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Abstract

Distributions modulo one of slowly varying sequences are ofwide interest in analysis and num-
ber theory. For every real sequence (xn) for which limn→∞ n(xn+1−xn) exists, this article describes
the precise asymptotics of the associated empirical distributions modulo one, utilizing the Kan-
torovich metric for probability measures on the circle. It is shown in a new, quantitative way that
all limit points of these empirical distributions have the same distance from the uniform distribu-
tion and form a continuum homeomorphic to a circle. Sharp rates of convergence to that circle
are identified for several classes of examples. The results strengthen and complement known
facts in the literature. Appropriately adjusted, the main conclusions turn out to be valid also for
the sequence (b log pn) whereb is a real constant andpn denotes then-th prime number.

Keywords: Slowly varying sequence, (uniform) distribution modulo one, empirical distribution,
Kantorovich metric, discretization error.
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1. Introduction

Let (xn) be an increasing sequence inR with xn → ∞ andxn+1 − xn → 0 asn → ∞. The
distributions modulo one (mod 1, for short) of such sequences are of wide interest in analysis
and number theory, with an extensive literature devoted to them; see, e.g., [1, 7, 17, 19, 26] and
the many references therein. It is well known that if lim supn→∞ n(xn+1 − xn) < ∞ then (xn) does
not have a (unique) distribution mod 1. However, among all distributions mod 1, that is, in the
spaceP of all probability measures onT = R/Z endowed with the weak topology, the empirical
distributions associated with (xn) are guaranteed to have limit points. It is natural, therefore, to
study, as accurately as possible, the structure of these limit points, together with possible rates of
convergence, all of which depend, presumably, on properties of (xn) yet to be identified. In this
context, the present article carries out a comprehensive study for the case where

limn→∞ n(xn+1 − xn) = b for someb ∈ R . (1.1)

To informally preview some of the main results, given any (xn) satisfying (1.1) and any integer
N ≥ 1, denote byωN the empirical distribution on theN pointsx1 + Z, x2 + Z, . . . , xN + Z, that
is, ωN(B) = 1

N #
{
1 ≤ n ≤ N : xn + Z ∈ B

}
for everyB ⊂ T. A suitable metric onP is used to
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describe the behaviour ofωN asN → ∞ in an accurate, quantitative manner. Specifically, this
article employs the Kantorovich (or 1-Wasserstein) metricdT on P. Definitions and pertinent
properties ofdT are reviewed in Section 2 and Appendix A, for the reader’s convenience. For
the purpose of this Introduction, it suffices to note thatdT is a bona fide metric, inducing the
weak topology and thus makingP a compact metric space. The quantitydT has many endearing
features: For instance, it has a natural interpretation as aminimal “transport cost” from one
measure to the other, via the Kantorovich–Rubinstein theorem [10, Sec. 11.8], and as a minimal
L1-distance between appropriately shifted distribution functions; see formula (2.2) below. Its
usage in (uniform) distribution theory is also motivated bythe fact thatdT equals the largest
difference between integrals (w.r.t. one probability measure or the other) incurred over suitable
integrands, more precisely,

dT(µ, ν) = sup

(∫

T

hdµ −
∫

T

hdν

)
∀µ, ν ∈ P ,

where the supremum is over all 1-Lipschitz functionsh : T → R. The results of this article
further highlight the great suitability ofdT for the study of distributions onT.

Now, to preview some of the main results, first consider (xn) =
(1

3 logn
)

which satisfies (1.1)
with b = 1

3. The sequence (ωN) of empirical distributions associated with (xn) is divergent.
However, Theorem 4.1, one of the main results, asserts that an appropriately rotated version of
ωN, namely the empirical distributioñωN on theN pointsx1 − xN + Z, x2 − xN + Z, . . . , 0+ Z,
does converge, to an exponential distributionη “wrapped up mod 1”, with distribution function
Fη(s) = (e3s− 1)/(e3− 1). By Corollary 4.2, each limit point of (ωN) has the same distance from
the uniform distributionλT on T, namelydT(η, λT) = 1

3 log cosh3
4 ≈ 8.609 · 10−2; moreover,

the set of all such limit points is bi-Lipschitz equivalent to the unit circle. Informally put, the
sequence (ωN) asymptotically “circles” the uniform distribution. In addition, Theorem 4.1 yields
adT-rate of convergence for̃ωN → η of at least (logN/N), in that lim supN→∞ NdT

(
ω̃N, η

)
/ logN

is finite. In fact, Remark 5.2 shows that, even more accurately,

limN→∞
N√

logN
dT

(
ω̃N, η

)
=

1

3
√

2π
≈ 0.1330 ; (1.2)

see Figure 1. Two aspects of (1.2) are particularly noteworthy: On the one hand, as detailed
in Sections 3 and 4, it seems plausible that thedT-rate of convergence displayed by (1.2) is
best possible in general. For context, notice that lim supN→∞ NdT

(
ω̃N, λT

)
/
√

logN > 0 always,
that is, foreverysequence (xn) in R; see, e.g., [14]. In a distributional sense, therefore, the
sequence

(1
3 logn

)
exhibits a remarkable (and presumably quite rare) degree ofregularity. On

the other hand, (1.2) yields the precise rate of convergencefor ω̃N → η, up to an explicit positive
constant. Other concepts often employed in (uniform) distribution theory, notably versions of
discrepancy, do not usually allow for such precision; see Remark 5.7 below and, much more
comprehensively, [19, 26]. Thus, even though this article is focussed on sequences that arenot
uniformly distributed, its main results suggest that usageof dT may nonetheless be fruitful in
uniform distribution theory as well.

One further illustrative and classical example is (xn) =
(1

3 log pn
)

wherepn denotes then-
th prime number. Here (1.1) fails. However, the techniques employed in Section 4 are robust
enough to be readily adjustable to this situation. Again, the sequence (ωN) asymptotically “cir-
cles” λT, and

(
ω̃N

)
again converges toη, but does so at the much slowerdT-rate (1/ logN): By
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Figure 1: While the empirical distributionsωN associated with (xn) =
( 1

3 logn
)

do not converge at all (red), the rotated

versions̃ωN do converge (blue) toη, with dT-rate
( √

log N/N
)
, by (1.2).

Theorem 5.5,

limN→∞ logN dT

(
ω̃N, η

)
=

1
3

(
e

3
4 tanh3

4 − log cosh3
4 − 1

)
≈ 8.124· 10−2 ; (1.3)

see Figure 2. Note that (1.3), just like (1.2), yields the precise rate for̃ωN → η, up to an explicit
positive constant.

To put the approach developed in this article in perspective, the reader may want to recall that
the behaviour ofωN asN → ∞ has traditionally been studied in terms of distribution functions of
(xn); see, e.g., [19, 26, 28] for comprehensive accounts. Specifically, one considers for instance
non-decreasing functions with 0≤ F− ≤ F+ ≤ 1, given by

F−(s) = lim inf N→∞ FωN (s) , F+(s) = lim supN→∞ FωN(s) ∀s ∈ [0, 1] ,

and referred to as thelower andupper distribution functionof (xn) mod 1, respectively. Though
usage ofF± is quite elementary and may lead to “remarkable results” [19, p. 57], it also has a
few unavoidable shortcomings. For instance,F± may not be right-continuous, let alone be the
distribution function of a probability measureµ±, say; even if it is,µ± may fail to be a limit point
of (ωN). Moreover, ifF is any distribution function of (xn), that is, ifF(s) = lim j→∞ FωNj

(s) for
almost alls ∈ [0, 1] and some increasing sequence (N j) in N, then clearlyF− ≤ F ≤ F+, but
not every (non-decreasing and right-continuous) functionwith the latter property is a distribution
function of (xn). This suggests that distribution functions of (xn), notwithstanding their intrinsic
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Figure 2: For (xn) =
( 1

3 log pn
)
the rotated empirical distributions̃ωN also converge toη, but do so withdT-rate (1/ log N),

by (1.3), and in a seemingly more directed or “biased” mannerthan in Figure 1; see Section 2 for the definition ofζ3.

analytical appeal, may not be particularly helpful for analyzing the behaviour ofωN asN → ∞.
Finally, one may encounter outright artifacts such as, e.g., for (xn) = (log logn) whereb = 0 in
(1.1) and the constant functionF(s) ≡ c is a distribution function forevery0 ≤ c ≤ 1; when
interpreted as probability measures onT, all these functions are but different representations
of one and the same object, namely the Dirac distribution (orunit point mass) concentrated on
0 + Z. In light of these shortcomings, the present article avoidsusage of distribution functions
of (xn) altogether. As indicated earlier, it instead usesdT to study, in a direct, quantitative way,
the empirical distributionsωN associated with any (xn) satisfying (1.1). Such an approach is
motivated also by the classical treatise [17].

The organization of this article is as follows. Section 2 reviews definitions of the Kantorovich
metric dT together with its basic properties, as needed in subsequentsections. Two important
one-parameter families of probability measures onT are introduced as well. Section 3 considers
the empirical distributionsωN andω̃N associated with arbitrary real sequences mod 1; in partic-
ular, it shows that, apart from trivial exceptions, thedT-rate of convergence for (ωN) to any of its
limits points cannot be faster than (N−1). Section 4 precisely describes all limit points of (ωN)
associated with any sequence satisfying (1.1). It also provides a simple bound on thedT-rate of
convergence for

(
ω̃N

)
. Despite its simplicity, this bound turns out to be essentially sharp, i.e.,

sharp asN → ∞ up to a positive constant, in many concrete situations, as demonstrated in Sec-
tion 5. Two basic formulae involvingdT as well as one calculus lemma are proved in Appendix
A and Appendix B, respectively. Though elementary and probably known, proofs of these use-
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ful results have been included for completeness, but are deferred to appendices for the reader’s
convenience.

2. Probability measures on the circle

Throughout, the sets of positive integers, integers, rational, positive real, real, and complex
numbers are denoted byN, Z, Q, R+, R, andC, respectively. For everyt ∈ R, let ⌊t⌋ and⌈t⌉
be the largest integer≤ t and the smallest integer≥ t, respectively; also, denote by〈t〉 = t − ⌊t⌋
the fractional part oft. Intervals inR are symbolized by square brackets; thus, for example,
[a, b[ = {t ∈ R : a ≤ t < b} for everya, b ∈ R. Generally, denote the cardinality and indicator
function of any setA by #A and 1A, respectively, and givenf : A → R and t ∈ R, write
{a ∈ A : f (a) ≤ t} simply as{ f ≤ t}, and similarly for{ f < t}, { f , t} etc.

Recall thatT = R/Z is a compact metrizable space when endowed with the usual (quotient)
topology. For alla, b ∈ R, let dT(a, b) = mink∈Z |a − b + k|; when restricted toT × T, this
semi-metric yields a metric that induces the topology ofT. Geometrically, one may interpretT
as the unit circle inC: Sincee2πix is well-defined for everyx ∈ T, the numberdT(x, y) is the
(normalized) arclength of a shortest arc that joinse2πix ande2πiy along the unit circle. For every
x ∈ T, let Q(x) = −x andRt(x) = x+ t for all t ∈ R. Geometrically,Q andRt are the reflection of
the unit circle about the real axis, and its counter-clockwise rotation by 2πt, respectively. Clearly,
Q andRt are isometries ofT, with Q−1

= Q, R−1
t = R−t, andQ ◦ Rt = R−t ◦ Q for everyt. To

makeRx well-defined for everyx ∈ T also, simply interpretRt+Z asRt.
Denote byC(T) the Banach space of all continuous functionsh : T → R with the usual

‖ · ‖∞-norm, and byC∞(T) the (dense) subspace of all smooth functions. For everya ∈ R+, let

Lipa(T) =
{
h ∈ C(T) : |h(x) − h(y)| ≤ adT(x, y) ∀x, y ∈ T

}
,

and notice that Lip(T) :=
⋃

a∈R+ Lipa(T), the family of all real-valued Lipschitz functions onT,
is a subspace as well, with Lip(T) ⊃ C∞(T).

Denote byP the set of all (Borel) probability measures onT, endowed with the topology of
weak convergence. Recall thatP is compact and metrizable, withµn → µ in P if and only if∫
T

hdµn →
∫
T

hdµ for everyh ∈ C(T), or indeed merely for everyh ∈ Lip1(T) with h(0) = 0;
see, e.g., [24]. With eachµ ∈ P associate its distribution functionFµ : R→ R, given by

Fµ(t) = µ
({s+ Z : 0 ≤ s≤ 〈t〉}) + ⌊t⌋ ∀t ∈ R .

