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Abstract

For arbitrary Borel probability measures on the real line, necessary and sufficient
conditions are presented that characterize best purely atomic approximations relative
to the classical Lévy probability metric, given any number of atoms, and allowing for
additional constraints regarding locations or weights of atoms. The precise asymptotics
(as the number of atoms goes to infinity) of the approximation error is identified for the
important special cases of best uniform (i.e. all atoms having equal weight) and best
(i.e. unconstrained) approximations, respectively. When compared to similar results
known for other probability metrics, the results for Lévy approximations are more
complete and require fewer assumptions.
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1 Introduction

Let P be the set of all Borel probability measures on the real line, and denote the support
of € P by supp . For each positive integer n, let Py = {u € P : #supp u < n}.
Recall that P endowed with the topology of weak convergence is a Polish space that
contains P}, := J, PF = {u € P : #suppu < oo} as a dense subspace [11, Ch.
11]. Many different metrics (and metric-like quantities [15]) on P or parts thereof
have been studied extensively, as they play important roles in probability theory and
statistics [30,31]. Given a specific probability metric d and u € P\P%,, it is natural
to ask whether there exists, for every n, a best d-approximation 67" of u in Py, i.e.
d(p,8") = inf{d(w,v) : v € P;}, perhaps with additional desirable properties
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such as, e.g. all atoms having equal weight; see Sect. 2 for precise terminology and
notation. Provided they exist, how can such best d-approximations be characterized
and found systematically? How fast do they converge to u, i.e. at what rate does the
approximation error d (i, §3°"*) tend to 0 as n — o0o? Questions like these, regarding
the approximation in P by elements of P%_, continue to attract interest in a wide variety
of contexts; see, e.g. [5,6,9,10,23,24,28] and the many references therein.

Denoting the distribution function of u € P by F,, that is, Fj,(x) = u(]—o0, x])
for all x € R, recall the Kantorovich (or Wasserstein; cf. [6, p. 4] and [15]) metric,
given by

dw (1, ”)sz'F"(x)_F”(x)'d“/[o IJIFgl(y)—FJl(y)Idy, (1.1)

where F° !is an inverse of F, w; see Sect. 2 for details. Note that strictly speaking
dw is not defined on all of P x P, but only on P; x Py, with P; = {,u e P
fR [x]du(x) < +oo} D P%,. The metric space (P, dw) is complete and separable,
though its metric topology is finer than the subspace topology inherited from P. Due
to its simplicity and functional-analytic flavour, the metric dy figures prominently in
many applied areas, e.g. image compression, signal processing, mathematical finance
and optimal transport [23,27,32,35,38]. A vast literature exists addressing the basic
questions mentioned earlier relative to dy, as well as many generalizations thereof,
notably to multi-dimensional settings [6,13,21,22,28].
Another important notion of distance, the Prokhorov metric is given by

dp(u,v) = inf{y € R" : u(B) < v(B”) +y ¥V Borel sets B C R} Vu,v e P,
1.2)

where BY = {x € R : dist(x, B) < y}. Note that dp is defined on all of P x P,
unlike dy, and metrizes precisely the topology of weak convergence [11,15]. Also,
dp(u,v) < 1forall u,v € P. A general theory of best dp-approximation in P by
elements of P has been initiated in [20], where the authors observe that some aspects
of the theory are “more difficult [than the corresponding theory for dy] ...mainly due
to the lack of suitable scaling properties [of dp]”.

In a spirit similar to [18,37], this article addresses the approximation problem
relative to the classical Lévy metric,

di(p,v) =inf{y e R* : Fy (- —y) =y < F, < Fu(- +y)+y} Yu,veP,

(1.3)
where Fy,_(x) = limg o Fu(x —¢) = u(] —00, x[). Note that d; < 1, similarly to dp.
The values of dy, dp and d; are not completely unrelated, since dj (i, v) < dp(it, v) <
Jdw(w, v) for all u, v € Pr; see, e.g. [4,11,15]. When compared to dw and dp, the
metric d; is particularly attractive: On the one hand, it is a bona fide metric [3, p. 100]
metrizing the topology of weak convergence on all of P (similar to dp, but unlike dyy).
On the other hand, its definition (1.3) is considerably easier to work with than (1.2).
Although computing d; for concrete problems may still be “not easy” [15, p. 423] (cf.
also [34]), especially when compared to (1.1), the main (asymptotic) results of this
article suggest that nevertheless dj often is more benign than both dy and dp, in that
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fewer assumptions (or no assumptions at all, as in Theorem 4.1 and Proposition 4.3)
are needed to draw analogous or perhaps even stronger conclusions. With all technical
details deferred to later sections, this is illustrated here for two familiar (absolutely
continuous) distributions—standard normal and 1-Pareto.

Let u be the standard normal distribution. By a celebrated asymptotic result for
best dy-approximations [18, Thm. 6.2],

limy s o0 ndw (1, 85 = \/g — 1.253, (1.4)

whereas by [20, Ex. 5.1],

n
lim;,— 0o ——
e J/logn

Note that (1.4) yields the faster decay of the approximation (or quantization) error
d(u, 83™), whereas only (1.5) involves a probability metric that actually metrizes the
topology of weak convergence. As it turns out, for the Lévy metric these two desirable
properties can be achieved simultaneously: Theorem 4.1, one of the main results of
this article, yields

1
limy— o0 ndy (11, 83 = —\/gLil/g (—ﬁ> — 0.3931, (1.6)

where Lij > denotes the polylogarithm of order %

An interesting variant of (1.4)—(1.6) considers best uniform approximations of
w € P, that is, best approximations of x by v € Py, subject to the additional require-
ment that nv({x}) is a (positive) integer for every x € supp v. Best uniform (or,
more generally, best constrained) approximations have recently attracted consider-
able interest, not least in view of potential applications in stochastic processes and
differential equations [7,8,16,17,36,37]; they may also be viewed as deterministic
analogues of (random) empirical measures [6,9,14]. With Sun denoting a best uniform
d-approximation of w, trivially d(u, 83") < d(u, 84"). For u being the standard
normal distribution, [37, Ex. 5.18] reports that

VI
dw(u, 88y =0 (ﬂ> asn — 0o,
n

dp(pt, 52 = V2. (1.5)

and this bound is sharp; cf. also [7,16]. Although the authors do not know of any
analogous result regarding best uniform dp-approximations, (1.5) makes it clear that
dp(, 84") isatleast O(n~'/Togn) asn — oo, if not larger. By contrast, Theorem 3.3,
another main result of this article, simply yields

. 1
limy— o0 n1 (1, 8,") = 5,
which represents a faster and more precise rate than its dy- and dp-counterparts.
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For a second illustrative example, let 1 be the 1-Pareto distribution, i.e. Fj (x) =
1 —x~!forall x > 1. Since s ¢ Py, clearly p is not amenable to dy-approximation,
whereas [20, Thm. 5.2] yields

. . 1
lim, _, \/ﬁdP(M, 8.’n) = ﬁ

For the Lévy metric, this article again provides faster, more precise rates, namely

ndy (i, 84) = n24+0m3) asn— oo, (1.7)

N =
0| —

as well as

2
6 —
ndi (. 83" = T + % nEOM) asn— oo, (18)

Thus, the results of this article make the case that although the Lévy metric d, unlike
dw and dp, does not extend to higher dimensions in a straightforward way, its usage
for one-dimensional probabilities often leads to simpler and stronger results.

This article is organized as follows. Section 2 first introduces all required termi-
nology and notation and then reviews basic facts pertaining to approximations in P
relative to the Lévy metric. Utilizing the latter, Sects. 3 and 4 specifically study best
uniform and best (unconstrained) approximations, respectively, and in particular the
asymptotics of the approximation error as n — 00. Also, under a mild assumption
the atoms of (asymptotically) best approximations conform to an asymptotic point
distribution, as shown by Theorem 4.5.

2 Lévy Probability Metrics

This section reviews basic facts regarding the approximation in P by measures with
finite support, relative to the Lévy probability metric(s). The stated results are straight-
forward extensions of [4,36], and the reader is referred to these references for further
details and elementary proofs. The following, mostly standard notations are used
throughout. The sets of all positive integers, nonnegative integers, integers, positive real
numbers and real numbers are denoted N, Ny, Z, Rt and R, respectively. Numerical
values of real numbers are displayed to four correct significant decimal digits. For every
x € Randnon-empty A C R, dist(x, A) = inf,ea [x—al,diam A = sup, ,c la—b|,
and 14 is the indicator function of A; also, | x| denotes the largest integer not larger
than x, and the cardinality of A is #A. If the domain of a function f contains A, then
f(A) ={f(a): a € A}. Lebesgue measure on the real line is denoted A.

