,') Available online at www.sciencedirect.com
JOURNAL OF

5\‘? ‘ %ﬁg};gr SC'enceDlrect Approximation
PN Theory
ELSEVIER Journal of Approximation Theory 244 (2019) 1-36 _—
www.elsevier.com/locate/jat
Full Length Article
Best finite constrained approximations of
one-dimensional probabilities
. k
Chuang Xu’, Arno Berger”
2 Department of Mathematical Sciences, University of Copenhagen, Copenhagen, Denmark
b Mathematical and Statistical Sciences, University of Alberta, Edmonton, Alberta, Canada
Received 6 April 2018; received in revised form 6 February 2019; accepted 4 March 2019
Available online 18 March 2019
Communicated by A. Kuijlaars
Abstract

This paper studies best finitely supported approximations of one-dimensional probability measures
with respect to the L"-Kantorovich (or transport) distance, where either the locations or the weights of
the approximations’ atoms are prescribed. Necessary and sufficient optimality conditions are established,
and the rate of convergence (as the number of atoms goes to infinity) is discussed. In view of
emerging mathematical and statistical applications, special attention is given to the case of best uniform
approximations (i.e., all atoms having equal weight). The approach developed in this paper is elementary;
it is based on best approximations of (monotone) L"-functions by step functions, and thus different from,
yet naturally complementary to, the classical Voronoi partition approach.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

Finding best finitely supported approximations of a given (Borel) probability measure @ on
R is an important basic problem that has been studied extensively and from several perspectives.
Assuming for instance that fR |x|"du(x) < 400 for some r > 1, a classical question asks to
minimize the L"-Kantorovich (or transport) distance d, (v, u) over all discrete probabilities v
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supported on at most n atoms, where 7 is a given positive integer. A rich theory of quantization
of probability measures addresses this question, as well as applications thereof in such diverse
fields as information theory, numerical integration, and optimal transport, among others; see,
e.g., [5,17,26] and the many references therein. As is well known, a minimal value of d, (v, ©)
always is attained for some discrete probability v = §;"" which may or may not be determined
uniquely by this minimality property. Moreover, d,(83", u) — 0 as n — oo, and the precise
rate of convergence has attracted particular interest. A celebrated theorem (see Proposition 5.27)
asserts that, under a mild moment condition, (nd, 62, ,u)) converges to a finite positive limit
whenever p is non-singular (w.r.t. Lebesgue measure). Results in a similar spirit have been
established for important classes of singular measures, notably self-similar and -conformal
probabilities [18,20,30]. While these classical results crucially employ Voronoi partitions (as
developed in some detail, e.g., in [17]), alternative tools and extensions to other metrics have
recently been studied also [5,7,10].

A second important perspective on the approximation problem is that of random empirical
quantization [4,9]. To illustrate it, let (X;);>; be an iid. sequence of random variables with
common law u, and consider the (random) empirical measure u, = %Z';zl SX/.; here and
throughout, &, is a Dirac unit mass at a € R. Then d,(u,, #) — 0 with probability one as
n — oo, as well as Ed,(u,, u) — 0. A comprehensive analysis of the rate of convergence
of (Ed,(u,,, ,u)) is provided by the recent monograph [3] which, in particular, identifies
necessary and sufficient conditions for decay to occur at the “standard rate” (n~'/2), that is, for
(nl/ 2Ed, (e, M)) to be bounded above and below by finite positive constants. Beyond these
one-dimensional results, rates of convergence for random empirical quantization have lately
been studied in higher dimensions and other settings also; see, e.g., [4,9,13].

The purpose of the present article is to develop a third perspective on the approximation
problem that in a sense lies between the two established perspectives briefly recalled above.
Specifically, we present an in-depth study of finitely supported approximations that are non-
random yet constrained in that either the locations or the weights of the approximations’
atoms are prescribed. To the best of our knowledge, such approximations have not been
studied systematically in the literature, though the recent papers [1] and [5] do consider
(uniform) “U-quantization” and discrete approximations of absolutely continuous probabilities
W, respectively. The necessary and sufficient conditions for best constrained approximations
presented in this article make no assumptions on u beyond fR |x|"du(x) < 4o00. They follow
rather directly from elementary properties of monotone functions and exploit a certain duality
between locations and weights of atoms. By contrast, note that Voronoi partitions are typically
much less useful if weights, rather than positions, are prescribed [17].

Arguably the simplest special case where our results apply is that of best uniform ap-
proximations: Given p and a positive integer n, for which v = %Z;zl 8y; 1s dr(v, 1)
minimal, where xi, - -+, x, € R? Theorem 5.5 characterizes the (often unique) minimizer §%;
here usage of the superscript u, emphasizes the fact that a best uniform approximation 5%
typically is quite different from any best approximation §3". The special case of best uniform
approximations is of considerable interest in itself: In statistics, when dealing with empirical
data sets, practical considerations may demand that all atoms have equal weights, or at least
that they be integer multiples of one fixed unit weight [2]. Also, best uniform approximations
are close analogues of support points [25], the latter being minimizers relative to a slightly
different metric (energy distance). One may thus view §)" as a quasi Monte Carlo (MC)
tool that minimizes the integration error bound | [ f du — Z;le fxpl < Lip(f)di(8,", )
for a wide class of functions (cf. [11]), and consequently a careful analysis of d;(8%", ) as
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n — oo is indispensable. In computational mathematics, best uniform approximations also
arise naturally in the form of restricted MC methods, and a basic question is how performance
of the latter compares to general (non-restricted) MC methods, that is, how d,.(8{, 1) compares
to d.(82", ;) as n — oo; see, e.g., [14,15] and the many references therein. Restricted MC
methods have recently found applications in “big-data” problems in Bayesian statistics [25]
and the numerical solution of SDE, notably in mathematical finance [15,16,27].

Just as for the best unconstrained and the random empirical approximations mentioned
earlier, d,(8¥", u) — 0 as n — oo, which again makes the rate of convergence a natural object
of study. Presented in Section 5.2, our results in this regard are quite similar to those of [3],
despite their obviously different context. As a simple illustrative example, consider the standard
normal distribution, i.e., let %,u( ]—o00,x]) = \/szne’xz/z for all x € R. From Proposition 5.27,
it follows that in the case of best (unconstrained) approximations, for all » > 1,

@6, ) =0m"" asn— oo,
whereas for random empirical approximations, [3, Sec.6.5] shows that

O(n='7?) ifl<r<2,
Ed,(pin, 1) = { O(n~"*(loglogn)'/?) if r =2,
Om~Yrogn)'?)  ifr>2.

By contrast, for best uniform approximations, with » = 2 and along the subsequence n = 2*,
the sharp rate of convergence for (d,(8%", 11)) is (nlogn)~'/2, as proved by [15]. Utilizing the
main results of the present article, notably Theorem 5.5, one can show that in fact

uw | O 'logn)'/?) ifr=1,
dr (3 ’“)_{ Om~"(logn)™?) if r > 1.

Not too surprisingly, the rate of convergence of (d,((Sf", M)) is slower than that of (d,. én, M)),
but faster than that of (Ed,(u,, 1)).

Due to the nature of the underlying approximation problem for monotone functions, our
approach is not restricted to d,, and results in a similar spirit can be established for other
important metrics and for discrete approximations with countable support. One-dimensionality,
on the other hand, is crucial: In multi-dimensional (Euclidean) spaces, upper bounds for the
rate of decay of best uniform approximations have been established only recently [8], via a
uniform decomposition approach. In addition, we mention [15] which analyzes a best uniform
approximation problem (referred to as random bit quadrature) in a Hilbert space setting with
L?-Kantorovich metric, motivated also by MC applications.

This article is organized as follows. Section 2 introduces the notations used throughout, and
recalls definition and basic properties of the metric d, for the reader’s convenience. Section 3
reviews several elementary facts about monotone functions and their quantile and growth sets,
as well as the notion of a balanced function, to be used subsequently in Section 4 to characterize
best approximations of (monotone) L”"-functions by step functions. While they may also be of
independent interest, these results crucially serve as tools in Section 5, the main part of this
work. In that section, necessary and sufficient conditions for best finite approximations with
prescribed locations (Section 5.1) or weights (Section 5.2) are established. Much attention is
devoted to the special case of best uniform approximations 83", and in particular to the rate of
convergence of (d,(é:‘", ,u)). Convergence theorems and finite range (upper and lower) bounds
for such sequences are provided. All results are illustrated via simple examples of u which
include absolutely continuous (exponential, Beta) as well as singular (Cantor, inverse Cantor)
probability measures.



4 C. Xu and A. Berger / Journal of Approximation Theory 244 (2019) 1-36

2. Notations

The following, mostly standard notations are used throughout. The natural and real numbers
are denoted N and R, respectively. The extended real numbers are R=RU {—00, +00}. For
any a € R, sgna=1ifa > 0,sgn 0 =0, and sgn a = —1 if a < 0. The indicator function of
any set A C R is denoted 14, and log symbolizes the natural logarithm. For x € R, let |x| be
the absolute value, | x| the floor (i.e., the largest integer < x), and (x) = x — | x| the fractional
part of x, respectively. Lebesgue measure on R is symbolized by A, and 8, stands for the Dirac
measure concentrated at a, i.e., §,(A) = 14(a) for all A.

The usual notations for intervals, e.g., [a, b] = {x € R:a<x< b} are used. Endowed
with the topology {[—oc,a[ U U U ]b,400] : a,b € R, U C R open}, the space R is
compact and homeomorphic to the unit interval I = [0, 1]. Throughout, / C R always denotes

a closed (and hence compact) interval that is non-degenerate, i.e., A(I) > 0. For A C R,

denote by # A, A, and ‘A the cardinality (number of elements), interior, and closure of A,
respectively. Every non-empty A has an infimum inf A and a supremum sup A; if A is closed,
then inf A = min A and supA = max A. If A C R is an interval and f : A — R is monotone,

then f(a—) =1lim, o f(a—e¢) and f(a+) = lim, o f(a+e¢) both exist for every a € A. For any
set A C R and any function f : A — R, the image of A under f is f(A) ={f(a):a € A},
while the pre-image of B C R is fYB)=1{a € A: f(a) € B}. Also, for every b € R, let
{(f < b} = f~'([—o0, b]); the sets {f > b}, {f < b}, {f > b}, and {f = b} are defined
analogously. Denote by essinfy f and esssup, f the essential infimum and supremum of f on
A, respectively. For 1 < r < 400 and any (closed, non-degenerate) interval I C R, let L™(I)
be the space of all measurable functions f : I — R that are (absolutely) r-integrable with
respect to A, and L°°([) the space of all functions bounded A-almost everywhere (a.e.). For
fel),let ff=max{f,0}and f~ = (—f)", hence f = f* — f~.

Let P be the family of all Borel probability measures on R with u(R) = 1. For every
nweP, F,: R — I with F,(x) = p([—oo, x]) is the associated distribution function, F;ZI
the associated (upper) quantile function, i.e.,

F Y1) =sup{F, <1}, V1€l01[, .1

and supp u the support of p, that is, the smallest closed set of u-measure 1. Both F), and F !
are non-decreasing and right-continuous. As a consequence, F/:1 generates a positive Borel
measure ! on ]0, 1] via

w At ul) =F'w) - F7'@), Yo<t<u<l.

Note that =", referred to as the inverse measure of w, is finite if and only if supp u is bounded,
since in fact £ ~'(J0, 1[) = max supp & — minsupp u; see, e.g., [3, App.A] for further basic
properties of inverse measures.

