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Abstract

Complicated dynamical systems can be rigorously analysed by means of Conley index
theory. Necessary for such an analysis are bounds on the truncation and the round-off error.
These are provided for explicit RK-methods in the form of iteration schemes ready-made for
applications. The presentation is aimed to simplify error bounds already available so that
different error sources can be clearly overlooked. As an immediate application, a computer-
assisted analysis elucidates the intricate dynamics of a simple mechanical system.

1 Introduction

Many interesting features of complicated dynamical systems are nowadays studied by means of
computers. Despite all numerical evidence it is usually highly demanding to describe the observed
phenomena in a mathematically rigorous manner. Finding theoretical results that are accessible
to the computational power of modern computers is a major challenge of applied mathematics.
Recently a couple of attemps in this direction have been carried out ([6]).

Since the famous paper of Mischaikow and Mrozek ([5]) on chaos in the Lorenz equations
Conley index theory has been taken notice of beyond a small number of specialists. Due to its
topological nature the Conley index can be used to develop elegant tools for analysing dynamical
systems by means of computers. (Although highly plausible, this statement is not at all trivial, cf.
[5],[6],[8].) Since the theory is intended to give completely rigorous statements about dynamics,
all numerical calculations have to be accompanied by rigorous error considerations. Without
additional information on the problem under consideration such rigorous error treatment is known
to be quite costly ([6]). Many interesting systems from applications indicate however that errors
occur at different orders of magnitude ([1],[6]). In double precision arithmetic round-off errors
are negligible in many cases when compared with the error effects of discretization (i.e. obtaining
finite models of spaces and maps). Even the truncation errors due to the usage of finite algorithms
can be seen to be of minor importance if only reasonable stepsizes are used. Developing bounds
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for all error sources that are neither too crude nor too complicated on one hand and completely
rigorous on the other hand therefore is an important task in applied Conley index theory.

Sections 2 to 4 respectively present rigorous bounds on the truncation, the round-off and the
global error for the numerical integration of ordinary differential equations by means of explicit
RK-methods. The results may even be suited for different purposes and partly simplify the
calculations in [6]. In order to demonstrate how the findings fit into the framework of Conley
index theory, the dynamics of a pendulum with oscillating support is investigated in the final
section. With little effort, the existence of periodic orbits and the factorization onto a chaotic
system can be proved.

2 The truncation error

Let V denote a CP-vectorfield on U C R? and consider the autonomous initial-value problem
i=V(z) , 2(0)=u10 . (1)

In order to get a numerical approximation for the solution of (1), we apply an s-stage explicit
RK-method with stepsize h and real coefficients a;; and b;,

kl = V(.’Eo) )

ki = V(:Eo—i—hzaijkj) , 1=2,...,8 (2)
) —

x|, = xo+ thzkl

If this method is of order p, the inequality

lz(h) = =1 < h”“( x [|2® Y (¢h)|| + ,Z 1b:] max ||/€ (th)ll> (3)

(p+ 1)l 01]

constitutes a well-known rigorous bound for the local error ([2]). For technical reasons ||.|| always
denotes the max-norm on R¢ ; other norms are made recognizable by subscript.

The right-hand side of (3)7 although easily written down, is commonly regarded as being
of no practical importance because its evaluation turns out to be arduous even for simple non-
linear vectorfields ([2],[6]). Other methods permit a more tractable and realistic view of the local
error. However, the usage of (3) becomes inevitable if definitely rigorous error considerations are
essential.