ThusFµ is non-decreasing and right-continuous. Also,t 7→ Fµ(t)− t is 1-periodic, andFµ(0) ≥ 0
as well asFµ(1−) := limε↓0 Fµ(1−ε) = 1. Every function with these properties is the distribution
function of one and only oneµ ∈ P. Examples of elements ofP particularly relevant for this
article include the Dirac measureδx at x ∈ T, for whichδx(B) = 1B(x) for every Borel setB ⊂ T,
and the Lebesgue measureλT characterized byFλT

(t) ≡ t. Recall thatµ ∈ P is singular (w.r.t.
λT) if there exists a Borel setB with µ(B) = 1 andλT(B) = 0; by contrast,µ is absolutely
continuous(w.r.t. λT) if µ(B) = 0 wheneverλT(B) = 0. Thesupportof µ ∈ P, denoted suppµ,
is the smallest compact setC ⊂ T with µ(C) = 1. For instance,δx is singular and suppδx = {x},
whereasλT obviously is absolutely continuous and suppλT = T. Note that the sets{µ ∈ P :
µ is absolutely continuous} and{µ ∈ P : # suppµ < ∞} both are dense inP.

Givenµ ∈ P, consider the (upper) inverse function ofFµ, defined byF−1
µ (t) = sup{Fµ ≤ t} for

everyt ∈ R. Notice thatF−1
µ −F−1

µ (0−) has all the properties of a distribution function mentioned
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before, and hence is in fact the distribution function of a unique element ofP, denotedµ−1 and
referred to as theinverseof µ. For example,µ−1

= δ0 precisely ifµ = δx for somex ∈ T, whereas
µ−1
= λT only if µ = λT. This shows that taking inverses is not one-to-one; it is notonto either

sinceµ−1
, δx for everyµ ∈ P andx ∈ T \ {0}. It is not hard to see thatµ−1 is singular if and

only if µ is singular [3, Ch. A].
A familiar metric inducing the topology of weak convergenceonP, henceforth also denoted

dT for simplicity and often referred to as theKantorovich(or 1-Wasserstein) metric, is given by

dT(µ, ν) = suph∈Lip1(T)

∫

T

hd(µ − ν) ∀µ, ν ∈ P . (2.1)

(Some authors also refer todT as theEarth Mover’s Distance[9].) While definition (2.1) is
easy enough to work with in the context of theoretical considerations such as in, e.g., Sections
4 and 5 below or [10, Sec. 11.8], it may be hard to evaluate directly for concrete examples. An
easy-to-use explicit formula fordT is

dT(µ, ν) = mint∈R

∫ 1

0
|Fµ(s) − Fν(s) − t| ds ∀µ, ν ∈ P . (2.2)

As a consequence of (2.2),

dT(µ, ν) =
∫ 1

0
|Fµ(s) − Fν(s) − t| ds ⇐⇒ min

{
λ({Fµ − Fν ≤ t}), λ({Fµ − Fν ≥ t})} ≥ 1

2 ; (2.3)

hereλ denotes Lebesgue measure on [0, 1]. Thus the minimum in (2.2) is attained precisely if
t is a median of the 1-periodic functionFµ − Fν. Although (2.2) apparently has long been part
of analysis folklore [5, 9, 14], the authors have been unableto locate a complete proof in the
literature; for the reader’s convenience, a simple proof of(2.2) and (2.3) is provided in Appendix
A.

Using (2.2), it is readily deduced thatdT(µ, λT) ≤ 1
4, and this inequality is strict unlessµ = δx

for somex ∈ T. As a consequence,dT(µ, ν) ≤ 1
2 for all µ, ν ∈ P, and this inequality is strict

unlessµ = δx, ν = δx+1/2 for somex ∈ T. Note thatdT(δx, δy) = dT(x, y) for all x, y ∈ T, so
{δx : x ∈ T} is an isometric copy ofT insideP.

Given any (Borel measurable) mapS : T → T andµ ∈ P, recall thatµ ◦ S−1, referred to
as thepush-forwardof µ underS, is the uniqueν ∈ P with ν(B) = µ

(
S−1(B)

)
for every Borel

setB. For example,δx ◦ R−1
t = δx+t andλT ◦ R−1

t = λT for all x ∈ T, t ∈ R. If S : T → T is
continuous, Lipschitz, or an isometry then the same is true for the mapµ 7→ µ ◦ S−1 induced on
P; in particular,Q andRt induce isometries onP. By contrast,µ 7→ µ−1 is discontinuous at every
µ with µ({0}) > 0; cf. [3, Lem. A5]. However, regarding the inverses of anyµ, ν ∈ P notice two
simple facts:µ−1

= ν−1 implies thatµ = ν ◦ R−1
t for somet ∈ R; and (µ−1)−1

= µ ◦ R−1
t with the

appropriatet ∈ R.
Two one-parameter families inP are particularly relevant for this article: For everya ∈ R\{0}

let ηa andζa be defined via their distribution functions,

Fηa(s) =
eas− 1
ea − 1

, Fζa(s) =
eas(a+ 1− as) − 1

ea − 1
+ a

eas− ea

(ea − 1)2
∀s ∈ [0, 1] .

In probabilistic terms,ηa andζa simply are the distributions of〈−Y1/a〉+Z and〈−(Y1+Y2)/a〉+Z,
respectively, where the real random variablesY1,Y2 are independent and standard exponential.
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A straightforward calculation using (2.2) yields

dT(ηa, ηb) =
|a− b|

ab


cosh

(
1
4a

)b/(a−b)

cosh
(

1
4b

)a/(a−b)
− 1

 ∀a, b ∈ R \ {0}, a , b , (2.4)

and consequently, for everya ∈ R \ {0},

limb→0 dT(ηa, ηb) =
log cosh

(
1
4a

)

|a| = dT(ηa, λT) , lim |b|→∞ dT(ηa, ηb) =
tanh

(
1
4a

)

a
= dT(ηa, δ0) ,

(2.5)
which suggests definingη0 = λT andη−∞ = η∞ = δ0. With this, {ηa : −∞ ≤ a ≤ ∞} is a
homeomorphic (in fact, bi-Lipschitz equivalent) copy ofT insideP. Similarly,

dT(ζa, ηa) =
1
|a|


e

1
4a tanh

(
1
4a

)

cosh
(

1
4a

) − 1


∀a ∈ R \ {0} , (2.6)

and hence lima→0 dT(ζa, ηa) = 0 = lim |a|→∞ dT(ζa, ηa), which suggests definingζ0 = λT and
ζ−∞ = ζ∞ = δ0 as well, so again{ζa : −∞ ≤ a ≤ ∞} is a homeomorphic copy ofT insideP.

By (2.4), the family (ηa)a∈R is continuous. In fact, it even is differentiable in the sense that

limε→0

∫

T

hd
(
ηa+ε − ηa

ε

)
=

∫

T

hdη′a ∀h ∈ C(T) , (2.7)

where the signed (Borel) measureη′a onT, the “tangent vector” toη atηa, is given by

η′a =


(ηa − ζa)/a if a ∈ R \ {0} ,
1
2(β2,1 − λT) if a = 0 ,

with Fβ2,1(s) = s2 for all s ∈ [0, 1]. Note that the convergence in (2.7) is uniform on Lip1(T).
Similarly, the family (ζa)a∈R is differentiable. Moreover, for everyh ∈ C∞(T),

lim |a|→∞ a
∫

T

hd(δ0 − ηa) = lim |a|→∞
a
2

∫

T

hd(δ0 − ζa) = h′(0) = limε→0

∫

T

hd
(
δε − δ0

ε

)
,

so that, in a sense, the “tangent vectors” to both families (ηa) and (ζa) at η∞ = ζ∞ = δ0 are
proportional to the “tangent vector” of the family (δt)t∈R at δ0.

Reflected and rotated versions ofηa are going to play a prominent role later on. Notice that
ηa ◦ Q−1

= η−a for everya ∈ R ∪ {−∞,∞}, but alsoη0 ◦ R−1
t = λT for everyt ∈ R, whereas

η−∞ ◦ R−1
t = η∞ ◦ R−1

t = δt, and similarly forζa. It is straightforward to show that for every
a ∈ R \ {0},

4 log cosh
(

1
4a

)

|a| dT(s, t) ≤ dT

(
ηa ◦ R−1

s , ηa ◦ R−1
t

) ≤
∣∣∣∣tanh

(
1
4a

)∣∣∣∣ dT(s, t) ∀s, t ∈ R ; (2.8)

when interpreted with caution, (2.8) remains valid fora = 0 and|a| = ∞ also. Thus, for every
a , 0 the set{ηa ◦ R−1

t : t ∈ R} is a bi-Lipschitz equivalent copy ofT insideP which one may
interpret as a “circle” with “centre”λT and “radius”dT(ηa, λT) ∈ ]0, 1

4]; see Figure 3.
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Figure 3: The compact metric spacesT (left) andP (right; schematic).

3. Empirical distributions on the circle

Given any sequence (xn) in R, denote byA[xn] the set of all limit points of (xn) mod 1, that
is,

A[xn] =
{
x ∈ T : ∃N1 < N2 < . . . s.t.dT(xN j , x)→ 0 as j → ∞}

.

Note thatA[xn] is non-empty and compact; every subset ofT with these two properties equals
A[yn] for the appropriate sequence (yn). Also, for everyN ∈ N denote byωN[xn] the empirical
distribution of{x1, x2, . . . , xN} mod 1, that is,

ωN[xn] =
1
N

∑N

n=1
δxn+Z ∈ P . (3.1)

In other words,ωN[xn] is the uniqueµ ∈ P with
∫
T

hdµ = 1
N

∑N
n=1 h(xn) for everyh ∈ C(T). In

later sections, it is going to be convenient also to considera suitably rotated version ofωN[xn],

ω̃N[xn] := ωN[xn] ◦R−1
−xN
=

1
N

∑N

n=1
δxn−xN+Z .

This section collects but a few basic observations regarding ωN[xn] as N → ∞. Given (xn),
denote byΩ[xn] the set of all limit points of (ωN) in P, i.e.,

Ω[xn] =
{
µ ∈ P : ∃N1 < N2 < . . . s.t.ωN j [xn] → µ as j → ∞}

.

For everyµ ∈ Ω[xn], note that suppµ ⊂ A[xn], and this inclusion may be strict. Throughout,
whenever (xn) is clear from the context,A[xn], ωN[xn], ω̃N[xn], andΩ[xn] may be written simply
asA, ωN, ω̃N, andΩ, respectively. The basic properties of the setΩ[xn] are as follows; see also
[19, Sec. 2.4] and [26, Sec. 2.2].

Theorem 3.1. Let (xn) be a sequence inR. ThenΩ[xn] is non-empty, compact, and connected.
Given any non-empty, compact, and connected setA ⊂ P there exists an increasing sequence
(yn) in R such thatΩ[yn] = A.
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Proof. Given (xn), for everyN ∈ N let ΩN = {ωn : n ≥ N}, the closure of{ωn : n ≥ N} in P.
Clearly,N 7→ ΩN is non-increasing, and eachΩN is non-empty and compact, hence closed. By
the compactness ofP, the intersection

⋂
N∈N ΩN = Ω is non-empty and closed, hence compact.

To show thatΩ is connected, pick any continuous functionf : Ω → {0, 1}. There exists a
continuous functiong : P → [0, 1] with g|Ω = f . Suppose thatf was not constant, that is,
f (Ω) = {0, 1}. Then, sinceP is connected,g(P) = [0, 1]. Moreover, deduce from

(N + 1)
∫

T

hdωN+1 − N
∫

T

hdωN = h(xN+1) ∀N ∈ N, h ∈ C(T) ,

that dT(ωN+1, ωN) ≤ 1/N for everyN ∈ N. Sinceg is continuous, the set{g(ωN) : N ∈ N} is
dense in [0, 1]. Consequently, there exists an increasing sequence (N j) in N with 1

3 ≤ g(ωN j ) ≤ 2
3

for all j ∈ N, but also limj→∞ ωN j = µ for someµ ∈ Ω. But then, by continuity,f (µ) = g(µ) =
lim j→∞ g(ωN j ) ∈ [ 1

3 ,
2
3], which contradicts the fact thatf (Ω) = {0, 1}. Thus, f must be constant.