For every r > 1, the set of probability measures with finite rth moment is denoted P,,
ie, P, ={neP: [;lxI"du(x) < +oo}. Thus u € P, if and only if F;' e L"(I). On P,
the L"-Kantorovich distance d, is

1/r
d(,v) = (/|F,;1(¢) — F;l(z)|’dr) =|F'=F", VYuveP,. (2.2)
I

For r = 1, by Fubini’s theorem,

di(e, v)=/ |Fu(x) = F()|dx, Y pu,vePr.
R
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When endowed with the metric d,, the space P, is separable and complete, and d, (i, ) — 0
implies that u, — w© weakly. Note that P, D P and d, < d; whenever r < s. On Py, the
metrics d, and d; are not equivalent, as the example of u, = (1 — n™%)§y + n=*§, shows,
for which d;(,, o) = 1, and yet lim,_, » d,(i,, 60) = O for all r < s, and hence w, — &
weakly. The reader is referred to [12,32] for details on the mathematical background of the
Kantorovich distance, and to [17,32] for a discussion of its usefulness in the study of mass
transportation and quantization problems.

3. Monotone and balanced functions and their inverses

Quantization, as informally alluded to in the Introduction, may be understood as the
approximation of a given probability measure by finite weighted sums of point masses. Every
quantile function is non-decreasing; in particular, the quantile function associated with a finitely
supported probability measure is a monotone step function. Therefore, it is natural — not least
in view of (2.2) — to formulate the ensuing approximation problem more generally as a problem
about the best approximation of monotone L"-functions by step functions. Towards this goal,
we first present some relevant properties of monotone functions. For ease of exposition, the
focus is on non-decreasing functions, but all subsequent arguments hold analogously for
non-increasing functions as well.

Given an interval I C R and a non-decreasing function f : I — R, define the r-quantile
set Q',f of f as

0/ =[inf(f > 1}, sup{f <1}], VieR;

here and throughout, inf @ := max/ and sup @ := min/. Also remember that I is closed
and non-degenerate, by convention. As a generalization of (2.1), the (upper) inverse function
f~':R — R associated with f is

FL(1) == sup{f <t} = max Q,f, Vi eR.
Note that f~! is non-decreasing, right-continuous and, on f(I), coincides with the ordinary
inverse of f whenever f is one-to-one. Moreover, (f Hlx) = f(x+) for all x € I; in

particular, therefore, (f~!)~! equals f a.e. on I, and in fact everywhere if f is right-continuous.
A few elementary properties of quantile sets are as follows.

Proposition 3.1 (/2, Lem. 2.7]).. Let  : [ — R be non-decreasing. Then, for every t € R, the
set Q; is a non-empty, compact (possibly one-point) subinterval of I, and f(x) =t whenever
min Q; < x < max Q; ; in particular, Q,f equals { f = t} whenever the latter set is non-empty.
Moreover, the following hold:

(1) Ift < u then x <y for every x € Q,f and every y € Q,’:, and the set Q,f N Q,{ contains
at most one point.

— —1
(ii) Forevery x e  andt € R, x € Q,f ifandonlyifteQ;f .

For any non-decreasing function f : I — R, call x € I a growth point of f if f(y) < f(x)
forall y € I with y < x, or f(y) > f(x) for all y > x; see also [3, p. 97]. Define the growth
set of f as

G’/ = {x € I:x is a growth point of f}.

Thus for example, G+ = supp u for every 1 € P, and {0, 1} € GF+' C I. An elementary
relation between growth and quantile sets follows directly from the definitions.
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Proposition 3.2. Let f : I — R be non-decreasing. Then G/ is a closed subset of I,
non-empty unless f is constant, and G/ U {min I, max I} = U, g {min Qtf, max Q,f}.

Next, we recall a useful terininology from [6]: Given a bounded interval I C R, call a
measurable function f : I — R balanced if

|A({f > 0D =2 f <Oh| < rd{f =0D,

and denote by B/ := {t € R : f—t is balanced} the set of all balanced values of /. To establish
a few basic properties of B/ (in Lemma 3.6), consider the auxiliary function £, : R — R given
by

Le(t) = %(min1+maxl+k({f <th)—rx{f > t})).

The following properties of £, are straightforward to verify.

Proposition 3.3. Let I be a bounded interval and f : I — R a measurable function. Assume
that f is finite a.e. Then the following hold:

(1) £y is non-decreasing;

(ii) For every t € R, £;(t£) = £4(t) + %)\. ({f =t}), and hence Ly is continuous at t if
and only if » {f =1t}) = 0. Moreover, )»({Ej?l <t}NI) = rx{f <t}) as well as
M >0 D =xr(f > 1)

(iii) lim; oo £7(t) = £p(—00) = min I and lim;_, ;o £(t) = £;(+00) = max /;

(iv) If f is non-decreasing then

=50+ f'a-), VieR,

and also
o= 0= o, Gl = fao), Yrel;
W) If f e L"(I) for some 1 <r < 400, then ”Z}l — tHr = ||f —tl, for every t € R.

Example 3.4. Let /I =1 and

3 .

s+ if0<x< _%,
2
3
x—1 ifi<x<l

fx)=

if%§x<

W I—

Here the functions £;, €;' : R — R are given by

%max{t, 0} if t < %, —00 if x <O,

1 . 1 1 . . 2

5 if t =5, _ smin{3x, 1} if0<x < 3,
br(t) = % if ] ? 3 gfl(x): ? 2 :

3 15<l‘<z, Z(3X~|—1) 1f§§)€<1,

$min{r, 1} — 1 ifr >3, +00 if x > 1.

Fig. 1 illustrates that indeed ”E;l —t”r = || f —t||, for all ¢, as asserted by Proposition 3.3(v).

Remark 3.5. By Proposition 3.3(v), minimizing ¢t — || f — |, for f € L"(I) is equivalent
to minimizing ¢ > “E}l — t||r for the monotone function ZJZI. Note also that if f € L"(I) is
non-decreasing then f and E;l coincide a.e., by Proposition 3.3(iv).
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Fig. 1. Graphing f, £, and Z}l of Example 3.4.

Utilizing Propositions 3.1 and 3.3, we now establish a few basic properties of the sets B/
that will be used in the next section.

Lemma 3.6. Let I be a boundezd interval and f : I — R a measurable function. Assume
that f is finite a.e. Then Bf = Q/ Moreover, the following hold:

5 (min 7+max 1)’
(i) For every t € R A({f >1}) > A({f <t}) if t < minB/, and L({f <1}) >
A{f =1} ift > max B/;
(i) A(f~1(BN) =0;
(iii) & ({f < min B/}) = ({f = max B/}).

Proof. For convenience, let & = %(minl + max ), and note that, by definition, Bf =
{t : [£,(1)—&| =< %A({f = t})}. Define a = inf{f; > &}, b = sup{¢; < &}, and hence
[a, b] = ng. It is easy to see that a and b are finite, with a < b, and

bila—) =& <tylat), Ly(b—) =& =Lp(b+),

which implies that a,b € B, by Proposition 3.3(ii). For every t €la, b, £7(t) = &, thus
t € B/, and hence [a, b] C B”. For every t > b, £;(t—) > &, so again by Proposition 3.3(ii),
Lp(t) — & > AA({f = 1}), which implies that ¢ ¢ B/ and A({f < t}) > A({f > t}). Similarly,
t ¢ B and A({f > t}) > M{f < t}) for every t < a. This proves that B/ = [a, b] = Q?,
and also establishes (i). . .

To prove (ii) and (iii), assume that Bl + @, ie., a < b. For every t € B/, Lr(t) = &,
ie, AM{f >t}) =A{f <t}).Hence foralla <t;, <1, <b,

M <nh) =r({f <) =r{f >nh) =2{f >nh=r{f <u}.

Thus A({t} < f < ) = 1({t; < f <n}) =0. Letting #; | a and t, 1 b, properties (ii) and
(iii) immediately follow from the continuity of A. [J

Remark 3.7. If, under the assumptions of Lemma 3.6, the function f is non-decreasing, then
—1
B/ =0}

%(min I+max 1)
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4. Approximating L"-functions by step functions

This section characterizes the best approximations of a given function by step functions.
Two main results (Lemma 4.1 and Theorem 4.3) will be used in Section 5 to identify best
finitely supported approximations of a given probability measure © € P; they may also be
of independent interest. Throughout this section, we assume that the closed, non-degenerate
interval I C R is bounded. (For unbounded /, most statements become either trivial or
meaningless.)

First, we give a result on the best approximation of a monotone function by a (monotone)
step function with a prescribed range and a single jump at a variable location.

Lemma 4.1. Assume that f : [ — R is non-decreasing, and f € L' (I) for some r > 1. Let
a,b € R with a < b. Then the value of

| f = (@Limin 1,61 + DLig max 1) VEel,

r?

L ) . f
is minimal if and only if § € Q%(Hb).

Proof. Given f € L"(I) and a < b, define ¥(§) = || f — (aLminzr.e0 + bLie.max 1) ||, for all
Eel,and let c = %(a + b). Clearly, the function ¥ is non-negative and continuous, and so
attains a minimal value. If £ > f~!(c) then there exists 0 < ¢ < £ — f~!(c) such that f(x) > c
for all x € [§ — ¢, £]. Hence

£

vy —w(ro) = [ s —ar - 15— as
6

= [, (U= = (0 = D) N

£
" /f'l( ->((f(x) —a) = (b= f(x)") Lip<pydx

£ H

> b — a)’l{fzb}dx + (2f(x) —a— b)rl{f<b}dx
§—e §-e

> emin{b —a,2(f(§ —e)—c)} >0,

ie., w(&) > w(f’l(c)). Similarly, ¥ (&) > W(f’l(c)) whenever & < inf{f > c}. Therefore
Y attains its minimal value on the interval [inf{ f=cl f ’l(c)] = Q{ , and the proof will
be complete once it is shown that in fact i is constant on QZ CIf QZ is a singleton, then,

trivially, this is the case. On the other hand, if &, 5 € Q{ with £ < n, then f([§, n]) = {c}, by
Proposition 3.1, and

n n
VY — Y@y = / (1F () = bI" — [ f(x) — al") dx = / (lc = b — |c —al")dx = 0.
3 &
Thus v is constant on Q‘f , as claimed. [

Remark 4.2. The monotonicity of f is essential in Lemma 4.1. To see this, take for instance
I = [0, 5] and the (non-monotone) function f = 16 1o 1y + 8- 1o + 18 - I3 +9 - 1135;.
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For a = 0, b = 24, it is straightforward to verify that || f—24 15 ||r is minimal precisely
for £ € {0,2,5}ifr=1o0orr=2,for§ =5if 1 <r <2, and for & € {0,2} if r > 2. In
general, therefore, the set of minimizers £ is not an interval and may depend on r.

The remainder of this section deals with a problem that is dual to the one addressed by
Lemma 4.1, namely the best approximation of an L"-function f by a step function with
prescribed locations but variable jumps. By considering intervals of constancy individually,
clearly it is enough to consider the approximation of f by a constant function. Remember
that the closed, non-degenerate interval I C R is assumed to be bounded throughout.

Theorem 4.3. Assume that f € L'°(I) for some ro > 1. Then for every 1 < r < ry, there
exists t,f € R such that

IF=</l, <If =1l VieR
Moreover, the following hold:

@1) t,f € [essinf; f, esssup; f1;
Gi) Il f — tlly = Hf - z{”l if and only if € BY;
f

>iii) For 1 < r < ry, the number T,f is unique, and r — T; is continuous.

Proof. Given f € L'0(I), recall that f € L"(I) for every 1 < r < ry, since I is bounded.
Hence the auxiliary function ¢, given by

¢ () =MDV f —tl,, VteR, (4.1)

is well defined and real-valued. Note that limy_, 1 ¢,(f) = +00. Since ¢, is convex, there
exists rrf € R such that ¢r(r,.f ) < ¢,(¢) for all t € R.

