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Abstract

Distributions modulo one of slowly varying sequences aridk interest in analysis and num-
ber theory. For every real sequengg) for which limn_,. N(Xn:1—Xn) €Xists, this article describes
the precise asymptotics of the associated empirical digtdns modulo one, utilizing the Kan-
torovich metric for probability measures on the circleslshown in a new, quantitative way that
all limit points of these empirical distributions have tlaree distance from the uniform distribu-
tion and form a continuum homeomorphic to a circle. Sharpsraf convergence to that circle
are identified for several classes of examples. The resuéisgthen and complement known
facts in the literature. Appropriately adjusted, the manausions turn out to be valid also for
the sequencéd(og p,) whereb is a real constant angl, denotes the-th prime number.

Keywords: Slowly varying sequence, (uniform) distribution moduleegempirical distribution,
Kantorovich metric, discretization error.
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1. Introduction

Let (x,) be an increasing sequenceRmwith X, — co andxp;1 — Xy — 0 asn — oo. The
distributions modulo one (mod 1, for short) of such sequsrare of wide interest in analysis
and number theory, with an extensive literature devotetdeot see, e.g., [1, 7, 17, 19, 26] and
the many references therein. It is well known that if lim syp n(xn+1 — Xn) < oo then ,) does
not have a (unique) distribution mod 1. However, among alriiutions mod 1, that is, in the
spaceP of all probability measures ofi = R/Z endowed with the weak topology, the empirical
distributions associated withx{) are guaranteed to have limit points. It is natural, theefto
study, as accurately as possible, the structure of the#elimts, together with possible rates of
convergence, all of which depend, presumably, on propseofi¢x,) yet to be identified. In this
context, the present article carries out a comprehensidy $or the case where

liMpoe N(Xns1 — Xn) = b for someb e R. (1.1)

To informally preview some of the main results, given ary) Gatisfying (1.1) and any integer
N > 1, denote byuy the empirical distribution on thl pointsx; + Z, X, + Z, ..., XN + Z, that
is, wn(B) = %#{1 <n<N:Xx,+Z e B}foreveryB c T. A suitable metric orP is used to
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describe the behaviour afy asN — oo in an accurate, quantitative manner. Specifically, this
article employs the Kantorovich (or 1-Wasserstein) malfion #. Definitions and pertinent
properties ofdr are reviewed in Section 2 and Appendix A, for the reader'syeaience. For
the purpose of this Introduction, it ices to note thadl; is a bona fide metric, inducing the
weak topology and thus makirfga compact metric space. The quantityhas many endearing
features: For instance, it has a natural interpretation asnamal “transport cost” from one
measure to the other, via the Kantorovich—Rubinstein #redi 0, Sec. 11.8], and as a minimal
L!-distance between appropriately shifted distributionctions; see formula (2.2) below. Its
usage in (uniform) distribution theory is also motivatedthg fact thatdy equals the largest
difference between integrals (w.r.t. one probability measutkeeoother) incurred over suitable
integrands, more precisely,

dqp(y,v)zsup(fhd,u—fhdv) Yu,veP,
T T

where the supremum is over all 1-Lipschitz functions T — R. The results of this article
further highlight the great suitability afr for the study of distributions off.

Now, to preview some of the main results, first consiogy & (% logn) which satisfies (1.1)
with b = % The sequenceady) of empirical distributions associated witlx,J is divergent.
However, Theorem 4.1, one of the main results, asserts thappropriately rotated version of
wn, hamely the empirical distributio@ay on theN pointsx; — Xy + Z, X2 — XN + Z, ..., 0+ Z,
does converge, to an exponential distributiptwrapped up mod 1”, with distribution function
Fu(s) = (€ -1)/(e* - 1). By Corollary 4.2, each limit point otfy) has the same distance from
the uniform distributiondy on T, namelydr(n, A1) = §logcosh? ~ 8.609- 10-2; moreover,
the set of all such limit points is bi-Lipschitz equivalentthe unit circle. Informally put, the
sequencedy) asymptotically “circles” the uniform distribution. In ddion, Theorem 4.1 yields
adr-rate of convergence fasy — n of at least (log\N/N), in that lim sug,_,., Ndr(wn, 77)/ logN
is finite. In fact, Remark 5.2 shows that, even more accuwatel

. N —
liMNs e ——— dr(wn, ) =

y/IogN

see Figure 1. Two aspects of (1.2) are particularly notdworOn the one hand, as detailed
in Sections 3 and 4, it seems plausible that dherate of convergence displayed by (1.2) is
best possible in general. For context, notice that limsupNdr(wn, A1)/ v/IogN > 0 always,
that is, foreverysequencex) in R; see, e.g., [14]. In a distributional sense, therefore, the
sequenceﬁ% logn) exhibits a remarkable (and presumably quite rare) degreegufiarity. On
the other hand, (1.2) yields the precise rate of convergiamegay — n, up to an explicit positive
constant. Other concepts often employed in (uniform) ithistion theory, notably versions of
discrepancydo not usually allow for such precision; see Remark 5.7Wwelad, much more
comprehensively, [19, 26]. Thus, even though this artiglocussed on sequences that e
uniformly distributed, its main results suggest that usafyd; may nonetheless be fruitful in
uniform distribution theory as well.

One further illustrative and classical examplexs) (= (% log pn) where p, denotes tha-
th prime number. Here (1.1) fails. However, the technigquapleyed in Section 4 are robust
enough to be readily adjustable to this situation. Agaia,sbquenceady) asymptotically “cir-
cles” Ar, and(wn) again converges tg, but does so at the much slowe-rate (I/ logN): By
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Figure 1: While the empirical distributionsy associated withxg) = (% logn) do not converge at all (red), the rotated
versionswy do converge (blue) tg, with dr-rate(4/log N/N), by (1.2).