In other words,Ω is connected.
To prepare for the proof of the remaining assertion, denote by P0 the set of allµ ∈ P for

which # suppµ < ∞. Recall thatP0 is dense inP. Moreover, given anyC ⊂ P andε > 0, let
Cε = {µ ∈ P : dT(µ, ν) < ε for someν ∈ C}. Note thatCε is open,Cε ⊃ C, and (Cε)ε̃ ⊂ Cε+ε̃ for
all ε, ε̃ > 0. Also,

⋂
ε>0Cε = C, and ifC is connected thenCε is path-connected for allε > 0; for

closedC the converse is also true.
Assume thatA ⊂ P is non-empty, compact, and connected. Given anyε > 0 andµ0, µ1 ∈

Aε ∩ P0, sinceAε is path-connected, since every continuous path can be approximated by a
polygonal path, and sinceP0 is dense inP, there exists a continuous pathγε : [0, 1] → P with
the following properties:

(i) γε connectsµ0 andµ1, i.e.,γε(0) = µ0, γε(1) = µ1;
(ii) γε lies withinAε, i.e.,γε(t) ∈ Aε for everyt ∈ [0, 1];
(iii) γε is polygonal, with each of its (straight) segments being directed towards a Dirac mea-

sure, i.e., with the appropriateMε ∈ N, 0 = tε,0 < tε,1 < . . . < tε,Mε−1 < tε,Mε
= 1, and

xε,1, . . . , xε,Mε
∈ T,

γε(t) =
(
1− (t − tε,m−1)

)
γε(tε,m−1) + (t − tε,m−1)δxm ∀m ∈ {1, . . . ,Mε}, t ∈ [tε,m−1, tε,m] ,

so in particularγε(t) ∈ P0 for everyt;
(iv) γε approximately coversA, i.e.,γε([0, 1])ε ⊃ A.

With these preparations, fix any decreasing sequence (ε j) in R+ with lim j→∞ ε j = 0, and for
every j pick µi ∈ P ∩Aε j . By the above, there exists a continuous pathγε j : [0, 1] → P0 ∩ Aε j

with γε j (0) = µ j andγε j (1) = µ j+1. Sinceγε j ([0, 1]) ⊂ Aε j , there exists̃ε j > 0 such that
γε j ([0, 1])ε̃ j ⊂ Aε j . Pick N1 ∈ N andy1, . . . , yN1 ∈ suppµ1 so thatdT(ωN1, µ1) < ε̃1. By property

(iii), it is possible to pickÑ1 > N1 andyN1+1, . . . , yÑ1
∈ T with

{
ωN[yn] : N1 ≤ N ≤ Ñ1

} ⊂ Aε1 ,
{
ωN[yn] : N1 ≤ N ≤ Ñ1

}
ε1
⊃ A , dT

(
ωÑ1

[yn], µ2
)
< ε̃2 .

(3.2)
Letting Ni+1 = Ñi , continue this process inductively, i.e., pick̃Ni+1 > Ni+1 andyNi+1+1, . . . , yÑi+1

in T so that (3.2) holds withNi+1, Ñi+1, εi+1, andε̃i+2 instead ofN1, Ñ1, ε1, andε̃2, respectively.
For the sequence (yn) in T thus obtained,ωN[yn] ∈ Aε j for all N ≥ N j , and hence

Ω[yn] =
⋂

j∈N
{ωN[yn] : N ≥ N j} ⊂

⋂
j∈N
Aε j ⊂

⋂
j∈N
A2ε j = A ,
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but alsoA ⊂ {ωN[yn] : N ≥ N j}ε j for every j, and so

A ⊂
⋂

j∈N
{ωN[yn] : N ≥ N j}ε j ⊂

⋂
j∈N
{ωN[yn] : N ≥ N j}ε j

= Ω[yn] = Ω[yn] .

This shows thatΩ[yn] = A. To make (yn) increasing, simply replaceyn by yn + kn with the
appropriate integerkn, as needed. Since the compact, connected setA , ∅ has been arbitrary,
the proof is complete. (Notice how the connectedness ofA is essential for the argument.)

This article focusses on sequences (xn) for whichΩ[xn] is very small. An extreme situation
obviously occurs whenΩ[xn] = {µ} for someµ ∈ P, or equivalently, whenωN → µ asN → ∞.
In this situation, (xn) is said tohave distributionµ mod 1, with the most classical special case
beingΩ[xn] = {λT}, that is, (xn) beinguniformly distributed modulo one, oru.d.mod 1 for short;
see, e.g., [17, 19]. Typically, though,Ω[xn] is not a singleton, i.e., the sequence (ωN) in P does
not converge; in this case,Ω[xn] is uncountable [26, Thm. 6]. Not least for the sequences (xn)
studied in detail in later sections, however, it turns out that, although (ωN) does not converge,(
ωN ◦ R−1

tN

)
with an appropriate sequence (tn) may well converge; recall thatωN ◦ R−1

tN denotes
the push-forward of the empirical distributionωN under the rotationRtN . Even in this slightly
more general setting, by the nature of (3.1), it seems plausible thatdT

(
ωN ◦ R−1

tN , µ
)

cannot tend
to 0 faster thanN−1 asN → ∞, except perhaps for (very) singularµ. The following theorem, the
main result of this section, makes this precise.

Theorem 3.2. Let (xn), (tn) be sequences inR, andµ ∈ P. Then, withωN given by(3.1):

(i) lim supN→∞ NdT

(
ωN ◦ R−1

tN , µ
)
> 0 unlesslimN→∞

∑N
n=1 dT(xn + tN, x) = 0 andµ = δx for

some x∈ T;
(ii) lim inf N→∞ NdT

(
ωN ◦ R−1

tN , µ
)
> 0 provided thatµ is not singular.

The proof of Theorem 3.2 makes use of two elementary observations from calculus regarding
monotone functionsf : [0, 1] → R. Recall that any suchf is Riemann integrable, and has
left- and right-sided limits at everys ∈ ]0, 1[, denotedf (s−) and f (s+), respectively. The first
observation is a special case of [31, Cor. 4.4(ii)].

Proposition 3.3. Let f : [0, 1]→ R be monotone. Then
∫ 1

0
| f (s) − t| ds is minimal if and only if

min
{
f
(

1
2−

)
, f

(
1
2+

)}
≤ t ≤ max

{
f
(

1
2−

)
, f

(
1
2+

)}
;

in particular,
∫ 1

0
| f (s) − t| ds≥

∫ 1

0

∣∣∣∣ f (s) − f
(

1
2

)∣∣∣∣ ds for every t∈ R.

For a second observation, given anyc ∈ R andN ∈ N, let

s0 = 0 , sn =
〈c〉 + n− 1

N
(n = 1, . . . ,N) , sN+1 = 1 . (3.3)

With this, for every (monotone)f : [0, 1] → R consider the piecewise constant functionF f
c,N

given by

F f
c,N(s) =

∑N

n=0
f
(

1
2(sn + sn+1)

)
1[sn,sn+1[(s) ∀s ∈ [0, 1[ ; (3.4)

for convenience, letF f
c,N(1) = F f

c,N(1−). Note that
∫ 1

0
F f

c,N(s) ds is a Riemann sum for
∫ 1

0
f (s) ds.

The following lemma is a statement about the rate of convergence for such Riemann sums; while
the elementary (albeit somewhat lengthy) proof of the lemmais included for completeness, it is
deferred to Appendix B for the reader’s convenience.
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Lemma 3.4. Given any monotone function f: [0, 1] → R and any sequence(cn) in R, the
following are equivalent:

(i) lim N→∞ N
∫ 1

0
| f (s) − F f

cN,N
(s)| ds= 0;

(ii) there exists a∈ [0, 1[ such that f is constant on]0, a[ and ]a, 1[, and either a= 0 or else
limN→∞ dT(Na, cN) = 0.

Proof of Theorem 3.2.For convenience, letf = F−1
µ and ν = µ−1. Recall that f is right-

continuous and non-decreasing, with 0≤ f (0) ≤ f (1−) ≤ 1, andFν = f − f (0−).
To prove (i), observe that with the appropriateuN ∈ R,

dT

(
ωN ◦R−1

tN , µ
)
=

∫ 1

0
|Fµ(s) − FωN (s− tN) − uN| ds=

∫ 1

0
| f (s) − F−1

ωN
(s− uN) − tN| ds,

where the second equal sign is due to Fubini’s theorem and thefact that the integrand is 1-
periodic. Note thatF−1

ωN
(· − uN) − tN is constant on the interval ](k+ NuN)/N, (k+ 1+ NuN)/N[

for everyk ∈ Z. Thus, withc = NuN ands0, s1, . . . , sN+1 as in (3.3),

dT

(
ωN ◦ R−1

tN , µ
)
=

∑N

n=0

∫ sn+1

sn

∣∣∣∣ f (s) − F−1
ωN

(
1
2(sn + sn+1) − uN

)
− tN

∣∣∣∣ ds

≥
∑N

n=0

∫ sn+1

sn

∣∣∣∣ f (s) − f
(

1
2(sn + sn+1)

)∣∣∣∣ ds=
∫ 1

0

∣∣∣∣ f (s) − F f
NuN,N

(s)
∣∣∣∣ ds;

here the inequality is due to Proposition 3.3 applied, in appropriately rescaled form, to each
interval [sn, sn+1] individually. By Lemma 3.4, lim supN→∞ NdT

(
ωN ◦R−1

tN , µ
)
> 0 unlessf = F−1

µ

is constant on ]0, a[ and ]a, 1[ for somea ∈ [0, 1[, and so isFν. To further analyze the latter
possibility, assume first thata = 0. In this case,Fν(s) = 1 for all s ∈ [0, 1[, that is,ν = δ0, and
consequentlyµ = δx for somex ∈ T. From

NdT

(
ωN ◦ R−1

tN , δx
)
=

∑N

n=1
dT(xn + tN, x) ∀N ∈ N ,

it is clear that lim supN→∞ NdT

(
ωN ◦ R−1

tN , µ
)
> 0 unless limN→∞

∑N
n=1 dT(xn + tN, x) = 0. Next

assume thata ∈ ]0, 1[, whereFν(s) = b for someb ∈ [0, 1[ and alls ∈ ]0, a[. Sinceν , δa+Z,
necessarilyb > 0, andν = µ−1

= bδ0 + (1 − b)δa. With the appropriatet ∈ R, therefore,
µ =

(
(1− a)δ0 + aδb

) ◦ R−1
t . LettingωN = ωN ◦ R−1

tN−t for convenience, notice thatNFωN (s) is an
integer for everys. Thus, with the appropriateuN ∈ R for everyN,

NdT

(
ωN ◦R−1

tN , µ
)
= NdT

(
ωN, µ ◦R−1

−t
)
= N

∫ 1

0

∣∣∣Fµ◦R−1
−t

(s) − FωN(s) − uN

∣∣∣ ds

= N
∫ b

0
|1− a− FωN (s) − uN | ds+ N

∫ 1

b
|1− FωN (s) − uN | ds

≥ bmink∈Z |Na+ NuN + k| + (1− b) mink∈Z |NuN + k|
= bdT(Na,−NuN) + (1− b)dT(−NuN, 0)

≥ min{b, 1− b}dT(Na, 0) .

Note that lim supN→∞ dT(Na, 0) ≥ 1
3; see, e.g., [2, eq. (3.5)]. Thus

lim supN→∞ NdT

(
ωN ◦ R−1

tN , µ
) ≥ 1

3 min{b, 1− b} > 0
11



in this case. In summary, lim supN→∞ NdT

(
ωN◦R−1

tN , µ
)
> 0 unless limN→∞

∑N
n=1 dT(xn+tN, x) = 0

andµ = δx for somex ∈ T.
To prove (ii), recall thatωN ◦ R−1

tN ∈ P is discrete, in fact # supp
(
ωN ◦ R−1

tN

) ≤ N. Thus
dT

(
ωN ◦ R−1

tN , µ
) ≥ dT(νN, µ) whereνN denotes a (not necessarily unique) best approximation of

µ in {ν ∈ P : # suppν ≤ N}. By [16, Thm. 1.4],

limN→∞ NdT(νN, µ) =
1
4


∫

T

√
dµA

dλT

dλT


2

;

hereµA denotes the absolutely continuous part ofµ. Consequently,

lim inf N→∞ NdT

(
ωN ◦ R−1

tN , µ
) ≥ limN→∞ NdT(νN, µ) > 0 ,

provided thatµA , 0, i.e., provided thatµ is not singular.

Corollary 3.5. Let (xn) be a sequence inR, andµ ∈ P. Thenlim supN→∞ NdT

(
ω̃N, µ

)
> 0 unless

xn ∈ Z for every n, andµ = δ0.