It remains to prove assertions (i)—(iii). To establish (i), let b = esssup, f for convenience,
and observe that, for all r > b,

MDY — (b)) = / (= @) = (b= f) )dx = / (t — by dx
1 1

= M)t — b)Y > 0,

hence ¢.(7) > ¢,(b). Similarly, ¢,(r) > ¢,(essinf; f) whenever ¢ < essinf; f. This shows that
t,f € [essinf; f, esssup; f1.
To prove (ii), given ¢ > max B/, pick any u with max B/ < u < t. Then,

KO0 = $160) = [0 =11~ 1£0) = b d
= [ (o= po0= - sw)) a
{f<u}

+ /{ , }(f(x) —t—(f(x) —u))dx

= (¢ —w({f <u) —2{f = uh) >0,
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by Lemma 3.6(i), and so rlf < max B/. Similarly, tlf > min Bf. On the other hand, if
t,u € BY, then

MD(¢1) — 1)) = / (= p@ = (- 1) )ax
{f<min B/}

+/ (1) = ul = | f(x) = t]dx
f- ](B )

L N e
f>max B/}
= (—0((f <minB/Y) —a({f = max B'})) =0

by Lemma 3.6(ii) and (iii). Thus ¢;(¢) is minimal if and only if t € B/.
Regarding (iii), we claim that the number r,f is unique for 1 < r < ry. Trivially, this is true
if f is essentially constant. In any other case, note that ¢, is differentiable w.r.t. ¢, and

¢) d¢> (f) /|f( ) — " 'sgn(r — f(x)) dx

.
= / (r— fx) 'dx — / (f(x) — )y 'dx 4.2)
{f<t} {f>t}

:/ (1 —f(x))”ldx —/ (f(x)—1)'dx
{f <min B/} {f=max B/}

is increasing in ¢. Thus ¢/ is strictly convex, and T unique.

To show that » — t/ is continuous on |1, r¢], pick any 1 < r < rg and any sequence (r,)
in 11, ro] with hmn_)oo = r Given ¢ > 0, by the strict convexity of ¢,, there exists § > 0
such that ¢,(tr +e) > ¢,(1:r )+ 34. On the other hand, lim,_, o ¢, (t) = ¢,(¢) for every ¢t € R,
by the Dominated Convergence Theorem. Hence for all sufficiently large n,

¢, () £ &) > ¢ (x/)+25 and ¢, (/) < ¢, (t)) + 3,
from which it is clear that |r,],: - r,f| < ¢. Since ¢ > 0 was arbitrary, r — t,f is continuous. [

For monotone functions, Theorem 4.3 takes a particularly simple form.

Corollary 4.4. Assume that f : I — R is non-decreasing, and f € L'0(I) for some ry > 1.
Then for every 1 <r < r, there exists t,f € R such that

lf=<|, <lf—tl.. VieR.
Moreover, the following hold:

() ©/ € [f(minI+), f(maxl N i
i) If =1l = 11f =< lli if and only if 1 € Qf(mm,m,)
f /o

(iii) For 1 < r <ry, the number T/ is unique and r > T/ is continuous.
Remark 4.5. (i) If f € L*(I) then simply er = ﬁ [, f(x)dx.

(ii) For r = 1, Corollary 4.4 immediately yields Lemma 4.1. Indeed, under the assumptions
of the latter, f~! lla.6] € L'([a, b)), and | f — (@dimin 1,61 + b1ig, max 1) |11 is minimal if and only

-1
if || f 0.5y — &|l1 is minimal. By Corollary 4.4, this is the case precisely if & € Ql( b with

g = f .6y, which by Proposition 3.1 is equivalent to & € Qf(aer)
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Given r > 1, the number t,f depends on f in a monotone and continuous way, as the
following two simple observations show.

Proposition 4.6. Assume that f, g € L"(I) for some r > 1, and f < g. Then t,f < tf, and
rrf =1% ifand only if f = g a.e.

Lemma 4.7. Assume that f, f, € L'°(I) for some ro > 1 and all n € N. If lim,_. f = f
in L"0(I), then lim,_, t,f" = r,f locally uniformly on 11, ro].

Proof. Since f, — f in L'(/) and I is bounded, sup,y Il full,, < 00 and, for all r € ]1, ro]
and n € N,

B

=D < a7 fr =

< 22D fullr < 20D YN Fullg s

A 1l

by Holder’s inequality. This shows that (r,f ") is uniformly bounded on ]1, r¢].

Fix any 1 < s < rg. To prove that lim,_, =1 uniformly on [s, o], suppose by way
of contradiction that there exists &y > 0, a sequence (r;) in [s, ro] and an increasing sequence
(n;) in N such that
fa

f_
LA

> &0, V]GN

. I
Assume w.o.l.g. that r; — r* and, by the uniform boundedness of (r,f”), r,j’ — 1" e R.
;

Since r — 1/ is continuous at r*, it follows that
|rr’i —1* > g. (4.3)
On the other hand,
fuj fuj ;
f_Tr_/ - §||f_fnj“r,+ fnj_‘crj . S ||f—f”j||r/-+ fﬂj_ri;j
J ! J

T

9
rj

<2f = ful, +|r -

and letting j — oo yields, || f — t¥|,« < Hf — tr]; since (r,t) — || f — t||, is continuous.
rE

By Theorem 4.3(iii), t* = rr’;, which clearly contradicts (4.3). [

Remark 4.8. In Lemma 4.7, the convergence t; LN rrf “in general is not uniform on ]1, 7p].

To see this, take for example I = [0, 2] and f, = 2-1j145-n 5 for all n € N. With f = 21y 2,
clearly, f, f, € L*(I) and lim,_, f, = f in L"(I) for every r > 1. Still, lim, |, r,f" = 0 for
every n, whereas t,f =1forallr > 1.

Note that if f : I — R is affine, i.e., f(x) = ax + b for all x € I and the appropriate

a,b € R, then r,f = f(%(minl + max I)) for all » > 1. In this context, Lemma 4.7 can be
given a slightly stronger, quantitative form.

Proposition 4.9. Assume that f : I — R is measurable, and let & = %(minl + max [). If,
for some a, b, c € R,
[f(x)—(ax +D)| <clx—§|, Vxel,

then f € L*(I), and r,f - f(E)‘ < %ck(])for every r > 1.
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4 —
i f(x) 1y
)3\ } } lg lAk
T 3 rf
I=10,8] OJ ——
1 5

Fig. 2. For the (non-decreasing) function f = (—4)-1jo,1{ + 4 - 1;5,8) the value of r,.f depends non-monotonically
on r; see Example 4.10().

The remainder of this section studies how, given f, the number r,f ' depends on r. First, this
dependence is illustrated by an example, where for simplicity f € L°(/) is a non-decreasing
step function.

Example 4.10. Let 7 = [0, 8].
(i) Consider the function f = (—4) - 1j0,1f + 4 - 1;5.3), for which Bl = {0}, and clearly
0< t,f < 4 for every r > 1. By (4.2),

() +4 4y =34 -y, (4.4)

and using (4.4), it is readily deduced that ‘L'i]; = lim, rrf = 0, but also ‘Cg; =1lim, 4 rrf =
0. On the other hand, rzf = 1, and hence r — 7/ is non-monotone; see Fig. 2. Note that in
order for r — t,f to be non-monotone, a step function f has to attain at least three different
values.

(ii) Consider the function f = (—a)ljo,1; +(—1)- 11 41 + 114,51 + b1s ) with real parameters
a,b > 1. In this case, Bf =[—1, 1], and (4.2) yields, for every r > 1,

o/ +a)y ' 43 ) ==Y 43— /)

f

from which it is straightforward to deduce that ;_

exists and equals the unique real root of
2ap(T) = Bb+a+41> =3(b* +b—a— D>+ (B’ +3b*+3a+ 1)t —b’+a =0. (4.5)

Given T € ]—1, [, note that lim,_, { o g,5(t) = +00 for every b > 1, and lim;_, 4 g4.5(7) =
—oo for every a > 1. By the Intermediate Value Theorem, there exists a = a(t), b = b(1)
such that g; 7(v) = 0. Since the real root of (4.5) is unique, tlf + = 7. This shows that with
a,b > 1 chosen appropriately, rlf + can have any value in ]—1, 1[. Note that, similarly to (i),
fo_ 1

T = 5(b —a).

As seen in Example 4.10, the number ! may depend on 7 in a non-monotone way. In both
cases considered, however, the limits tii = lim, |, r,f and ‘CC‘; = lim,_ r,f exist. Also, by
modifying Example 4.10(ii) appropriately, it is clear that, given any compact interval J C R



C. Xu and A. Berger / Journal of Approximation Theory 244 (2019) 1-36 13

and any T € J, one can find f € L>(I) with B/ = J and rlf+ = 1. In fact, one can choose f
to be a non-decreasing step function.
This section concludes with a demonstration that, just as in Example 4.10, Tii exists always

(Theorem 4.11), whereas, unlike in Example 4.10, ro]; may not exist (Example 4.15).
Theorem 4.11. Assume that f € L"™(I) for some ry > 1. Then tler exists, and Tif;r € BY.

Proof. We first show that
liminf, 7/, limsup, /1 C B, (4.6)
and then that lim, ; t,f exists. For any 1 < r < ry, let ¢, be defined as in (4.1). Recall that ¢,
is convex, and r — ¢,(¢) is continuous and non-decreasing for any ¢t € R. Assume that r,, | 1
with 1:,£ — 1. Then ¢, (r,£> < ¢, (r,{i) < ¢, (1), and hence ¢(r) = lim,_, o @1 (r,£> <
lim, o @y, (1) = ¢1(¢). Since t € R was arbitrary, Theorem 4.3(ii) yields © € B/, which in
turn establishes (4.6).
It remains to show that lim, rrf exists, which is non-trivial only if B7 is non-degenerate.

In this case, define ¥ : Bf — R as
20 :/ log(r — £(x)) dx —/ log(f(x)—1)dx, Vi e B.
(£ <min Bf) (f>max Bf)

Note that ¥ is well-defined and continuous. Moreover, if 7, u € BY with ¢ < u then, as B/ #1,

= f(x) / fx)—u
U(t) — U(u) — log————d I
© @ /{f<min3f} 8= JFx) rr {fzmax B/} * fo)—t

M) dey (1)
r dr

dx <0,

showing that ¥ is increasing. By (4.2), t — is a real-valued increasing function. To
compare the latter to ¥, notice the elementary inequality

V' —1—(@—=Dlogy| <@ -1 vy>0,1<r<2. .7)

With Lemma 3.6 and (4.7), for any fixed 0 < & < min{l, 1A(B/)}, there exists C; > 0 such
that

M) dor (¢
Q@-(;»—l)@(t) <C,r—17>% V1<r<2,te[minB/+e max B/ —¢].

r d
4.8)
Since ¥ is increasing, three cases may be distinguished:

(i) ¥(r) = 0 for a unique T € B/. Pick & > 0 so that min B/ +& < t < max B/ —&. Then
for every § > 0, (4.8) implies %(r +38) > 0 and %(t —8) < 0 for all » > 1 sufficiently
small. It follows that rrf € [t — 4§, 1+ 4] for all r > 1 sufficiently small, and since § > 0 was
arbitrary, lim, ; r,f =T.

(i) ¥(r) > 0 for all T € B/. Similarly to case (i), for every § > 0, (4.8) yields
%(min B/ +8) > 0 for all » > 1 sufficiently small. This implies that t,f < min B/ + § for
all r > 1 sufficiently small and hence lim sup, i r,f < min B/ By (4.6), lim, ;; r,f = min B”.

(iii) ¥(r) < O for all T € B/. This case is completely analogous to (ii), with lim, 1 r,f =
max Bf. O
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Corollary 4.12. Assume that f1 : I — R is non-decreasing, and f € L"(I) for some roy > 1.
#

Then t{, exi 4 :
hen t{__ exists, and T, € Q%(minHmax h

Recall that in Example 4.10 the limit L also exists. This is a consequence of the fact that
f is bounded, together with the following simple observation.

Theorem 4.13.  Assume that f € ﬂrzl L'(D. If f= € L) or f+ € L*(I), then
lim,_ ;o t,f = %(essinf,f + esssup; f).