Theorem 5.5,
3 3 3
liMy—eo l0g N dp(@n. 7) = & (eZ tanhg —log coshy _ 1) ~8124-102:  (1.3)

see Figure 2. Note that (1.3), just like (1.2), yields thecfge rate fotony — 1, up to an explicit
positive constant.

To put the approach developed in this article in perspedtisereader may want to recall that
the behaviour ofuy asN — o has traditionally been studied in terms of distributiondtions of
(xn); see, e.g., [19, 26, 28] for comprehensive accounts. 8Spalty, one considers for instance
non-decreasing functions withOF~ < F* < 1, given by

F7(s) = liminfyoe Fuy(S),  F(S) = limsupy_e Fuyn(9) ¥se[0,1],

and referred to as tHewer andupper distribution functiorf (x,) mod 1, respectively. Though
usage ofF* is quite elementary and may lead to “remarkable results; pL%7], it also has a
few unavoidable shortcomings. For instanE&, may not be right-continuous, let alone be the
distribution function of a probability measugé, say; even if it isy* may fail to be a limit point
of (wn). Moreover, ifF is any distribution function ofxy,), that is, if F(s) = limj_« Fox, (s) for
almost alls € [0, 1] and some increasing sequendg)(in N, then clearlyF~ < F < F*, but
not every (non-decreasing and right-continuous) funatiith the latter property is a distribution
function of (x,). This suggests that distribution functions &f), notwithstanding their intrinsic
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Figure 2: Fork,) = (% log pn) the rotated empirical distributionsy also converge tg, but do so wittdy-rate (1 log N),
by (1.3), and in a seemingly more directed or “biased” marimen in Figure 1; see Section 2 for the definitiorzef

analytical appeal, may not be particularly helpful for arzalg the behaviour aby asN — co.
Finally, one may encounter outright artifacts such as, &g(x,) = (loglogn) whereb = 0 in
(1.1) and the constant functidf(s) = c is a distribution function foevery0 < ¢ < 1; when
interpreted as probability measures Bnall these functions are butftirent representations
of one and the same object, namely the Dirac distributiorutdtr point mass) concentrated on
0+ Z. In light of these shortcomings, the present article avaskge of distribution functions
of (x,) altogether. As indicated earlier, it instead udego study, in a direct, quantitative way,
the empirical distributionsuy associated with anyxg) satisfying (1.1). Such an approach is
motivated also by the classical treatise [17].

The organization of this article is as follows. Section 2eexs definitions of the Kantorovich
metric dy together with its basic properties, as needed in subsegeetibns. Two important
one-parameter families of probability measure&laare introduced as well. Section 3 considers
the empirical distributionsy andwy associated with arbitrary real sequences mod 1; in partic-
ular, it shows that, apart from trivial exceptions, therate of convergence fot) to any of its
limits points cannot be faster thaN{!). Section 4 precisely describes all limit points afy
associated with any sequence satisfying (1.1). It alsoigesva simple bound on thg-rate of
convergence fofwy). Despite its simplicity, this bound turns out to be essdlgtgharp, i.e.,
sharp as\ — oo up to a positive constant, in many concrete situations, agdstrated in Sec-
tion 5. Two basic formulae involvindr as well as one calculus lemma are proved in Appendix
A and Appendix B, respectively. Though elementary and pobblenown, proofs of these use-
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ful results have been included for completeness, but arergef to appendices for the reader’s
convenience.

2. Probability measureson thecircle

Throughout, the sets of positive integers, integers, matigoositive real, real, and complex
numbers are denoted Y, Z, Q, R*, R, andC, respectively. For everyy e R, let [t] and[t]
be the largest integer t and the smallest integer t, respectively; also, denote k) =t — [t]
the fractional part of. Intervals inR are symbolized by square brackets; thus, for example,
[a,b[={te R:ac<t< b}foreverya b € R. Generally, denote the cardinality and indicator
function of any setA by #A and 1a, respectively, and givefi : A — R andt € R, write
{fae A: f(a) <t} simply as{f < t}, and similarly for{f < t}, {f # t} etc.

Recall thatl = R/Z is a compact metrizable space when endowed with the usuati¢gt)
topology. For alla,b € R, let dr(a,b) = minkyla— b + K|; when restricted tdl' x T, this
semi-metric yields a metric that induces the topolog{f oilGeometrically, one may interprét
as the unit circle irC: Sincee?™ is well-defined for everyi e T, the numbenr(x,y) is the
(normalized) arclength of a shortest arc that jaff& ande”” along the unit circle. For every
x e T, letQ(x) = —xandR(x) = x+tfor allt € R. GeometricallyQ andR; are the reflection of
the unit circle about the real axis, and its counter-closlewotation by 2t, respectively. Clearly,

Q andR; are isometries off, with Q! = Q, R = R, andQ o R = R; o Q for everyt. To
makeRy well-defined for every € T also, simply interprelR.z asR:.

Denote byC(T) the Banach space of all continuous functidns T — R with the usual
| - lo-norm, and byC*(T) the (dense) subspace of all smooth functions. For exerR*, let

Lip,(T) = th e C(T) : Ih(x) — h(y)I < adr(x,y) VX, y € T},

and notice that Lip[) := Uacr+ Lipo(T), the family of all real-valued Lipschitz functions @h
is a subspace as well, with Lip{ > C*(T).