Rather than following directly the approach in [6] which relies heavily on the availability of
symbolic computation software, we shall refine an idea from [3]. To this end the i-th component
of V is denoted by V* while its partial derivative with respect to the i-th coordinate is symbolized
by V;. Let K C U be a compact set containing o and

D, := max Vi@l with 0<r<p. (4)

1<iq . ir<d
The (p + 1)-th derivative (1) of the solution of (1) can be easily bounded by means of the

quantities D, , once a representation of 2Pt in terms of V and its derivatives is given. This is
most conveniently achieved by means of trees which give rise to the concise expression

Pt = 3" a(t) oV . (5)
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Here T)1 denotes the set of trees of order p + 1, and «a(t) is the number of different monotonic
labellings of t € T},11 (see [2] for details). In our notation one term of (5) typically takes the form

oy i | h o
Viir...gg V>Z<j0+1)---l(jo+j1) "'V>Z(jo+...jp4+1)~~~1(jo+...jp) with jo+... 45y =p
There is a one-to-one correspondence between the (p + 1)-tuples (jo,... ,jp) and the monotonic

labellings of t ([2]). Using (4) we get
|

and denoting by (jg(t), .. 7jp(t)) the (p 4+ 1)-tuple corresponding to a representative of t,

12" < Y al®)Djow)Djucs) - - Dt - (©)

teTpt

Vi, VI : LV | < DjyDj, ...Dj, ;

PLetio Ui+ lGo i) T Aot dp_1+1) o+ dp)

With increasing order p the determination of a(t) becomes lengthy. Nevertheless it is a purely
combinatorial task. We therefore regard (6) as a satisfactory bound for the first summand on the
right-hand side of (3). (In [2] one can find values of a(t) up top=4.)

We now turn our attention towards the evaluation of Hk H Obviously k(r) =0forl1 <r<p.

If + > 2 let for sake of brevity [; := E awk Differentiation leads to the general expression

j=1

- Z Z ﬁm s i Vad1ewdm (Al YL () (m)am (7)

m=1 i1>...>im>1
i1+...+im=r

Counting identical derivatives, the positive integers Bﬁr:)“ ;. can be determined inductively. Via

(r+1) (r+1) (r+1)
differentiation ﬁm AL sim Mt 1301, i, 1 O well as to ﬁm z1+1 o Pmgin e im 1

(where the latter w1ll have to be rearranged if the indices i; are not in decreasmg order). For
example up to r = 3 we find

1 2 2 3 3 3
Bri=1 . AZ=1 . gdi=1 o, AR=1 0 aR =3, A=t

) )

contributes to 3

As a consequence of the representation (7) we see that

EON< S Y B Dl W), (k)Y 0
m=1 i1>..>2im>1
i1t Fim=r

Taking into account the obvious relations
i1
—1
IOl < ol 1+ g7 and 7 <3 gl 9)
=1
we can construct an iteration scheme to obtain the required bounds for sz(p ) ||. To this end define
two mappings ¢, ¥ : R — RP by

O(z1,...,2p) = (,381)1)1331 , ﬂngwg + /Bé?l),lDQLU% .

p
E E ,Bm o Doz, .. -$im> and

m=1 i1>...2im>1
i1+ tim=p

U(zy,...,zp) = (Do +hzy, 221 +hzy, ..., prp_1 + hxp)



corresponding to (8) and the first relation in (9) respectively. Assume that we have already
constructed upper bounds K] for ||k:z(r)|| (1 <r<p)andlet K; :=(K},... ,KF). It is easy then
to show that the difference scheme

Kiy1 = ‘I’(Z |ai+1,j|‘I’(Kj)) (10)

j=1
in fact generates K,y in a correct manner. As initial value for (10) we have K; := (0,...,0).
Collecting our results and defining
. 1 RN P
’ tGTp+1 Ti=1

we can replace (3) by the concise expression
lz(h) = 1]l < BT Cx(h)

Clearly Ck(h) is a polynomial in h with coefficients calculated from the quantities D,. An
induction argument shows that

degCk(h) =(s—2)p for s>2. (12)

The subscript K in Ck(h) displays the fact that the constructed error bound also depends on
the compact set K (i.e. via the quantities D,). In applications one typically tries to define this
set as small as possible. One therefore has to check whether the solution z(¢) of (1) remains in
K for all 0 <t < h. If not so, the set K will have to be enlarged.