Proof. Let f be non-constant (otherwise, r > t,f s constant, too), and assume that
f~ € L¥(1), that is, essinf; f > —o0. (The case f* € L>(I) is completely analogous.) Let
u= %(essinf, f+esssup; f) for convenience, fix any essinf; f < ¢ < u, and let § = r—essinf; f.
For t < ¢, note that T — essinf; f < § and A({f > t 4+ §}) > 0, and hence, with (4.2),

r r—1 r—1
A() d¢,(T):/ (r—f(x)) dr — (f(x)—f) d
o=t de (<o) 8 VAN

: r—1 r—1
- A(})(r—essmf;f) _/' (f(x)—t) dx
8 (Fzr+8) 8
_/ (f(x) - r)"l W
fr=f<t+8) 8
T —essinf; £\ !
SMD(T) —M{f=t+8) <0,

for all sufficiently large r. Thus liminf,_, | rrf > 7, and since ¢t and T < t were arbitrary,
liminf,_, rrf > u. A similar argument shows limsup, _, r,f <u. O

Corollary 4.14. If f € ﬂrzl L"(I) is non-decreasing and either f(minl+) > —oo or
f(max [—) < 400, then lim,_, 4 1:,f = %(f(min I+) + f(max I—)).

The final example shows that, unlike in Example 4.10, lim,_ 4o r,f may not exist if f is
unbounded.

Example 4.15. Consider the function f : I — R given by

f= =",

n=0
where [ = U;o:o I,, and Iy, I;, --- are pairwise disjoint, contiguous half-open intervals,
with ) to the right of Iy, and generally /,,,; immediately to the right of I,,_, as well

as Iy, immediately to the left of I,. (Clearly, f is non-decreasing on [/.) The lengths
An = AI,) > 0 will be determined by induction shortly, subject to the requirement that
Ayl < %An for all n > 0. Thus [ is a non-degenerate, closed interval of length ano A < 2X,
and f € (),-; L"(I) but clearly f ¢ L°°(I). For each N € N, let fy = Zfl\lzo 2n(—1)""'1,,
and note that lim,_ o 7/¥ = (—1)¥~1, by Theorem 4.13. Moreover,

I fve1r — fullr = 2(N + 1))»}\,/:_1, Vr>1, N eN. 4.9
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Let Ao = 1, rp = 1, and assume that Ay, Ap,...,Ay with A, < %)L,,_] as well as
ro <r < --- < ry withr, > max{r,_1,n + 1} for n = 1,..., N have been chosen in
such a way that, for every 1 <n < N,

|rrf;" — (=1 <22 Vi<j<n. (4.10)

For N = 1, clearly such a choice is possible. By Lemma 4.7 and (4.9), choosing Ay41 < Lon
sufficiently small guarantees that

|TrfN+1 _ .CrfN| <27NED e e [y, rad,
and consequently
|‘Er€N+1 (=1 < |Trj_;N+] _ T;’;N| 4 |-Cr.CN — (=17
<2 WD ol g N _pl=i _p=(NHD i N,

Also, choose ry+1 > max{ry, N + 2} such that |7/¥*" — (=1)V| < 2=¥+D_ Thus (4.10) holds

'N+1
for n = N +1, and in fact for all n € N, by induction. Furthermore, note that, given any r > 1,

1/r 1/r
I fv — fll, = (Z(Zn)")»,,) < 2k(1)/r (Z n’2_”> — 0 as N — oo,
n>N n>N

and so in particular limy_ || fxv — f||r/. = 0 for every j € N. By Lemma 4.7, |r,J;N — rrj;| <
27/ for all sufficiently large N, which, together with (4.10), yields |7/ — (=1)/~!| < 3.2/
Since j € N was arbitrary and r; 1 +oo, this shows that liminf,_ r,f < —1 and
limsup,_, |, r,f > 1. On the other hand, using (4.2), it is readily confirmed that t% lf—zl. >0
for t = +£1 and all r > 1, and consequently |r,f| < 1. Thus liminf,_, | rrf = —1 and
limsup, _, , =1

By modifying Example 4.15 appropriately, it is straightforward to establish

Proposition 4.16. Given any (bounded) interval I C R and numbers —oo < a < b < +00,
there exists a non-decreasing function f € ﬂ,zl L"(I) such that liminf,_, | - r,f = a and

limsup, _, , i/ =b.

5. Best constrained approximations

In this section, we apply results established in previous sections, notably Lemma 4.1 and
Theorem 4.3, to investigate best constrained approximations of u € P,, i.e., approximations
of w by finitely supported probabilities for which either locations (Section 5.1) or weights
(Section 5.2) are prescribed. We establish existence of best constrained approximations and
study their behaviour as the number of atoms goes to infinity. Finally, in Section 5.3 we relate
these results to the classical theory of best (unconstrained) approximations. The main results
of this section are Theorems 5.1, 5.5, 5.15, 5.20, 5.21 and 5.33.

First, we fix a few notations specific to this section. Given n € N, let 5, = {x € R" :
xi <~ <xy,yand I, ={peR": p; >0, > !, p; = 1}. For any X € Z,, the conventions
X9 = —oo and x,4 = +oo are adopted, and for any p € II,, let P; = Z’j:l pj,i=0,1,...,m;
note that Py = 0 and P, = 1. Given x € 5, and p € II,, let 8P = Z?:l pidy,; . Throughout,
usage of the symbol 8% tacitly assumes that x € 5,, p € II,, with n € N either specified
explicitly or else clear from the context.
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5.1. Best approximations with prescribed locations

Let & € P, for some r > 1, and n € N. Given x € 5, call 8% with p € I, a best
r-approximation of u, given X if

(8%, ) < d, (3%, ), Vg eI,

Denote by 8¢ any (possibly not unique) best r-approximation of w, given x. (Note that é; also
depends on r. In the interest of readability, this dependence is made explicit by a subscript
only when necessary to avoid ambiguities.)

The existence of best r-approximations with prescribed locations can be established using
the results of Sections 3 and 4.

Theorem 5.1. Assume that u € P, for some r > 1, and n € N. For every X € =, there
exists a best r-approximation of u, given X. Moreover, d, (8}: , /L) =d, (6; , u) with p € II, if
and only if, for everyi =1,...,n,

—1
Fy

X; < Xx;41 implies P; € . 5.1
i i+1 tmp i Q%(xi""XH»I) 5.1
. Fl! .
Proof. For convenience, let A; = Q ,’(‘ - for 0 <i < n; note that Ay = [—00,0], A, =
7 X TXi41

[1, 400], and every A; is a compact (possibly one-point) interval, by Proposition 3.1. Since
the theorem trivially is correct for n = 1, henceforth assume n > 2. We first establish (5.1), as
the asserted existence of best r-approximations will follow directly from it.

Labelling x € 5, as

Xighl = " = Xip < Xjj41 =" =Xy < Xjpg1 =+ < <X 41 = =%, (5.2)

with integers J < ij <n for 1l < j <m < n,and iy = 0, i,, = n, note first that

d. (8%, n) = d,(8£, ), whereX € 5, and p € II,,, with X ; = Xijs and Fj = Pij forl < j<m.
J— —1 ’
Moreover, (5.1) reduces to P; € QT‘(‘ - )for all 1 < j < m—1. To establish (5.1), therefore,
A j+1

it can be assumed w.o.l.g. that x; <2 )Cj[Jr]]fOI' all 7.

To prove that (5.1) is necessary, let 8% be a best r-approximation of i, given x. Given any
I <i<n-—1,letp e ll,satisfy p; = p; forall j #i,i+1,and 0 < p; < p; + pi11. Note
that P,_1 < P; < Py

If P,_y < Piy, then d, (82, 1) < d, (5,?, u) implies

I fi = Gidipy pp + X e p DI < i = Gl B+ X L5 p DI

with f; = FM_l Py, Pryq1- Since 13; € [P;_1, P;+1] was arbitrary, Lemma 4.1 and Proposition 3.1

: : Ji A

yield P; € Q%(x,-+xi+1) = A;.
If P,_y = Py, let i~ and it be the minimum and maximum, respectively, of the (non-
empty) set {0 < j<n: Pj=P}.Clearly, 0<i~ <i—1,i+1<i" <n,andit —i~ >2.
Assume first that i~ = 0, in which case it <n — 1 and P, = P+ = 0. Lemma 4.1, applied

to f;+ yields O € A;+. Recall that A; C I and max A; < min A;+, by Proposition 3.1. Thus
0 <minA; < minA;+ < 0, and hence 0 = P; € A;. By a completely analogous argument,
the case of i™ = n, where i~ > 1 and P, = P,- = 1, leads to 1 = P; € A;. Finally, assume
that 1 <i~ < it <n — 1. In this case, Lemma 4.1, applied to f;- and f;+ yields P;- € A;-
and P+ € A;+, respectively. Thus P; = P,- = P+ € A;- N A;+. Since j — %(xj + Xj41) s
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increasing, Proposition 3.1 implies that A; = {P;}, and hence trivially P; € A;. This completes
the proof that (5.1) holds whenever d.(8%, ) is minimal, i.e., (5.1) is necessary.

_ To see that (5.1) also is sufficient, let p € I, satisfy (5.1) and consider P € II, with
P; = max A; for all i. As d,(8%, i) then has the same value for every p satisfying (5.1), clearly,
it is quugh to show that d, (8%, w) =d, (8P, w). To see the latter, note that by Proposition 3. l(i~),
P, <P <P, foralll <i <n-—1,and |x; — FM‘I(I)| = |xXj41 — FM‘I(I)| forall P, <t < P;.
Consequently,

n P; ,
d, (8%, 1) = Z/ lxi — F )] dr

i=1 v Pi-1

n Py p P; ,
= Z (/P |xi — F, ' (0)] dt +/~ |xi — F, @) dt)

i=1 i—1 i—1

n Py P P; .
= Z (fP |xict — 7 @) dt+/~ lxi — F, ' (0)] dt)

i=1 -1 Pi_j

n P; , P; .
= Z (/P |xi — F,'(1)] dt+/; lxi — F @) dt)

i=1 i i—1

n Fl B
= Zﬁ |xi — F,Z‘(t)\’dt =d, (8P, ).
i=1 Y Pi-1

As indicated earlier, the asserted existence of a best r-approximation of u, given x, is a direct
consequence of (5.1). Indeed, when x € =, is written as in (5.2), Proposition 3.1(i) guarantees
that the m intervals A; _y, Aj,—1,..., Aj,—1 C I are arranged in such a way that t < u for

allr € A,-j._l and u € Ai_/+1—1~ It is possible, therefore, to choose p € I, satisfying (5.1). O

Given i € P, and x,, € =, for all n, it is natural to ask whether d,(8;n, n) — 0asn — oo.
The following example illustrates that this may or may not be the case.

Example 5.2. Let u be the standard exponential distribution with F,(x) = 1 — e™* for
all x > 0. Note that u € ﬂr>] P.. Given x,, = (1,2, ...,n)/+/n € 5,, Theorem 5.1 yields a
unique best r-approximation of j, namely, 8% with P,; = Fu(zz"—jﬁl) = 1—e @+D/QVM for | <
i <n—1.1Itis readily confirmed that lim, .o v/nd, (8} , 1) = %(r + 1)~V for every r > 1; in
particular, therefore, lim,_, d,(é,l::, ©) = 0. By contrast, consider y, = (0,2,...,2n —2) €
=, for which lim,,_, o dr(S;n, w) =d. (v, n) >0 with v = (1 —e 18y + 2sinh 1 Zﬁl e 8.
Note that while every point in supp u = [0, 4-00] is the limit of an appropriate sequence (x,, ;, ),
this clearly is not the case for (y,).

As Example 5.2 suggests, a condition has to be imposed on (x,), with x,, € =, for all n, in
order to guarantee that lim,_, o d,(z?;n, w) = 0.