Since non-decreasing functions play a crucial role in what follows, first a few basic
properties of such functions are recorded. Throughout, denote by R = RU{—o00, 400}
the extended real line with its usual order and topology, and by F the family of all
functions f : R — R that are non-decreasing and right-continuous. Given f € F, let
f(£00) = limy 100 f(x) € R, and for every x € R let f_(x) = lim,}o f(x — &).
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Note that f_(x) < f(x) < f_(y) whenever x < y; in particular, f_(x) = f(x)
if and only if f is continuous at x. With every f € F associate its (upper) inverse
function f~' : R — R given by

fle) =supfy eR: f(y) =x} VxeR;

here and throughout the convention sup & = —oo (and inf @ = +o00) is adhered to.
Importantly, F is closed under inversion and composition.

Proposition 2.1 Let f, g € F. Then, f ' og e F,and (f ")~ = f.

Given f, g € Fande > 0, let

de(f,g) =inf{ly eRT: (- —y/e) =y < g =< f(- +y/e)+y} € [0, +oo].
Motivated for € = 1 by (1.3), this definition enables a unified treatment of all e-Lévy
probability metrics later in this section. It is readily checked that d. indeed satisfies the

axioms of a metric on F, except that d¢ (f, g) may equal +-o00. Also, d. is compatible
with inversion.

Proposition 2.2 Let f, g € Fande > 0. Then, d.(f~', g7") = edije(f, 8).

Given f, g € F, note that € — d(f, g) is non-decreasing and continuous on R,
Consequently, the limits of d.(f, g) exist as ¢ — 0 or ¢ — +o0. For instance, if
f, g € F are bounded, then simply

lime—ode(f., ) = limsupi . o0 | £() — g(0)]
= max{] f (~00) — g(~00)|, | f (+00) — g(+00)l},

but also
lime oo de(f, 8) = SUpyer [/ (x) — g = | f — &lloos
here, as usual, ||2||cc = ess sup |h| = inf{y e RT : A({lh] = ¥y} = 0} for every
measurable function 7 : R — R.
Given f € F,let I C R be any interval with the property that

f-(supl —x), —f(@nf I +x) < 4+oo for some x € R, 2.1

and consider the auxiliary function £ ; : R — R, introduced in [4], with
Lr(x) = inf{y eRY: f(supl —y)—y<x< f(infI +y)+ y} Vx e R;

also, let Z*}’I = inf{y € RT : f_,(supl —y)—y < f@nfI +y)+ y}. For any
sequence (Ix)ren of intervals in R, write limg_, oo Iy = I if limg_ o inf Iy = inf 1

and limg_, oo sup Iy = sup 1.

@ Springer



Journal of Theoretical Probability

Proposition 2.3 Let f € F, and let I C R be an interval satisfying (2.1).

(i) The function £y j is Lipschitz continuous and nonnegative;
(i) €7 1(x) > Z’ji-,[ > 0forall x € R;
(iii) E’;’I < %)\(1), and K’}’I = 0ifand only_iff,(sup I) < f(inf I);
1v) If (Ix)keN is a sequence of intervals in R with limy_, o, Iy = I, then I satisfies
(2.1) for all sufficiently large k, and

limk%wi’},lk = E"}J aswell as  limg_oo €y, (x) = L7 1(x) Vx € R.

Remark 1 (i) If f = F, (respectively, f = F, 1) for some u € P, then every
(respectively, every bounded) interval I C R satisfies (2.1). Given f € F, note
that f = F), for some (necessarily unique) u € P if and only if f(—o0) = 0 and
f(+oo) = 1; similarly, f = F;l for some p € P if and only if f_(0) = —o0,
f(1) = +o0,and £(]0, 1[) C R.

(ii) The function £y ; may not attain a minimum value, or when it does, that mini-
mum value may be larger than 6’}’ ;- However, mild additional assumptions guarantee
that £7 j(x) = 6”}’1 for some x € R; see [4, Prop. 3.3].

For every € > 0, consider the e-Lévy metric on P given by
de(p, v) = de(F;u F,) Yu,veP.

The metric d, is complete, separable and induces the topology of weak convergence
(for an authoritative account on the family (d¢)¢=0, the reader may want to con-
sult [31, Sec. 4.2]; see also [34]). Note that € +— d.(u, v) is non-decreasing with
lime_ode (i, v) = 0, whereas

lime—>+oo de(u,v) = ”Fp, — Flloo Yu,veP,

often referred to as the uniform or Kolmogorov metric, yields a complete yet non-
separable metric on P and induces a finer topology [4, Sec. 5]. For any ¢ € P and
€ > 0, and with the dilation T¢ : x — €x, notice the simple but useful identity

de(p.v) =dy(no T, vo T/ ") Yu,veP. 2.2)

To study finitely supported (and hence purely atomic) d.-approximations of any p €
P, this article employs the following notations: for every n € N, let 5, = {x € R" :
X1 <...<x,L, I, ={peR":p; >0, Zl}:l p.j = 1}, and for each x € &,
and p € I, let s = Z?’:l p,j(Sx’j. For convenience, x ¢ := —oo and x ;41 := +00
forevery x € &y, aswellas P; := Zi-:] p,jfori =0,...,nand every p € Ily;
note that Py = 0 and P, = 1. Henceforth, usage of the symbol 8/ tacitly assumes
thatx € =, and p € I1,, for some n € N either specified explicitly or else clear from
the context. Utilizing (2.2) and [4, Lem. 3.4], the value of d. (1, 57y allows for simple
explicit expressions.
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Proposition2.4 Let u € P, e > 0, andn € N. Forevery x € E,, and p € I1,,

de(u, 87y = emax’;_o €F, e [x;.x ;11 (P.j/€) = max’i_, ZSFIII’[P‘/__]’P‘/_](EX’]').
2.3)

Forevery u € P,e > Oandn € N, (2.3) suggests considering the following quantities:
given x € 5y, let
€5 =e max {{F, e [~o0,x,1(0), é’;ﬂ/s’[x,l’x’z], cey E;,L/e,[x,j,l,x,j]v ...

ceey ?ﬂ/é,[x,n—l,x.n]’ ZFM/G,[X,V,,-‘,-OO](l/E)} s
and given p € II,, let

p = M. Xr! *
bo=maXy_ i Ept ip ey

Notice that while £3 and ¢% do depend on u, €, and, implicitly, also n, in order to keep
notations simple, this dependence is not displayed explicitly. By Proposition 2.3(iv),
p— £¥ is continuous on I7,,, and hence

23" = minpep, €7

n L]

is well defined (for a constructive alternative definition of £3", see [4, Sec. 3]). The

quantities £3, ¢F and £3" control the minimization of (x, p) — d¢(u, 8Py, with or
without constraints, in a sense made precise by Proposition 2.5. To formulate the result,
call 87 a best d.-approximation of . € P, given x € By, if

de(w, 87) < de(u, 80) V q € I,
Similarly, call 87 a best d.-approximation of ., given p € IT, if

de(it, 8%) < de(, 8) Yy € By
Denote by 63 and 8% any best d.-approximation of 1, given x and p, respectively. Best
d¢-approximations, given p = u, = (n_l, e, n_l), are referred to as best uniform

d¢-approximations, and denoted sum. Finally, 8)’3 is a best d-approximation of u € P,
denoted 63", if

de(i, 87) < de(p,8Y) ¥y € En,q € Iy

Notice that usage of the symbols 8%, 87 and 82" always refers to specific 4 € P,
€ > 0 and n € N, all of which are usually clear from the context.

Proposition2.5 Let u € P, e > 0andn € N.
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(1) For every x € E,, there exists a best d.-approximation of u, given x, and
de(, 83) = L£5. Moreover, de (4, 8Py = L5 with p € I, if and only if

GEF,L/G,[x,j,x,jH](P,j/G) < E; Vj=0,...,n. 2.4)

(ii) For every p € II,, there exists a best dc-approximation of u, given p and
de (e, 88y = €L, Moreover, d. (i, %) = €% with x € &, if and only if

14 )<t vji=1,...,n. (2.5)

eF,:‘,[P,,-_l,P,,-](Ex

(iii) There exists a best dc-approximation of u, and dc(j, 83"") = £3". Moreover,
de(u, 8%) = L3 with x € &y, p € I, if and only if (2.4) and (2.5) hold with
L3" instead of €3 and 0L, respectively.

