for all x € X, where xy € X is fixed and e denotes an appropriate
binary operation on X, such as, e.g., the multiplication of square matrices or the
convolution of distribution functions. As the reader will no doubt appreciate, these
results typically require for their proof more sophisticated tools than the results
in previous sections; in keeping with the informal nature of this survey, however,
proofs are again provided solely via precise references.

For a first scenario, fix d € N and let X = R4 the set (in fact, R-algebra) of all
real d x d-matrices. Given A € X, denote by p(A) and |A| the spectral radius and
the (spectral or Euclidean) norm of A, respectively, and by [A]xs the entry of A in
the kth row and ¢th column, with k,¢ € {1,2,...,d}; as ususal, A > 0 means that
[A]ge > 0 for all k, .

Theorem 5.1. Let A € X, and assume that A™ > 0 for some m € N. Then the
following are equivalent:

(i) logp(A) is irrational;
(i) the sequence (|A™|) is Benford;
(iii) for every k,¢ € {1,2,...,d} the sequence ([A"]ke) is Benford.
Proof. See [4, Thm. 3.2] and [7, Thm. 7.11]. O

11 2 1
10 11
log 3(1 + V/5) is irrational, the sequence (|A"|) is Benford, and so is ([A"]x) for
every k, 0 € {1,2}.

Example 5.2. Let A = [ } Since A% = [ ] > 0 and logp(4) =

A simple corollary of Theorem 5.1 pertains to linear recursions.

Theorem 5.3. Letd € N, and a1, as, ..., ,aq,71,22,...,xq € Ry. Assume that (xy)
is the (unique) solution of

Tp = Q1Tp_1+ A2Tp_o+ ...+ A4gTp—_d VYn>d+1.

Then (z,) is Benford if and only if log ( is irrational, where z = ( is the (unique)
root of 2% = a1z + agz%"2 4+ ... + aq with the largest real part.

Proof. See [7, Thm. 7.39]. O

Example 5.4. For the Fibonacci recursion xz,, = z,_1 + £,_2, n > 3, the root of
22 = z+1 with the largest real part is ¢ = %(1 ++/5). As in Example 5.2, therefore,
() is Benford unless 1 = x2 = 0. In particular, the sequence (F,) of Fibonacci
numbers is Benford, and so is the sequence of Lucas numbers. As has been reported
repeatedly, the distribution of D; for Fi, Fy, ..., F matches the right-hand side of
(2.1) remarkably well even for not-so-large N; see, e.g., [10, 12] and Figure B.

A prominent class of matrices amenable to Theorem 5.1 are irreducible and ape-
riodic stochastic matrices, often encountered in homogeneous finite-state Markov
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Dy 1 2 3 4 ) 6 7 8 9

30 18 13 9 8 6 5 7 4

— 2
N =10 30 18 12 10 8 7 6 5 4

N — 10° 301 | 177 | 125 | 96 | 80 | 67 56 | 53 | 45
a 301 | 176 | 125 | 97 | 79 | 67 58 51 46

i — 3011 | 1762 | 1250 | 968 | 792 | 668 | 580 | 513 | 456
n 3010 | 1761 | 1249 | 969 | 792 | 669 | 580 | 512 | 458

FiIGurRe B. Occurrences of D; for the Fibonacci numbers
i, F,, ..., Fy, for three different N. For comparison, the
corresponding best approximation of the “Benford vector”
N(log2,log3,...,log¥) € R® by (Ni,Na,...,Ng) € N with
>9_1 Nj = N is shown in dtalics.

chains. As the following result shows, conformance to BL is prevalent in this con-
text.

Theorem 5.5. Let d € N\ {1}, and assume that the random stochastic d x d-matriz
P has an absolutely continuous distribution (w.r.t. Lebesque measure). Then, with
probability one, P is irreducible and aperiodic. Moreover, with P* = lim,_, o, P"
and probability one, the sequences ([Pt —P")3s) and ([P™—P*]¢) both are Benford
or eventually zero for every k,¢ € {1,2,...,d}.

Proof. See [8, Thm. 12]. O

Example 5.6. Let X,Y be independent U(0,1)-random variables. By Theorem
5.5, for the two-state Markov chain with one-step transition matrix

| 1-X X 2%2
P15 X, ] ewn,

with probability one, P is irreducible and aperiodic,
. 1 Y X

and the sequences ([P"*! — P"];,) and ([P™ — P*];¢) both are Benford for every
k.l e {1,2}.