To put Theorem 3.2 in perspective, notice that lim infN→∞ NdT

(
ωN ◦ R−1

tN , µ
)
= 0 is possible

even whenµ has no atoms. For instance, ifµ is the classical Cantor middle third distribution
(“wrapped up” onT) then lim infN→∞ NrdT

(
ωN ◦ R−1

tN , µ
)
= 0 for everyr < log 3/ log 2 ≈ 1.585

and the appropriate sequences (xn), (tn). Also, the sequence
(
NdT(ωN ◦ R−1

tN , µ)
)

may be barely

unbounded, in that, for instance, lim supN→∞ NdT

(
ωN ◦R−1

tN , µ
)
/
√

logN may be finite even when
µ is absolutely continuous; see Example 4.3(i) below. However, it follows from [14, Thm. 3] that

lim supN→∞ NdT

(
ωN ◦ R−1

tN , µ
)
= ∞ , (3.5)

for every choice of (xn), provided that supn∈N ndT(tn, 0) < ∞ andµ is absolutely continuous with
bounded density. Much more generally, the authors suspect that (3.5)alwaysholds in the context
of Theorem 3.2(ii), that is, forall sequences (xn), (tn) in R andeveryµ ∈ P that is not singular.
If correct, this would constitute a remarkable extension ofthe classical van Aardenne–Ehrenfest
theorem [19, Cor. 2.2.1], with the latter following immediately by takingµ = λT in (3.5); see
also [25, Sec. 3.1]

4. Empirical distributions of log-like sequences

This section provides an analysis of the empirical distributionsωN[xn] associated with any
real sequence (xn) that satisfies (1.1). Notice thatxn ≡ f (n) with an appropriate smooth (C∞)
function f : R+ → R for which limt→∞ t f ′(t) = limn→∞ n(xn+1 − xn). For convenience, then, let

F = {
f : R+ → R is smooth and limt→∞ t f ′(t) exists (inR)

}
,

as well asF0 = { f ∈ F : limt→∞ t f ′(t) = 0}. With every f ∈ F , associate the smooth function
∆

f given by∆ f (t) = t f ′(t) − bf , wherebf
= lim t→∞ t f ′(t). In a way, therefore,∆ f measures the

deviation of f (t) from bf log t, and trivially limt→∞ ∆
f (t) = 0. Given anyf ∈ F , write A[ f (n)],

ωN[ f (n)], ω̃N[ f (n)], andΩ[ f (n)] simply asA f , ω f
N, ω̃ f

N, andΩ f , respectively, i.e.,

A f
=

{
x ∈ T : ∃N1 < N2 < . . . s.t.dT( f (N j), x)→ 0 as j → ∞}

;

ω
f
N =

1
N

∑N

n=1
δ f (n)+Z , ω̃

f
N = ω

f
N ◦ R−1

− f (N) =
1
N

∑N

n=1
δ f (n)− f (N)+Z ∀N ∈ N ;

Ω
f
=

{
µ ∈ P : ∃N1 < N2 < . . . s.t.ω f

N j
→ µ as j → ∞}

.
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Note thatA f is a closed arc for everyf ∈ F . In fact,A f
= T unlessf ∈ F0; in the latter case,

A f may be smaller.
Informally put, this section aims to describe, for any givenf ∈ F and as accurately as

possible, the behaviour ofω f
N asN → ∞, as well as the structure ofΩ f . The quantity

D f
N := dT

(
ω̃

f
N, η1/bf

)
= dT

(
ω

f
N, η1/bf ◦ R−1

f (N)
) ∀N ∈ N ,

is going to be of particular interest in this regard, with theconvention 1/0 := ∞ adhered to
throughout. (Recall thatη1/bf ◦ R−1

f (N) denotes the push-forward of the probability measureηa,

with a = 1/bf and bf ∈ R, under the rotationRf (N). The reader may recognizeD f
N as a

discrepancy-like quantity; see Remark 5.7 below.) Complementing and refining [17, 22, 30],
the main result of this section provides a simple, explicit upper bound onD f

N; in particular, it

implies that limN→∞ D f
N = 0 for every f ∈ F .

Theorem 4.1. Let f : R+ → R be smooth, and assume that f∈ F . Then there exists N0 ∈ N
such that

D f
N ≤

1+ 4|bf | logN
4N

+
2
N

∫ N

1
|∆ f (t)| dt ∀N ≥ N0 . (4.1)

Proof. Fix any f ∈ F , and write∆ f , bf simply as∆, b, respectively. Assume for the time being
thatb , 0. Since

dT

(
ω̃

f
N, η1/b

)
= dT

(
ω

f
N, η1/b ◦R−1

f (N)
)
= dT

(
ω
− f
N , η−1/b ◦ R−1

− f (N)
)
= dT

(
ω̃
− f
N , η−1/b

) ∀N ∈ N ,

it can be assumed thatb ∈ R+. (Otherwise replacef by− f .) PickN1 ∈ N so large that|∆(t)| ≤ 1
4b

for all t ≥ N1. Noting thatf ′(t) > 0 whenevert ≥ N1, denote byg = g(t) the inverse off , defined
for all t ≥ f (N1); for convenience, letg(t) = N1 for all t ≤ f (N1). Recall that

f (t) = f (1)+ b log t +
∫ t

1

∆(s)
s

ds= f (N1) − b logN1 + b log t +
∫ t

N1

∆(s)
s

ds ∀t ∈ R+ .

Now, fix anyh ∈ Lip1(T), and observe that

N
∫

T

hd
(
η1/b ◦R−1

f (N)
)
=

N
b

∫ 1

0
h
(
s+ f (N)

) es/b

e1/b − 1
ds=

N
b

∫ 1

0
h
(
s+ f (N)

)
es/b

∑∞

j=1
e− j/b ds

=
N
b

∑∞

j=1

∫ − j+1

− j
h
(
s+ j + f (N)

)
es/b ds=

N
b

∫ 0

−∞
h
(
s+ f (N)

)
es/b ds

=
N
b

e− f (N)/b
∫ f (N)

−∞
h(s)es/b ds= Ne− f (N)/b

(
h(s)es/b

∣∣∣∣
f (N)

s=−∞
−

∫ f (N)

−∞
h′(s)es/b ds

)

= Nh◦ f (N) − Ne− f (N)/b
∫ f (N)

−∞
h′(s)es/b ds.

Moreover, by Euler summation for everyN ≥ N1,

N
∫

T

hdω f
N =

∑N

n=1
h ◦ f (n)

=

∑N1−1

n=1
h ◦ f (n) + 1

2

(
h ◦ f (N1) + h ◦ f (N)

)
+

∫ N

N1

h ◦ f (t) dt +
∫ N

N1

h′ ◦ f (t) f ′(t)
(
〈t〉 − 1

2

)
dt

= Nh◦ f (N) −
∫ f (N)

f (N1)
h′(s)g(s) ds+

∫ f (N)

f (N1)
h′(s)

(
〈g(s)〉 − 1

2

)
ds+ cN ;
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here the numbercN depends onf andN1, but is uniformly bounded, in that|cN| ≤ N1 for all
N ≥ N1. Thus, for everyN ≥ N1,

N

(∫

T

hd
(
ω

f
N − η1/b ◦ R−1

f (N)
))
=

= Ne− f (N)/b
∫ f (N)

−∞
h′(s)es/b ds−

∫ f (N)

f (N1)
h′(s)g(s) ds+

∫ f (N)

f (N1)
h′(s)

(
〈g(s)〉 − 1

2

)
ds+ cN

= bN

∫ f (N1)

−∞
h′(s)es/b ds+

∫ f (N)

f (N1)
h′(s)gN(s) ds+

∫ f (N)

f (N1)
h′(s)

(
〈g(s)〉 − 1

2

)
ds+ cN , (4.2)

where, for convenience,

bN = Ne− f (N)/b
= e− f (1)/be−1/b

∫ N

1 ∆(s)/sds > 0 ∀N ≥ N1 ,

and the smooth functiongN : [ f (N1), f (N)] → R is given by

gN(s) = Ne− f (N)/bes/b − g(s) ∀N ≥ N1 . (4.3)

An upper bound is now going to be derived for each of the three (potentially) unbounded con-
tributions in (4.2). To this end, first notice that if

∫ ∞
1
|∆(t)|/t dt < ∞ then the sequence (bN) is

bounded, and hence limN→∞ bN/ logN = 0. If, however,
∫ ∞
1
|∆(t)|/t dt = ∞ then

∫ ∞
1
|∆(t)| dt = ∞

as well, in which case it is readily seen that limN→∞ bN/
∫ N

1
|∆(t)| dt = 0. Thus, with the appro-

priateN2 ∈ N independent ofh,
∣∣∣∣∣∣bN

∫ f (N1)

−∞
h′(s)es/b ds

∣∣∣∣∣∣ ≤
b
3

logN +
1
3

∫ N

1
|∆(t)| dt ∀N ≥ N2 .

Next, to derive an upper bound for the second term in (4.2), observe thatgN
(
f (N)

)
= 0, as well

as

g′N(s) = Ne− f (N)/b es/b

b
− g(s)

b+ ∆ ◦ g(s)
=

gN(s)
b
+

g(s)∆ ◦ g(s)
b2 + b∆ ◦ g(s)

∀s ∈ [ f (N1), f (N)] ,

so that consequently

gN(s) = −
∫ f (N)

s
e(s−r)/b g(r)∆ ◦ g(r)

b2 + b∆ ◦ g(r)
dr ∀s ∈ [ f (N1), f (N)] .

Reversing the order of integration yields
∣∣∣∣∣∣

∫ f (N)

f (N1)
h′(s)gN(s) ds

∣∣∣∣∣∣ =
∣∣∣∣∣∣−

∫ f (N)

f (N1)
h′(s)

∫ f (N)

s
e(s−r)/b g(r)∆ ◦ g(r)

b2 + b∆ ◦ g(r)
dr ds

∣∣∣∣∣∣

=

∣∣∣∣∣∣

∫ f (N)

f (N1)

g(r)∆ ◦ g(r)
b2 + b∆ ◦ g(r)

∫ r

f (N1)
h′(s)e(s−r)/b dsdr

∣∣∣∣∣∣

≤
∫ f (N)

f (N1)

g(r)|∆| ◦ g(r)
b− |∆| ◦ g(r)

∣∣∣∣∣∣

∫ r

f (N1)
h′(s)

e(s−r)/b

b
ds

∣∣∣∣∣∣ dr

≤
∫ f (N)

f (N1)

g(r)|∆| ◦ g(r)
b− |∆| ◦ g(r)

dr =
∫ N

N1

|∆(t)| b+ ∆(t)
b− |∆(t)| dt

≤ b+ b/4
b− b/4

∫ N

N1

|∆(t)| dt =
5
3

∫ N

N1

|∆(t)| dt .
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Finally, to derive an upper bound for the remaining terms in (4.2), simply notice that, with the
appropriateN3 ∈ N independent ofh,

∣∣∣∣∣∣

∫ f (N)

f (N1)
h′(s)

(
〈g(s)〉 − 1

2

)
ds+ cN

∣∣∣∣∣∣ ≤
f (N) − f (N1)

2
+ |cN| ≤

2b
3

logN ∀N ≥ N3 .

Combining all these estimates back into (4.2) yields

∣∣∣∣∣N
∫

T

hd
(
ω̃

f
N − η1/b

)∣∣∣∣∣ ≤
b
3

logN +
1
3

∫ N

1
|∆(t)| dt +

5
3

∫ N

1
|∆(t)| dt +

2b
3

logN

= b logN + 2
∫ N

1
|∆(t)| dt ∀N ≥ max{N1,N2,N3} .

Sinceh ∈ Lip1(T) has been arbitrary, it follows that withN0 = max{N1,N2,N3},

NDf
N = NdT

(
ω̃

f
N, η1/b

) ≤ b logN + 2
∫ N

1
|∆(t)| dt ∀N ≥ N0 ,

which proves (4.1) forb > 0.
It remains to consider the caseb = 0 where simplyη1/b ◦ R−1

f (N) = δ f (N). As before, fix
h ∈ Lip1(T), and deduce from Euler summation that, for everyN ∈ N,

N
∫

T

hdω f
N =

1
2

(
h ◦ f (1)+ h ◦ f (N)

)
+

∫ N

1
h ◦ f (t) dt +

∫ N

1
h′ ◦ f (t) f ′(t)

(
〈t〉 − 1

2

)
dt

=
1
2

(
h ◦ f (N) − h ◦ f (1)

)
+ Nh◦ f (N) −

∫ N

1
th′ ◦ f (t) f ′(t) dt +

∫ N

1
h′ ◦ f (t) f ′(t)

(
〈t〉 − 1

2

)
dt ,

whereas clearly
∫
T

hdδ f (N) = h ◦ f (N). Thus for everyN ∈ N,

∣∣∣∣∣N
∫

T

hd
(
ω̃

f
N − δ0

)∣∣∣∣∣ ≤
1
2

dT

(
f (N), f (1)

)
+

∫ N

1

(
t +

1
2

)
| f ′(t)| dt

≤ 1
4
+

∫ N

1

(
1+

1
2t

)
|∆(t)| dt ≤ 1

4
+

3
2

∫ N

1
|∆(t)| dt ,

which proves (4.1) forb = 0.

Theorem 4.1 immediately yieldsΩ f for every f ∈ F . In essence, this has been established
already in [17, Thm. 9], albeit via a very different approach.

Corollary 4.2. Let (xn) be a sequence inR that satisfies(1.1). Then:

(i) A , ∅ is a closed arc, andA = T whenever b, 0;
(ii) Ω = {η1/b ◦ R−1

x : x ∈ A};
(iii) for any increasing sequence(N j) in N and t∈ R, ωN j → η1/b ◦ R−1

t as j→ ∞ if and only
if lim j→∞ dT(xN j , t) = 0.