Denote byP the set of all (Borel) probability measures ©nendowed with the topology of
weak convergence. Recall th&tis compact and metrizable, with, — w in # if and only if
fT hdun — fT hdu for everyh € C(T), or indeed merely for everly € Lip,(T) with h(0) = O;
see, e.g., [24]. With eaghe # associate its distribution functidf), : R — R, given by

Fut)=u({S+Z:0<s<®)+[t] VteR.

ThusF,, is non-decreasing and right-continuous. Alse; F,(t) -t is 1-periodic, andr,(0) > 0
as well as,(1-) := lim. o F,(1-¢) = 1. Every function with these properties is the distribution
function of one and only ong € . Examples of elements @ particularly relevant for this
article include the Dirac measufgatx € T, for whichéy(B) = 1g(x) for every Borel seB c T,
and the Lebesgue measure characterized by, (t) = t. Recall thaju € ¥ is singular (w.r.t.
Ar) if there exists a Borel seéB with u(B) = 1 andAp(B) = 0; by contrastu is absolutely
continuougw.r.t. At) if u(B) = 0 wheneven(B) = 0. Thesupportof u € £, denoted supp,
is the smallest compact setc T with u(C) = 1. For instancejy is singular and supfx = {x},
whereasiy obviously is absolutely continuous and supp= T. Note that the setq € P :
w is absolutely continuoysind{u € P : # suppu < oo} both are dense i®.

Givenu € P, consider the (upper) inverse functionfgf, defined byF;l(t) = supF, <t} for
everyt € R. Notice thatF;l— F;l(O—) has all the properties of a distribution function mentidne
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before, and hence is in fact the distribution function of &ue element of?, denoted:~* and
referred to as thiverseof u. For exampley™ = 6o precisely ifu = 6y for somex € T, whereas
w~t = Ap only if u = Ap. This shows that taking inverses is not one-to-one; it isamio either
sinceu™t # o, for everyu € P andx € T \ {0}. Itis not hard to see that* is singular if and
only if u is singular [3, Ch. A].

A familiar metric inducing the topology of weak convergence?, henceforth also denoted
dr for simplicity and often referred to as ti@ntorovich(or 1-Wassersteinmetric is given by

d’Ir(/l, V) = surhel_ipl(']r) ﬁ hd(/l - V) V/,l, yvewpP. (21)

(Some authors also refer ty as theEarth Mover’s Distancd9].) While definition (2.1) is
easy enough to work with in the context of theoretical coamstlons such as in, e.g., Sections
4 and 5 below or [10, Sec. 11.8], it may be hard to evaluatetjréor concrete examples. An
easy-to-use explicit formula faly is

1
dr(u,v) = minteRf IF.(s) — Fy(s) —tlds Yu,veP. (2.2)
0

As a consequence of (2.2),
1
dr(u, v) = f [F.(9) = Fu(9)—tlds < min{A({F, - F, <t}),A({F, - F, >t})} > % ; (2.3)
0

hereA denotes Lebesgue measure onl]0 Thus the minimum in (2.2) is attained precisely if
t is a median of the 1-periodic functidf), — F,. Although (2.2) apparently has long been part
of analysis folklore [5, 9, 14], the authors have been unéblecate a complete proof in the
literature; for the reader’s convenience, a simple prog2dt) and (2.3) is provided in Appendix
A.

Using (2.2), itis readily deduced thét(u, A1) < ;11, and this inequality is strict unlegs= &
for somex € T. As a consequencég(u,v) < % for all u,v € P, and this inequality is strict
unlessu = dy, v = dx+1/2 for somex e T. Note thatdr(dy, 6y) = dr(xy) for all x,y € T, so
{0x : x € T} is an isometric copy of inside®.

Given any (Borel measurable) m&: T — T andu € P, recall thatu o S, referred to
as thepush-forwardof u undersS, is the uniques € P with v(B) = u(S%(B)) for every Borel
setB. For examplegy o Rt = 6y,randAr o Rt = Ay forall x e T,t e R. If S: T — Tis
continuous, Lipschitz, or an isometry then the same is uéhie magu — o S~ induced on
#; in particular,Q andR; induce isometries oR. By contrastyu — ! is discontinuous at every
wwith u({0}) > 0O; cf. [3, Lem. A5]. However, regarding the inverses of any € £ notice two
simple factsyu~! = vt implies thatu = v o R for somet € R; and 1) = o R7* with the
appropriatd € R.

Two one-parameter families # are particularly relevant for this article: For everg R\ {0}
let n, andZ, be defined via their distribution functions,

es—1 E (S)_eas(a+1—as)—1+ es— e
-1 e e—1 (e —1)2

Fr.(s) = ¥se[0,1].

In probabilistic termsy, andZ, simply are the distributions @f-Y;/ay+7Z and{(—(Y1+Y2)/a)+7Z,

respectively, where the real random variabtesY, are independent and standard exponential.
6



A straightforward calculation using (2.2) yields

la bl cosh(la)b/(a_b)
(72, 1) = "5 -1| vabeR\{Ohazb, (2.4)

ab cosh(lb)a/('51 )