Theorem 5.3. Assume that u € P, for some r > 1, and X, € =, for every n € N. Then
lim,— oo d,(c‘i;n, w) = 0 if and only if

lim min |x —x,;| =0, VxeRNsupp u. (5.3)

n—oo 1<i<n

In particular, (5.3) holds whenever

lim (F(x,,1) + | max ](x,,,,'H —xni)+ 1= Fu(xp0) =0.

n—o00
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Proof. For convenience, let P,; = FM(%(xnﬁi + xn,i+1)) foralln €e Nand 0 < i < n, as
wellas A =T\ {P,; : n €N, 0 <i <n}and f, = Fgp:. Note that |F () = x4l =
minj <<, |Fl:1(t) — X, j| whenever P,;_; <t < P,;, and hence

E 0= £ 0O = min |FN0 = xal V€ A (5.4)

We first show that (5.3) is necessary. To see this, assume that (5.3) fails. Then, with the
appropriate ¢ > 0, x € supp pu and sequence (7y),

min |x — X, ;| > 2¢, VkeN.
1<i<ny

Since f, is constant on [x — &, x 4 ¢] whereas F), is not,
x+te

iy, 1) = di (00", 1) > miﬂg/ |Fu(y) —c|dy >0, VkeN,
ce

X—&
and so limsup,_, ., d,(é5 , 1) > 0 as well.

To see that (5.3) also is sufficient, note first that if F/:1 is continuous at r+ € A, then
F;'(t) € supp u, and hence f,”'(t) — F,'(1), by (5.4). Since F,;' is monotone, f,~! — F!
a.e. on . If supp u is bounded then fn‘1 — F M‘l in L"(I), by the Dominated Convergence
Theorem, i.e., lim,_, o d, (8P” ) 0, and thus lim,_,  d, (8; , M) = 0. If, on the other
hand, supp  is unbounded, then, given any & > 0, choose v € P with bounded support and
d.(u,v) < €. Then d, (S'n, w) <d, (8 ,,u) < d, (8 , V) +d (v, u), where S'n denotes a best
r-approximation of v, given x,. By the above lim supn_>Oo d, (85, 1) < ¢, and since & > 0 was
arbitrary, lim, oo d, (85 , ) =0. [

Example 5.4. Let u be the Beta(2, 1) distribution, i.e., F,(x) = x? for all x € I, and consider
X, = (1,V/2,...,/n)//n € 5,. By Theorem 5.3, lim, o d, (8, , 1) = 0 for every r>1.
Unlike in Example 5.2, however, the rate of convergence depends on r: With o, = 5 Ly 1L
and the appropriate 0 < C, < 400,

max{ 2 ,r}

lim n%d, (85, 1) =

n—00

whenever r ;é 2, whereas

lim
n—o0o 10g

1
d ’
2(xn u) = 4\/—

Thus (d,(S;n, ,u)) decays like (n=*") and (n‘l‘/log n) if r # 2 and r = 2, respectively.

5.2. Best approximations with prescribed weights

Let w € P, for some r > 1, and n € N. Given p € II,, call S? with x € =, a best
r-approximation of u, given p if

d.(8%, ) <d.(8%, ), Vye5,.

Denote by 8% any best r-approximation of 1, given p. (Again in the interest of readability, the
r-dependence of 85 is made explicit by a subscript only when necessary to avoid ambiguity.)
An important special case of p € I, is the uniform probability vector u, = (1, ..., 1)/n. Best
r-approximations of u, given u,, will be referred to as best uniform r-approximations, and
denoted 8. As in the case of prescribed locations studied in Section 5.1, the existence of best
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r-approximations with prescribed weights follows from results in Sections 3 and 4. Due to the
nature of (2.2), the proof of the following theorem even is simpler than that of its counterpart,
Theorem 5.1.

Theorem 5.5. Assume that i € P, for some r > 1, and n € N. For every p € II,, there
exists a best r-approximation of |1, given p. Moreover, d; (8,’3 , ,u) =d (8? , /L) if and only if,
for every i =1, n,

P;_; < P; implies x; € QI(PL (4P’ (5.5
and for r > 1, d, (8,13,,u) =d, (8?, ) if and only if, for everyi =1,...,n,

L fi F-l
P,_ < P; implies x; =11, where f; = |[Pi-1,Pi]' (5.6)
Proof. As in the proof of Theorem 5.1, existence follows immediately, once (5.5) and (5.6)

are established. Labelling P as
P:: i171<P'l="': i271<Pi2:"'<"'<P'

] Im—1 —

- P

I1171

with integers j < i; <n+1forl < j <m < n,and iy = 0, i,, = n + 1, note that

d; (3% 1) = dy (8% 1), where X € 5, and B € II,,, with ¥; = x;,, and P; = P, for

1 < j < m. Moreover, (5.5) reduces to x; € Ql(P 7)) for all 1 < j < m, whereas (5.6)
2\j—1

reduces to X; = t,fj with f; = Fﬂ’li Thus, to establish (5.5) and (5.6), it can be

[Pj_1,P;1
assumed w.o.l.g. that P,_; < P; for all i.
Given p € II,, it is clear from d,(8%, n)" = I, llx; — f:|I/ that d,(8%, ) is minimal if

and only 1f ||x, fill- is minimal for every i. By Corollary 4.4, the latter is the case precisely

1fx,eQ] —QI forr_landlfx,_r, forr >1. O

(Pl 1+F) z(Pt 1+P)

Remark 5.6. (i) For r = 1 and p = u,, Theorem 5.5 reduces to [2, Theorem 2.8]. In particular,
1 Z, . F 121 is a best uniform 1-approximation of u € P;. For n = 1, (5.5) yields the
well known fact that d,(8,, ) is minimal if and only if a € R is a median of u.

(i) For r = 2, if u € P, and p € I, with p; > O for all i, then by Remark 4.5(1), the
unique best 2-approximation of y, given p, is 8% with x; = p;° ! / }: i_l F,; I(t)dt. In particular,

d»(8,, /) is minimal precisely for a = fo ~1(¢)dr.

"
Example 5.7. Given u € P, and p € II,, Theorem 5.5 can also be utilized to minimize
d,(Zl’.l=1 Didy,;, ) where x € R” but not necessarily x € &,. For instance, with u = Beta(2, 1)
as in Example 5.4 and p = (2/3,1/3) as well as q = (1/3,2/3), forr =1,

88 =381, 5+ 3057 01 =3815+ 38,05
Since d; (88, w) ~ 0.12154 > d,(84, 1) =~ 0.10677, it follows, that ming > d1(§5x1+%5xz, n) =
dy(8d, ). In general, this minimizing problem can be solved by applying Theorem 5.5 to
(Poq1)s - -» Po@y) € 1I, for all permutations o of {1, ..., n}. The permutations yielding the
minimal value may depend on r. Often, not all n! permutations o have to be considered.
For instance, if F;; ! is concave on 10, 1[ as in the above example, then only the (unique)
non-decreasing rearrangement of p is relevant.
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Given u € P, and p, € 11, for all n, it is natural to ask whether d.(8%", u) = 0 as n — oo.
As in the dual situation of Section 5.1, this may or may not be the case, as illustrated by the
following example.

Example 5.8. Consider again the exponential distribution p of Example 5.2. By (5.5), the
unique best uniform 1-approximation of w is 8y with x,; = F 1(2’2_1 for

everyn e Nand 1 <i <n, and

_ 2n
= log 557

- 2i —1 2n)! 1
u, — / — —
nd, (8%, ) = 221 log 5 + log ot = 1 logn + O() as n — 00.
By Remark 5.6(ii), the best uniform 2-approximation of y is unique, namely dy" with y,; =
i/n 1 _ en(n — i)™
nf(i_l)/n F'(1)dr =log FIESTEEE and
n—1

)2—C2+(’)(n Y asn — oo,

V(8 ) = | n = it +1)(log -
i=1
where C3 = 1 + ) 0, (1 —i(i + 1) (log li—1)2> ~ 1.0803. In fact, it can be shown that
lim, oo n'/"d, (8%, u) = C, whenever r > 1, with the appropriate 0 < C, < +4o0. Thus
d,(8%, u) — 0 as n — oo, but the rate of convergence ev1dently depends on r, and is
slower than (n~"). By contrast, consider p, € I, with p,; = 2,1 T for 1 < i < n. Then
lim, 00 d, (83", ) = dp (v, ) > O with v = Y22, 2775, , and @; = F'@3-27"Yifr =1and
Fillosi ity
P L T
Example 5.8 suggests a simple condition that may be imposed on (p,), with p, € I, for
every n, in order to guarantee that lim,,_, o, d, %, ) = 0. The following result is a counterpart
of Theorem 5.3. Due to the nature of (2.2), the proof is similar but not identical; recall that

GFie' 1 for every p € P.

Theorem 5.9. Assume that u € P, for some r > 1, and p, € II, for every n € N. Then
lim, _ oo d, (85", v) = 0 if and only if

lim min | — P,;| =0, Y¥re G, (5.7)

n—o00 1<i<n

In particular, (5.7) holds whenever lim,_, oo max<j<n pn.i = 0.

Proof. For every n € N, let 85" be a best r-approximation of yx, given p,, and also f, = 5o
for convenience.
To see that (5.7) is necessary, suppose that
min |t— ,,k,| >2e, VkeN,

1<i<nj

forsome 0 <t < 1, 0 < ¢ < min{z, 1 —¢}, and the appropriate sequence (n;). (The other cases,
t =0 and ¢ = 1, are analogous.) Since fn’k1 is constant on [t — &, t + €] whereas FM’1 is not,

x"k

t+e
dy (82" 1) = d(8%¢, W = min / Fi) —cl'du >0, keN,
ce t—e

and hence limsup,_, ., d,(8", ) > 0.
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To show that (5.7) also is sufficient, assume that  is a continuity point of F,;'. If 1 € GF'
then, given ¢ > 0, there exist ¢, 1, € GFIII with |F,;1(t1’2) — F,;l(t)| < ceandeithert <t <1
or t] < tp < t. Assume w.o.l.g. that r < #; < f,. (The other case is similar.) By (5.7),
t < Py, < Pui+1 < n for all sufficiently large n and the appropriate 1 < i, < n.
Since f, ! is constant on [P,;,, Pyi,+1] with a value between F;l(Pn,in) > Fljl(t) and
F ' (Puiys1) < F ') + &, clearly f,'(t) — F;'(t). If, on the other hand, ¢ ¢ GFe',
then let Ja, b[ C 1 be the largest interval that contains ¢z but is disjoint from Gfw 1. Assume
w.olg that 0 < a < b < 1. (The cases a = 0 and b = 1 are analogous.) Then
a.b € GFi'. Given ¢ > 0, since FM_1 — Fl:'(t) e L7(D), there exists § > 0 such that
fA |F/:1(u)— F;l(t)|rdu < & whenever A(A) < 6. Leti, = min{l < j <n: P,; > t}.
Note that P,;,—1 < t < Pu,. If a < Pyjo1 < Puy, < b, then f,7'(t) = F'(t). If
Pn,i,,—l <a, then |Pn,i,l—1 - a| = minlSiSn |a - Pn,i'a max{br Pn,i,,} - b =< minlsign |b - Pn,i|9
and (a — Py i,—1) + max{b, P,;,} — b < § for all sufficiently large n, by (5.7). Hence

Py

@-alr -5 or < [ E w - g o

Pn,infl

Pn,in
< / F7\ ) — F7 ) du
Pyin—1

:/a |F 7 w) — F (o)) du

Py

Lin—1
max{b, Py ;, }
+/ |F ) — FN @) du < e
b

For P,;, > b, an analogous argument applies. In summary, ! — F; "ae. on I, and the
remaining argument is identical to the one in the proof of Theorem 5.3. [

Since 8% is a best approximation of y € P, w.r.t. the metric d,, given weights p, it is natural
to ask whether 8% reflects any basic feature of . Most basically perhaps, how is supp &b
related to supp w ? As the following example shows, it may not be possible to guarantee
supp 8% C supp f.
log2

Example 5.10. Let  be the Cantor probability measure, i.e., the @-dimensional Hausdorff

measure on the classical Cantor middle third set. Using the fact that Q,F " is a non-degenerate
interval for every dyadic rational 0 < ¢ < 1, it is readily seen that §J" is not unique for any
n € N whenever r = 1. For instance, %(81/5 + 84/5) and %(81/9 + 8g/9) both are best uniform
1-approximations of p, and {1/5,4/5} N supp © = @& whereas {1/9,8/9} C supp w. For
r > 1, however, ¥ always is unique. In fact, 8.2 even is independent of r > 1, due to
symmetry, and supp 8.2 N supp u = @. For example, 8,2 = %(81/6 + 85/6) for all r > 1, and
{1/6,5/6} N supp u = @.