Without the assumption, in Theorem 5.1, that A € X satisfy A™ > 0 for some
m € N, the Benford properties of the sequences (|A"|) and ([A"]y¢) are considerably

more delicate. For a comprehensive analysis of the latter, as well as for studies on
BL in more general multi-dimensional dynamical systems, the reader is referred,

e.g., to [4, 5].
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For a second scenario, let X be the set of all (real-valued) random variables (on
a fixed probability space). Clearly, if X,Y € X then also XY € X, and hence in
particular X™ € X for every n € N.

Theorem 5.7. Let X be a (real-valued) random variable. Then:

(i) (X™) converges in distribution to BL if and only if Ee*™m 081Xl 5 0 qs
n — oo;

(i1) (X™) is Benford with probability one if and only if log|X| is irrational with
probability one.

Proof. See [7, Thm. 8.5 and 8.6]. O

Corollary 5.8. If the random variable X has a density (w.r.t. Lebesgue measure)
then (X™) converges in distribution to BL and is Benford with probability one.

Example 5.9. If the random variable X is uniformly distributed (on some non-
degenerate interval I C R), exponentially distributed, or normally distributed (with
variance o2 > 0) then the sequence (X, X2, X3, ...) converges in distribution to BL
and is Benford with probability one. By contrast, if X = 10¥ and Y is uniformly
distributed on the classical Cantor middle thirds set, then (X™) does not converge
in distribution to BL, even though X is continuous, i.e., the event {X = x} has
probability zero for every x € R.

For a third and final scenario, let X again be a (real-valued) random variable,
and consider the iid sequence (X,) with X; = X. Clearly, if X,Y are independent
then (X,Y) is an iid sequence as well. Say that X is non-discrete if the event
{X € C} has probability < 1 for every countable set C' C R.

Theorem 5.10. Let X1, Xo, X3,... be itd random variables. If X1 is non-discrete
then the sequence (X1, X1Xo, X1X9X3,...) converges in distribution to BL and is
Benford with probability one.

Proof. See [7, Cor. 8.19]; to appreciate how the conclusion ultimately hinges on an
ergodic theorem, see also [6] and [7, Thm. 4.24]. O

For a continuous-time variant of Theorem 5.10, recall that a Brownian motion
(or Wiener process) is a continuous stochastic process on R with independent and
stationary increments that are normally distributed. Widely used as a model, e.g.,
for stock prices, a geometric Brownian motion (or Black—Scholes process) is a sto-
chastic dynamical system on R, whose logarithm is a Brownian motion [13].

Theorem 5.11. Let (X;)i>0 be a geometric Brownian motion. Then (X¢)i>o0 con-
verges weakly to BL and is Benford with probability one.

Proof. See [6, Ex. 3.3], [17, Thms. 2.4 and 3.11] as well as [7, Cor. 8.19]. O

6. A NEW THEOREM

This final section presents one new result that may help to further illustrate the
ubiquity of BL in dynamical systems. As in all other sections of this survey, the
result is presented in a simple concrete form rather than in the greatest possible
generality. Unlike in other sections, however, a detailed proof is given here. This
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is not only because no proof is available yet in the literature but also, and perhaps
more importantly, because from the proof the reader will get a clear idea of some
of the tools naturally employed for the study of BL in dynamical systems.

To motivate the result, recall from Section 5 that one of the simplest, most
prominent examples of a Benford sequence is any non-trivial solution of the linear
two-step recursion

(6.1) Tn=Tp_1+Tno Vn>3.

With a view towards applications, e.g., in economics [3], it is natural to consider
non-linear variants of (6.1) such as, for instance,

(6.2) Tn = apxlt | + agab? Vn >3,

with parameters a;,a2 € Ry and b1,b2 > 1. The dynamics on X = Ri =Ry xRy
of recurrences like (6.2) have been studied systematically in [3], and will be recalled
below to the extent necessary for the present article. To concisely state the main
result, and in analogy to previous sections, let

B = {(x1,22) € X : (x,) is Benford} ,

where (z,,) denotes the unique solution of (6.2), given (x1,z2). As it turns out, this
solution is Benford for almost all, but not all, choices of (z1,z2).

Theorem 6.1. Let aj,a2 € Ry and by,bas > 1. Then B has full measure but is
meagre in X.

Though straightforward to state, Theorem 6.1 requires for its proof a few prepa-
rations, aimed primarily at connecting it to dynamical systems in a meaningful way.
To this end, consider the map 7" : X — X given by

T(u,v) = (v, agu” + a;v%) V(u,v) € X.
In fact, T is a diffeomorphism from X onto T'(X) C X, and clearly
(xn—hxn) = T(xn—%xn—l) = Tn72(x1; .%2) Vn > 3.