The following examples illustrate Theorem 4.1 and Corollary 4.2.
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Example 4.3. (i) Let xn = logn for all n ∈ N. Taking f (t) = log t, clearly f ∈ F , with bf
= 1

and∆ f
= 0. By Theorem 4.1,

lim supN→∞
NdT

(
ω̃N, η1

)

logN
≤ 1 ,

whereas lim infN→∞ NdT

(
ω̃N, η1

)
> 0 by Theorem 3.2(ii). A careful analysis shows that in fact

limN→∞
NdT

(
ω̃N, η1

)
√

logN
=

1
√

6π
;

see [1, Thm. 3.1] and Remark 5.2 below.
(ii) Let xn = log logn for all n ≥ 3. With f (t) = log logt for all t ≥ e, clearly f ∈ F0 and

∆
f (t) = 1/ log t. Since

limN→∞
logN

N

∫ N

e
|∆ f (t)| dt = 1 ,

it now follows from Theorem 4.1 that

lim supN→∞ logN dT

(
ω̃N, δ0

) ≤ 2 .

Unlike in (i), this bound on the rate of convergence ofdT

(
ω̃N, δ0

) → 0 is sharp asN → ∞ up to
a factor 2: Indeed, it is straightforward to show that

limN→∞ logN dT

(
ω̃N, δ0

)
= 1 .

Note thatA = T and henceΩ = {δx : x ∈ T} even thoughb = 0.
(iii) Let xn = e−n for all n ∈ N. Here f (t) = e−t, so f ∈ F0 and∆ f (t) = −te−t. Theorem 4.1

now yields

lim supN→∞ NdT

(
ω̃N, δ0

) ≤ e+ 16
4e

≈ 1.722.

By contrast, Theorem 3.2(i) implies that lim supN→∞ NdT

(
ω̃N, δ0

)
> 0, whereas Theorem 3.2(ii)

does not apply. Still, just like in (ii), the bound provided by (4.1) is essentially sharp, since a
short calculation shows that

limN→∞ NdT

(
ω̃N, δ0

)
=

1
e− 1

≈ 0.5820.

Unlike in (ii), however,A = {0} and henceΩ = {δ0}.

5. Examples and extensions

This concluding section discusses Theorem 4.1 by means of a few concrete examples and
possible extensions. While the discussion is quite succinct, the interested reader will have no
difficulty filling in the omitted elementary details as desired.

For a first illustrative example, fix anyb, c ∈ R \ {0} and let f : R+ → R be smooth with

f (t) = b log t + c log logt ∀t ≥ e. (5.1)
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Clearly, f ∈ F \ F0, bf
= b, and∆ f (t) = c/ log t for t ≥ e. Deduce from Theorem 4.1 that

lim supN→∞ logN Df
N ≤ limN→∞

2|c| logN
N

∫ N

e

dt
log t

= 2|c| .

As the following theorem shows, in this example limN→∞ logN Df
N is finite and positive, and so

the seemingly rough bound (4.1) is essentially sharp, that is, sharp asN → ∞ up to a positive
constant.

Theorem 5.1. Let xn = b logn + c log logn for some b, c ∈ R \ {0} and all n ≥ 2. Then
Ω = {η1/b ◦R−1

x : x ∈ T}. Moreover,

limN→∞ logN
∫

T

hd
(
ω̃N − η1/b

)
=

c
b

∫

T

hd(ζ1/b − η1/b) ∀h ∈ Lip(T) , (5.2)

and the convergence in(5.2) is uniform onLip1(T); in particular,

limN→∞ logN dT

(
ω̃N, η1/b

)
=
|c|
|b| dT(ζ1/b, η1/b) = |c|


e

1
4b tanh 1

4b

cosh 1
4b

− 1

 . (5.3)

Proof. Since limt→∞ t f ′(t) = b, the assertion regardingΩ is immediate from Corollary 4.2(ii).
Henceforth, assume w.l.o.g. thatb > 0, and withN1 ≥ 3, f (N1) > 1, andg as in the proof of
Theorem 4.1, note that

g(s) = es/b

(
s
b
− c

b
log

s
b
+ g̃(s)

log s
s

)−c/b

∀s≥ f (N1) , (5.4)

whereg̃ denotes aboundedsmooth function; by choosing a largerN1 if necessary, it can be
assumed that

s
b
− c

b
log

s
b
+ g̃(s)

log s
s
≥ 1 ∀s≥ f (N1) .

Letting ℓN = logN for convenience, deduce from (4.2) that, given anyh ∈ Lip1(T), and with the
appropriateN2 ≥ N1 independent ofh,

N
∫

T

hd
(
ω

f
N − η1/b ◦R−1

f (N)
)
= aNℓ

1+|c|/b
N +

∫ f (N)− f (N1)

0
h′( f (N)− s)gN( f (N)− s) ds ∀N ≥ N2 ;

here the numberaN ∈ R depends onh, but |aN| ≤ 1 for all N ≥ N2. Now, recalling the definition
of gN from (4.3), notice that

gN( f (N) − s)
N

= e−s/b − g( f (N) − s)
N

∀N ≥ N1, s ∈ [0, f (N) − f (N1)] .

Moreover, from (5.1) and (5.4), it is readily seen that, withthe appropriateN3 ≥ N2,

g( f (N) − s)
N

= e−s/b

1−
s

bℓN
+

g̃N(s)

ℓ
4/3
N


−c/b

∀N ≥ N3, s ∈
[
0,

√
ℓN

]
,

where the functioñgN is smooth with|̃gN(s)| ≤ 1, but also
∣∣∣∣∣
g( f (N) − s)

N

∣∣∣∣∣ ≤ e−s/bℓ
1+|c|/b
N ∀N ≥ N3, s ∈

[ √
ℓN, f (N) − f (N1)

]
.
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Combining these estimates yields, with the appropriateN4 ≥ N3 and|̃aN| ≤ 3b,

ℓN

∫

T

hd
(
ω

f
N − η1/b ◦R−1

f (N)
)

= ãNℓ
2+|c|/b
N e−

√
ℓn/b + ℓN

∫ √
ℓN

0
e−s/b

1−
1−

s
bℓN
+

g̃N(s)

ℓ
4/3
N


−c/b h′( f (N) − s) ds

for all N ≥ N4, from which it is straightforward to deduce that

limN→∞

(
ℓN

∫

T

hd
(
ω

f
N − η1/b ◦ R−1

f (N)
)
+

c
b2

∫ ∞

0
se−s/bh′( f (N) − s) ds

)
= 0 ,

uniformly in h ∈ Lip1(T). Furthermore, observe that

∫ ∞

0
se−s/bh′( f (N) − s) ds=

∫ 1

0
e−s/bh′( f (N) − s)

∑∞

n=0
(s+ n)e−n/bds

=
e1/b

(e1/b − 1)2

∫ 1

0
e−s/b(s(e1/b − 1)+ 1)h′( f (N) − s) ds

= −b
∫

T

hd
(
(ζ1/b − η1/b) ◦R−1

f (N)
)
.

For f given by (5.1), therefore, uniformly inh ∈ Lip1(T),

limN→∞ logN
∫

T

hd
(
ω̃

f
N − η1/b

)
=

c
b

∫

T

hd(ζ1/b − η1/b) .

This proves (5.2), and since the latter holds uniformly on Lip1(T), also (5.3), by (2.1) and (2.6).

Remark 5.2. As the reader may suspect, the conclusion of Theorem 5.1 is somewhat different
in the (excluded) casec = 0 for which (4.1) simply yields lim supN→∞ NDf

N/ logN ≤ |bf |: It is
shown in [1] that if f ∈ F satisfies

∫ ∞
1
|∆ f (t)| dt < ∞ then

limN→∞
NDf

N√
logN

=

√
|bf |
6π

(
1+ 2V(e1/|bf |)

)
, (5.5)

where the functionV : ]1,∞] → [0, 1]∩Q is given by

V(t) =



0 if {tn : n ∈ N} ∩Q = ∅ ,

1
pq− 1

if {tn : n ∈ N} ∩Q = {(p/q) j : j ∈ N} with p, q ∈ N and gcd(p, q) = 1 .

In this case, therefore, the right-hand side in (4.1) is too pessimistic asN → ∞ by a factor√
logN. Moreover, utilizing (4.2) withgN(s) ≡ 0, it is readily seen that forf given by (5.1) with

c = 0,

limN→∞
N√

logN

∫

T

hd
(
ω̃

f
N − η1/b

)
= 0 ∀h ∈ Lip(T) ; (5.6)
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unlike in (5.2), however, the convergence here isnot uniform on Lip1(T). Thus, whereas the
rate of convergence in (5.3) reflects what one may regard as the deviation error, corresponding
to the right-most term in (4.1), the rate of convergence in (5.5) reflects thediscretization error,
caused by approximating the (absolutely) continuous probability measureη1/b with a discrete
one, namelỹω f

N. Notice furthermore that whereas the deviation error is “biased”, in the sense
that asymptotically it is proportional toζ1/b − η1/b , 0, by (5.2), the discretization error is
“unbiased”, by (5.6). Clearly, a certain discretization error ω̃ f

N − η1/b is unavoidable whenever
f ∈ F \ F0. However, the authors conjecture that the (rate of convergence for the) discretization
error appearing in (5.5) is the smallest it can possibly be; more precisely, they conjecture that

lim supN→∞
N√

logN
dT

(
ω̃

f
N, µ

)
> 0 ∀ f ∈ F \ F0, µ ∈ P . (5.7)

If indeed correct, (5.7) would significantly strengthen (3.5) in the special case wherexn = −tn =
f (n) for all n, with any f ∈ F \ F0.

For a second illustrative example, fix againb, c ∈ R \ {0}, as well as 0< r < 1, and consider
f : R+ → R given by

f (t) = b log t + ct−r ∀t ∈ R+ , (5.8)

so f ∈ F , bf
= b, and∆ f (t) = −crt−r . Here Theorem 4.1 yields

lim supN→∞ Nr D f
N ≤ limN→∞

2|c|rNr

N

∫ N

1
t−rdt =

2|c|r
1− r

.

As in the case of (5.1), it turns out that (4.1) is essentiallysharp in this example also. The proof of
the following result is completely analogous to, yet somewhat simpler than the proof of Theorem
5.1, and hence the details are left to the interested reader.

Proposition 5.3. Let xn = b logn+ cn−r for some b, c ∈ R \ {0}, 0 < r < 1, and all n∈ N. Then
Ω = {η1/b ◦R−1

x : x ∈ T}. Moreover,

limN→∞ Nr
∫

T

hd
(
ω̃N − η1/b

)
= −c

b

∫

T

hd(η(1−r)/b − η1/b) ∀h ∈ Lip(T) , (5.9)

and the convergence in(5.9) is uniform onLip1(T); in particular,

limN→∞ NrdT

(
ω̃N, η1/b

)
=
|c|
|b| dT(η(1−r)/b, η1/b) .

Remark 5.4. (i) In essence, (5.2) and (5.9) both assert that

limN→∞
1

|∆ f (N)|

∫

T

hd
(
ω̃

f
N − η1/bf

)
= a

∫

T

hd(µ − η1/bf ) ∀h ∈ Lip(T) , (5.10)

for the appropriate constanta ∈ R \ {0} andµ ∈ P with µ , η1/bf . As a consequence,

limN→∞
D f

N

|∆ f (N)| = |a|dT(µ, η1/bf ) ∈ R+ .
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Thus,D f
N → 0 at precisely the same rate as∆ f (N)→ 0. Moreover, it is not hard to see that, as a

complement to (5.10),

limN→∞
1

|∆ f (N)| (Fω̃N − Fη1/bf ) = a(Fζ1/bf − Fη1/bf ) (5.11)

uniformly on R; see Figure 4. It seems plausible that (5.10) and (5.11) remain valid for any
f ∈ F \ F0, as long as|∆ f | is regularly varying at∞ with index larger than−1.

(ii) For f as in (5.8), but withr ≥ 1, it can be shown that (5.5) holds; as noted in Remark 5.2,
this is immediate from [1, Thm. 3.1] in caser > 1.

N = 102

N = 102

N = 103

N = 103

N = 104

N = 104

3(Fζ3 − Fη3 )

6(Fη3/2 − Fη3 )0.5

0.5 0.5 0.5

0.5 0.5

0

0 00

00

1

1 1 1

1 1

s s s

sss

log N (Fω̃N
− Fη3 )

√
N(Fω̃N

− Fη3 )

Figure 4: By Remark 5.4(i), the deviation logN (Fω̃N
− Fη3 ) associated with the sequence (xn) =

( 1
3 logn + log logn

)

converges uniformly (top), and so does the deviation
√

N(Fω̃N
− Fη3 ) associated with (xn) =

( 1
3 logn− 2/

√
n
)
; see also

Figure 2.