To formalize the observations in Example 5.10, note that if 8y is a best 1-approximation

of u, given p € II,, then, by Theorem 5.5, x; € QT’(‘P P whenever P;_; < P;. Since the
2(Pi—1+P;

endpoints of all quantile sets Qf“ belong to supp u, by Proposition 3.2, it is possible to choose
y € 5, with dy(8}, ) = dy(8%, ) and supp 8y C supp w. Similarly, if » > 1, then x; = 7

with f; = FM‘l }[PH!P[], and consequently x; € [FM‘I(Pi_l), FM“(P,-—)]. By Corollary 4.4(i), it
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follows that
min supp U = FM_I(PO—i—) <ux < FM_I(PH—) =max supp u, Vi=1,...,n.
This establishes

Proposition 5.11.  Assume that w € P, for some r > 1, and n € N. If r = 1 or
supp w is connected, then there exists a best r-approximation 8% of w, given p € II,, with

supp 8% C supp L.
Among the best approximations of u, given p € II,, the case of uniform approximations,

ie., p = u,, arguably is the most important. In this case, Theorem 5.9 has the following
corollary; see also [25, Thm.2].

Corollary 5.12.  Assume that © € P, for some r > 1, and 1 < s < r. For every
n € N, let §Jn be a best uniform s-approximation of w. Then lim, o d,(83%, u) = 0. In
particular, 1im, o0 d, (85", 1) = 0 for x,; = FM’I(Z’Z;I), i.e, for 8" being one best uniform
1-approximation of .

Despite its simplicity, Corollary 5.12 touches upon a recurring theme and motivation of
the present article, namely the surprising versatility of best uniform 1-approximations: Not
only are they easy to compute (by virtue of Theorem 5.5) and hence preferable for practical
computations, but they also provide reasonably good uniform d,-approximations. In fact,
beyond what Corollary 5.12 asserts, they often even capture the precise rate of convergence of
(d (82", w)); see, e.g., Example 5.18, and the discussion following Proposition 5.27.

Remark 5.13. For r = s = 2, Corollary 5.12 yields [1, Thm. 3.6]. In [1], a convex order
on P is considered, shown to be preserved by best uniform 2-approximations, and applied to
the numerical construction of martingales. We conjecture that best uniform r-approximations
preserve this order for all » > 1. By contrast, best (unconstrained) 2-approximations, considered
in Section 5.3, do not in general preserve the convex order; see [1, Thm.2.1].

The remainder of this subsection is devoted to a study of d,(6¥", u) as n — oo. Since
best uniform r-approximations may be hard to identify explicitly, we will also consider
asymptotically best uniform r-approximations. Formally, (§¢") with x, € =, foralln € N is a
sequence of asymptotically best uniform r-approximations of u € P, \ {8;” cieN, xe E,}
if

d, (8% 1)
m ———" =
n—c0 d, (83", 1)
To illustrate a possible behaviour of (d,((S:‘”, /,L)), as well as the practical relevance of
asymptotically best uniform approximations, we first consider a simple example.

Example 5.14. Let u = Beta(2, 1) as in Example 5.4. Theorem 5.5 yields a unique best
uniform r-approximation of u for every r > 1. For r = 1, a short calculation shows that

1
ndi(8", ) = 7 + Om™'?) asn— oo,
whereas for r = 2,

1
nd,(8%, u) = ——=+/logn + O(1) as n — oo.
2 M 43 g
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For 1 < r < 2, however, §)" is not easy to calculate explicitly. This not only makes the
rate of convergence of (d,(é:‘", ,u)) hard to determine, but it also emphasizes the need for
simple asymptotically best uniform approximations. In fact, Theorem 5.15 shows that, for every

. 1-2r \ /7 .
1 <r <2, lim,_qnd (8%, u) = ((EDT) . and (8%"), with x,,; = /%=L for 1 <i <n,
is a sequence of asymptotically best uniform r-approximations. By contrast, it turns out that

lim,, oo n'/2+V/7d, (89, 1) is finite and positive whenever r > 2.

The observations in Example 5.14 are a special case of a general principle: If the quantile
function of p € P, is absolutely continuous (and not constant), then (nd, &y, M)) converges
to a positive limit. This fact may be seen as an analogue, in the context of best uniform
approximations, of a classical result regarding best approximations; cf. Proposition 5.27.

Theorem 5.15. Assume that 1 € P, for some r > 1. If =" is absolutely continuous (w.r.t.
M) then

N\ L/
1 dp!
li d.(8%, u) = . 5.8
Jim nd, (8., 1) 2(r+1)1/’<,/ﬂ<dk>> (5.8)
Moreover, if = —1 e L™ () then (6,'("’;), with x,; = Fu_l(%)for 1 <i < n, is a sequence of

asymptotically best uniform r-approximations of |, unless | is degenerate, i.e., unless u = 8,
for some a € R.

Proof. For convenience, let f = F '|]0 1, as well as J,; = (=L —, n] and x,; = f (22” ) for
n € Nand 1 <i < n. Note that the non-decreasing function f is absolutely continuous, by
assumption. For the reader’s convenience, the following proof is divided into four steps: First,
(5.8) will be established assuming that f has a C'-extension to I; then (5.8) will be shown to
hold in general, regardless of whether both sides are finite (Step 2) or infinite (Step 3); finally,

the assertion regarding asymptotically best uniform approximations will be proved (Step 4).

Step 1. Assume f can be extended to a C'-function on I. Then

- 2i —1
n"d.(8g", u) = n' E [ [ f(@) = xp)"dt <n” E (maxf)’/ ‘t— o
' ] VLl

Jni

r

dt

2’(r+1) nZ( xS

Since (f’)" is Riemann integrable, A(J, ;) = 1/n, and similarly

nd Gy W 2 S +1) nZ(mmf)

it follows that lim,,_, o nd,- (8%, () = W(f]I f/(t)y'dt)!/" < +00. Moreover, f’ is uniformly
continuous, hence given ¢ > 0, there exists N € N such that

1
lf'@®)— fw)| <e, Vt,uel, |t —u| < v

Whenever n > N, therefore, the Mean Value Theorem yields

(2—1 2 — 1 2i —
f(t)_xn,i_f< M ><t_ n )

1
, Vte Jl’l,i’
2n

e\t —
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i

and consequently, with y,; =7, "',
8 .
|Yn,i _xn,i| < -, Vl<i<n,
n

by Proposition 4.9. It follows that
WA (80, 80 = (5, 8y =S / i — al” < &

and since ¢ > 0 was arbitrary,
limsup |n"d,(8;", w)" —n"d, (85", w)'| < lim n"d, (8", 8;")" = 0,
n—00 " n— 00

which establishes (5.8), with the same finite value on either side.

Step 2. Let the non- decreasmg and absolutely continuous function f be arbitrary, but assume
that f € L’ (). Similarly, let it € P, be such that i~! is absolutely continuous, with f = F~
and f/ € L"(M). Forn ¢ Nand 1 <i < n, pick any ¢,; € J,; and define z,; = f(t,“)
Zni = f (t,.;). Below, it will be shown that, for any r > 1,

I, (80, WY — 'S Y < 2 = P+ P YeeN. (5.9)

To see that (5.8) follows easily from (5.9), at least under the current assumptlon that f' € L"(D),
fix r > 1 and w.ol.g. 0 < & < | f'll,. There exists 1L € P, such that f has a C'-extension to
I,and || f' — f ’||, < &. With the appropriate 7,, let 53" be a best uniform r-approximation of
1, and 8} a best uniform r-approximation of 7. For all sufficiently large n, Step 1 and (5.9)
yield

n'd, (8, W) < n"d Sy, ) < n'dp (S, )"+ 2e(e 420 f1I)

ALf N+ &) +e+2e+20 1)

2"(1+47)
but also
n'd Sy, W) = (87 ) = 2e(e + 20 £l
r r=1
Z 70T )(llf I —e&) —e—2e(e+2]fl,)
Since ¢ > 0 was arbitrary, this establishes (5.8).
It remains to verify (5.9), which only requires the elementary inequality, valid for all r > 1,

la” —b"| <rla—bl@@ " +b", Va,b=>0, (5.10)
together with a repeated application of Holder’s inequality, as follows: Note first that

n i/n t r
dr(8," s 1)’ —Z(/ / (/ f(u)du) dt+/ (/ f(u)du) dt), (5.11)
(i=1)/n In,i In,i

and consequently
(/ " f'w) du) — (/ " Fu) du) dt
( f'(w) du) - </ f(u)du) dt) )

n

In,i
A, @2, Y — d 5 Y] <3 ( /(
i=1

i—1)/n

i/n
“
P

n,i
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With (5.10), therefore,

In,i
/<i—1>/n

In,i
< Zr/
(i—1

<2r(a;)'

( f’(u)du) —< f’(u)du)
S r/‘tn.i
@i—1)/n

dr

f Y (F @) - Fiw) du

tni r—1 i r—1
((/ f’(u)du) + (/ f'(w) du) ) dr
r—1

(/ (@) + F'(w)) du> d

/ Y (Fw) — Fiw) du
yn i
/r(bi—)(rfl)/r’

where, using Holder’s inequality again

In,i
.
(i—1

r t, ;i

1 e ’ 7 r
dr < — |f'@) = f'@)| dr,
- Ji-1/n

/ Y (Fw) - Faw) du

)/n

Ini In,i ~ r 1 In,i ~ r
o= [0 ([N Fwya) < [T (o Foy e
G-1y/n \J1 rn

By a completely

/i/n
P

n,i

where

i/n
+
v
1,

n,i

i/n
b :/
1,

n,i

(L

(i—1/n

analogous argument,

f’(u)du) - (/t f’(u)du>

dt < 2r(@H"/"(pHV", Y1 <i<n,

r 1 i/n - ,
dr < — |f'@) = f'@)| dr,
rn

In,i

' - ' 1 i N
(f (f') + f'w) du) dr < ;/ (f'O+ f®) di.

/ (f'() = f'(w)) du

In,i

N3

In summary, therefore,

n

" |d (8, ) —dp S5 | < 2rn” Y (@) o) T + @) (V)

i=1

n 1/r n r=/r
<2rn’ (Z@ + a,*)) (Z(b,- - bf))
i=1 i=1
1 ~ e - (r=1/r
<2rn’ (—,/If/(t) SAG] dt) (—r /(f/(t)+f/(t)) dt)
rn I rn I

=2l -

Flels + Fue,

which is just (5.9).
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Step 3. To establish (5.8) in case the value on the right is 400, assume that f’ ¢ L"(I). For
N e N, let gy = min{f’, N} and, given C > 0, choose N so large that ||gn||- > 2"(1 + r)C.
Let uy be a probability measure with (FM‘IJ)/ =gn. By (5.11),

n 43 t r i/n t r
d, (81,, L) > Z (/ b (/ gN(u)du> dr +/ ([ gN(u)du> d;)
i=1 W E=D/n \Jt 1 1

> dr(al:n’ :u'N)ra

and since Step 2 applies to uy,
1
liminfn"d, (8™, u)” > lim n"d, (8%, = ">C
iminfn"d,(8,", )" = lim n"d,(8,", un) R 1)IIgNII, >
As C > 0 was arbitrary, n"d, (8%, u)" — +oo whenever f’ ¢ L"), i.e., (5.8) is valid in this

case also.