While it is common practice to thus associate a two-dimensional map with a two-
step recursion like (6.2), the reader may want to appreciate that such an approach
does not per se guarantee a satisfactory understanding of the latter. This merely
reflects the well-documented fact that non-linear two- or multi-step recursions may
exhibit an immense variety of dynamical behaviors for which no comprehensive
theory exists at present; see, e.g., [3] and the extensive literature cited there. What
makes an approach to Theorem 6.1 utilizing T viable, then, is that the dynamics of
(6.2) actually is quite simple; see [3, Thm. 2.2 and Exp. 4.2].

Proposition 6.2. Let a;,as € Ry and by,ba > 1. Then there exists a unique
non-empty, open and bounded set Ay C X with the following properties:
(i) Ag is convez, and Ay D {x € X : 23 + 23 < r?} for some r > 0;
(i) the boundary 0Ao of Ay is smooth, and if (x1,x2) € OAg then (x,) is
asymptotically 2-periodic, i.e., (xan—1) and (x2,) both converge;
(iii) if (x1,22) € Ag then lim, o0 z, = 0;
(iv) if (z1,22) € X\ (Ag U 0Ag) then limy,_ oo, = 00.
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Informally put, Proposition 6.2 asserts that the dynamics of (6.2) neatly parti-
tions the quadrant X into precisely three parts: the domains of attraction of 0 and
00, given by the non-empty open sets Ay and A, := X\ (AgU0Ay), respectively, as
well as their common boundary 0Ag = dA. which is a smooth curve. Regarding
assertion (ii), note that if (z1,z2) € JAg and (z2,—1,22,) — (p,q) € JAg then
T(p,q) = (¢,p) and T*(p,q) = (p,q), with p = ¢ and p # ¢ both being possibili-
ties, depending on the values of the parameters ay, as, b1, ba; see also Figure C and
Example 6.5 below.

\IL‘Q

(Ton_1,T2n) = T2V (2, 29) /

FIGURE C. For the “quadratic Fibonacci” recursion of Example 6.5,
that is, for x, = 22_; + 22_,, n > 3, the set Ay = {(z1,22) €
R? : lim,, 00 , = 0} is non-empty, open, bounded and convex. Its
boundary dAg is a smooth oval containing the (unique) fixed point
(%, %) of T. If (z1,22) € OAp then lim,, o0 x, = %, and clearly ()
is not Benford in this case. By contrast, Corollary 6.4 shows that
(z,) is Benford for almost all, but not all, (z1,22) € Ag U Ay. The
figure only displays slightly more than one quarter of A (light grey)
and A, (white), in light of their obvious symmetries; note, however,

that neither set is symmetric w.r.t. the line 27 = x».

In addition to Proposition 6.2, the proof of Theorem 6.1 makes use of the following
elementary calculus fact which may also be viewed as a special case of a shadowing
lemma; see, e.g., [7, Lem. 6.24].
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Proposition 6.3. Let (y,) be a sequence in R, and b > 1. Assume that sup,,>o |yn—
byn—1| < 0o. Then sup,,cy |yn — b”y\ < oo with y € R if and only if

00 yk—byk L
—g=2 >

Moreover, if imy, o0 (Yn, — byn—1) = ¢ then hmn_mo(yn —b"y) = —c/(b—1).

Proof of Theorem 6.1. By Proposition 6.2, except for the nowhere dense nullset
0Ag, the two non-empty open sets Ag and A, make up all of X. Thus it suffices
to show that B has full measure but is meagre in each of these two sets. A detailed
argument is presented here for (z1,z2) € A, that is, for the case of z,, — co. The
argument for (z1,x2) € Ay is completely analogous and will be commented on only
briefly towards the very end of the proof, with all details being left to the interested
reader.

Assume from now on that (z1,22) € As. Recall from Theorem 2.2 that replacing
(zn) by (azy) with any a € R, does not affect the Benford property. When rescaled
in this way, (6.2) reads

Ty = alabl_lx?fil + agabrlxz{Q Vn > 3.

1/(b1—1) —1/(b2—1)

Thus, taking a = a; or a = a, , it can be assumed that a; = 1 or
as = 1, respectively. In either case, clearly (z,_1,z,) € |1,00[? for all sufficiently
large n € N, and hence Ay, = J,,eny T "(]1, 00[?). Since T is a diffeomorphism, it
suffices to show that B has full measure but is meagre in ]1,00[?>. This will now
be done via a careful analysis of the sequence (y,), where y, = logx, for every
n € N. By Theorem 2.2, (z,,) is Benford if and only if (y,) is u.d. mod 1. Note that

Yn — 00 as well, and
U= {(y1,12) € R2 : (yy) is u.d. mod 1} R2

is a Borel set. So, what really will be shown is that U has full measure but is meagre
in Ri. For the convenience of the reader, three disjoint cases regarding the possible
values of the parameters by,bs > 1 are going to be considered separately.