1
and consequently, for eveaye R \ {0},
logcosH3a tanh(ia

limp_0 dr(7a, 7b) = % = dr(a, A1), NiMpse dr(7a, 70) = # = dr(7a, d0) ,
(2.5)

which suggests definingg = At andn_« = 1. = do. With this, {5 : —0 < a < =} is a
homeomorphic (in fact, bi-Lipschitz equivalent) copybinside®. Similarly,

tatanh(a)

lle
Or(lany) = —| ———— -1 Yae R\ {0}, 2.6
T (as 77a) a Cosh(%a) aeR\ {0} (2.6)

and hence lin,odr(la, 7a) = 0 = limg—e dr(la, 7a), Which suggests defining, = Ar and
(o = ¢ = 60 as well, so agaif, : —oo < a < oo} is a homeomorphic copy df inside®.
By (2.4), the family §a)acr iS continuous. In fact, it even isfiierentiable in the sense that

Iimg_,ofhd(w):fhdn; Vhe C(T), 2.7)
T T

&

where the signed (Borel) measuygeon T, the “tangent vector” tg atz,, is given by

y _{ (ma—¢a)/a  ifaeR\{0},

2 3(B21— A1) ifa=0,

with Fg,,(s) = ¢* for all s € [0, 1]. Note that the convergence in (2.7) is uniform on {(ip).

Similarly, the family ¢5)acr is differentiable. Moreover, for evetye C*(T),
Iim\al_,wafhd(éo—na) _ Iim‘au_,wgfhd(éo—ga): h(0) = |imﬁofhd(w),

T 2 Jr T €

so that, in a sense, the “tangent vectors” to both familigs &nd ¢,) at . = ¢ = o are

proportional to the “tangent vector” of the famil§; ).z atdo.

Reflected and rotated versionsigfare going to play a prominent role later on. Notice that
nao Q1 = 1n_,for everya € R U {—o0, o0}, but alsong o Rt = Ay for everyt € R, whereas
M- © R7Y = 5o o R7Y = 6, and similarly forZ,. It is straightforward to show that for every
ae R\ {0},

4log cost(3a) . . .
— dr(st) <dr(mac Rg™mao R™) < |tanh(za)| dr(st) VsteR; (2.8)
when interpreted with caution, (2.8) remains valid o= 0 and|a] = ~ also. Thus, for every
a # 0 the setln, o R7! : t € R} is a bi-Lipschitz equivalent copy df inside® which one may
interpret as a “circle” with “centrellr and “radiusdr (77, At) €]0, £]; see Figure 3.
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Q) = R«(0)

Figure 3: The compact metric spacégleft) and# (right; schematic).

3. Empirical distributionson thecircle

Given any sequencey) in R, denote byA[x,] the set of all limit points of ,) mod 1, that
is,
AlX] = {xeT:3IN; <Nz <... s.t.dp(Xy;, X) = 0asj — oo}.
Note thatA[x,] is non-empty and compact; every subseflofvith these two properties equals

Alyy] for the appropriate sequencg,). Also, for everyN € N denote bywn|[Xn] the empirical
distribution of{xy, Xo, ..., Xy} mod 1, that is,

1 N
onldl = 1 D ez € P (3.1)

In other wordswn[X,] is the uniqueu € P with [ hdu = % X\, h(x,) for everyh € C(T). In
later sections, it is going to be convenient also to consadgritably rotated version afn[x,],

— 1 N
] = wnxa] o R = 3 S

This section collects but a few basic observations reggrdig[x,] asN — oco. Given (),
denote byQ[x,] the set of all limit points of n) In P, i.e.,

Qxa] ={peP AN < N2 <... s.twy[X] = pasj — oof.

For everyu € Q[xy], note that supp c A[X,], and this inclusion may be strict. Throughout,
wheneverx,) is clear from the context\[xn], wn[Xn], ©n[Xn], @NAQ[X,] Mmay be written simply
asA, wn, wy, andQ, respectively. The basic properties of the Qx| are as follows; see also
[19, Sec. 2.4] and [26, Sec. 2.2].

Theorem 3.1. Let(xy) be a sequence iR. ThenQ[x,] is non-empty, compact, and connected.
Given any non-empty, compact, and connectedset P there exists an increasing sequence
(Yn) in R such thatQ[y,] = A.



Proof. Given (x,), for everyN € N let Qy = {wn : n > N}, the closure ofw, : n > N} in P.
Clearly,N — Qy is non-increasing, and ea€}y is non-empty and compact, hence closed. By
the compactness @, the intersectiof\yoy Qv = Q is non-empty and closed, hence compact.
To show thatQ is connected, pick any continuous functibn: Q — {0,1}. There exists a
continuous functiorg : £ — [0, 1] with glo = f. Suppose that was not constant, that is,
f(Q) = {0, 1}. Then, since” is connectedy(?) = [0, 1]. Moreover, deduce from

(N + 1)fhdwN+1 -N f hdwN = h(XN+1) VYNeN,he C(T) ,
T T

thatdr(wns1, wn) < 1/N for everyN € N. Sinceg is continuous, the ség(wn) : N € N} is
dense in [01]. Consequently, there exists an increasing sequeigen N with % < g(wn;) < %
forall j € N, but also lim_,. wn; = u for someu € Q. But then, by continuityf (1) = g(u) =
limj_e glwn;) € [%, %], which contradicts the fact thd{(Q2) = {0, 1}. Thus,f must be constant.
In other wordsQ is connected.

To prepare for the proof of the remaining assertion, dengt®pthe set of allu € # for
which # supp < co. Recall thatPy is dense irP. Moreover, given any c £ ande > 0, let
C. = {u € P: dr(u,v) < & for somey € C}. Note thatC, is openC, > C, and C,)z C C,.z for
all e, > 0. Also,N..o C: = C, and ifC is connected the@, is path-connected for adl > 0; for
closedC the converse is also true.