For a third illustrative example, denote bypn then-th prime number. The distributions mod
1 of the sequence (logpn) have been studied by many authors; see, e.g., [15, 21, 22, 27, 29]. To
appreciate this sequence within the context of the present article, notice first that known results
about prime gaps [13, 32] imply

lim inf n→∞ n logn log
pn+1

pn
< ∞ , lim supn→∞

n√
log logn

log
pn+1

pn
> 0 ,

and consequently

lim inf n→∞ n(log pn+1 − log pn) = 0 , lim supn→∞ n(log pn+1 − log pn) = ∞ .
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Hence Corollary 4.2 does not apply directly to (xn) = (log pn). However, a conclusion very
similar to that of Theorem 5.1 holds nonetheless.

Theorem 5.5. Let xn = b log pn for some b∈ R\{0} and all n∈ N. ThenΩ = {η1/b◦R−1
x : x ∈ T}.

Moreover,

limN→∞ logN
∫

T

hd
(
ω̃N − η1/b

)
=

∫

T

hd(ζ1/b − η1/b) ∀h ∈ Lip(T) , (5.12)

and the convergence in(5.12)is uniform onLip1(T); in particular

limN→∞ logN dT

(
ω̃N, η1/b

)
= dT(ζ1/b, η1/b) .

As presented here, the proof of Theorem 5.5 makes use of the following two quantitative refine-
ments of the prime number theorem; see, e.g., [6, 11, 12] and the references therein. On the one
hand, withπ(x) := #{n ∈ N : pn ≤ x} for everyx ∈ R,

π(x) =
x

log x

(
1+

1
log x

+
q(x)

(log x)2

)
∀x ≥ e, (5.13)

where the functionq : [e,∞[→ R is bounded. On the other hand,

pn

n
= logn+ log logn− 1+

qn log logn
logn

∀n ≥ 2 , (5.14)

where the sequence (qn) is bounded.

Proof of Theorem 5.5.Pick any smoothf : R+ → R with

f (t) = b log t + b log(logt + log logt − 1) ∀t ≥ 2e; (5.15)

to avoid confusing it with̃ωN, denoteω f
N ◦ R−1

− f (N) by µN throughout. Note that Theorem 4.1

applies, since obviouslyf ∈ F , whereas̃f < F for every smooth̃f : R+ → R with f̃ (n) =
b log pn for all n ∈ N. By (5.14),

xn − f (n) = b log

(
1+

qn log logn
logn(logn+ log logn− 1)

)
∀n ≥ 6 ,

and consequently, with the appropriatea ∈ R+ andN1 ∈ N,

|xn − f (n)| ≤ a|b| log logn
(logn)2

∀n ≥ N1 .

With this, given anyh ∈ Lip1(T),
∣∣∣∣∣N

∫

T

hd
(
ω̃N − µN

)∣∣∣∣∣ =
∣∣∣∣∣
∑N

n=1

(
h(xn − xN) − h

(
f (n) − f (N)

))∣∣∣∣∣

≤
∑N

n=1
dT

(
xn − xN, f (n) − f (N)

)
=

∑N

n=1
dT

(
xn − f (n), xN − f (N)

)

≤ 1
2(N1 − 1)+ a|b|

∑N

n=N1

(
log logn
(logn)2

+
log logN
(logN)2

)
∀N ≥ N1 .
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Next, observe that

limN→∞
(logN)2

N log logN

∑N

n=2

log logn
(logn)2

= 1 .

This implies that, with the appropriateN2 ≥ N1, independent ofh,
∣∣∣∣∣N

∫

T

hd
(
ω̃N − µN

)∣∣∣∣∣ ≤ 3a|b|N log logN
(logN)2

∀N ≥ N2 ,

and consequently, uniformly on Lip1(T),

limN→∞ logN
∫

T

hd
(
ω̃N − µN

)
= 0 ∀h ∈ Lip(T) .

Thus, to complete the proof, it suffices to establish (5.12) withµN instead of̃ωN. As in the proof
of Theorem 5.1, assume w.l.o.g. thatb > 0, and denote byg = g(s) the inverse off for all
sufficiently larges. Deduce from (5.15) that, with the appropriates1 ∈ R+,

g(s) = es/b

(
s
b
− 1+ g̃(s)

log s
s

)−1

∀s≥ s1 ,

whereg̃ denotes aboundedsmooth function. Utilizing this analogue of (5.4), the remainder of
the proof is now carried out in complete analogy to the proof of Theorem 5.1.

Corollary 5.6. Let xn = b log pn for some b∈ R \ {0} and all n∈ N. Then, for every increasing
sequence(N j) in N with lim j→∞ logN jdT(xN j , 0) = 0,

lim j→∞ logN j

∫

T

hd(ωN j − η1/b) =
∫

T

hd(ζ1/b − η1/b) ∀h ∈ Lip(T) ,

and this convergence is uniform onLip1(T).

For a simple example illustrating Corollary 5.6, fixb ∈ R+ and letN j = π(ej/b) for all j ∈ N. By
(5.13),

logN j =
j
b
− log j + logb+ O

(
j−1

)
as j → ∞ ,

and (5.14) implies that

dT(xN j , 0) = O
(
(log logN j)2

(logN j)2

)
as j → ∞ .

Thus, by Corollary 5.6,

lim j→∞ j
∫

T

hd(ωN j − η1/b) = b
∫

T

hd(ζ1/b − η1/b) ∀h ∈ Lip(T) .

Put informally,ωπ(ej/b) converges toη1/b at precisely the rate (j−1), with the deviationωπ(ej/b)−η1/b

being asymptotically proportional toζ1/b − η1/b.
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Remark 5.7. (i) By Theorem 5.5, for (xn) = (b log pn) the (absolutely continuous) probability
measureη1/b ◦ R−1

xN
is a reasonable approximation of the (discrete) probability measureωN as

N → ∞, since limN→∞ dT(ωN, η1/b ◦R−1
xN

) = 0. A slightly better approximation ofωN is obtained
as follows: By (2.7) and (5.12), and withan := 1/b− 1/(b logn) for all n ≥ 2,

limN→∞ logN
∫

T

hd
(
ω̃N − ηaN

)
= 0 ∀h ∈ Lip(T) ;

since this convergence is uniform on Lip1(T),

limN→∞
dT(ωN, ηaN ◦ R−1

xN
)

dT(ωN, η1/b ◦ R−1
xN

)
= limN→∞

dT

(
ω̃N, ηaN

)

dT

(
ω̃N, η1/b

) = 0 .

Thus,ηaN ◦ R−1
xN

is a better approximation ofωN than isη1/b ◦ R−1
xN

.
(ii) The results in this article use only the metricdT onP. As noted, e.g., in [8, 14, 25], the

existing literature records relatively few precise quantitative facts regardingdT. By contrast, a
vast literature exists studying the metricd∞ onP, given by

d∞(µ, ν) = sup0≤s<1 |Fµ(s) − Fν(s)| ∀µ, ν ∈ P .

Clearly,dT ≤ d∞, and (P, d∞) is complete but not separable (let alone, compact), its topology
being much finer than that of (P, dT). Unlike dT, the metricd∞ onP is not induced in a nat-
ural way by a metric onT. Correspondingly, the mapsQ andRt do not induced∞-isometries.
However, if µ ∈ P has no atoms thend∞(µn, µ) → 0 if and only if dT(µn, µ) → 0. Thus,
for instance, a sequence (xn) is u.d. mod 1 precisely ifD∗N(xn) := d∞(ωN[xn], λT) → 0 as
N → ∞. The quantityD∗N(xn), referred to asstar discrepancyof (xn), is a central object of
study in uniform distribution theory [19, Ch. 2]. For (xn) = (b log pn) it has (in essence) been
shown in [22] that lim supN→∞ logN d∞

(
ω̃N, η1/b

)
< ∞. From Theorem 5.5, it is clear that

lim inf N→∞ logN d∞
(
ω̃N, η1/b

)
> 0. It is unknown whether limN→∞ logN d∞

(
ω̃N, η1/b

)
exists. In

fact, the bottom part of Figure 2 suggests that it does not: Ifindeed
(
logN (Fω̃N−Fη1/b)

)
converges

uniformly, to Fζ1/b − Fη1/b, then

2 lim infN→∞ logN d∞
(
ω̃N, η1/b

)
= lim supN→∞ logN d∞

(
ω̃N, η1/b

)
= d∞(ζ1/b, η1/b) > 0 ,

sod∞
(
ω̃N, η1/b

)
behaves less regularly thandT

(
ω̃N, η1/b

)
asN→ ∞.

Finally, to put the examples of this section in perspective,briefly consider the case of a
smooth f : R+ → R with lim t→∞ t| f ′(t)| = ∞. With 1/∞ := 0, note thatη0 = λT andD f

N =

dT(ω f
N, λT), so Theorem 4.1 suggests that limN→∞ D f

N = 0, i.e., the sequence
(
f (n)

)
is u.d. mod 1.

As is well known, under mild assumptions onf this conclusion is indeed correct. For instance,
a classical result by Fejér [19, Cor. 1.2.1] implies that iff ′(t)→ 0 monotonically ast→ ∞ then
limN→∞ D f

N = 0. To relate this result to Theorem 4.1 and the examples discussed earlier, assume
that

f : R+ → R is smooth,t| f ′(t)| → ∞ ast→ ∞, but limt→∞ f ′(t) = 0. (5.16)

The following is an analogue of Theorem 4.1 tailor-made for such f ; the elementary proof is left
to the interested reader.
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Proposition 5.8. Let f, g : R+ → R be smooth, and assume that f satisfies(5.16), as well as
g(| f (t)|) = t for all sufficiently large t∈ R+. Then there exists N0 ∈ N such that

dT(ω f
N, λT) ≤ 2

N

∑
1≤ j≤| f (N)|

(
|g( j + 2)− g( j)| supj≤s,t≤ j+2

|g′(s) − g′(t)| + 1
|g′(s)| + 1

)
∀N ≥ N0 .

(5.17)

To illustrate Proposition 5.8, considerf (t) =
√

t for all t ∈ R+, henceg(s) = s2, and a short
calculation using (5.17) yields

√
NdT(ω f

N, λT) ≤ 40
√

N

∑
1≤ j≤

√
N

j + 1
2 j + 1

≤ 20+
20
√

N

∑
1≤ j≤

√
N

1
2 j + 1

∀N ≥ N0 ,

so in particular lim supN→∞
√

NdT(ω f
N, λT) ≤ 20. A careful analysis reveals that

limN→∞
√

N
∫

T

hd
(
ω̃

f
N − λT

)
=

∫

T

hd(β2,1 − λT) ∀h ∈ Lip(T) ,

and this convergence is uniform on Lip1(T), so in particular

limN→∞
√

NdT

(
ω

f
N, λT

)
= dT(β2,1, λT) = 1

16 . (5.18)

Thus, despite its simplicity, the bound in (5.17) is essentially sharp in this example.
Notice that Proposition 5.8 does not requiref ′ to be (eventually) monotone, and hence

may be regarded as a quantitative complement to, rather thana special case of, Fejér’s theo-
rem. With regard to Remark 5.7(ii), also notice that (5.18) compares favourably to the fact that(√

ND∗N(
√

n)
)

is divergent, as

lim inf N→∞
√

ND∗N(
√

n) = 1 < 9
8 = lim supN→∞

√
ND∗N(

√
n) .

This is yet another illustration of how usage ofdT may lead to simpler, more clear-cut results
than does usage of other metrics onP, includingd∞.
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Appendix A. Computing dT on P

The purpose of this section is to provide simple complete proofs for two basic facts regarding
the metricdT onP, namely (2.2) and (2.3), both of which are useful for concrete computations.

First, with the definition ofdT in mind, notice thath(0) = 0 can be assumed in (2.1), and also
that Lip1,0(T) := {h ∈ Lip1(T) : h(0) = 0} is a compact subset ofC(T). Thus the supremum in
(2.1) is attained. Moreover,h ∈ Lip1(T) if and only if the 1-periodic extensiont 7→ h(t+Z), also
denotedh for simplicity, is absolutely continuous with‖h′‖∞ ≤ 1 and

∫
[0,1]

h′ dλ = 0, whereh′ is
the (λ-a.e. defined) derivative ofh. Thus, Lip1,0(T) can be identified with the set

M0 :=

{
g ∈ L∞[0, 1] : ‖g‖∞ ≤ 1,

∫

[0,1]
gdλ = 0

}
,
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with a bijectionφ : M0 → Lip1,0(T) being given byφ(g) =
∫
[0,t]

gdλ.
Next, assume thatµ, ν ∈ P are absolutely continuous with densitiesfµ, fν, respectively. Then,

with the appropriateh ∈ L1,0(T),

dT(µ, ν) =
∫

T

hd(µ − ν) =
∫

[0,1]
h( fµ − fν) dλ

= h(s)
(
Fµ(s) − Fν(s)

)∣∣∣1
s=0
−

∫

[0,1]
h′(Fµ − Fν) dλ =

∫

[0,1]
h′(Fν − Fµ) dλ ,

and hencedT(µ, ν) ≤ supg∈M0

∫
[0,1]

g(Fµ − Fν) dλ, but alsodT(µ, ν) ≥
∫
T
φ(g) d(µ − ν) for every

g ∈ M0, so that really

dT(µ, ν) = supg∈M0

∫

[0,1]
g(Fµ − Fν) dλ ; (A.1)

as in (2.1), the supremum is attained in (A.1). Since absolutely continuous probabilities are dense
in P, plainly (A.1) is valid forall µ, ν ∈ P.