Case I: b? > by. As will become clear shortly, in this case the dynamics of (6.2)
is dominated by the term alzczl_l. Assume w.l.o.g. that a; = 1, i.e., consider

(6.3) Tp =2 |+ agal? Vn > 3.

Note that z,, > 1 for every n, provided that z1,2x2 > 1, and then x,, — oco. In this
situation, deduce from x, > xb ", and bl > by that

x?} b2—bo
by O Tpo1 OO0 asm = 00.
xnfl

With the abbreviation

On = 0n(Y1,42) == boyn—1 —b1yn, ~ Vn>2,

therefore, 9,, < —(b% — by)yn—1 < 0 for n > 3, and §,, - —oo whenever y1,ya > 0.
Note that (y,) is given recursively as

Yn = b1yn—1 + log(l + a2106”‘1) Vn > 3.
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By Proposition 6.3, lim,, (yn - b’foh(y)) = 0, where for every y € Ri,

(6.4) h(y) = h(y1,y2) = ya + Z:O:l bl_'C log(l + a2105k+1) .

The function h : R2 — R thus defined is continuous and positive. Moreover, (y,)
is u.d. mod 1 if and only if (b} ?h(y)) is. As will now be shown, the latter is the
case precisely for all y € Ri belonging to a meagre set of full measure. Since that
set equals U by definition, this will establish the desired properties of U.

To this end, note first that lim,, o 0,07 " = —(b? - bg)bf?’h(y) <0, so 6, — —0o0
exponentially fast as n — oo. Also,

On = 0n(y) = batn—1 — b1y = b2 f" (Y — b1 f"*(y)2  Vn>2,
with the smooth map f : R? — R? given by
f(u,v) = (log T(10%,10")1,log T(10%,10")2)
= (v, b1v + log(1 + a210b2“*b1”)) .

Termwise partial differentiation of (6.4) yields, at least formally,

oh _ 1 +Z°° p- (k1) ag10%k+2 '85k+2
dys 1+ apl0% k=1 1 1+ apl0%+2  Qyy '

where, for every k > 1,

(6.5)

a5k+2 a k a k
— by 2
0 250 o) — b o ()2

k—1 k—1

= by (H Dfo fe(y)> — by (H Dfo fe(y)> :
£=0 21 =0 22

Together with
a2621054+2
1
Dfofi)=| Tl V>0,
1

14 as 10%¢+2

and consequently |Df o f¢| < \/1+ b? + b3, this shows that the series on the right
in (6.5) does converge, in fact absolutely as well as uniformly in y € Ri. Hence
Oh/dys is continuous on R?, and so is Oh/dyi, by a virtually identical argument.
Thus & is C* on R%. Moreover, deduce from (6.5) that by taking ¢ € R sufficiently
large, one can guarantee that 0h/0ya(y) > % whenever dy < —c or, equivalently,
b1y2 — boy1 > c¢. (Note that ¢ may depend on ag, b1, be, but is independent of y1, yo;
also, the value % for the lower bound on 0h/0y; is arbitrary and could be replaced
by any positive number < 1.) For convenience, let

V:{yGRi:blyg—bgyl>c}:{y€R2+:52<—c}.

Now, recall that lim,, o (yn — b’f_gh(y)) = 0, and deduce from Proposition 3.6 that
(b7722) is u.d. mod 1 for almost all z € R, but the set {zeR: (b7722)is u.d. mod 1}
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is meagre (in R). Since 0h/dys > % on V, this implies that for every y; € R, the
yp-sections of V\ U and VN T, i.e., the sets

(VAU)y, = {12 €Ry : (y1,42) €V, (yn) is not u.d. mod 1},
(VNU)y, = {y2 € Ry : (y1,52) €V, (yn) is u.d. mod 1},

are a nullset and meagre in |(c+bay1)/b1, 0o], respectively. This is because h(yi, -) is
a local diffeomorphism on that open interval, and hence maps nullsets and meagre
sets to nullsets and meagre sets, respectively. By Fubini’s theorem, V\ U is a nullset
as well, and by the Kuratowski—Ulam theorem [15, Thm. 15.4], VN U is meagre in
V. Recall that 6, — —oc as n — oo for every y € R%, so f"(y) € V for all
sufficiently large n. In other words, RZ C J, ey f~"(V). On the one hand, observe
that f(R%\U) C R \ U, and hence