Assume thatA c # is non-empty, compact, and connected. Givenany0 andug, u1 €
A N Py, sinceA, is path-connected, since every continuous path can be @pmated by a
polygonal path, and sin@gy is dense inP, there exists a continuous path: [0, 1] — # with
the following properties:

(i) e connectgip anduy, i-€.,v.(0) = uo, y:(1) = p1;
(i) ye lieswithin A, i.e.,y.(t) € A, for everyt € [0, 1];
(i) v, is polygonal, with each of its (straight) segments beingated towards a Dirac mea-
sure, i.e., with the appropriatd, € N, 0 = t.0 < t;1 < ... < tzm-1 < tem, = 1, and
Xels o5 XeM, € T,

')/e(t) = (1 - (t - ts,m—l))')/e(ts,m—l) + (t - ts,m—l)éxm Yme {1, e Me},t € [ts,m—l, te,m] 5

so in particulan,(t) € P for everyt;
(iv) y. approximately covers, i.e.,y.([0, 1]). > A.

With these preparations, fix any decreasing sequesi¢én R* with limj_.., &; = 0, and for
every| pick ui € £ N A,. By the above, there exists a continuous path [0, 1] — Po N A,
with y.,(0) = pj andy,, (1) = pj1. Sincey,,([0,1]) c A,,, there existg; > 0 such that
¥¢;([0,1])z, € Ae;. PickN; € Nandy, ..., yn, € suppu; so thatdr(wn,, u1) < €1. By property
(iii), it is possible to pickN; > Ny andyn, +1, ..., Yy, € T with

{onlyn] : Nt S N < Nij € A, {onlyn] i Np <N < Nl}g1 DA, dr(wg,[ynl p2) <&2.
N _ (3.2)
Letting Ni.1 = N;, continue this process inductively, i.e., pisk.1 > Nz andyn,,+1, .-, Y5,
in T so that (3.2) holds with\i, 1, Ni,1, &i,1, andz;, instead ofNy, Ny, &1, andz,, respectively.
For the sequencgy) in 7 thus obtainedyn[yn] € A, for all N > N;, and hence

Qy] = (), fonnl - NZNF < (1) Ty () Az, = A
9



but alsaA c {wn[yn] : N > Nj}, for everyj, and so

Ac ol : N2 Ny < (] TonD] T N2 Njj, =0l = Qlyi]

This shows thaf)[y,] = A. To make ¥,) increasing, simply replacg, by y, + k, with the
appropriate integek,, as needed. Since the compact, connectedfiset @ has been arbitrary,
the proofis complete. (Notice how the connectednesd «f essential for the argument.) O

This article focusses on sequencrg for which Q[x,] is very small. An extreme situation
obviously occurs whef[x,] = {u} for someu € P, or equivalently, whemwy — u asN — oo.
In this situation, X,) is said tohave distributior, mod 1, with the most classical special case
beingQ[x] = {41}, thatis, &,) beinguniformly distributed modulo oneru.d. mod 1 for short;
see, e.g., [17, 19]. Typically, thougf)]x,] is not a singleton, i.e., the sequeneg§ in £ does
not converge; in this cas€[x,] is uncountable [26, Thm. 6]. Not least for the sequenags (
studied in detail in later sections, however, it turns ouatt tlalthough ¢n) does not converge,
(wn © R{Nl) with an appropriate sequendg)(may well converge; recall thaby o R{Nl denotes
the push-forward of the empirical distributi@sy under the rotatio,,. Even in this slightly
more general setting, by the nature of (3.1), it seems d&uthatdr(wy o R{Nl, () cannot tend
to O faster thamN~' asN — oo, except perhaps for (very) singujar The following theorem, the
main result of this section, makes this precise.

Theorem 3.2. Let(x,), (t,) be sequences iR, andu € £. Then, withwy given by(3.1).
(i) limsupy_. Ndr(wn © RgNl,y) > 0 unlessdimy_ e 2,11 dr(Xn + tn, X) = 0 andu = 6 for
some x T,
(ii) liminf NSoo Ndp(wn o Ry, 1) > 0 provided thaf is not singular.

The proof of Theorem 3.2 makes use of two elementary obsengafrom calculus regarding
monotone functiond : [0,1] — R. Recall that any such is Riemann integrable, and has
left- and right-sided limits at every € ]0, 1[, denotedf (s-) and f(s+), respectively. The first

observation is a special case of [31, Cor. 4.4(ii)].

Proposition 3.3. Let f: [0, 1] — R be monotone. Thej@l|f(s) —t|ds is minimal if and only if
min{f (%—) f (%+)} <t< max{f (%—) f (%+)} :
in particular, f01|f(s) —tlds> fol'f(s) - f(%)' ds for every t€ R.

For a second observation, given ang R andN € N, let

_{o+n-1

N (n=1,....,N), sv1=1. (8.3)

% = 0?
With this, for every (monotone) : [0,1] — R consider the piecewise constant functiia'gfnN
given by

Fan(®= D 1 (55 +%0) Yot YsE[0.[; (3.4)

for convenience, IefoN(l) = ﬁfN(l—). Note thatfo1 ﬁfN(s) dsis a Riemann sum fofo1 f(s)ds.
The following lemmais a statement about the rate of convergér such Riemann sums; while
the elementary (albeit somewhat lengthy) proof of the lensniacluded for completeness, it is
deferred to Appendix B for the reader’s convenience.

10



Lemma 3.4. Given any monotone function if [0,1] — R and any sequencg;,) in R, the
following are equivalent:

(i) iMoo N [ 15(9) = 7ol (9 ds=0;
(i) there exists & [0, 1] such that f is constant o}, a[ and]a, 1[, and either a= 0 or else
limnse dr(Na cy) = 0.