The following two examples illustrate Proposition 2.5. Notice that in either example
the sequences (de (i, 8s")) and (de(u, 83™)) both converge to 0 at the same rate
(n~1). As demonstrated in Sects. 3 and 4 for best uniform and best d¢-approximations,
respectively, this rate is not specific to these examples, but rather indicative of much
more general mechanisms.

Example 1 Consider the exponential distribution exp(a) with parameter a > 0, i.e.
let Fj,(x) =1 — e for all x > 0. From Proposition 2.5, it is easily deduced that
8y" with x € &, is a best uniform d.-approximation of w if and only if, for every
j=1,...,n,

1 : e i1 o
x,je[—glog(l—ﬁwf")— : ,—Zlog<l—]T—€f">+ : }

with £4" = d. (i, 83") being the unique solution of n€(e*¢/¢ + 1) = 1. A straightfor-
ward analysis of the latter equation yields the asymptotic equality

a n '+ 0m?) asn — oo. (2.6)

1
nde (1, 88) = = — —
de

2

A best d-approximation of p also exists and in fact is unique, with

1 eZaZ:’"(nfj)/e 1 . oo 1— 672a€:‘"j/e
x,j=—;10g — e + " — pt Pj=——7pn—

eZaE:'"n/e -1 1 — 67208:‘"11/6 ’

forall j = 1,...,n, where £3" = d(u, 63") solves Leat/e = ¢ + tanh(al/e).
Similarly to before, an analysis of this equation yields

o.n a2c% -2 —4
nde(pu, 63"y =c)— ——n "+ 0m ") asn — oo, 2.7
6¢(a + €)
with ¢; = %elog(l +aje)/a < % Notice that de (i, 83") < de(u, 8s") for every
n > 2; see also Fig. 1.
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1+ = exp(1) )
P 1
- s
- B | — = =
P = =
- =K
7 ' /// 4dy (p, 6e4) = 0.4446
7 I.l -
/ L.
/ A
1 - 7/
2 f 4 4dy (i, 55°%) = 0.3459

h/ limy, oo i (11, 66™) = 3 = 0.5000

) limy, 00 nd1 (p, 69°™) = %logQ = 0.3465
Y , ; , -

1 2 3

Y G
4/.
l.

!

Fig. 1 Illustrating d;-approximations of the standard exponential distribution (dotted curve) with n = 4

atoms: while the best approximation 5:‘4 (solid line) is unique, best uniform approximations 544 (broken
lines) are not; see Example 1

1
Example2 Fix b > 1, andlet F),(x) = lng forall 1 < x < b. Usually referred to as
0

Benford’s law base b, this distribution has many interesting properties; see, e.g. [2,4]
and the references therein. As in the previous example, best uniform d, -approximations
of  are non-unique, yet £3” is the unique solution of b!~¢ — p!+¢=1/7 = 20 /¢ which

in turn yields

2
nde (i, 85y = ¢y — Z—En +Om2) asn— oo, 2.8)

with ¢ = %eblogb/(l + eblogh) < % Also similarly to Example 1, best
dc-approximations of yx are unique, £2" solves bH>"¢ (E + € sinh(¢ log b)) ={+
ebsinh({logb), and a straightforward analysis yields

(b — 1)c3c3b?3 2 2
3e

nde (i, 83") = 3 + +0m™ asn— oo, (2.9)

log(1 blogb) — log(1l logb
with ¢3 = og(l +e¢ ngi bOg( +elogh) < ¢2; notice again d¢(u, 83") <
og

de(u, 83" for every n > 2.

Remark 2 The reader may find it instructive to compare the quantitative results in
Examples 1 and 2 to their dy- and dp-counterparts. On the one hand, for u = exp(a)
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[37, Ex. 5.8] shows that
1
ndw (i, 847) = ™ logn + O(1) asn — oo,
a

whereas by [18, Ex. 5.7],

11
ndw (i, 52") = 1 log = REL R Om™") asn — oo.
a n a

While the authors are not aware of any result regarding best uniform dp-approximations,
it follows from [20, Prop. 2.1] that

1 1
ndp(u, 82" = 7 logn — % loglogn + O(1) asn — oo.

On the other hand, for i being Benford’s law base b > 1,

logh\ 1
ndw (i, 84y = 10’;b tanh (%) = 1 +00™) asn— oo,
1 log b
(e, 53" = (o tanh (%) Vi e N,

as recorded in [4], and
o.n b—1 —1
ndp(u,83") = — +Om ") asn — oo,

again by [20, Prop. 2.1]. When compared to Lévy approximations, therefore, the
asymptotics of best (or best uniform) dy- and dp-approximations of x are more sen-
sitive to the tail behaviour of . Though perhaps not obvious from (1.1)—(1.3), this
is not too surprising either: informally, finiteness of the integral in (1.1) alone neces-
sitates moderate tails for u, v, and taking the infimum over all Borel sets in (1.2)
makes dp pick up small deviations near infinity. By contrast, the infimum in (1.3) is,
in the parlance of (1.2), taken over unbounded intervals only, which in turn causes d
to be much less sensitive to heavy or irregular tails, an informal observation that is
corroborated rigorously by the results in the remaining sections of this article.

3 Best Uniform Lévy Approximations

This section provides a detailed asymptotic analysis of d(u,8s") for any u €
P. Notice the uniform bound nd. (i, 8s") < %, due to Proposition 2.3. Thus,
de(u, 8s") — 0 as n — oo at an (upper) rate not slower than (n=h. Except for

trivial cases, this rate is sharp.

Lemma3.1 Let u € P and € > 0. Then, lim sup,,_, o ndc (11, 8") > 0 unless ju = §,
for some a € R.
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Proof Throughout the proofs of this section, write g = F " I for convenience, and
let w, = nd.(,8s") for all n € N, as well as =~ = liminf,_ o w, and T =
lim sup,,_, o, @y. Since 8, o T, = 8¢4, by (2.2), it suffices to consider the case of
e =1.Fixany0 < x <y < 1. Assume that o™ = 0, i.e. lim,_, oc w, = 0. Note that,
foreveryn € N,

2 2 i —1+42 2
g(] wn>_ wn§g<¢>+ D Vi=l...n G
n

n n
by the definition of wj,. Also, observe that for all sufficiently large n,

J + 20441 J — 2wn J + 2w, J+1 =204
< and <
n—+1 n n n—+1

)

forevery j = |nx], ..., |ny] + 1, which, together with (3.1), yields

1 4 20, e,
g(y) — g(x) Sg(M) _ g (WJ—‘”>

n n
AT 20, J = 20n
- Z § n T8 n
Jj=lnx]
lny]+1 . .
— 2w, — 142w
£ 3 (e () ()
) n n
j=lnx]+1
+1 . .
< Lni J+1- 26Un—l-l _ J+ 26Un—l-l
- 8- n+1 g n+1
Jj=lnx]
4w,
+ " (lny] — lnx] + 1)
4w, 4o
<~ (lny) — lnx) +2) + —(lny] — [nx] + 1)
n+1 n

< R2w;+1 + 8wy.

Since lim;,_ « @, = 0 by assumption, and 0 < x < y < 1 have been arbitrary,
g(0) = g_(1) = a for some a € R, thatis, u = 4,. O

For the subsequent finer analysis, the following terminology is useful: for every
f € F,let Gy be the growth set of f,i.e. let

Gr={xeR: f(x—¢) < f(x+¢) Ve > 0}.

Note that Gy is closed in R, and Gy # @, unless f is constant. For exam-
ple, GF, = suppu and {0,1} C Gp-1 C [0,1] for every u € P. Also,
I

f(x) € R whenever f~!(—00) < x < f~1(400). With A7 (] =00, f~(=00)]) :=
Ap(Lf 1 (+00), +00[) := 0 and
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Ar(x, 1) o= fO) = () VN (=o0) <x <y < [ (+00),

therefore, A 7 is a o -finite positive Borel measure concentrated on G r- For example,
Aidg = A, and AE, = 1 for every u € P. Also, wl = )\.Fu—l is a positive Borel
measure supported on G Fit C [0, 1], referred to as the inverse measure of 11; see, e.g.
[6,37]. For convenience, write G F, and G Fi! simply as G, and G s respectively.
Note that u =" (R) = u~!(]0, 1[) = diam G, and hence u~! = 0 precisely if u = 8,
for some a € R. When rephrased utilizing this terminology, Lemma 3.1 has the
following corollary.