RA\U={J(@®\UnsrW)c s (®RA\U)NY) =] FVv\D).
neN neN neN
On the other hand, letting VNU C UmEN Vi, where V,,, C V is nowhere dense for
each m € N, observe that f (U) C U, and hence

U=J@Wnysm clJrmvouyc Y
neN neN m,neN
Since f is a diffeomorphism of R% onto f(R2), it follows that the set U has full
measure but is meagre in R%. Consequently, B = {(103/17 10%2) 1 y € U} has full
measure but is meagre in |1,00[? as well. As explained earlier, this proves the
assertion of the theorem in case (x1,x2) € Ay and b% > bs.

Case II: b? = by. In this case, both terms on the right in (6.2) contribute equally
to the dynamics. Asin Case I, assume w.l.o.g. that a; = 1. Rewriting (6.3) in terms

of the positive quantity r, := a:n/xn 1, n > 2, yields
b\ B
Tn b a
tn= e =1ltay [ 2] =14+ Vn > 3.
xnl 1 Tn—1 T'n1,1

Thus r, = R(rn_1) = R" 2(ry), with the smooth map R : R, — R, given by
R(r) =1+ aor™". Let ® : X — X be the diffeomorphism with

O(u,v) = ((v/u)l/bl,v) Vo e X.

By Theorem 3.18, with a, = R"~2(r) and b, = by, for every r € R the r-section
of ®~1(X\ B), i.e., the set

(@~ (X\B) = {zy € Ry : ®(r,22) € X\ B}
={zeRy 2 = (zo/m)V"1, (21,) is not Benford} ,
is a nullset, whereas
O (B), = {22 ERy 121 = (zo/r) /0, (x,) is Benford }

is meagre (in R;). Thus @ 1(X\ B) is a nullset, whereas ®!(B) is meagre. Since
® is a diffeomorphism, B has full measure but is meagre in X.
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Note that unlike in Case I above and Case III below, this argument does not
require separate analyses for A,, and Ay, nor does it involve taking logarithms.
There is a dynamical reason for this relative simplicity: Since

dLoTod®(u,v) = (R(u), R(u)v™) V(u,v) € X,

the two-dimensional map T is, up to the diffeomorphism @, a skew-product over the
(decreasing) one-dimensional map R.

Case III: b? < by. In this case, the dynamics of (6.2) is dominated by the term
agmi’ﬁz. Assume w.l.o.g. that as = 1, i.e., consider
(6.6) Ty = ale;fl + :1:2272 Vn > 3.

Using the same abbreviation 6, = d,,(y1,y2) = bayn—1 — b1y, for n > 2 as in Case I,
note that

(6.7) Yn = boyn_o + log(l +ay 1075”‘1) Vn > 3.

With the goal of applying Proposition 6.3 in a similar way as in Case I, it will first
be shown that, given any y € R?

(6.8) (02n—1), (925) both converge in RU {oo} .
As a first step towards establishing (6.8), deduce from (6.7) that
don+1 = b log(a1 + 1062”*1) —

(6.9) — by log(1 + a10~(b2=tDwzn—1(qy 4 10020-1)01)  yp > 2.
Motivated by (6.9), for every € > 0 consider the smooth map R, : R — R given by
R.(r) = bylog(aj + 107) — by log(1 4 e(ay + 107)%).

It is readily checked that 0 < RL(r) < by for all » € R, and
R.(—00) = byloga; — by log(1 +eal'), R.(—oc0)=0.

Since R. is strictly increasing, the sequence (Rg(r)) is monotone for every r € R,
and hence either converges to a fixed point of R, or else lim,,_,o, RZ(7) = co. (Note
that lim,_ oo RZ(r) = —oo is impossible because R.(—o0) > —o0.) Moreover, the
map Ry is strictly convex, with Rj(co) = by > 1, and so has at most two fixed
points. Given any ¢ € Ry, note that R. < Ry and R. 1 Ry uniformly on | — oo, |
as ¢ | 0. Thus, if Ry does have fixed points and if ¢ is larger than each of these

fixed points, then R. has fixed points in | — 0o, | also, and with r7,rF denoting
the smallest and (not necessarily different) largest fixed point of R, in | — oo, ¢,

respectively, the limits lim. o7, lim. o r] both exist and are fixed points of Rp.
Now, recall that b3 < by and y,, — co. Given & > 0, therefore, there exists N, > 2
so that 0 < a;10~(b2=01v20-3 < ¢ for all n > N., and (6.9) yields

Re(d2n-1) < d2n+1 < Ro(d2n-1)  Vn > Ne.
It follows that
(6.10) R?((SQNE_I) < 52(n+N5)—1 < R(T)L((SQNE_l) Vn € N.