The calculations leading to (11) clearly become more and more arduous for higher orders p.
This is mainly due to the nonlinearity sewed in the definition of ® (note that ¥ is just an affine
map). But also the cardinality of T, increases rapidly, as can be seen from [2]. Nevertheless, it is
not at all difficult to calculate Cx(h) with the help of symbolic computation software. In case of
higher orders (p > 5) this approach turns out to be inevitable. However, it may be interesting to
point out that (contrary to [6]) all the necessary calculations in fact can be performed by hand if
p<4.

3 The round-off error

As was mentioned earlier we do not expect the round-off error to play a dominant role in our
analysis of dynamical systems. We will therefore content ourselves with quite crude rigorous error
bounds, as long as they can be calculated efficiently. An elegant method in this direction was
developed in [6]. We refer the reader to this article and to [1] for any details concerning the
following definitions and results.

Let M(2,p, €min, €maz) denote a fixed system of machine numbers and define the function

M, : R — {2¥|k € Z} by

2emin =1 [imq if || < 26min=1/my |
Ms(z) := { (13)

min{2*||z| < 2¥} otherwise .

Here m( measures the accuracy of representing real numbers by elements in M. In case of optimal
rounding we have mgy = 2=+ while in any other case my = 27P.



For any arithmetic expression w(Xi,...,X,) consisting of a finite number of symbols and
implemented non-polynomial functions f; from MU{+, —, -, (,) }U{(fi)i~, } one defines recursively
the evaluation w(xy,...,x,) and the machine evaluation (w)(z1,...,z,) of w at (z1,... ,Zy,).
It is well known from numerical analysis that different arithmetic expressions having the same
evaluation (i.e. being mathematically equivalent) can give rise to different machine evaluations.
In order to obtain a rigorous bound for the absolute round-off error |w — (w)|, two functions H,,
and ¢,, are defined recursively as

Ms(m) ifw=meM
My (z;) ifw=X;
Hy(zi,...,zp) =< 2max{Hy,,Hy,} ifw=w £w (14)
Hy, Hy, if w=wy wy
M|l fill) ifw=f;
and
0 ifw=meM
|| ifw=X;
Ew(T1y. ..y Zp) =< mo+ max{ey,,cu,} fw=w twy (15)
Mo + Ew; + Ews if w=wy wy

where £, denotes an upper bound for the relative evaluation error of (f;). In some sense &,
measures the relative evaluation error of (w) while H,, represents a bound on the absolute value
of w. For sake of simplicity definitions (13),(14) and (15) have not been formulated in full
generality here (cf. [6]). However, if there is no exponential overflow during our calculation, we
have the fundamental inequality

lw(z1,. .. 20) — (W) (21, ... yz0)| < w(mo, ... ,mo)Hy(Ma(z1),. .. , Ma(zy)) . (16)

Let (x1) denote the numerical result of one RK-step (2) calculated in the finite arithmetic of M.
We shall now turn to the estimation of the round-off error ||z1 — (z1)||. In order to maintain

a certain amount of lucidity we shall write H,, := (Hy»,...,Hyn) (and analogously ¢,) for
an arithmetic expression w having n components w’. The n-tuple (1,...,1) is denoted by 1.

Expressions like Ms(u) and max{u,v} with real n-tuples u, v should be read coordinatewise.
Setting &' := maxzex |2'| (1 < 4 < n) with the compact set K discussed in the preceeding
section and using consequently the notation just introduced, we can find

H, (My(¢)) = QmaX{Mz(f),25M2(h)M2(b1)Hk1(Mz(f))a---,2M2(h)M2(bs)Hks(M2(f))}a

1
£z, (mpl) = 6mol + max{(s —1)mol +egyy... ,mpl + eks_l,eks} . (17)
The quantities 7; := Hy, (M>(£)) and (; := e, (mol) can be determined by means of the iteration
scheme