Proposition 3.2 For every u € P and € > 0, the following are equivalent:

(i) limy o0 nde (1, 8") = 0;

(i) de(u, 83") =0 for every n € N;
(i) p = &4 for some a € R;
Gv) p~ ' =o0.

The first main result in this section asserts that (nd6 (u, 82")) does converge, to an
easily determined limit, if 2~ is absolutely continuous. The result is reminiscent of a
theorem regarding best uniform dy-approximations [37, Thm. 5.15] (see also [7,16]),
but unlike in that theorem, no integrability assumption on de~! /d is needed, and the
limit in question always is finite. When formulating the result, it is helpful to use the
function £2 : R — R with

Qx) = Vx € R.

X
2+ 2|x|

Plainly, £2 is an increasing C!-function, with |£2(x)| < %|x| for all x € R, and
2(£o0) = :t%. While the appearance of §2 in the following theorem is a simple
consequence of the bound (3.3), the reader may find it curious to note that 22 plays
a prominent role in the theory of random walks [12].

Theorem 3.3 Let o € P and € > 0. If u™ " is absolutely continuous (w.rt. 1), then

) H . (3.2)

, it is enough to prove (3.2) for ¢ = 1. Using

. dp™!
limy, oo nde (14, 5?") = H -Q<€ dx

d T—l —1 d —1
Proof Since (wolc ) s o

the same symbols as in the proof of Lemma 3.1, for every n € N let

Note that w,, < % for every n since g is continuous. Moreover,

g<1—wn)_g<w> VI
n n n
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and consequently, by the absolute continuity of g,
200 _ (G —@)/n) = g(G = 1+ @n)/n)
1 —2w, — (1 —2wp)/n

A\Jdn / /
g d)\, j 1, (B (3.3)

Equality holds on the left in (3.3) for at least one j, and for that j,

2w, 1

! /
= g dx < [1g'lloos
1 =20, AJnj) Js,; >
from which it is clear that
!/
1
oo Mgl oo L v
< s = 1260 = 5 (3.4)
Since (3.2) trivially holds when v~ = % henceforth assume v~ < % and pick
ny < ny < ...so that limyeow,, = @ . Givenany 0 < x < 1, let ji(x) =
[mix] +1€{l,...,n}, and note that Jy, j,(x) C [x — 1/ng, x + 1/ny], but also
ATy, i 1 1
g ) = Wpy i —w >0

Mlx = x+1/md) 2
Thus, the sequence (Jy, ji, (x))keN shrinks to x nicely, and by [33, Thm. 7.10],

200, 207
1 —2w,, 1 —2w

1
/ . / .
g (x) = limy, —/ g dA < limg_,
A Ung, o)) *

‘]ﬂk-jk(X)

for A-almost every x € [0, 1]. It follows that ™~ > §2(g’) holds A-almost everywhere,
and hence ™ > ||£2(g’)|lco- Together with (3.4), this completes the proof. O

If 1~ is singular, then the asymptotic behaviour of (dc(,8s")) is con-
trolled by a different mechanism. To prepare for the general result, observe that
lim inf,,_, o dist(nx, Z) = 0 for every x € R, whereas

%(q —1)/q if x = p/q with coprime
limsup,,_, , dist(nx, Z) = peZ,qeN, qodd, (3.5)
otherwise;

DNI—

in particular, lim sup,,_,  dist(nx, Z) > %unlessx € Z.Defining: : R — NoU{+o0}
as

((x) = 2inf{n € No : 2n + x € Z},

@ Springer



Journal of Theoretical Probability

notice that the right-hand side in (3.5) is nothing other than £2 o ((x). With this,
consider the very simple example of u, = ad_1 + (1 — a)§; forsome 0 < a < 1, for
which GM—] = {0, a, 1}. It is readily confirmed that nd, (i1, 8¢") = dist(na, Z) for

all sufficiently large n, and hence lim inf,, _, oo nde (g, 8o") = 0, as well as
lim sup,,_, o ndc (g, 84") = 2 o t(a) = max 2 o L(G'u—l).

This equality is but one manifestation of a general principle.

Lemma3.4 Let u € Pande > 0. If u=" is singular (w.r.t. A), then
lim sup,,_, o, nde (1, 82") = sup £2 o (G -1). (3.6)

Proof Using the same symbols as in previous proofs, write G, -1 simply as G, and let
2m = sup t(G) with the appropriate m € Ny U {4+-00}; also, let G* be the set of atoms
of u7lie. G* = {0 <x < 1:g_(x) < g(x)}. Assume first that m € No. Since
m = 0 implies G = {0, 1}, or equivalently ,u_l = 0, and (3.6) is correct in this case
by Proposition 3.2, henceforth assume m > 1. Then, ™! is concentrated on finitely
many atoms, thus

G =G =0 N Ny
2mi+1 7 2mp+170 )
with the appropriate positive integers [, ki, ..., k;, m1, ..., m;, where the numbers

ki, 2m; + 1 are coprime for all 7, and maxle m; = m. As seen in the example above,
for all sufficiently large n,

k.
wy = max!_ dist <2mn _l'_ I’Z) ,
1

and hence

k.
ot =maxl_, 2 o1 <2m‘ ’+ 1) = maxi_, 22m;) = 22m),
1

so again (3.6) is correct. It remains to consider the case of m = 4-o00. Here, it is
convenient to consider two subcases, depending on whether ((G*) is unbounded or
not. In the former case, fix a € RT, and pick x € G* with ((x) > a. Moreover, pick
b > 3, and recall that y, := (dist(nx, Z) — 1/b)/n > 0 for infinitely many n € N.
Since x is an atom of ™!, for every ¢ € R clearly

1

g-|lx+—)—glx——) > < for all sufficiently large n. 3.7
bn bn
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Choosing ¢ = b/e in (3.7), note that for infinitely many n,

. <LnxJ +1—nyn> ~ (LnxJ +nyn>
n

( max{1 — 2dist(nx, Z), O} 1 >
=g_|x+ —
n b
min{1 — 2dist(nx, Z),0} 1
—glx+ p — b_

+1 1>1>
T gxbn_ne_e’

and consequently w, > ny,. It follows that

1 1 1
ot > limsup,_ o (dist(nx, Z) — E) =Roulx)— 5z 2(a) — =

Since a, b > 3 have been arbitrary, ™ = % = £2(2m). Finally, assume that ((G*) is
bounded, and hence G* is finite, possibly empty. Since m = 400, clearly G\G* # @,
and every x € G\G™ is a continuity point of g, as well as an accumulation point of
G. By [33, Thm. 7.15],

_ g) — —¢
limg o g-(r + )2 8lx ) = +oo for u*]-almost every 0 < x < 1.
&

From this, it is clear that, given any b, ¢ > 3, there exists x € G\Q for which (3 7
holds. With ((x) = a = 400, the same argument as before shows that ot = 2, i.e.
(3.6) is correct in this case also. m]

Combining Theorem 3.3 and Lemma 3.4 yields a sharp (upper) rate for (d, (u, 8" )) ,
for arbitrary u € P. To formulate the result, recall that every o -finite Borel measure p
on the real line can be written uniquely as p = pa + ps, where pa and ps are absolutely
continuous and singular (w.r.t. A), respectively.

Theorem 3.5 Let u € P and € > 0. Then,

d —1
lim sup,,_, o, nde (@, 85") = max { H Q<e%> HOO, sup 2 o ‘(G(u")s)} .