At this point, it is convenient to consider the three possibilities regarding the fixed
points of Ry individually.
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First, if Rg has no fized point then, given any ¢ € R, take € > 0 so small that
R has no fixed point in | — 0o, c] either. In this case, letting n — oo in (6.10) yields

c < limy 00 R? (62N571) < liminf, o0 d25—1 -

Since ¢ € Ry has been arbitrary, dg,—1 — c0.

Second, if Ry has a single fived point ry (which necessarily is attracting at the
left and repelling at the right) then, given any ¢ € Ry with ¢ > rg, take ¢ > 0 so
small that 79 < rZ < c¢. From (6.10), it is clear that

7’; < hmn—>oo R?(52N6—1) < lim 1nfn—>oo 5271—1 .

If lim sup,,_,~, d2n—1 > 2 then there exists N > N so that doy_1 > r1, and hence
Son—1 > RPN (0ay_1) for all n > N, which in turn yields lim inf,, o d2,—1 > ¢, and
since ¢ > r( has been arbitrary, da,—1 — 0o. By contrast, if limsup,,_, . d2p—1 < rZ
then clearly

ro <liminf,, . d2p—1 < limsup,,_,o 62n—1 < 7“: ,
and letting e | 0 yields lim,, o0 02,1 = 7.

Third, if Ry has two fized points ry < rar (where 75 and 7“0+ necessarily are
attracting and repelling, respectively) then pick any ¢ > r{f and take ¢ > 0 so
small that rar < rj < ¢. On the one hand, if liminf,, s d2n_1 < rar then
there exists N > N so that don_1 < rg, and hence do,_1 < Rg_N(égN_l) for
all n > N, so limsup,,_, d2n—1 < limy, oo Rg_N((SQN_]_) = ry,. Since clearly
liminf,, ;o d2,—1 > 7, letting € | 0 yields lim;, o 02,1 = 715. On the other
hand, if limsup,,_,, d2n—1 > rT then da,—1 — 0o, just as in the case of a single
fixed point. The only remaining possibility is that

r('f < liminf, o0 d2p—1 < limsup,,_, o 02n—1 < 7’;“ ,

where letting ¢ | 0 yields lim;,, o0 021 = rg.

In summary, it has thus been shown that (d2,—1) converges in RU{oco} for every
choice of y € Ri. In fact, every finite limit of (d2,—1) has been identified as a fixed
point of Ry. Moreover, it is clear that the set

V, := {y S Ri 2 limy, o0 O2p—1 = OO}

is non-empty and open. If Ry has no fixed point then clearly V, = Ri, but otherwise
V, may be smaller.

To establish (6.8), it remains to consider the sequence (d2,). For this, simply
notice that (6.9) remains valid with n replaced by n + % Thus, the same argument
as above shows that (d2,) either converges to a finite limit (which again must be a
fixed point of Rp) or else d2,, — oco. This fully proves (6.8). Again, the set

Ve i= {y S Ri :limy, o0 02y, = oo}
is non-empty and open. In addition, the identity
badon—1 + b10on = ba(by — b )yon_o — b2 log(1 + ay107%20-1)  Yn > 2,

shows that lim, ..o do,,—1 and lim,_ . d2, cannot both be finite. In other words,
VoUV, =R2.

The scene is now set for a (“shadowing”) argument utilizing Proposition 6.3
which is similar to the one in Case I, yet slightly more involved. Thus, assume for
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instance that y € V,, i.e., lim,, o d2,—1 = 00. As in Case I, deduce from (6.7) that
lim,, o0 (ygn - bgflh(y)) = 0, where for every y € ]Ri,

(6.11) —y2+z by klog (1+a110” 62’““),

and hence (y2,) is u.d. mod 1 if and only if (bg_lh(y)) is. In analogy to Case
I, it is readily seen that lim, ,o d2,—1b;" is finite and positive, so dg,—1 — 00
exponentially fast as n — co. Letting

E, = {y €V, : (yan) or (21 y2n> is not u.d. mod 1} ,
2

it will now be shown that
(6.12) E, C V, is a nullset,
whereas later it will also be shown that
(6.13) V, NUis meagre (in V,).
As a first step towards (6.12), and analogously to Case I, observe that
Oon+1 = bayon — biyans1 = bag®™ ' (Y)1 — b1g® '(y)2  Yn>1,
with the smooth map ¢ : R> — R? given by
g(u,v) = (v,bou + log(1 + a1 10" 724)) .