Nip1 = Hy (2 max { Ms(£), 2" My(h) My (air11)m1, - - » 2Ma(h) My (ai+1,i)77i}> ) 18)
18
Civ1 = EV(Gmol —|—ma,x{(z' — Dmo + (1, 7C7,})

with initial values 9, = Hy (Mg(f)) , ¢1 = ev(mpl). Having calculated n; and ¢; from this scheme
we may define

1=

Ex(h) := m?a,f(Hél (My(€))el, (m01)) . (19)



Again the dependence on K (via £) has been emphasized by a subscript. Combining (16) and
(19) we finally get
|1 = (z1)|| < Ex(h)

as the desired bound for the round-off error. Observe that due to (17) Ex(h) will effectively not
depend on the stepsize h, if the latter is sufficiently small.

4 The global error

It is now an easy task to combine the error bounds constructed in the previous sections. Conse-
quently, the one-step error of the RK-method (2) admits the rigorous bound

lz(h) = (z)ll < WPH Cr(h) + Bxc(h) -

A numerical integration of (1) usually requires more than one RK-step. Using a (local) Lipschitz
constant e for the (local) flow ¢}, generated by (1), the global error after N iterations of the
RK-scheme (2) obeys

(N B) — {aa)wll < e[| (N = 1)h) (1)) | +52+ O () + Exc (h) -

It is well known from numerical mathematics that this recursion leads to

hLN

c _11 (WO (h) + Ex(h)) =: Gk(h) . (20)

lz(Nh) = {z)nll < —57—

With the functions Ck (h) and Ex (h) constructed earlier, (20) constitutes Gk (h) as a ready-made
rigorous error bound for the numerical integration of (1) by means of the RK-method (2). It comes
as no surprise that due to our simple construction this error bound is very crude. In particular,
the influence of rounding is usually dramatically overestimated in (20). Applications indicate
however that Gk (h) does quite satisfyingly reflect some important aspects of error analysis.

Example [Classical RK4-method] Let us sketch a few results of the outlined procedure in case of the
classical RK-method of fourth order most conveniently represented by the tableau

0

1]

2 | 2

1 1

310 35

110 0 1
10101 1
6 3 3 6

where p =4 and s = 4. In accordance to (12) Ck(h) is a polynomial of degree 8,
O[{(h) :Co+61h+...+08h8 s

the coefficients of which are

0 = mg5DDa+ 15 DiD1Ds + 55D D3 + 55 DFDI Dy + 135 Do D

c = 1%21D4D1D4 + 384D0D2D3 + 23818 DiD3D; + RD?’DlD2 + —D2D3D2 ,

cy = 42(1)8 D{D3D,4 + 768D4D1D2D3 + 1536D4D3 D3D3D3 + 128D?’DQD2 + D2D‘11D2 ,
cg = 1?26 D{D3}D4 + 4166038 D{D3DyD3 + 3057’2 D4D1D3 52756 DiDi{D; + ﬂD?’D?’D% ,

e = 1514252D4D4D4+9129116D4D%D2D3+3(1)$2D4D2D3+3Z4D3D5D3+728D3D4D2 )



s = - DiD}Dy+ A DDIDyDy + 525 DEDIDE + S DIDID; |

12288 3072
¢ = qposDoDIDa+ 535 D5 DI D2Ds + 5555 DgDIDS
¢t = 1555 D6DIDa+ iz Dg DS D2 Ds

s = gz DoDiDs

Relations (17) and (18) can partly be simplified to give

HIl (MQ(f)) max{2M2 (f): Mz(h) maX{SHkl (MZ(f)) ) 8Hk2 (MQ(f)) ) 4Hk3 (M2 (f)) ) Hk4 (MQ(f)) }} )
’Ih'+1 = HV(2max{M2(§),2ai+17iM2(h)m}) .