Proof Since there is nothing to prove otherwise, assume that (1~ ')a # 0 and
(u™Ys # 0. In analogy to the proof of Lemma 3.4, let g = Fu_l = ga + gs,
with ga,gs € F such that Ay, = (/,L_l)A and Ag = (M_l)s, as well as
2m = supu(Gs) € Ny U {+oo}, where Gs = G,-1), for convenience. Since
g-(y) —glx) = gs_(y) —gs(x) forall 0 < x < y < 1, Lemma 3.4 yields
ot > sup2 o 1(Gs) = £2(2m). Thus, (3.8) clearly is correct when m = 400,
and only the case of m € N remains to be considered (note that m = 0 is impossible,
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as it would imply (w15 = 0). In this case, Gs is finite, say, Gs = {0, x1, ..., x7, 1}
with/ e Nand 0 < x1 < ... < x; < 1. With J,, ; as in the proof of Theorem 3.3, and
letting K, = {|nx;| :i=1,...,1} C{l,...,n— 1} forn > 1/x1, observe that

Jj—wp j—1+w, Jj—wy j—1+w,
8A —8A|\ ) =§- ol —
n n n n

2wy, .
VJ ¢ K”lv

<

ne

and consequently

1 / ’ 2wy .
egpadr < Vj¢ K.
)»(]n,j) Jn.j A 1-— 20),, "

fo™ < %, then the same argument as in the proof of Theorem 3.3 shows that

, 20~
egalx) < T 20 for A-almost every x,

2w

since clearly j,(x) ¢ K, whenever x ¢ Gs and n is sufficiently large. Thus,
o~ > ||82(egp)lloo; trivially, the latter also holds when w™ = % In summary,
ot > max{||!2(eg;\)||oo, .Q(2m)} =: w; note that @ simply equals the right-hand
side in (3.8).

The reverse inequality is non-trivial only when & < % In this case, assume m € N
as before, and pick any z with w < z < % Then, for all sufficiently large n,

| — 2 i —1+z 2z .
gA<J >—gA<J—)S— Vji=1,...,n,
n n en

but also, since G5 is finite,

J—z J—1+z .
gS—( >_g5<—>:0 VJ:I,,I’Z
n n

Thus, w, < z for all sufficiently large n, and since z > w was arbitrary, ot <w. 0O

Corollary 3.6 Let ;v € P and e > 0.

1

(1) Iflimsup,_, o, hde (1, 8am) < % then (ndE (u, Bf”)) converges, and ju~ " is abso-

lutely continuous (w.r.t. 1).
(i) Iflimsup,_, o nde (i, 8¢") > l then either (nd6 (1, 8?”)) converges, or

. 123 1
limsup,,_, o, nde (1, 84") € {5 IR 5} = {Q(Zm) :meNU {+oo}}.
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Remark 3 (i) The proof given above shows that, for every ;. € P and € > 0,

-
o (6 d(u )A)
di

(ii) Let u € P be non-atomic. Then, the right-hand side in (3.8) tends to % ase€ — 4o00.

liminf, o0 nde (11, 83") >

HOO

This is consistent with the fact that n minyez, | F), — Fa)l(ln loo = % foralln € N
whenever  is non-atomic [4, Cor. 5.5].

The following example illustrates the results of this section. In particular, it demon-
strates that all situations allowed by Theorem 3.5 and Corollary 3.6 do occur. It also
shows that (3.2) may fail when ! is not absolutely continuous; similarly, (3.6) may
fail when ! is not singular.

Example 3 Forevery0 <a < 1 < b, consider u, , = ad_1+(1—a)Uj p, where Uy 5
denotes the uniform distribution (normalized Lebesgue measure) on [1, b]. Note that
Ma,1 = limp 1 fap = Mg, With p, considered prior to Lemma 3.4. Since (M;;,)A =

(b —1Ug,1 and (,u;}))s = 2§, provided that a > 0, Theorem 3.5 yields

b—1
lim sup,,_, o nde (fa.p, 85") = max {.Q (6 | ) , 20 L(a)} ,
—a

whereas by direct inspection,

L b—1 1
liminf,_, oo nde (1L p, 847) = 2 (6 ) < -
1—a 2

On the one hand, if a = a;,, = m/(2m + 1) for some m € Ny, then 2 o t(a,,) = an,
and since b +— .Q(e ®—-1)/1 - am)) is increasing continuously from O to % there
exists a unique by, with 2(e(b, — 1)/(1 — ap)) = am. Thus, (nde(ia, b, 8a"))
converges precisely if b > b,,, whereas for b < by, the lim inf can have any value
between O and a,,. On the other hand, if ¢ = % then 2 o 1(a) = % and again
liminf, o nde (101/2,5 8") = .Q(2e(b — 1)) can have any value between 0 and %
Except for the case of lim,,_, oo nde (1, 83") = % which occurs, e.g. for the exponential
distributions in Example 1, every possible situation allowed by Theorem 3.5 can be
observed in this example by choosing a, b appropriately; see also Fig. 2. Notice that
u;L is absolutely continuous precisely if @ = 0 and is singular only if » = 1. While
Theorem 3.3 and Lemma 3.4 thus cannot in general be reversed, clearly (3.2) and (3.6)
may fail if ! is not absolutely continuous and singular, respectively.

Example 4 Let 1 be a normal distribution with variance 0> > 0. With ¢ denoting the
standard normal distribution function, it is readily deduced from Proposition 2.5 that
03" = d.(u, 83" is the unique solution of g~ 1 (1—0) —¢p~ ' (14+£—1/n) = 20/ €202
Utilizing the familiar fact [1, Sec. 26.2]

)
ex/2

V2

1 —¢pk) = (x_l R O(x_5)> as x — +o00,
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Fig.2 Solid black lines indicate,
for any u € P, the possible
values of the limit inferior and
the limit superior of

(nde(p, 88M)); see

Theorems 3.3 and 3.5.

Example 3 demonstrates that all
possible values may indeed
oceur

NI

(S R

W=

)

Un,
°

2, 6

limsup,, ., o nde(

a straightforward analysis of this equation yields

— 1 LN logn + 0@ asn — oo, (3.9
n

2en/202

nde (. 5i) =

| =

which sharpens (3.2). Notice that convergence occurs here at a slightly slower rate
than has so far been observed in this article for examples of absolutely continuous
w~ L cf. [16] and [37, Ex. 5.18].

As Examples 1, 2 and 4 suggest, the results of this section, notably Theorem 3.3,
can be refined by imposing further assumptions on p. For instance, assume that
g = Fxx_l is C? on 10, 1[ and that g, g’ # 0 both are convex, with lim sup, (1 —
x)g"(x)/g'(x) < 400 (all mentioned examples meet these requirements; for normal
distributions, only the right half of ]0, 1[ has to be considered due to symmetry). Let-
ting ¢ = ||£2(eg’)|loo > O for convenience, it is straightforward to show that, as a
refinement of (3.2),

2 2
nde (1, 847) = ¢ — “—e, + 0(en) asn — oo, (3.10)
€

where lim,,_, o, ¢, = 0, and more specifically,

1 g —10—=¢)/n)—g(l—c/n) . 1
; n —— ifc < 5,

= g—(1) X (1 —2c)g_(1)
if c = %

g(1—1/@2n))
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in particular, if g” (1) < 400 then simply

o — gﬁ(l) n,]
"2l (1)2

As the reader may want to check, for exponential, Benford and normal distributions,
the asymptotic equalities (2.6), (2.8) and (3.9), respectively, all are (slightly sharper
than, but certainly) consistent with (3.10).

Example 5 Let  be the Cantor distribution, i.e. the log 2/ log 3-dimensional Haus-
dorff measure on the classical Cantor middle thirds set C. Thus, G, = C, and since
diam C = 1, the measure ,u_l, referred to as the inverse Cantor distribution [6, EX.
A.11], is a probability measure as well. Both ., ="' are singular: while s is non-
atomic, ! is purely atomic; in fact, u~' ({i2~""}) = 37" forevery m € N and every
odd 1 <i < 2™. Obviously, Lemma 3.4 applies to both distributions, showing that

lim sup,,_, o nde (i, 8“) = lim sup,,_, o, nde (™1, 8%) =

By contrast, it is straightforward to check that liminf,_ nd.(,83") = 0.
For the inverse Cantor distribution, an elementary analysis [4,36] yields ﬁ <
lim inf,_ oo nd} (u_l, 8a") < % but the authors do not know the precise value of

lim inf,,_ 5o nd. (,u_l, 84" for any € > 0.

4 Best (Unconstrained) Lévy Approximations

This section studies the asymptotics of dc (i, 83°") as n — oc. The following theorem
is the section’s main result and a counterpart to Theorems 3.3 and 3.5. It asserts that
the sequence (na’6 (u, 8:’")) always converges, to a limit smaller than % that is easily

expressed in terms of £2 and (,u_l)A, the absolutely continuous part of pc_l.