Proof of Theorem 3.2For convenience, lef = F,;l andv = u'. Recall thatf is right-
continuous and non-decreasing, witk (f (0) < f(1-) < 1, andF, = f — f(0-).
To prove (i), observe that with the appropriatee R,

1 1
dqr(wNoRt‘Nl,u)zfo |F/1(s)—FwN(s—tN)—uN|ds=fO 1f(s) - Ful(s—un) — tlds,

where the second equal sign is due to Fubini’'s theorem andatiieghat the integrand is 1-
periodic. Note thaF;ﬁ( — un) — ty is constant on the intervalq@ Nuy)/N, (K + 1+ Nuy)/N[
for everyk € Z. Thus, withc = Nuy andsp, Sy, ..., Snez as in (3.3),

N Sh+l
dr(wy © R{Nl,ﬂ) = anof
S

2 Z::o f:ﬂh(S) — (3= + s%l))' ds= f01|f(s) ~ Fuun(9)] ds:

here the inequality is due to Proposition 3.3 applied, inrappately rescaled form, to each
interval [y, sy+1] individually. By Lemma 3.4, lim sug., ., Ndr(wn ORTNl,/l) > O unlessf = F;l

is constant on ]0a[ and Ja, 1[ for somea € [0, 1[, and so isF,. To further analyze the latter
possibility, assume first that = 0. In this caseF,(s) = 1 for all s € [0, 1], that is,v = 6o, and
consequently = 64 for somex € T. From

£(9) — Far (3(sn + s2) — un) — ta| ds

N
Ndr(wn o RL&) = Y de(a+t,)  YNeEN,

it is clear that lim sup_,, Ndr(wn © R{Nl,u) > 0 unless linf_e Z,ﬁ‘zl dr(%n + tn, X) = 0. Next
assume thaa € ]0, 1[, whereF,(s) = b for someb € [0,1] and alls € ]0,a[. Sincev # daz,
necessarilyp > 0, andv = u! = by + (1 — b)d,. With the appropriaté € R, therefore,
u=((1-a)do + adp) o RL. Lettingwn = wn © R;Nl_t for convenience, notice th&tF;, (s) is an
integer for everys. Thus, with the appropriaig € R for everyN,

1
Ndr(wn o R 1) = Ne(@n. o RY) = N fo |Fuori(9) = Fa,(9) — Un| ds

b 1
:Nf |1—a—F5N(s)—UN|ds+Nf |1 - Fg,(s) —Tnlds
0 b

> bmingz [INa+ Nuy + k| + (1— b) Mingez |[NUN + K
= bdr(Na —NUy) + (1 - b)dr(-Nun, 0)
> min{b, 1 — b}dr(Na 0).

Note that lim sug_,, dr(Na, 0) > %; see, e.g., [2, eq. (3.5)]. Thus
lim supy_., Ndr(wn o R i) > 2 min{b, 1 b} > 0

11



in this case. In summary, lim syg., NdE(wNoR{Nl,u) > 0 unless liny e Zr’}‘zl dr(Xn+tn, X) =0
andu = 64 for somex € T.

To prove (ii), recall thatuy o R} € P is discrete, in fact #sugwn o RiY) < N. Thus
dr(wn © R;Nl,u) > dr(vn, 1) wherevy denotes a (not necessarily unique) best approximation of
pin{yeP:#suppr < N}. By [16, Thm. 1.4],

2
. 1 d
iMoo NOr (v, p) = Z(f \/d%dﬁ?r] ;
T

hereu, denotes the absolutely continuous parto€onsequently,
liminf e Ndp(wn o R;Nl,p) > limy_ e Ndp(vn, 1) > 0,
provided thapa # 0, i.e., provided that is not singular. O

Corollary 3.5. Let(x,) be a sequence iR, andu € £. Thenlim sup,_,., Ndr(wn, 1) > Ounless
Xn € Z for every n, angle = do.

To put Theorem 3.2 in perspective, notice that limyinf, Ndr(wy © Rt—Nl,y) = 0 is possible
even wheru has no atoms. For instance fis the classical Cantor middle third distribution
(“wrapped up” orfT) then lim infy_.. N"dr(wn o R 1) = 0 for everyr < log3/log2 ~ 1.585
and the appropriate sequenceg)((tn). Also, the sequenc@dNdr(wy o Iﬁl,p)) may be barely
unbounded, in that, for instance, lim §up, Ndr(wn © Ri%, 1)/ 4/logN may be finite even when
u is absolutely continuous; see Example 4.3(i) below. Howet/fllows from [14, Thm. 3] that

lim sup\_,., Ndr(wn o R.H 1) = o, (3.5)

for every choice of¥X,), provided that supy ndr(tn, 0) < co andy is absolutely continuous with
bounded density. Much more generally, the authors suspait3.5)alwaysholds in the context
of Theorem 3.2(ii), that is, foall sequencesx), (t,) in R andeveryu € # that is not singular.