Recalling thatL1[0, 1]∗, the dual of the Banach spaceL1[0, 1], is, up to an isometric isomor-
phism, simplyL∞[0, 1], and with a view on (A.1), notice thatM0 can in turn be identified with
the set

N0 :=
{
ϕ ∈ L1[0, 1]∗ : ‖ϕ‖ ≤ 1, ϕ(1[0,1]) = 0

}
.

Thus (A.1) can equivalently be expressed as

dT(µ, ν) = supϕ∈N0
ϕ(Fµ − Fν) ∀µ, ν ∈ P . (A.2)

Now the desired identity (2.2) follows immediately from (A.2), together with the following sim-
ple observation from linear analysis, applied specificallywith X = L1[0, 1], x = Fµ − Fν, and
y = 1[0,1].

Lemma A.1. Let (X, ‖ · ‖) be a normed space (overR). Then, for every x, y ∈ X,

sup
{
ϕ(x) : ϕ ∈ X∗, ‖ϕ‖ ≤ 1, ϕ(y) = 0

}
= mina∈R ‖x+ ay‖ . (A.3)

Proof. Fix x, y ∈ X. Since (A.3) clearly is correct otherwise, henceforth assume thatx, y are
linearly independent. Note thata 7→ ‖x+ ay‖ is Lipschitz and bounded below by|a| ‖y‖ − ‖x‖, so
attains a global minimum, say fora = a0. For convenience, letb = ‖x+a0y‖ = mina∈R ‖x+ay‖ > 0
andB = {ϕ ∈ X∗ : ‖ϕ‖ ≤ 1, ϕ(y) = 0}. On the one hand, supϕ∈B |ϕ(x)| ≤ b because

|ϕ(x)| = |ϕ(x+ a0y)| ≤ ‖x+ a0y‖ = b ∀ϕ ∈ B .

On the other hand, letz= x+ a0y and note thaty, zare linearly independent. Thus letting

ψ(sy+ tz) = t ∀t ∈ R ,

yields a well-defined linear functional on span{y, z}. Since‖sy+ tz‖ ≥ |t|b,

|ψ(sy+ tz)| = |t| ≤ ‖sy+ tz‖
b

∀s, t ∈ R ,

which shows that‖ψ‖ ≤ 1/b. Use the Hahn–Banach theorem to extendψ to ψ̃ ∈ X∗ with
‖ψ̃‖ ≤ 1/b andψ̃(sy+ tz) = t for all s, t ∈ R. Thenbψ̃ ∈ B andbψ̃(x) = bψ(−a0y+ z) = b. Thus
supϕ∈B |ϕ(x)| ≥ b, and hence supϕ∈B |ϕ(x)| = b, as claimed.
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With (2.2) established, it remains to deduce (2.3) from it. To this end, a few preparatory
considerations are in order. Throughout, fix anyg ∈ L1[0, 1].

First, giveng, let
ĝ(t) = λ({g ≤ t}) ∀t ∈ R ,

so ĝ : R → R is non-decreasing, right-continuous, with limt→−∞ ĝ(t) = 0 and limt→∞ ĝ(t) = 1,
as well aŝg(t−) = λ({g < t}) for every t ∈ R. In probabilistic terms,̂g is the distribution
function ofg(Z), where the random variableZ is uniform on [0, 1]. Note that choosing a different
representative forg ∈ L1[0, 1] does not alter̂g. For everys ∈ ]0, 1[ the set{̂g ≤ s} is non-empty
and bounded above, and hence

ĝ−1(s) = sup{̂g ≤ s} ∀s ∈ ]0, 1[

is well-defined. Again,̂g−1 : ]0, 1[→ R is non-decreasing and right-continuous, with

ĝ−1(s−) = inf {̂g ≥ s} ∀s ∈ ]0, 1[ .

Now, with g−, g+ denoting the negative and positive part ofg, respectively, observe that
∫

[0,1]
gdλ =

∫

[0,1]
g+ dλ −

∫

[0,1]
g− dλ =

∫ ∞

0
λ({g+ ≥ t}) dt −

∫ ∞

0
λ({g− ≥ t}) dt

=

∫ ∞

0

(
1− ĝ(t−)

)
dt −

∫ 0

−∞
ĝ(t) dt

=

∫ 1

0
λ
({̂g ≤ s} ∩ [0,∞[

)
ds−

∫ 1

0
λ
({̂g ≥ s} ∩ ] −∞, 0]

)
ds

=

∫ 1

0
max{̂g−1(s), 0}ds−

∫ 1

0
−min{̂g−1(s), 0}ds=

∫ 1

0
ĝ−1(s) ds;

here the second and fourth equal signs are due to Fubini’s theorem. The same argument, applied
to |g| = g+ + g− instead ofg = g+ − g−, shows that also

∫

[0,1]
|g| dλ =

∫ 1

0
|̂g−1(s)| ds ∀g ∈ L1[0, 1] .

Moreover, notice that̂g+ a = ĝ(· − a) andĝ+ a
−1
= ĝ−1

+ a for everya ∈ R, and hence in fact

∫

[0,1]
|g− t| dλ =

∫ 1

0
|̂g−1(s) − t| ds ∀g ∈ L1[0, 1], t ∈ R .

(The function̂g−1 may be thought of as asymmetrizationor monotonerearrangementof g; see,
e.g., [18].)

For one other preparatory consideration, letRg be the essential range ofg, that is, let

Rg =
{
t ∈ R : λ({|g− t| < ε}) > 0∀ε ∈ R+

}
.

Note thatRg coincides with the set of growth points ofĝ, i.e.,

Rg =
{
t ∈ R : ĝ(t + ε) − ĝ(t − ε) > 0∀ε ∈ R+

}
;
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just like ĝ, therefore,Rg is independent of the choice of representative forg. Recall thatRg is
non-empty and closed. Moreover, the functiont 7→

∫
[0,1]
|g − t| dλ, which is 1-Lipschitz and

bounded below by|t| −
∫

[0,1]
|g| dλ, has constant derivative on each (open) component ofR \ Rg,

and hence attains its global minimum (also) onRg. Thus,

mint∈R

∫

[0,1]
|g− t| dλ = mint∈Rg

∫

[0,1]
|g− t| dλ = inf t∈[0,1]

∫

[0,1]
|g− g(t)| dλ , (A.4)

since obviously the closure of{g(s) : s ∈ [0, 1]} containsRg.
With the above preparations, (2.3) is readily established:Givenµ, ν ∈ P, it is clear from

∫ 1

0
|Fµ(s) − Fν(s) − t| ds=

∫ 1

0

∣∣∣∣∣ ̂(Fµ − Fν)
−1

(s) − t
∣∣∣∣∣ ds ∀t ∈ R , (A.5)

together with Proposition 3.3, that either side in (A.5) is minimal precisely if

t ∈
[

̂(
Fµ − Fν

)−1 (
1
2−

)
,

̂(
Fµ − Fν

)−1 (
1
2

)]
,

or equivalently if ̂(
Fµ − Fν

)
(t−) ≤ 1

2 and ̂(
Fµ − Fν

)
(t) ≥ 1

2, which in turn is the case if and only if

1− λ({Fµ − Fν ≥ t}) ≤ 1
2 and λ

({Fµ − Fν ≤ t}) ≥ 1
2 .

This proves (2.3). Also, notice that (A.4) yields

dT(µ, ν) = inf t∈[0,1]

∫ 1

0
|Fµ(s) − Fν(s) − Fµ(t) − Fν(t)| ds ∀µ, ν ∈ P .

Remark A. 2. This section simplifies and extends the main results of [5]; in particular, (A.4)
explains why the (restrictive) continuity assumption in [5, Cor. 3.9] is superfluous.

Appendix B. A calculus lemma

This section provides a self-contained proof of Lemma 3.4. To prepare for it, given any
Riemann integrable functionf : [0, 1]→ R for which f (0+) and f (1−) exist and anya ∈ [0, 1],
consider the quantity

I f (a) :=
(
f (1−) − f (0+)

)
(1− a) − 2

∫ 1
2 a

0
f (s) ds+ 2

∫ 1
2 (a+1)

1
2 a

f (s) ds− 2
∫ 1

1
2 (a+1)

f (s) ds. (B.1)

With f † : [0, 1]→ R given by f †(s) = − f (1− s) for all s ∈ [0, 1], notice that

I f † (a) + I f (1− a) = f (1−) − f (0+) ∀a ∈ [0, 1] . (B.2)

If, for example,f (s) = π sin(2πs) then f † = f , andI f (a) = 4 cos(πa), so I f may attain positive
as well as negative values. As presented here, the proof of Lemma 3.4 hinges on the elementary
observation that such indefiniteness ofI f cannot occur in casef is monotone.
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Lemma B.1. Let f : [0, 1]→ R be monotone, and a∈ [0, 1]. If f is non-decreasing then

0 ≤ I f (a) ≤ f (1−) − f (0+) ; (B.3)

if f is non-increasing then both inequalities in(B.3) are reversed. Moreover, equality in(B.3)
holds on the left precisely if f is constant on

]
0, 1

2(a+ 1)
[

and
]

1
2(a+ 1), 1

[
, whereas equality

holds on the right precisely if f is constant on
]
0, 1

2a
[

and
]

1
2a, 1

[
.

Proof. Fix a ∈ [0, 1]. Assume thatf is non-decreasing (otherwise replacef by− f ), and also that
f (0+) < f (1−), as all assertions clearly are correct in casef (0+) = f (1−). To see thatI f (a) ≥ 0
for all a ∈ ]0, 1[, simply observe that

I f (a) =
(
f (1−) − f (0+)

)
(1− a) + 2

∫ 1
2 a

0

(
f
(

1
2a−

)
− f (s)

)
ds− f

(
1
2a−

)
a+

+ 2
∫ 1

2 (a+1)

1
2 a

(
f (s) − f

(
1
2a+

))
ds+ f

(
1
2a+

)
+ 2

∫ 1

1
2 (a+1)

(
f (1−) − f (s)

)
ds− f (1−)(1− a)

=

(
f
(

1
2a−

)
− f (0+)

)
(1− a) + f

(
1
2a+

)
− f

(
1
2a−

)
+ 2

∫ 1
2 a

0

(
f
(

1
2a−

)
− f (s)

)
ds+

+ 2
∫ 1

2 (a+1)

1
2 a

(
f (s) − f

(
1
2a+

))
ds+ 2

∫ 1

1
2 (a+1)

(
f (1−) − f (s)

)
ds

≥ 0 .

Moreover, this inequality is strict unlessf is constant on each of the three non-empty intervals]
0, 1

2a
[
,
]

1
2a, 1

2(a+ 1)
[
,
]

1
2(a+ 1), 1

[
, and does not have a jump ats= 1

2a. In other words,I f (a) ≥
0 always, andI f (a) > 0 unlessf is constant on

]
0, 1

2(a+ 1)
[

and
]

1
2(a+ 1), 1

[
. Conversely, if

f (s) = b for all s ∈
]
0, 1

2(a+ 1)
[
, and f (s) = c for all s ∈

]
1
2(a+ 1), 1

[
then

I f (a) = (c− b)(1− a) − 2b · 1
2a+ 2b · 1

2 − 2c · 1
2(1− a) = 0 .

Fora = 0, observe that

I f (0) = f (1−) − f (0+) + 2
∫ 1

2

0
f (s) ds− 2

∫ 1

1
2

f (s) ds

= 2
∫ 1

2

0

(
f (s) − f (0+)

)
ds+ 2

∫ 1

1
2

(
f (1−) − f (s)

)
ds≥ 0 ,

and this inequality is strict unlessf is constant on
]
0, 1

2

[
and

]
1
2 , 1

[
. Similarly, fora = 1,

I f (1) = −2
∫ 1

2

0
f (s) ds+ 2

∫ 1

1
2

f (s) ds= 2
∫ 1

2

0

(
f
(
s+ 1

2

)
− f (s)

)
ds≥ 0 ,

and this inequality is strict unlessf is constant on ]0, 1[. This proves all assertions regarding
the left part of (B.3). To prove the assertions regarding theright part, simply notice thatf † is
non-decreasing as well, so by (B.2) and by what has already been shown,

I f (a) = f (1−) − f (0+) − I f †(1− a) ≤ f (1−) − f (0+) ,
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and this inequality is strict unlessI f †(1−a) = 0, that is, unlessf † is constant on
]
0, 1

2(2− a)
[
and]

1
2(2− a), 1

[
, or equivalently,f is constant on

]
0, 1

2a
[

and
]

1
2a, 1

[
.