As a specific example we shall determine the quantities Cx (h) and Eg (h) for the simple vectorfield
V(zy,22) := (x1 — a7, —Lzs + Ja12s) . (21)

) and expecting the solution of £ = V(z) not to diverge from this point too rapidly

Setting z(0) := (2,1
1;3] x [0;2]. We then find

we choose K :=[1;
Dy=8, D=6, Dy=2, D, =0 (r>3)

and consequently

Ci(h) = 18816 4 3440 h + 332642 4 20288 h® + 24576 h* + 11520 h® + 3456 hS .
If we restrict ourselves to the case M (h) < 27* we get (after some tedious but straightforward calculations)

E (h) o 17- 214m0 if Mz(h) =21 R
X7 1728 memax {277, My (h)}  if My(h) <275 .

A Lipschitz constant of the (local) flow generated by (21) is most conveniently determined by means of
logarithmic norms ([2]). For the system under consideration we have L = 2. Using an IEEE arithmetic
M(2,53, —1021,1024) we apply the classical RK4 method with stepsizes h; := 27 (4 < i < 20) in order
to get a numerical approximation of (1) = (2/v,,/7) with ¥ =2 — e ' . Despite its crude character the
rigorous error bound Gk provides a reasonable (upper) estimate for the optimal stepsize (figure 1).

Figure 1: The real error log [|z(1) — (z1)2,]]
(full line) and the error bound
log Gk (h) for the vectorfield (21)

5 A view towards applications

The goal of this final section is to briefly discuss the usage of the presented techniques in calcu-
lating an important algebraic-topological invariant from the theory of dynamical systems. This
invariant, the so-called Conley indexr, may be thought of as an algebraic-topological quantity
(roughly) describing some structural features of invariant sets, which for technical reasons are al-
ways assumed to be compact and isolated, i.e. maximal invariant within an open neighbourhood.



Having actually calculated the Conley index, one can often gain some insight into the dynamics
taking place on the isolated invariant set under consideration. The analysis of such sets may be
vital for globally understanding complicated dynamical systems. Due to our focus on rigorous
error considerations and computational aspects we shall not give mathematical precision to these
statements but encourage the reader to look up the presentations [5] and [7]. For our purpose, it
is sufficient to know that in order to calculate the Conley index one has to find a so-called index
pair, i.e. a pair of compact sets satisfying some topological assumptions and thereby carrying a
certain amount of information about the underlying dynamics. Starting from this index pair an
algebraic-topological procedure gives the index.

In the sequel we shall concentrate on the dynamical behaviour of a mathematical pendulum
with a support oscillating according to a coswt (figure 2). Its equation of motion reads
J6] g  ow?

W(p-{— (7+Tcoswt> sinp =0, (22)

where only linear frictional effects have been considered via the parameter 8. By introducing
nondimensional time and frequency, 7 := t1/g/l and v := w+/l/g, (22) can be equivalently written
as

o+

d 1 x2
el BT —(1 4+ Acoszs)sinz) — Bz (23)
I3 v
with the abbreviations A := O‘T‘j’z and B := ml%. Integration of (23) over [0;2Z] yields a

Poincaré map W 4.p naturally acting on S I'x R. The resulting dynamical system exhibits a great
variety of different phenomena and therefore has been studied repeatedly by theoretical as well
as numerical means ([4]).

a coswt

Figure 2: The pendulum with oscillating support (left) and the attractor for the Poincaré map
U.94.0.15 displayed via 7500 iterates of the (arbitrarily chosen) point (1,1)

To be more concrete we shall investigate the pendulum with oscillating support for parameter
values A = 0.94 and B = 0.15 only (see [1] and [4] for details and other parameter values);
in addition we make the usual choice v = 7. In this special setting most trajectories of (23)
show complicated aperiodic behaviour. Simulations and experiments suggest the existence of a
certain randomness according to the observation of a strange looking attractor of W 94.0.15 in the

Poincaré section (figure 2, cf. [4]).



The analysis to be performed naturally consists of three steps:

e discretization of the (interesting region in) phase space yielding a finite number of cells;
e numerical integration of (23) starting at one point (usually near the center) in each cell;

e construction of an index pair and interpretation of the resulting Conley index.