Theorem 4.1 Let u € P and € > 0. Then,

d —1
limys 00 e (1, 85 :/.Q(e('ud—k)A) da. @.1)

As pointed out already in Introduction, Theorem 4.1 may be regarded as an analogue
for d. of (the one-dimensional version of) a classical dy-quantization theorem [18,
Thm. 6.2], but unlike that theorem, it does not impose a moment assumption on
(,u_l) A. For dw-approximations, such an assumption is known to be essential, as the
dw-approximation error for i € Pj can decay arbitrarily slowly without it; see [18,
Ex. 6.4] and [37, Thm. 5.33]. In the light of Theorem 4.1, this may be viewed as an
artefact specific to dyy that does not exist for dc. Also, recall that unlike dy, the metric
d¢ metrizes precisely the topology of weak convergence on all of P, and so does dp.
As far as the authors have been able to ascertain, however, all known results pertaining

@ Springer



Journal of Theoretical Probability

to the asymptotics of the dp-approximation error also impose additional assumptions
[20, Sec. 4], and despite the similarities between dp and d, [20, Sec. 5] suggests that
the dp-approximation error can decay arbitrarily slowly as well.

When proving Theorem 4.1, the following observation, a direct consequence of
Proposition 2.5 together with the argument establishing [4, Thm. 3.9], is helpful; its
routine verification is left to the interested reader.

Proposition4.2 Let u € P, € > 0, and n € N. With £ = dc(, 53"), there exists
p € I1, such that for every j = 1,...,n,

dist(P ;, Gu—l )<{ and
_ 2¢ _
WP+ Py =) <= < uT (P 4 P - 0).

Proof of Theorem 4.1 Throughout this proof, for convenience let g = F, land G =
GM—I as before, but also £, = dc(u, 63") and w, = nf, for all n € N, as well as
o~ = liminf,_ s w, and @t = lim Sup,_, oo @n. Again it suffices to consider the
case of € = 1. Note that £, = 0 for some (and hence all sufficiently large) n € N if
and only if G is finite, in which case (4.1) clearly is correct. Thus, assume G to be
infinite from now on, and consequently ¢,, > 0 for all n € N.

Given n € N, choose p,, € I, as in Proposition 4.2 and notice that £,, > 0 implies
min’;zl(Pn,j — Py j—1) = 2¢, > O;in particular, P, j_1 < P, jforall j =1,...,n.
Consequently, for every x € [0, 1] there exists a unique j,(x) € {l,...,n} with
Py jy)=1 < X < Py j,(x)- For convenience, let J,, j = [Py j—1 + £y, Py j — £,] for
all j = 1,...,n, and hence A, ; := A(Jy,j) = Py j — Py j—1 — 2£,. Next, recall
that the set U := [0, 1]\G is open, possibly empty. If U # &, let Iy, I, ... be its
(at most countably many) connected components, that is, the disjoint open intervals
with endpoints in G and U = | J; Ix. Thus, for every x € U there exists a unique
k(x) € {1,2,...} with x € I;(). Finally, consider the subset G' of G defined as

G" ={x € G:1NG = {x} for some interval I with »(I) > 0}. 4.2)

Notice that {0, 1} C G*,and GT is (at most) countable. Utilizing Proposition 4.2, it is
readily checked that

limy,— 0ol Pa.jy 1)~ 15 P jyy] = X} Vx € G\G", 4.3)
but also
limy, s 0o Pr, jyx)=15 P, ju)] = Tk VX € U. (4.4)

With these preparations, the proof is now carried out in three separate steps for the
reader’s convenience.

Step I: Assume =" is absolutely continuous.

Proposition 4.2 with € = 1 yields = (J,, j) = 24, or, equivalently,
g(Pn,j — L) =4y = g(Pn,jfl +4,)+ L, Vj= 1,...,n, 4.5)
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and since 1! is absolutely continuous also A, j > 0.Fixany 0 < a < 1, and

recalling that g is differentiable A-almost everywhere, with ¢’ > 0 integrable over
every compact subinterval of ]0, I[, pick a nonnegative continuous function f, :
10, 1] = R with f[o’]] lg’ — fal dX < a (notice that g’, f, may not be integrable over
[0, 1]). If U # @, then also pick k, € N large enough to ensure A(Uk>ka Iy) < a,and
forevery k = 1, ..., k, pick a continuous function ¢ : ]0, I[ — [0, 1] with ex(x) = 1
for all x €]0, 1[\ I such that flk Jaek < ar(ly).Let f = f, ]_[i“:1 er;incase U = @,
simply let f = f,. Clearly, f is nonnegative and continuous on ]0, 1[, with

/ |g’—f|dx=f Ig’—fald?»+/ Ifldkff € = fuldh <a, (46)
[0,1] G U [0,1]

since g’ vanishes on U. Next, deduce from (4.5) that

71]

2, — [ (& - prdx
- i Vi=1,....n,
Pn,j - Pn,j—l _Zzn
and consequently, forevery j = 1,...,n,
) / (g — fHda
Jn.i
28 / fAX ) (Puj — Py j—1) =28, — ’1 . “.7)
)Vn,j Jn,j
In,j

Summing (4.7) over j =1, ..., n yields

/ (&' — fHda
Wy — / h,, dA (4.8)
(0.1] — fd/\

Jn,j

with the piecewise constant nonnegative function %, : [0, 1[ — R given by

1
hp(x) = 82 / fda Vx € [0, 1[.
M jn @)

Recall that f > 0, and so the right-hand side in (4.8) is bounded, for every n € N,
by %Z?:l f]nj lg' — fldxr < %f[o’” lg' — fldA < %a. Deduce from (4.3) and the
continuity of f that

limy—o0 1 (x) = 2(f(x)) ¥x € G\G". 4.9)
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Similarly, (4.4) and the choice of the functions e; for k = 1, ..., k, imply that

. a ka
limy—s o0 in (x) = 2 fdr] = 2@ <3 Vxe Uk:1 Ie. (4.10)

M) iy

The elementary estimate, valid for all n € N,

w,,—f hnd/\‘+/k hndx+/ y dA
[0,1] Uka=1 Ii Uk>kg Ik

+/ IQ(f)—Q(g/)Ikor/ |hn — $2(f)1dA,
[0.1] G

wn — 2(¢" da
[0.1]

=

together with (4.8), Fatou’s lemma and (4.10), the choice of k, and the fact that
0<h, < %, estimate (4.6) as well as the dominated convergence theorem yield

<2+l il 10=2a

lim sup,,_, o, =5t5+t5+;3

o — f 2(g) dh
[0,1]

Since 0 < a < 1 has been arbitrary, lim;_, -, @, = f[o 1 2(g")dx, i.e. (4.1) holds.

Step II: Assume =" is singular.

Givenany 0 < a < 1,let U, = {x € [0, 1] : dist (x, G) > a}. Note that U, C
[a, 1 — a] is a compact, possibly empty subset of U, so U, N G = &. Assume for the
time being that all atoms of /,L_l in [a, 1 — a] are small in that

wldx) <a® Vxela,1—al. (4.11)

Recall that 2¢,, < ™! (Jp,j)forall j =1, ..., n,byProposition 4.2, and correspond-
ingly

~ (U ))
o, <Y 2 (—’) (Paj = Paj-1) =/ b d2.,
= Anj [0.1]

with the piecewise constant function Zn : [0, I[ — R given by

w )

Ty (x) = 2
! ( M, jn ()

) Vx € [0, 1[.

First, observe that if x € U,, then (4.4) and (4.11) imply that

limsup,,_, oo i1 (D jur) < 0 Uk(y) < 2a°,

whereas clearly lim,, o0 Ay, j,(x) = A(Ig(x)) > 2a. Thus,
limsup, o, fin(x) < 2(a) < % Vx € U,. (4.12)
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Next, notice that if x € G\GT, then ([ Py, j,(x)—15 Pn,j,(x)]) shrinks to x nicely, and
hence

w Py, =15 P juo])

lim,
" Pujuw) = Paao1

=0 for A-almost every x € G,

by [33, Thm. 7.13]. Thus, lim,— o £,/ (Py, j,(x) — P, j,(x)—1) = 0 for A-almost every
x € G, which in turn shows that (J,_j,(x)) shrinks to x nicely as well. Applying [33,
Thm. 7.13] once more yields lim,_, Mil(-ln,jn(x))/)\n,j,,(x) = 0 for A-almost every
x € G, and thus

limy, s o0 ﬁn (x) =0 for A-almostevery x € G. 4.13)

Recalling that G is countable, deduce from (4.12) and (4.13) that

ot <lim supn_)oo./ h, dx
[0,1]

= limsup,_, o, </ ﬁn dr + / ﬁn dr + f ﬁn dk)
Uq G [0, IN(U.UG)

a
=+

= (1 =AU UG)). (4.14)

| —

In summary, (4.14) holds provided that u satisfies (4.11).