Proof of Lemma 3.4.Though in essence an elementary calculus exercise, the argument is some-
what intricate and requires a certain amount of notational and analytic preparations that are going
to be carried out first. Again, assume throughout thatf is non-decreasing. (Otherwise replacef
by− f .)

Given any sequence (cn) in R, for everyN ∈ N define the followingN + 4 numbers:

sN,0 := 0 , sN,n :=
〈cN〉 + n− 1

N
(n = 1, . . . ,N) , sN,N+1 := 1 ;

ǫN := 〈NcN+1 − (N + 1)cN〉 , ℓN := ⌊N〈cN+1〉 − (N + 1)〈cN〉⌋ + 1 .

Notice that 0= sN,0 ≤ sN,1 < sN,2 < . . . < sN,N < sN,N+1 = 1 and 0≤ ǫN < 1, but also|ℓN| ≤ N
for everyN. Furthermore, given any (non-decreasing) functionf : [0, 1]→ R let

FN,n = f
(

1
2(sN,n + sN,n+1)

)
∀n = 0, 1, . . . ,N ,

as well as
fN(s) =

∑N

n=0
FN,n1[sN,n,sN,n+1[(s) ∀s ∈ [0, 1[ ;

with fN(1) := fN(1−) the functionfN : [0, 1] → R is piecewise constant (and non-decreasing).
Notice thatf (0+) ≤ FN,1 ≤ . . . ≤ FN,N ≤ f (1−). In the notation of (3.4) simplyfN = F f

cN,N
.

Now, the main thrust of the subsequent argument is to find a (positive) lower bound for the
deviation

JN :=
∫ 1

0
| f2N(s) − f2N+1(s)| ds (N ∈ N)

along a suitable increasing sequence (N j) in N. In order to ensure good readability for what
follows, write s2N,n, s2N+1,n, F2N,n, F2N+1,n simply asan, bn, Fn, Gn, respectively, so that, for
instance,

f2N(s) =
∑2N

n=0
Fn1[an,an+1[(s) , f2N+1(s) =

∑2N+1

n=0
Gn1[bn,bn+1[(s) ∀s ∈ [0, 1[ .

Since f2N, f2N+1 are piecewise constant and non-decreasing, in order to determine JN precisely,
it is necessary to first clarify the position of the 2N+ 1 intervals [a0, a1[, . . . , [a2N, a2N+1[ relative
to the 2N + 2 intervals [b0, b1[, . . . , [b2N+1, b2N+2[. To this end, observe thatan ≤ bn whenever
0 ≤ n ≤ max{0, ℓ2N}, whereasan > bn whenever 1+max{0, ℓ2N} ≤ n ≤ 2N + 1, and

an − bn =
n− ǫ2N − ℓ2N

2N(2N + 1)
∀n = 1, . . . , 2N .

Similarly, an ≤ bn+1 whenever 0≤ n ≤ 2N +min{0, ℓ2N}, whereasan > bn+1 whenever 2N + 1+
min{0, ℓ2N} ≤ n ≤ 2N + 1, and

an − bn+1 =
n− 2N − ǫ2N − ℓ2N

2N(2N + 1)
∀n = 1, . . . , 2N .

Finally, an+1 > bn andan−1 < bn+1 for all n = 1, . . . , 2N.
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Next, recall that|ℓ2N| ≤ 2N. It is going to be convenient to distinguish the four (slightly
overlapping) cases

−2N ≤ ℓ2N ≤ −N , −N ≤ ℓ2N ≤ 0 , 0 ≤ ℓ2N ≤ N , N ≤ ℓ2N ≤ 2N . (B.4)

Assume for the time being thatN ≤ ℓ2N ≤ 2N. (As detailed below, the argument for the other
three cases is completely analogous.) In this case, if 0≤ n < ℓ2N then

| f2N(s) − f2N+1(s)| =
{

Fn −Gn−1 s ∈ [an, bn[ ,

Gn − Fn s ∈ [bn, an+1[ ,

whereas ifn = ℓ2N then

| f2N(s) − f2N+1(s)| =



Fn −Gn−1 s ∈ [an, bn[ ,

|Fn −Gn| s ∈ [bn, bn+1[ ,

Gn+1 − Fn s ∈ [bn+1, an+1[ ,

and if ℓ2N < n ≤ 2N then

| f2N(s) − f2N+1(s)| =
{

Fn −Gn s ∈ [an, bn+1[ ,

Gn+1 − Fn s ∈ [bn+1, an+1[ .

With this, and temporarily writingǫ2N, ℓ2N asǫ, ℓ, respectively, for convenience, it follows that

JN =

∑2N

n=0

∫ an+1

an

| f2N(s) − f2N+1(s)| ds

=

∑ℓ−1

n=0

(
(Fn −Gn−1)(bn − an) + (Gn − Fn)(an+1 − bn)

)
+

+ (Fℓ −Gℓ−1)(bℓ − aℓ) + |Fℓ −Gℓ|(bℓ+1 − bℓ) + (Gℓ+1 − Fℓ)(aℓ+1 − bℓ+1) +

+

∑2N

n=ℓ+1

(
(Fn −Gn)(bn+1 − an) + (Gn+1 − Fn)(an+1 − bn+1)

)

≥
∑ℓ

n=2

(
(Fn −Gn−1)(bn − an) + (Gn−1 − Fn−1)(an − bn−1)

)
+

+

∑2N

n=ℓ+1

(
(Fn −Gn)(bn+1 − an) + (Gn − Fn−1)(an − bn)

)

=
1

2N(2N + 1)

∑ℓ

n=2

(
(Fn −Gn−1)(ǫ + ℓ − n) + (Gn−1 − Fn−1)(2N + n− ǫ − ℓ)) +

+
1

2N(2N + 1)

∑2N

n=ℓ+1

(
(Fn −Gn)(2N − n+ ǫ + ℓ) + (Gn − Fn−1)(n− ǫ − ℓ)) .
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All terms in the above sums are non-negative, so

2N(2N + 1)JN ≥
∑ℓ

n=2
(Fn − Fn−1) min{ℓ − n, 2N + n− ℓ} +

+

∑2N

n=ℓ+1
(Fn − Fn−1) min{2N − n+ ℓ, n− ℓ} +

+ ǫ

(∑ℓ

n=2
(Fn + Fn−1 − 2Gn−1) +

∑2N

n=ℓ+1
(Fn + Fn−1 − 2Gn)

)

=

∑ℓ−N

n=2
(Fn − Fn−1)(2N + n− ℓ) +

+

∑ℓ

n=ℓ−N+1
(Fn − Fn−1)(ℓ − n) +

∑2N

n=ℓ+1
(Fn − Fn−1)(n− ℓ) +

+ ǫ

(
2
∑2N

n=1
(Fn −Gn) − F1 − F2N + 2Gℓ

)

= (F2N − F1)(2N + 1− ℓ) −
∑ℓ−N−1

n=2
Fn +

∑ℓ−1

n=ℓ−N
Fn −

∑2N

n=ℓ
Fn +

+ ǫ

(
2
∑2N

n=1
Fn − 2

∑2N

n=1
Gn − F1 − F2N + 2Gℓ

)
.

Since 2Gℓ − F1 − F2N ≥ f (0+) − f (1−),

(2N + 1)JN ≥ (F2N − F1)
2N + 1− ℓ

2N
− 1

2N

∑ℓ−N−1

n=1
Fn +

1
2N

∑ℓ−1

n=ℓ−N
Fn −

1
2N

∑2N

n=ℓ
Fn +

+ ǫ

(
1
N

∑2N

n=1
Fn −

1
N

∑2N

n=1
Gn −

f (1−) − f (0+)
2N

)
,

provided thatN ≤ ℓ ≤ 2N. Notice that

F1 = f
(

1
2(s2N,1 + s2N,2)

) N→∞−→ f (0+) , F2N = f
(

1
2(s2N,2N + 1)

) N→∞−→ f (1−) ,

but also, sincef is Riemann integrable,

1
2N

∑2N

n=1
Fn =

∑2N

n=0
Fn(an+1 − an) +

〈c2N〉
2N

(F2N − F0)
N→∞−→

∫ 1

0
f (s) ds,

and similarly
1

2N

∑2N

n=1
Gn

N→∞−→
∫ 1

0
f (s) ds.

Suppose now thatN ≤ ℓ2N ≤ 2N for everyN ∈ N, and that furthermore limN→∞ ℓ2N/N = c for
somec ∈ [1, 2]. Then

aℓ−N =
〈c2N〉 + ℓ − N − 1

2N
N→∞−→ 1

2(c− 1) , aℓ =
〈c2N〉 + ℓ − 1

2N
N→∞−→ 1

2c ,

from which it is readily seen that

1
2N

∑ℓ−N−1

n=1
Fn

N→∞−→
∫ 1

2 (c−1)

0
f (s) ds,

but also

1
2N

∑ℓ−1

n=ℓ−N
Fn

N→∞−→
∫ 1

2c

1
2 (c−1)

f (s) ds,
1

2N

∑2N

n=ℓ
Fn

N→∞−→
∫ 1

1
2c

f (s) ds.
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Since 0≤ ǫ < 1, clearlyǫ/N
N→∞−→ 0, and hence

4 lim infN→∞NJN = lim inf N→∞ 2(2N + 1)JN

≥ (
f (1−) − f (0+)

)
(2− c) − 2

∫ 1
2 (c−1)

0
f (s) ds+ 2

∫ 1
2 c

1
2 (c−1)

f (s) ds− 2
∫ 1

1
2 c

f (s) ds

= I f (c− 1) , (B.5)

with I f given by (B.1). Arguments completely analogous to the one leading to (B.5) show that if
either of the other three cases in (B.4) holds for allN ∈ N, and if furthermore limN→∞ ℓ2N/N = c
then (B.5) remains valid, provided that its right-hand sideis replaced by

I f †(−c− 1) , I f (c+ 1) , I f † (1− c) , (B.6)

respectively. Notice that by Lemma 1, the numberI f (c − 1) is positive unlessf is piecewise
constant on ]0, 1[ with at most one jump, and the same is true for each of the numbers in (B.6).

At long last, the scene is now set for showing that (i) and (ii)in Lemma 3.4 indeed are
equivalent. If f is constant on ]0, 1[ then obviously (i) and (ii) both hold, so assume w.l.o.g. that
f (0+) < f (1−). First assume (i). At least one of the four cases in (B.4) occurs for infinitely many
N, and by choosing an appropriate increasing sequence (N j) in N, it can be assumed that case
occurs for everyN j , and furthermore limj→∞ ℓ2N j/N j exists. Since

NJN ≤ N
∫ 1

0
| f (s) − f2N(s)| ds+ N

∫ 1

0
| f (s) − f2N+1(s)| ds

≤ 1
2(2N + 1)

∫ 1

0
| f (s) − F f

c2N+1,2N+1(s)| ds+ 1
2 · 2N

∫ 1

0
| f (s) − F f

c2N,2N(s)| ds ∀N ∈ N ,

clearly limj→∞ N j JN j = 0. As seen above, there existsa ∈ [0, 1[ such thatf is constant on ]0, a[
and ]a, 1[; in fact,a > 0 as f is not constant on ]0, 1[. For every sufficiently largeN there exists
a unique 1≤ n ≤ N with a ∈ [sN,n, sN,n+1[, and therefore

N
∫ 1

0
| f (s) − F f

cN,N
(s)| ds= N

∫ sN,n+1

sN,n

| f (s) − FN,n| ds

= N
(
f (1−) − f (0+)

)
min{a− sN,n, sN,n+1 − a}

=
(
f (1−) − f (0+)

)
dT(Na, cN) . (B.7)

Thus (i) implies limN→∞ dT(Na, cN) = 0 and hence (ii). Conversely, (B.7) immediately shows
that (ii)⇒(i).

Remark B. 2. If, instead of being monotone, the functionf : [0, 1] → R is assumed to beC1

then limN→∞ N
∫ 1

0
| f (s) − F f

cN,N
(s)| ds = 1

4

∫ 1

0
| f ′(s)| ds for every sequence (cn) in R. Thus, the

equivalence (i)⇔(ii) of Lemma 3.4 remains valid in this situation also. Notice, however, that
whereas (ii)⇒(i) always, the reverse implication may fail if no assumptions at all are imposed on
the (Riemann integrable) functionf .
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