If correct, this would constitute a remarkable extensiothefclassical van Aardenne—Ehrenfest
theorem [19, Cor. 2.2.1], with the latter following immetdily by takingu = Ar in (3.5); see
also [25, Sec. 3.1]

4. Empirical distributions of log-like sequences

This section provides an analysis of the empirical distidns wy|[X,] associated with any
real sequencexf) that satisfies (1.1). Notice that = f(n) with an appropriate smootiC{®)
functionf : R* — R for which limi_, tf’(t) = limy_. N(X,+1 — X,). For convenience, then, let

F ={f : R* - R is smooth and lim,. tf’(t) exists (inR)},

as well asfFo = {f € F : lim_, tf’(t) = 0}. With everyf € F, associate the smooth function
A" given byA'(t) = tf’(t) — bf, whereb® = lim¢_, tf’(t). In a way, thereforeA” measures the
deviation off(t) from b’ logt, and trivially lim_. AT (t) = 0. Given anyf € F, write A[f(n)],
wn[ F(N)], @n[ F(N)], andQ[ f(n)] simply asAf, w], @), andQ, respectively, i.e.,

A" ={xeT:3AN; <Nz <...s.t.dp(f(Nj),x) — 0asj — oo};
f 1 N —f f 1 N .
N =N Zn=l5f(n)+z, Wy = Wy ° R:%(N) =N anl Of(n)-F(N)+Z VN e N;

Q' ={ueP AN <Ny <... stwy - pasj— oo},
12



Note thatA ' is a closed arc for every € 7. In fact, A" = T unlessf e Fo; in the latter case,
A" may be smaller.

Informally put, this section aims to describe, for any giviere # and as accurately as
possible, the behaviour of,f\‘ asN — oo, as well as the structure 6f'. The quantity

Dy, = Ge(@y. 1) = Or(wi mayn © Rifyy) YN €N,
is going to be of particular interest in this regard, with tenvention 10 = c adhered to
throughout. (Recall thajy,r o Rf(N) denotes the push-forward of the probability measgre
with a = 1/bf andb’ € R, under the rotatiorR¢(yy. The reader may recognizm,f\I as a

discrepancy-like quantity; see Remark 5.7 below.) Complaing and refining [17, 22, 30],
the main result of this section provides a simple, explipper bound orD,f\,; in particular, it

implies that limy_« DL = 0 for everyf € F.

Theorem 4.1. Let f : R* — R be smooth, and assume thatef#. Then there existsdNe N

such that
1+4bf|logN

4N

Proof. Fix any f € 7, and writeAf, b’ simply asA, b, respectively. Assume for the time being
thatb # 0. Since

N
D}, < + %f AfD)dt VN> No. 4.1)
1

de(@y, 1) = dr(wyys b © Rigy) = dr(wy' s n-1/b © Riim) = dr(@y  7-1p)  YNEN,

it can be assumed thlate R*. (Otherwise replacé by —f.) PickN; € N so large thafA(t)| < %b
forallt > N;. Noting thatf’(t) > 0 whenevet > N;, denote byg = g(t) the inverse off, defined
forallt > f(Ny); for convenience, leg(t) = N; for all t < f(N;). Recall that

A(s)

f(t):f(1)+blogt+f A(S) ds= f(Ny) - bIogN1+bIogt+f ds Yte R*.

Ny
Now, fix anyh € Lip,(T), and observe that

fhd(’ll/boRf(N)) = f h(s+ f(N))el/b f h(s+ f(N))es/bZ o i/b s
) Zil j:j " h(s+ j + f(N))e¥°ds = o Im h(s+ f(N))e® ds

f(N) f(N)
- f h'(s)e¥® ds)
S=—00 —oo

f(N)
= %e‘f(m/b f h(s)e¥?ds = Ne (N/P (h(s)es/b

F(N)
Nhof(N)—Ne‘f(N)/bf h(s)e¥P ds.

Moreover, by Euler summation for evely> Ny,
f N
Nﬁrhdw,\, = anlho f(n)
Ni-1 N N
:Zn—l ho f(n) + %(ho f(Ny) + ho f(N)) +f ho f(t)dt + f W o (1) (1) ((t) _ %) dt
= . .

f(N) f(N)
:Nhof(N)—f h'(s)g(s)ds+ff(N) h(9) (<a(s)) - 3) ds+cn;

f(N1)
13



here the numbecy depends orf andN;j, but is uniformly bounded, in thaty| < N for all
N > N;. Thus, for everyN > Ny,

N ( | hewl = R#N))) _

£(N) F(N) f(N)
= Ne f(N)/b f h(s)e¥° ds— f h (s)g(s) ds+ f h(s) (<a(9)) - %) ds+ cn
PSS f(N1)

f(N1)
f(N1) f(N) 1 f(N)
= by f b (s)e’®ds + f h ()gn(s) ds+ f N(9)((a(s) - 3) ds+cn.  (4.2)
—c0 f(N1) f(N1)

where, for convenience,
by = Ne TN/ = e—f(l)/be—l/ble A9)/sds < VN> N;.
and the smooth functiogy : [f(N1), f(N)] — R is given by
gn(s) = NeTMN/bes/d _g(g)  wN > N;. (4.3)

An upper bound is now going to be derived for each of the thpe¢eftially) unbounded con-
tributions in (4.2). To this end, first notice thatﬁf’o |[A(t)|/tdt < oo then the sequencéy) is
bounded, and hence ljn.., by/logN = 0. If, however,flw [A(t)]/tdt = o0 thenfloo |A(t)]dt =

as well, in which case it is readily seen that {im, by/ le |A(t)|dt = 0. Thus, with the appro-
priateN, € N independent off,

f(Ny) b 1 (N
be h’(s)eS/bds{ < 3 logN + §f |A(t)] dt YN>N;.
_ 1

00

Next, to derive an upper bound for the second term in (4.Qenke thagn(f(N)) = 0, as well
as

Ne—f(N)/bi/b O N C) N g(s)A o g(s)

b b+Aog(s) b b2 + bA o g(9) vse [f(No), f(N)],

on(s) =

so that consequently

(™ ey 9Ag(r)
gN(s)_—fS el )/bmdr Vse [f(N), f(N)] .