To conclude the argument in the case of ;1 ~! being singular, given 0 < b < 1,
pick 0 < a < b so small that A(U, U G) > 1 — b. Noting that the set G, := {x €
la,1 —al:pn '({x}) > az} is finite, consider g € F given by

g=g- > (XD qools

xeG,

as well as the unique i € P with F; ' = % Crucially, (4.11) holds with X instead
g)f 1. Moreover, notice that g = Gﬁ—l ) g\Ga;and clearly U, D U,, where
U, = {x € [0, 1]~: dist (x, G) > a}. Thus, U, UG D (U, U G)\Gy, and (4.14)
applied to ft, with €, := dy (&, §2™), yields

(1 =AU, U G)) <b.

N =

limsup,,_, nt, < % +

Finally, let m, = #G, and observe that £, ,, < Zn foralln € N, so
wp = nzn—ma =(n— ma)zn—ma + maZn—ma
forall n > m,. Since lim,,_, o Z;, =0, clearly o™ < lim SUP,_s 00 nZn < b, and since

0 < b < 1 has been arbitrary, o™ = 0. Thus, (4.1) holds, with vanishing right-hand
side, whenever u_l is singular.
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Step 1II: Let v € P be arbitrary.

As in the proof of Theorem 3.5, write g = ga + gs with ga, gs € F such that
Agp = (M_I)A and Ay = (,u,_l)s. Let ,U,(A> and pL<S) be the (uniquely determined)
probability measures with (/L<A>)_l = (,u_l)A and (/,L<S>)_l = (M_l)s, respectively
(notice that in general w £ paand uf® £ ps). Also, for every n € N let Ef,M =
di(u™, 527y and £ = dy(u'S), 52"). Given any m, n € N, pick pi € IT,, and
p,(,S> € I, as in Proposition 4.2. By considering the joint partition of [0, 1] generated
by {P,iAz = O,...,m] and {Pn(S/) 1 j =0, ...,n}, it is readily seen that £,,4, <

E,w + €§,5>. Forevery 0 < a < 1 and n € N, therefore

1+ |_(1 — a)nj (A) 1+ |_6an (S)
W < by (1—ayn+lan] = Tﬁa_am + Tﬁany

and applying Steps I and I to £ and >, respectively, yields

1 d(uAh! 1
t<_— | @ —Adkz—/ﬂ/dk.
@ _l—a/ ( an —a) 26

(recall that lim,,_, EflM = lim;— nsz) = 0). Since 0 < a < 1 has been arbitrary,
ot < f 2 (g;\) dA. To obtain a lower bound for w™, recall from Proposition 4.2 that

8—(Puj—4tp) =Ly <g(Puj—1+L)+4t, Vj=1,...,n,
and since g— = ga + gs—,

gA(Pn,j - en) - en SgA(Pn,j—l + Zn) + En
- maX{O, (gS—(Pn,j —Ln) — gs(Pn,j—1 +£n))}
SgA(Pn,j—l +4y) + 4L, Vj =1,....n,

from which it is clear that Z;M < ¢, for every n € N. Applying Step I to u‘? yields
w_ > liminf, 0 nll) = [ 2(g)) dr. Hence, lim, oo, = [ 2(g}) d2, and the
proof is complete. O

Along the lines of the above proof, and by considering the absolutely continuous part
of 1 rather than of «~!, the following dual version of Theorem 4.1 can be established;
the routine details are left to the interested reader.

Proposition 4.3 Let u € P and € > 0. Then,

1 d
limy s o nde (12, 83) = 6/9(— . ﬂ) dx.
e di

Notice that Theorem 4.1 and Proposition 4.3 together imply the familiar fact [6, Ch.
A] that ;! is singular if and only if  is singular, and hence yield a direct analogue
of Proposition 3.2 in the context of best approximations.
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Proposition 4.4 For every u € P and € > 0, the following are equivalent:

(i) limy, o0 nde (1, 83") = 0;
(i) pua =0y
(i) (u~Ha =0.

Just as in the case of best uniform approximations, Theorem 4.1 can be refined through
further assumptions on w. For instance, if g = Fu_l is C*on 10, 1[, if both g, g’ # 0
are convex and if £2 (eg’) has a C3-extension to R, then mild boundedness assumptions
on g and its derivatives (ensuring all relevant integrals are finite) guarantee that, as a
refinement of (4.1),

2
cicC
nd. (ju, 82y = ¢1 + 1—22 n24o(m?) asn— oo, (4.15)

where ¢; = [ 2(eg’) di and

da.

_ f 2(1 +eg)(gN? — (2 +eghg's”
) =
(14 €g)%(g")?

When compared to (nale (e, 8?”)), therefore, not only does (nd6 (u, 8:’")) converge
to a smaller value (unless g’ is constant), but also it converges at the rate (n~2) which
often is faster than the rate in (3.10). For example, (4.15) applies to exponential as
well as Benford distributions, and the reader may want to check that (2.7) and (2.9)
both are consistent with it. If z« is a normal distribution with variance o> > 0, then
£2(eg’) does not have even a C!-extension to R, and correspondingly c; = —oo,
which suggests that (nd6 (m, 8:’”)) converges at a slower rate. This indeed is the case:
an elementary albeit lengthy analysis yields

[mo? 1 1
nde (i, 83") = —€ oo Lil/z(——> + O <£2n) asn — 00,
2 eV2mo? n

where Lij /> denotes the polylogarithm of order %; see, e.g. [26, §25.12]. Though
slower than (4.15), this rate of convergence again is considerably faster than its coun-
terpart (3.9) for best uniform approximations. It should be noted, however, that such
a hierarchy of rates, though observed for many familiar distributions, is by no means
universal: as mentioned already in Introduction, for the 1-Pareto distribution both
sequences (nd€ (u, 8?")) and (nd€ (u, 5:'”)) converge to their respective limits % and
% at the same rate (n~2), as is evident from (1.7) and (1.8). For the %—Pareto distribu-
tion, i.e. Fy(x) = 1 —x~1/2 forall x > 1, (3.10) yields

ndy (j, 87y = 0.5000 — 0.03125n 3 + o(n™3) asn — oo,
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whereas (4.15), with ¢; = [ (2 + 13)~'dr = 0.4508 and ¢2 = 6 [} 1(2 — )2 +
3)72dr = 0.9102, reads

ndy (i, 82™) = 0.4508 +0.01541n2 + 0o(n~2) asn — ooc.

Here, (nd) (1, 8s")) converges at an even faster rate than (nd; (i, 83™)).

Example 6 For the Cantor distribution 4 and its inverse s~ in Example 5, Theo-
rem 4.1 yields lim,,—, oo ndc (10, 83") = lim,— 0 nde (=", 82™) = 0. An elementary
analysis shows that (n!/¢d, (i, §3)) and (n'/°dc(u™", 83")) both are divergent, yet
bounded above and below by positive constants, where ¢ = log2/log3 < 1 is the
Hausdorff dimension of both the set C = G, and the measure (. It seems plausible
that Theorem 4.1 can similarly be refined for a wide class of self-similar (singular)
distributions, thus complementing known dy-quantization results [18,19,25,29].