Note that h : R2 — R is continuous, and & > 0 on V,. (Formal) termwise partial
differentiation of (6.11) on V, yields

a110_62’“+1 009k 41
6.14 —=1- . ,
( ) ay2 Zk 1 2 1+ a110— d2k+1 Oy

where, for every k > 1,

02141 0 o911 J ok
= by b
90 250 (y)1 — b1 R ()2
2k—1 2k—1
= by (H Dg ogf(?/)) — by < 1T Dgogé(y)> :
/=0 21 =0 22
Observe now that
b
1+ a;10- 92
Dgog'(y) = “ V>0,

a1by 10~ 0e+2
1+ a;10%+2

Recall that da,,—1 — oo, while the sequence (J2,,) either converges to a finite limit, or
else da,, — 00 as well. In either case, and similarly to Case I, sup,sq |Dg o g¢| < oo,
and since 82, 1 — 0o exponentially fast, (6.14) shows that dh/0ys, is continuous
on V,, as is Oh/0dy;. Again, pick ¢ € R4, possibly depending on ay, b1, by but
independent of y1,y2, so large that Oh/0ys > % whenever d3 > ¢. With this, let
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W, = {y € V, : dh/dy, > %}. Since h(y1,-) is a local diffeomorphism on every
non-empty yi-section of Wy, the y;-section

b
(Eo " Wy)y, = {yg eERy :yeW,, (y2)or (b; y2n> is mot u.d. mod 1}

is a nullset. Thus, E, "W, is a nullset as well. Since do,,_1 — 00 as n — 00,
*"(y) € W, for all sufficiently large n. Thus V, C U,y 9 2" (W,), and since
clearly ¢*(E,) C E,,

Eo=Eon | 977" (Wo) = | (Bong>"(W,)) € | 97" (EoN'W,).
neN neN neN

Since g is a diffeomorphism of R onto g(IR2), this proves (6.12).
Now, to establish (6.13), observe first that, as in the proof of [7, Thm. 6.46], given
any y € Wy, e >0,and 0 <t < % so small that

log2 —logt
106 (2227080 L q) <,
logbz
there exists z € W, with |z — y| < ¢ and
#{1<n<N:izm,€l[3—t,5+t+7Z}
N

where z, = logx, for all n, and (x,) is the solution of (6.6) with (x1,z2) =
(10%*,10%). It follows that

#{1<n<N:iz, €3t 2+t +7}
N >

Consider the continuous, 1-periodic function ¢ : R — [0, 1] with

liminf s > 10t,

(6.15) Hm inf v o 5t .

0 if dist(s, 5 + Z) > 2t,
P(s) =14 2—dist(s, 2 +2Z)/t if t <dist(s, 5 +Z) < 2t,
1 if dist(s, 3 +Z) <t,

and note that fol Y (s)ds = 3t. By (6.15),

.. 1 N
liminf y oo N anl Y(zy) > 5t,

and hence
e 1 N 1
(6.16) lim inf y 00 Nznzl ¥(zn) —/0 P(s)ds| > 2t.
Now, for every m € N define V,,, C W, as
1 <N !
Vin=<yeW,: Nzn:1¢(yn) —/0 P(s)ds| <tVN >mp .

Note that the set V,, is closed (in W,) by continuity, but has empty interior,
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by (6.16). Also, Vi C Vo C ---, and W, N U C |,y Vim by Weyl’s criterion [14,
Cor. 1.1.2]. Recall from above that V, C [J,cn 972" (W,), and clearly ¢*(U) C U.
Thus

VonUcC [ J > Wo)nU)c g Wo.nD)c | g2"(Vm),
neN neN m,neN

which shows that V, N U is meagre, and hence proves (6.13).
An entirely analogous argument utilizing the set

b1

E. := {y € Ve: (yan—1)or <b y2n1> is not u.d. mod 1} ,
2

shows that, similarly to (6.12) and (6.13),
E. C V. is a nullset, and V., N U is meagre.