Step 4. Finally, to prove the assertion regarding asymptotically best uniform approximations,
assume that f/ € L"(I). Note that || f’|, > O whenever u # §, for all a € R. In
this case, given ¢ > 0, pick &t € P, such that f = F~1 has a C'-extension to I and

I f' = f'll, < e. By Step 1, lim,_, o0 n" d. (85", ) = zﬂ(frk), whereas Step 2 guarantees that
1My o0 17, (8%, ) = zﬂ{r L) and (5.9) yields

" d, (83", )" — n"dr (83", )| < 261+ 2|1 ')
Combining these three facts leads to
&G, W nd (S )+ 261+ 20l
lim sup u— <limsup 1
nsoo dr(8a", 1) T oo 27+ DT
A +20 )"

P r
<(1+ > + 277+ e~
< (e 15

.. dr (8%,
as well as to an analogous lower bound for liminf,_, o 3 EB“)’ll 24 . Since ¢ > 0 was arbitrary,
dr (55" . . .
lim,,_, Ouo11) =1, i.e., (83") is a sequence of asymptotically best uniform r-approximations

dr (59" 1
of u, as clalmed. (I

The following examples highlight the importance of the absolute continuity and integrability
assumptions, respectively, in Theorem 5.15.

Example 5.16. Let p be the inverse of the Cantor probability measure in Example 5.10.
Explicitly, u is purely atomic, with u ({j27™}) = 37 for every m € N and every odd
1 = j = 2" Note that F o1t simply equals the classical Cantor function, hence is

continuous, in fact, iogz Holder, and d“ = 0 a.e. While Theorem 5.15, if it did apply,
would seem to suggest that lim,_,  nd, (8 , ) = 0, a detailed, elementary analysis shows
that this is not the case. In fact, (n"‘dr((Sf", M)) may not converge to a finite positive limit for
any r > 1 and o > 0. More specifically, let o, = 1 + (1 — 1)10g2 for r > 1. With this,

log3
3% d, (84>, 1) = d, (8%, 1) for all n, and hence

272H/r3=2r < Jiminf n® d, (8%, u) = inlg n®rd. (8™, ),
ne

n—0oo
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as well as

lim sup n® d, (8%, u) = supn®d, (8%, u) < ol/r,
n— 00 neN
We suspect the bounded sequence (n“'d,((S:‘”, /L)) to be divergent for every r > 1. This
illustrates that the conclusion of Theorem 5.15 may fail if ~! is not absolutely continuous.

Example 5.17. The integrability assumption also is crucial (for the second assertion) in
Theorem 5.15. To see this, let i be the standard exponential distribution, where ?1_,; ¢ LY(D),
and (5.8) yields lim, o nd,(8;%, ) = +oo for all r > 1, in perfect agreement with the
observations in Example 5.8. Deduce from a short calculation that

Vndy (80, W) =Dy +O(n™") asn— oo,
where D} = 1+2) 72, (1 —i(1+4log ¥ 4' )1 ) 1.1749. Recall from Example 5.8
that /nd>(8)%, n) = Cy + O(n™") with C% ~ 1.0803. Thus while (8)",) identifies the correct

rate of decay for (d2(8. . /L)), namely (n’l/z), it is not a sequence of asymptotically best
uniform 2-approximations of u, since
(8 m) Dy
lim ————=—>1.
n—00 d2 (5."2, ) Cz
Similarly, for any r > 1 it can be shown that lim, .o n'/"d, (8", u) = D, with the appropriate
constant D, > C,, and C, as in Example 5.8.

Example 5.18. Let u be the standard normal distribution. By [15, Thm.1], (dz(S. 2 ,u))
decays like (n~'/*(logn)~'/?) along the subsequence n = 2. Moreover, as pointed out in [15,
Rem.6], best uniform 1-approximations 8:' converge to p as fast as 8 5 do (w.rt. d). In fact,
elementary computations confirm that the sequences

(n'/"(log )™ d,(8"., ), (n'/"(logn)*rd. (82", 1n))
1

are bounded above and below by positive constants, where o, = —% ifr =1, and a, = 3
if r > 1. Thus, best uniform 1-approximations converge precisely as fast as do best uniform
r-approximations. Together with the previous example, this suggests that (Sfj’l), though perhaps
not a sequence of asymptotically best uniform r-approximations may nevertheless often
capture the correct rate of convergence of (d,((S'.‘j’,, /,L)) even when 44— g L"(D).

Remark 5.19. For any (non-degenerate) i € P, [3, Prop. A.17] asserts that 1~ ! is absolutely
continuous if and only if supp u is connected and d““ > 0 a.e. on supp W, where p, is the

absolutely continuous part (w.r.t. A) of w; in this case, moreover, fH )’ = fs upp M(d“” Y-,

If F;: not even is continuous, then the decay of (d,(é.”, /L)) may be less homogeneous
than in Example 5.16. For instance, for the Cantor measure of Example 5.10, it is not hard to
see that, for any r > 1, both numbers

log3
liminf n*2d, (5%, ) and limsupn'/"d, (5, 1)
n— o0 =00

are finite and positive. Thus, in general it cannot be expected that for some ¢, > 0, the sequence
(n""d,(&f", /L)) is bounded below and above by positive constants, let alone convergent. Still,
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it is possible to identify a universal lower bound for (d, &y, [L)) with u € P,: But for trivial
exceptions, this sequence never decays faster than (n’l).

Theorem 5.20. Assume that u € P, for some r > 1. Then

lim sup nd, (8%, ) > 0, (5.12)

n—oo

unless . = &, for some a € R.

Proof. Denote F, ! by f for convenience, and for every n € N, let ¢; = f (2
bi = f(35) for 1 <i <2n. Then by <ay <by <ay--- < by, < azy < b1, and

2nd; (8%, 8" )

Bl o ) i)

i=1

2n

— b))+ i(biy1 — ap)

2n
( b — b+ Y (Qn+ 1= 20)a; — b))+ i(bis - b)))

Z
=1 l—n+1
= (Z (biy1 — b)) + Z (@n+1 = i)biys —b) + (i —2n — (i1 — )))
=1 l—n+1
Z o1 (Z i(bit1 —bi) +l_nz+l(2n +1—i)biy — b ))
2n+1
bi
e s

i=n+2

Since f is locally Riemann integrable on ]O, 1[, it follows that

1/2
lim sup 2nd, (8%, 8,2*+') > / (fa+H—fw)de
0

n—oo
and consequently

lim sup nd, (8%, ) > lim sup nd; (8™, u) > % lim sup 2nd, (8%, 5.°"*")

n—oo n—0o0 n—oQ
172
> %/0 (ft+H—f@®)dt>0
unless f is constant, i.e., unless u = 8, for some a € R. [

It is natural to ask whether Theorem 5.20 has a counterpart in that there also exists a
universal upper bound on (d, (8%, u)). In general, this is not the case: As an immediate
consequence of Theorem 5.33, given r > 1 and any sequence (a,) of positive real numbers
with lim,_,» a, = 0, there exists u € P, such that d,(6J", u) > a,, for all n € N. Under
additional assumptions, however, an upper bound on (d,.(S:‘", pb)) can be established.
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Theorem 5.21. Assume that v € P, for some r > 1.
(1) If u € Ps with s > r then limn%oonl/’_l/‘vd,((?:‘", wn) = 0.
(ii) If supp w is bounded then limsup,_, . n'/"d, (8%, u) < +oc.

Proof. Again, for convenience, let f = F~! and Xni = f(ziz—;l) forallneNand 1 <i <n.
With 1) = F,(0), assume w.o.l.g. that 0 < 7y < 1. (The cases t) = 0 and 7y = 1 are completely
analogous.) Recall that f is non-decreasing and right-continuous, (¢ —#y) f(t) > 0 for all r € I,
and 0 < f(#y), —f(to0—) < +oo. For all sufficiently large n, therefore,

(@m—me+<fG+%ﬁ—mmy>m

1

1 r 1= 1 1\
(1) oom [0 d) ()

4n

2i—1
2n
1

%@?wf§¢®3MY=§:f
i=1

i—1
n
n
< E /
i=1

i—1
n

A BRI
L 4n 4n
0+ 45 1 1\
) () e
=4 1 1\
+[¥&<fG+Z;-—fG—E»)m

to— ﬁ ) | t0+%
< ["Tisora— [ irora e [T pors

2i—1
2n
1

2n 0= 2,
1 -4
w [ sora- [T isora
fo+7, )

= a,+ Q"' = Dby,
where the numbers a,, b, are given by

% 1 to+ﬁ
an 2/ [f@] dt +/ |f(®)I'dt and b, :/ |f(@)]"dt,
0 1—A _1

T 0= 2,

respectively. Note that
1 1\]
0 <nb, <max{flto+5-),—f|to— 5= ) — max{f(t), —f(to—)}
2n 2n
as n — 0o,

and hence (nb,) is bounded.
(1) If u € Py for some s > r then, by virtue of Holder’s inequality,

1 r/s 1 r/s
0<a, < (/%vam> +</l|ﬂm%» 2
0 1

T 2n
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which shows that lim,_, o n'™"/*a, = 0. It follows that
0<n'""d (8%, 1) <n'"a,+ @ " = Dn'"b, - 0 asn — oo,

and hence lim,_, ., n'/"~1/5d, (8:‘", /,L) =0, as claimed.
(i1) If supp w is bounded then esssupy| f| is finite. In this case, (na,) is bounded, and so is
(nl/’dr (8:‘", ,u)) U

Remark 5.22. (i) Boundedness of supp wu is essential in Theorem 5.21(ii), as evidenced, e.g., by
Example 5.17 for r = 1. Notice, however, that the conclusion of Theorem 5.21(ii) remains valid
in this example whenever r > 1.

(1) If supp w is disconnected, and hence F M’l is discontinuous at some 0 < ¢t < 1, then
there exists (ny) such that (n;t) € [1/3,2/3] for all k. For all sufficiently large k, therefore,

. (Ingt /e .
ma, 620y = memin [ IF7(5) = f ds
R Jinge)/m

> omin %((Fﬂ’l(t) o) +(c— F;l(t—))’)
celFy (=), Fy (1)

> 23N (P ) - Fla-))

Hence (5.12) can be strengthened to limsup,_, . n'/"d, (8", 1) > O whenever supp w is
disconnected. In fact, by Theorem 5.21(ii), (n~'/7) is the sharp upper rate of (d,(S'.‘", u)) in
case supp u is bounded and disconnected, a situation observed for instance for the Cantor
measure of Example 5.10.

(iii) By utilizing a uniform decomposition approach, a multi-dimensional analogue of
Theorem 5.21 is established in [8], with the threshold rates of convergence depending both
on r and on the dimension of the ambient (Euclidean) space.

5.3. Best approximations

This final subsection relates the results presented earlier to the classical theory of best
(unconstrained) approximations. Let 4 € P, for some r > 1. Given n € N, call the probability
measure 8% with x € 5, and p € II, a best r-approximation of i if

d: (8%, 1) < d, (8¢, W), Vy € 5, q€ 1l

Denote by 6" any best r-approximation of w. (As before, the dependence of §J°" on r is made
explicit by a subscript only where necessary to avoid ambiguities.) It is well known that best
r-approximations exist always.

Proposition 5.23 ([17, Sec. 4.1]).. Assume that . € P, for some r > 1. For every n € N, there
exists a best r-approximation 83" of p. If # supp u > n then # supp 63" = n.

By combining Proposition 5.23 with Theorem 5.1 and 5.5, a description of all best
r-approximations is easily established.