To establish one further interesting property of best d.-approximations, recall from
Proposition 2.5 that if de (u, Sf:) = {2", then p, can easily be determined from x;, (or
vice versa). Thus, x,, (or p,,) alone already captures 8 " to alarge extent, and it is natural
to ask, for instance, whether x,, 1, . .., X, n, 1.e. the locations of best d.-approximations
of u € P conform to an asymptotic point distribution as n — oo, referred to as the
point density measure of p in [19]. In the context of best dw-approximations (or -
quantizations), and under the appropriate assumptions, this question has a positive
answer; see, e.g. the “empirical measure theorem” [18, Thm. 7.5] and variants thereof
[19]. As is the case with Theorem 4.1 and Proposition 4.3, the result for best d-
approximations again is simpler than its dy-counterpart in that the asymptotic point
distribution is readily identified whenever € P is non-singular, and no further
assumptions on p are needed. In fact, it even is possible to allow for slightly more
general x,,. To concisely state the result, for every u € P with ua # 0, define u} € P

via
1 d
. @ <_ . ﬂ)
dug € da
o 1

da /.Q(—~d'uA)dA

R € da
Clearly, p} is absolutely continuous, and u} = p for some (in fact, all) € > 0 if and
only if u is uniform, i.e. u = A(- N B)/A(B) for some Borel set B with A(B) € R™.

Also, given any u € P\P%,, i.e. #supp u = oo, call a sequence (x,), with x,, € &,
for every n € N, asymprotically d.-minimal for p if

Ve > 0.

. de(u, 82)
limy oo ——5 =

d€ (/"L? 8:’”)

Thus, for instance, (x,) is asymptotically dc-minimal for u € P\PZ%, whenever 85;’,
with x,, € &, p, € I1,, is a best dc-approximation of y for every n € N.
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Theorem 4.5 Let u € P and e > 0. If ua # 0 and (x,,) is asymptotically de-minimal
for u, then

#Hl<j<n: el
lim, oy TS/ S0 X0y €Y Wi(I) VI CR, Ianinterval.  (4.16)
n

Proof For convenience, write f = F,, = fa+ fs with fa, fs € Fsuchthatiy, = ua
and Ay = us (the functions fa, fs can be made unique, for instance, by requiring
that fa(—00) = fs(—o0) = 0). Also, let G = G, £, = de(, S;n) foralln € N,
and define G as in (4.2). Once again, it suffices to consider the case of € = 1. Note
that ua # 0 implies £, > O for every n, and lim,,_, oo €, = fR £2(dpa/dr) > 0, by
Proposition 4.3 and the assumed asymptotic d.-minimality of (x;,).

Fix a non-empty interval I = ]y, z] with y, z € R. Perturbing x,, slightly if neces-
sary, without altering #{1 < j < n : x, ; € I} or increasing d; (u, S;n) for any n, it
may be assumed that x,, ; < x, j4+1 foralln € Nand j =0, ..., n. Thus, for every
x € R, there exists a unique j,(x) € {0, ..., n} with x,, j ) < X < X j,(0)+1- By
Proposition 2.5,

fA(xn,j+l —4{y) + fS—(xn,j—i-l —4{y) — Ly < fA(xn,j +£y) + fS(xn,j +4£n) + Ly,

forevery j =0, ..., n, and consequently also
fA(xn,j+l —4y) — fA(xn,j +4n) <20, Vj=0,...,n. 4.17)

Fix any a > 0, and recalling that fa is differentiable A-almost everywhere with
fa=0and0 < [ fadi = ua(R) < 1, pick a continuous function g : R — R
with [ | fa — gldA < a.

LetK, ={0<j<n:x,j+¥, <x4j+1 — £} which may not be all of the set
{0, ..., n} but does contain 0, n in any case. On the one hand, if j € K,\{0, n} let
Jn’j = [xn,j + ¢, Xn,j+1 — £,] and )\.n‘j = )»(Jn,j) = Xn,j+1 — Xn,j — 2¢, > 0, and
deduce from (4.17) that

20, — /J (fh — g)dn

1
f gdi = : ,
)Vn,j Jn Xn,j+1 — Xn,j — 2¢,

\J

and consequently

1 1
y > 2 / gdr ) (xp j+1 — Xn j) — —/ | fa — gldA; (4.18)
hanj i, 2/,

n,j

with the usual convention 0 - (£o0) = 0, (4.18) is correct also for j = 0, n. On the
other hand, if j ¢ K,, then clearly ¢, > %(x,wurl — Xp,j). With (4.18) as well as the

definitions of j,(x) and K,,, therefore,
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(1 + Jn (@) — jn(y))gn

1
> Z 2 ( f gd)») (Xn, j41 — Xn,j)
)"nvj Jn.j

JE€n (), Jn(@INKy

_% ) / i — gldA

FEUR G in @WK, ¥ I

1
+ Z E(xn,j-ﬁ—l _xn,j)

JELR () Jn N\ Kn

1
Zf hndx——f | fa—glda
Xnjn () %njn ()41 2 B jn () %njn ()41

= fhndk— E, (4.19)
I 2

where the piecewise constant function 4, : R — R is given by

1
2 f gdx if j,(x) € K,,
hn ()C) = | )\'"vjn(x) Jnjn )

E if ju(x) ¢ K.

If j,(x) ¢ K, for all sufficiently large n, then lim,_, oo /1, (x) = % whereas if x €
G\G' and j,(x) € K, for infinitely many n, then liminf,_, o h,(x) > Q(g(x))
because similarly to (4.3),

limy,— 0o [Xn, j, 00> Xn iy )+1] = (X} Vx € G\G.
In summary, therefore,
liminf,— o 1 (x) > £2(g(x)1G(x)) for A-almost every x € R. (4.20)

Note that j,(z) — j,(y) =#{1 < j < n: x,, ; € I}. Consequently, (4.19), Proposi-
tion 4.3 with fR 2( f/g) dA > 0, and Fatou’s lemma applied to (4.20), together yield

/.Q(gl(;)dk _é
; 2
> .

- /Q(f;\)d/\
R

#Hl<j<n:x,;el}

n

liminf,

Recall that f, = 0 on R\G; hence,
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/Q(glc)cu:/:z(f,;)dwr/ (R2(g16) — 2(fp)) dr
1 1 ING
1
> [egpa-; [1n-goz [ euna-5.
1 2 Jr I 2

and consequently

#Hl<j<n:x,;el} a

> pi) — :
/Rmﬂ\)dx

liminf,_ ~
n

Since the number a > 0 and the interval / C R have been arbitrary, and since
ui@®) =1,

#Hl<j<nmn:x,;el
lim,, s 00 U=j= L) } = ui(I) VI C R, I aninterval,
n

i.e. (4.16) holds as claimed. O

Note that Theorem 4.5 in particular asserts that if 4 € P is non-singular and
((Sff), with x, € &, and p, € II, for every n € N, is any sequence of best d,-
approximations of u, then the sequence (8y"), obtained by “forgetting” the optimal
weights and instead assigning equal weight 1/n to each atom, converges weakly to
wr. It seems rather remarkable that (8)'?:) always converges, and to a limit that is
independent of (x,). By contrast, simple examples show that (8y") may diverge if u

is singular; cf. [19].

Example7 Let i = exp(a) with a > 0. With £ and the (unique) best d,-
approximation 85: of u found in Example 1, it is readily confirmed that for any
neNandx € RT the number#{1 < j <n: Xn,j < x} equals the largest integer not

larger than
€ e—a(x+6:’"/6) ag:,n
n—Wlog 1+ T—l tanh c .

From this, a straightforward calculation utilizing (2.7) yields

#l<j<n: i < log(1 —ax
lim, o U S/ Smixy =xp gl +ae™/e) gy
n log(l +a/e)

Thus, the asymptotic point density of (x,) is

a? 1 Q(ae /) duf

. = = (x) Vx e RT,
log(1+a/e) a+ee™ [, 2(ae~/e)dy  di

in perfect agreement with Theorem 4.5. Note that unlike for best dy-approximations
[18, Thm. 7.5], this asymptotic point distribution is not exponential; see also Fig. 3.
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dlu,’lk - 1/L11/2<7\/%)

dX V27 4 2nen?/2

(1+e*)log2

p = exp(1)

0 1 2

Fig. 3 Comparing the standard exponential (left) and standard normal densities (broken curves) to the
asymptotic point densities of their respective best d1-approximations (solid curves); see Example 7

For another simple example, let u be a normal distribution with mean 0 and variance
o2 > 0. While no explicit formula is available for the (unique) best d, -approximation
Sf: of w in general, Theorem 4.5 yields

e (1) ! ! Vx e R
—_— (X)) = — . X ’
dx Li ( 1 ) V2762 + 2reclext/(20?)

12| ——F—

/ eV 2mo?

as the asymptotic point density of (x,). Again, this asymptotic point distribution is
not normal, unlike its dy-counterpart.
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