Clearly, therefore, U = (V, NU) U (V. N U) is meagre as well, and it only remains
to be shown that U has full measure in Ri. To this end, note that E, UE, is a
nullset, and pick any y € Ri \ (E, UE.). Assume, for instance, that y € V,. Then
(y2n) and (b1by  y2,) both are u.d. mod 1. On the one hand, if y € V. then (ya,_1)
is u.d. mod 1 as well. On the other hand, if y & V. then (J2,,) converges to a finite
limit. In this case, recall that

b1
b2 Yon b2

which shows that, again, (y2,—1) is u.d. mod 1. In either case, therefore, (y2,) and
(y2n—1) both are u.d. mod 1, and hence (y,,) is as well. By completely analogous
reasoning, the same conclusion holds whenever y € V.. Thus (y,) is u.d. mod 1
whenever y € R? \ (E, UE,). In other words, (R2 \ U) C E, UE,, and so R2 \ U
is a nullset. Thus, U has full measure but, as seen earlier, is meagre in Ri. This
proves the assertion of the theorem in case (z1,z2) € Ay and b% < bs.

Yon—1 = don Vn>1,

To conclude the overal proof, the case of (x1,z2) € Ay still needs to be considered.
In essence, the analysis in this case proceeds exactly as in the case of (z1,z2) € A,
but with Cases I and III interchanging their roles. To see this, fix 0 < £ < 1 so
that T(]0,£[?) C]0,£[%. Thus, if 0 < z1, 29 < & then 0 < z, < & for every n, and
limy, ,oo x, = 0. In analogy to before, it suffices to show that B has full measure
but is meagre in )0, £[2. Assume for instance that b2 < bo, and consider (6.2) in its
rescaled form (6.3). With ¢,, defined as before,

b by —b2
10% = nl;1<xn2711—>0 as n — 0o.
Tn

Thus, §, — —oc, and the same technique as in Case I applies. By contrast, if b7 > by
then consider (6.6), with (6.9) remaining valid as before, and again (b —b%)y2, 1 —
oo as n — 0o. Consequently, the same technique as in Case III applies. Finally, as
observed earlier, the argument in Case II applies equally if (21, z2) € Ay. O

Corollary 6.4. Let ai,a2 € Ry. Then the solution (x,) of the recursion x, =
a1z | + asx®_,, n > 3, is Benford for almost all (x1,722) € R?, but the set
{(x1,22) € R%: (z,,) is not Benford} is residual in R2.
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Proof. This follows immediately from Theorem 6.1, since T : R? — R? given by
T(u,v) = (v,a2u? + a1v?) is a diffeomorphism when restricted to any one of the
four open quadrants, and T%(R? \ {(0,0)}) C R2. Notice that Case I in the above
proof of Theorem 6.1 applies always, since b? = 4 > 2 = bs. g

Example 6.5. Consider the “quadratic Fibonacci” recursion

(6.17) Tp=22 1 +x2 5 Yn>3.

By Corollary 6.4, (z,,) is Benford for almost all, but not all (x1,z2) € R?. The
boundary of Ag, the domain of attraction of 0, is a smooth oval containing (%, %)
In fact, lim,_yo0 2, = % whenever (z1,z2) € 0Ap; see also Figure C. Note that
T, — oo for every (w1,79) € Z?\ {(0,0)}, but the authors do not know whether
or not any of the resulting (doubly-exponentially growing) integer sequences are
Benford.

As a slightly modified version of (6.17), consider the recursion

Ty =22 | +4a2 Vn > 3.

Again, 0A is a smooth oval, and (%, %) € 0Ay. Unlike for (6.17), however, picking
(z1,22) € OAg now yields a divergent sequence () unless (|21, |z2|) = (3, &) since,
for instance, lim, oo Top—1 = 3—10(5 ++/5) and lim,, o T2, = 3—10(5 — /5) whenever

(z1,2) € 0Ag and |zq| > 1.

Example 6.6. The conclusion of Theorem 6.1 may remain valid, at least partially,
even if one of the parameters by, b is < 1. For example, it is readily seen that for
the recursion

Ty = 55721—1 + +/Tn—2 Vn > 3,

xn — oo for every (x1,x9) € X = R?H with B having full measure but being meagre
in X.
By contrast, for the slightly modified recursion

1
Tn =22 1+ Z\/xn_g Vn >3,

it can be shown that lim, .z, = (2 ~ 0.07268 whenever 0 < x1,29 < Ci ~
0.7015, where ¢_ and (, is the smaller and larger positive root of 423 — 4z +1 = 0,
respectively; in particular, (x,) is not Benford for any such (x1,x2). Even in this
example, however, A, D ]{_QH oo[?, and B has full measure but is meagre in A..

In conclusion, the reader may observe that even though Theorem 6.1 does not
apply to them, the recursions of Example 6.6 do generate an abundance of Benford
sequences. So, indeed, do many other non-linear recursions and more general dy-
namical systems. The study of BL in dynamical systems will undoubtedly remain
an intriguing and multi-faceted area of research for many years to come.
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