By means of the rigorous error bounds developed in the previous sections as well as growth
considerations for the flow generated by (23), one obtains from the first two steps a finite model
of the Poincaré section and the map W 4.p. This rigorous but finite model turns the last step
into a purely combinatorial task ([8]). Although one is inevitably faced by multivalued maps, the
index theory for multivalued dynamical systems successfully applied in [5] is not used throughout
our analysis.

Despite the apparent simplicity of the outlined procedure some difficulties have to be overcome.
Care must be taken due to the fact that the phase space S' xR is cylindrical and has circumference
27 which can’t be represented as a machine number. By means of the covering space R? and
some rescaling these difficulties can be avoided ([1]). A more serious problem arises from the
exponential divergence of trajectories of (23). With the relevant logarithmic norm ([2])

froo (DV (21,22, 73)) < max{l,1+ |A| — B}

and the parameter values under consideration a growth rate, i.e. the number of cells rigorously
containing the image of one cell under ¥ 4.5, of about 4.1-10° is obtained. With only the
availability of standard workstations and PCs, this growth rate is definitely too large in order to
find any nontrivial index information. Following [5] we use intermediate sections, the composition
of which gives a much better approximation of the Poincaré map. However one should note that
the concept of intermediate sections will for example not be appropriate in the case of uniformly
exponential growth. (In the latter, of course, one does not expect any interesting recurrent
dynamics.)

In accordance to the procedure sketched above the computations were actually performed
using the standard RK4 method (with stepsize h = 27!°) and eight intermediate sections. The
calculations in double precision arithmetic on an IBM power PC 603/120Mhz took about 57
minutes. (The interesting region in phase space was covered by more than 25,000 cells.)

The main result is depicted in figure 3. The (weak) index pair (A;, A2) consists of seven
disjoint parts giving rise (in the terminology of [7]) to a seven-dimensional (cohomological) Conley
index CHY at k=1,

0.94;0.15
C'H&JO,M;OK,((iDV\IIO,94;0_15A1\A2 N Bz’)ie{1,...,7}§Q) = [(Q", (pro 1/’)Ig{1,...,7})] ; (24)

the indices at k # 1 are trivial. Here p; denotes the projection of Q7 onto @;crlei]l - The mapping
1) corresponding to the matrix representation (26) describes (on a cohomological level) the action
of Wo.94;0.15 on its invariant part in A;\Ay. From (24) we may finally deduce some nontrivial
insights concerning the Poincaré map:

(i) For each p € N there is a periodic point for Wpg4,0.15 in A;\ Ay with primitive period p.
(This observation is mainly based on the Lefschetz fixed point theorem; see [1],[7],[8].)

(ii) One can find a compact set K C invy, o, 5 A1\ A2 and a continous surjection p : K — X7 4,
such that the diagram

¥0.04;0.15 | K

K K

| |’ (25)

g
27,A¢ —_— E7,A¢



commutes. Here o denotes the shift operator on X7 4 , » Le. the space of all seven-symbol
sequences that satisfy an admissibility condition represented by the matrix Ay, ([1]). As
a consequence of (25) we obtain a positive lower bound for the entropy of the dynamical
system (K, Wg.94:0.15|K) -

1010000
1010000
0101010

Ag:==| 0101010 (26)
0101010
0000T1O01
0000T1O01

Figure 3: The (weak) index pair (A;, A2) for ¥o.94,0.15 consists of seven disjoint parts B; .
(Algorithmic investigations were performed within the lightly shaded union of cells.)

Using the efficient algebraic-topological tools of Conley index theory and the power of modern
computers (thereby heavily relying on the rigorous error bounds from above) we have established
several important dynamical features of a simple mechanical system. Due to (ii) we expect the
latter to behave in a more or less inpredictable manner. This is exactly what can be observed by
real-world experiments or numerical simulations ([4]).
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