Theorem 5.24. Assume that ;v € P, for some r > 1, and n € N. Let 8% withx € 5,, p € II,
be a best r-approximation of w. Then, for everyi =1,...,n,
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. - Fi :

(1) x; < xj41 implies P; € Q%(Xi+xt'+|)’ and

.. . . m . _ R fi H L — -1 iz
(i) P,_y < P; implies x; € Q%(PI-,IJrP,-) ifr=1o0rx =71 wiith f;=F, |[Piilypi] if

r> 1

Moreover, if # supp u < n then 8% = u, whereas if# supp u > n then x; < x;41 and Pi_; < P;
foralli=1,...,n.

Proof. Note that 6% is both a best r-approximation of u, given p, and a best r-approximation
of u, given x, and thus conclusions (i) and (ii) follow directly from Theorem 5.1 and 5.5. For
the non-trivial case where # supp p > n, Proposition 5.23 implies that # supp 88 = n, or
equivalently, x; < x;41 and P,_; < P; foralli =1,...,n. O
—1
As an important special case of Theorem 5.24, assume that u € P, is continuous. Then Qf a
is a singleton for every a € R, and Theorem 5.24 asserts that every best 1-approximation 8%
of u satisfies

X; . PA_ P
F, (#) = P, and F,(x,) = IT“L Vi=1,....n,

and hence in particular

2F,(x;) = F, (’%) +F, (%) . Yi=1,....n (5.13)

Similarly, every best 2-approximation of p satisfies

. . P;
F, <—x’ +2x’“> = P;, and (P; — P,_))x; :/P Fﬂ_l(t)dt, Vi=1,...,n,

i—1

and consequently

Loitxign

. . . i 2\ i+

wF, (P g (Mot :/ xdF,(x), Vi=1,....n. (5.14)
2 2 FCri14x0)

Note that (5.13) and (5.14) each yield n equations for xi, ..., x,. These equations are exactly
the classical optimality conditions, derived, e.g., in [17, Sec. 5.2] by means of Voronoi
partitions.

Example 5.25. Let u = %MLO,IJ + %81. While p is not continuous, and hence not directly
amenable to the classical conditions (5.13) and (5.14), Theorem 5.24 applies and yields, for
instance, 8::,2 = &(r)de) + (1 —& (r))835(r) for all » > 1, where r — &(r) is smooth, decreasing,
with £(1) = 1, () = 252, and lim, . £(r) = §.

If (i) and (ii) in Theorem 5.24 identify only a single probability measure 8% then the latter
clearly is a best r-approximation. In general, however, and unlike in Theorems 5.1 and 5.5,
the conditions of Theorem 5.24 are not sufficient, as the following example shows. Moreover,
best r-approximations in general are not unique, not even when r > 1.

Example 5.26. Consider y = %k[_u] + %80 and let n = 2. For r = 1, Theorem 5.24 identifies
exactly three potential best 1-approximations S,l:j]f , j=1,2,3, namely

~—
=
w
Il
~
N=]EN]
oI
~—~

xi=30,p=GD x%=-1D m=G.d x=03
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It is clear from d (%!, u) = dl(S,l:;, M % < 27—4 = d,(8%2, ) that the two (non-symmetric)
probability measure 8,‘(’1‘, 8,’333 are best 1-approximations of w, whereas the (symmetric) 8}?22 is
not. Similarly, for » = 2, Theorem 5.24 yields three candidates of which again only the two
non-symmetric ones turn out to be best 2-approximations of .

Since d, (63", u) < d, (8%, ) for every u € P, and n € N, clearly lim,_, o d,(83", n) = 0.
The rate of convergence of (d,(S:*”, /,L)) has been, and continues to be, studied extensively;
see, e.g., [17,19-21,23,28] and the references therein. Arguably the simplest situation occurs
if € P, has a non-trivial absolutely continuous part and satisfies a mild moment condition.
In this case, (d,(83", w)) decays like (n~") for every r.

Proposition 5.27 ([17, Thm. 6.2]). Assume that u € P, for some r > 1. If © € Ps with s > r
then
r+1

1 =
I dpa \ AT
lim nd, (52", 4) = ———— / a :
n— 00 2(}" =+ 1)1/r R d)»

where [, is the absolutely continuous part (w.rt. A) of .

It is instructive to compare Proposition 5.27 to Theorem 5.15. To do so, assume that
uw € Py for some s > r and that ;fl is absolutely continuous. Then lim,,_, o, nd. (62", 1)
and lim,_, o, nd,(8¥", n) both are finite and positive, provided that p is non-singular and
% e L"(M). Thus (d,((S:'”, /L)) and (d,((?f", ,u)) exhibit the same rate of decay, namely
(n~"). Note that while the latter rate is a universal upper bound on (d.(32", ), at least
under the mild assumption that @ € Py for some s > r, it is a universal lower bound
on (d,(&:‘", /L)), by Theorem 5.20. Even if both sequences decay at the same rate, however,
lim,— 00 nd, (83", ) < lim,_,o nd, (8%, ), and equality holds only if either u = ﬁ)\h for
some bounded, non-degenerate interval I C R or else u = §, for some a € R. Thus only in
the trivial case of a (possibly degenerate) uniform distribution u does (§i) provide a sequence

of asymptotically best r-approximations of u (as defined below).

Example 5.28. Let u be the exponential distribution of Example 5.2. For r = 1 and every
n € N, (5.13) identifies a unique best 1-approximation 5,‘(’:, with
1—i (2 1—1i
o= —2log AELZL p LD
Jnn+1) nn+1)

Here 82" is unique, and nd; (82", n) = n 10g(1+%) =14+0Om ") as n — oo, in agreement with
Proposition 5.27. For comparison, recall from Example 5.8 that lim,_, o @dl(éfn, w) = }1'
For r > 1, no explicit expression seems to be known for §;"", not even when r = 2. However,
in a sense made precise below, (85,’,’) with

r+l
n+1 ~ (n+1—i)n—i)\ 2 ,
i =@+ Dlog————, P,=1- , Vi=1,...,
yni =0t Dlog o ’ < (n+ 1) ) l !

yields a sequence of asymptotically best r-approximations of u for any r > 1.

Example 5.28 illustrates that even in very simple situations it may be difficult to compute
s2" explicitly. Not least from a computational point of view, therefore, it is natural to seek
r-approximations that at least are optimal asymptotically. Specifically, call (§5") with x,, € 5,
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p. € I, for all n € N a sequence of asymptotically best r-approximations of u € P, with
# supp u = oo, if
dr (8% s 1)
m =55 =
n—00 dp (8™, 1)
There exists a large literature on asymptotically best approximations Specifically, mild con-
ditions (such as pu € P, being absolutely continuous w1th = Holder continuous and positive

on supp W, among others) have been established which guarantee that (85 ) is a sequence of
asymptotically best approximations of u, where

_ i .
Xpi=F, <n+1>, Vi=1,...,n, (5.15)
1
dp 741
with d(fk’ =& see, e.g., [24,31] and the references therein.
/i ‘Eill; r+1

Example 5.29. Let 1 = Beta(2, 1) as in Example 5.4 and 5.14. While for arbitrary n € N, the
authors do not know of an explicit expression for 83" for any r > 1, (5.15) yields a sequence
(85" of asymptotically best r-approximations of p, with

r+l

( ! )r+2 P ! (i G+ D8BY . vi=l 1
Xn,i = 5 ni = T a1 243+ '+2) , i=1,...,n—-1,
n+1 4(n + 1)2r+21)

and x,, = (nil)r+2. From this, a short calculation leads to, for instance,

3
ndy (8%, u) = —= + Om™") asn— oo,

82

which is consistent with Proposition 5.27.

If © € Ps is singular then Proposition 5.27 only yields lim,_, . nd.(82", n) = 0. The
detailed analysis of (dr(S:’”, /,L)) in this case is an active research area, for which already a
substantial literature exists, notably for important classes of singular probabilities such as self-
similar and -conformal measures; see, e.g., [17,18,20,29,30,32]. A key notion in this context
is the so-called quantization dimension of pu € P, of order r, defined as

logn

D - <z
= e e )

provided that this limit exists. For instance, Proposition 5.27 implies that D, (i) = 1 whenever
e # 0. The relations of D,(u) to various other concepts of dimension have attracted
considerable attention [17,20,29,32].

Example 5.30. For the Cantor measure p of Example 5.10, [22, Cor. 4.7 and Rem. 6.1] show
that, for every r > 1,
0 < liminfn'°¢3/10224 (82" 1) < lim sup n'°¢3/1°224 (52" 1) < +o00.
n—00 n—00

log2

From this, it is clear that D,(u) = fog3’ which is independent of r and coincides with the

Hausdorff dimension of supp .
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Example 5.31. Let u be the inverse Cantor measure of Example 5.16. Note that p is not a
self-similar, and hence the classical results for self-similar probabilities do not apply. Still, x
is the unique fixed point of a contraction on P;, namely v %(v o T1_] +d8ip+vo Tz_'),
with the similarities T;(x) = %x and Th(x) = %(1 + x). This property enables a fairly complete
analysis of gd, 62", M)) which the authors intend to present elsewhere. Specifically, with 8, =
(1-— }) + %Igg, it can be shown that, for every r > 1, the numbers liminf,,_, o, nﬂrd,((S:'", 1)
and limsup,_, . n?d, (82", 1) both are finite and positive. In particular, D,(u) = B;'. Note
that, unlike in the previous example, D,(u) depends on r, and % < D,(u) < 1. Thus D,(u)
is larger than 0, the Hausdorff dimension of p, but smaller than 1, the Hausdorff dimension of

supp u = L.

Proposition 5.27 guarantees that under a mild moment condition, (d,(cS:*”, ,u)) decays at least
like (n’l), and in fact may decay faster, as Examples 5.30 and 5.31 illustrate. Even for purely
atomic u, however, the decay of (d,(cS:*", u)) can be arbitrarily slow. This final observation, a
refinement of [17, Ex.6.4], uses the following simple calculus fact; cf. also [3, Thm.3.3].

Proposition 5.32. Given any sequence (a,) of non-negative real numbers with lim,_, o, a, = 0,
there exists a decreasing sequence (b,) with lim,_, - b, = 0 such that (b, — b, 1) is decreasing
also, and b, > a, for all n.

Theorem 5.33. Given r > 1 and any sequence (a,) of non-negative real numbers with
lim,_, o0 an = 0, there exists @ € P, such that d. (83", &) > a, for every n € N.

Proof. In view of Proposition 5.32, assume w.o.l.g. that (a,) and (@, — a,_ ;) both are

decreasing. Pick ag > a; such that a, —a} > aj — a5, and let ¢, = Y po, 27%V" (af | —ap).
Note that ¢, is finite and positive. Consider u = Z;il Pidx, , where p; = c;12’(k’1)’(a,§71 —ay)
and x; = 325 1¢/" for all k € N. Since 5%, pyxf = 3'al) < +oo, clearly u € P,. For
every n € N, define K, C N as

K, ={keN: supp 82" N [2kc!/7 281l = &y,

Since # supp 82" < n and the intervals [2kcH/", 2+1e [ k e N, are disjoint, # (N \ K,,) < n.
Moreover,

min  |x; — y|” = 2%"Vr¢, for every k € K,, .
yesupp g

Recall from [7, (ii), p.1847] that d,(62", n)" = fR minyesupp son |x — y|"du(x); see also
[17, Lemma 3.1]. It follows that, for every n € N,

oo
A" Y =Y pe min_ | —y" =Y p25 Ve =Y (@, —ap).

k=1  YEsupp S’ keKy ek

Moreover, recall that (a;,_, — a;) is decreasing, and # (N \ K,,) < n. Thus

oo
d@S" ) = Y (@, —ap)=a,,
k=n+1

and hence d, (63", u) > a, forevery n e N. I
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