Reversing the order of integration yields

f(N) f(N) f(N) NA o ofr
‘ ff N h'(s)gN(s)ds{= - f () f <H>/bb§(+)bA ogé()r) o ds‘
1
N g(r)A o g(r)
fon) P2+ bAog(r) Jimy
B ff‘m g(r)IAl o g(r)
= Jiny) b—1Alog(r)

r s-r)/b
f h'(s) e( s‘ dr
f(N1)

h(s)es"/P dsdr

£(N)

g(r)IAl o g(r) b+ A(t)

< 2R o = A(t dt

ffml) b-1alog) & = )y, X Ol a0
b+b/4 (N 5 N

< b—b/4 Jy, IA(t)| dt = 3y, IA()] dt .

14



Finally, to derive an upper bound for the remaining terms4i), simply notice that, with the
appropriateN; € N independent off,

Swﬂcms%blow YN = Na.

f(N)
| WO (@ -4 ds+on .

(N1)

Combining all these estimates back into (4.2) yields

b 1™ 5 (N 2b
S§I09N+§f1 |A(t)|dt+§j; |A(t)|dt+§logN

N [ hd@, - )
T
N
=blogN + 2f [A(Y)| dt VN > maxNz, No, N3} .
1
Sinceh € Lip4(T) has been arbitrary, it follows that witkly = max{N1, N2, N3},
N
ND}, = N(@',, 1) < blogN + 2f1 A®Id YN No,

which proves (4.1) fob > 0.
It remains to consider the cade= 0 where simplynp o R;(lN) = ). As before, fix
h € Lip,(T), and deduce from Euler summation that, for evidry N,

N N
NfThdw,f\,:%(hof(1)+hof(N))+j; hof(t)dt+f1 h o O F/(t) (¢t - 3) o
N N
=%(hof(N)—hof(1))+Nhof(N)—f1 th’of(t)f'(t)dt+f1 h o f(R) (1) (¢t) - 3)dt,

whereas clearly hds¢n) = ho f(N). Thus for everyN € N,

N
< %dT(f(N), f(l))+j; (t+ %)If’(t)ldt

1 N1 1 3™
SZ+£ (1+E)|A(t)|dt§£—1+§fl IA(t)[dt

which proves (4.1) fob = 0. O

‘thd(a,z-ao)
T

Theorem 4.1 immediately yield' for everyf € 7. In essence, this has been established
already in [17, Thm. 9], albeit via a veryfthrent approach.

Corollary 4.2. Let(xn) be a sequence iR that satisfieg1.1). Then:

() A # gisaclosed arc, and = T whenever b 0;
(i) Q={npoRt:xe A}
(iii) for any increasing sequenddl;) in N and te R, wn, — nip o Rt as j— o if and only
if 1im e dr(xy;, t) = 0.

The following examples illustrate Theorem 4.1 and CorgliaR.
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Example 4.3. (i) Let x, = logn for all n € N. Taking f(t) = logt, clearly f € 7, with b’ = 1
andAf = 0. By Theorem 4.1,

Ndr(wn, 71) <1

limsupy_,« logN

k)

whereas liminf_. Ndr(wn, 1) > 0 by Theorem 3.2(ii). A careful analysis shows that in fact

Ndr(won, 1) _ 1
JlogN Ver '
see [1, Thm. 3.1] and Remark 5.2 below.

(ii) Let x, = loglogn for all n > 3. With f(t) = loglogt for allt > e, clearly f € ¥, and
Af(t) = 1/ logt. Since

limN—)oo

. logN N
iMp e Lf AT dt = 1,
N e
it now follows from Theorem 4.1 that
lim supy_,., logN dr(wn;, 6o) < 2.

Unlike in (i), this bound on the rate of convergencagfwy, o) — 0 is sharp adN — oo up to
a factor 2: Indeed, it is straightforward to show that

liMyoe l0gN dr(wn, do) = 1.

Note thatA = T and henc& = {6« : x € T} even thouglb = 0.
(iii) Let x, = e for alln e N. Heref(t) = e, sof € o andAf(t) = —te”'. Theorem 4.1

now yields

e+16 1722

lim supy_,., Ndr(wn, do) <

By contrast, Theorem 3.2(i) implies that lim sup, Ndr(wn, do) > 0, whereas Theorem 3.2(ii)
does not apply. Still, just like in (ii), the bound provided {#.1) is essentially sharp, since a
short calculation shows that

. — 1

Unlike in (ii), however,A = {0} and hence& = {5o}.

5. Examplesand extensions

This concluding section discusses Theorem 4.1 by means @i &dncrete examples and
possible extensions. While the discussion is quite sutcihe interested reader will have no
difficulty filling in the omitted elementary details as desired.

For a first illustrative example, fix arty, c € R \ {0} and letf : R* — R be smooth with

f(t) = blogt + cloglogt Vt>e. (5.2)
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Clearly, f € ¥ \ %o, bf = b, andAf(t) = ¢/ logt for t > e. Deduce from Theorem 4.1 that

. _ 2cllogN (N dt
lim supy_. l0gN D,f\l < liMpnSeo HTgf @ =2|q.
e

As the following theorem shows, in this example {im, logN DL is finite and positive, and so

the seemingly rough bound (4.1) is essentially sharp, hatharp adN — o up to a positive
constant.

Theorem 5.1. Let %, = blogn + cloglogn for some bc € R\ {0} and all n > 2. Then
Q = {np o R : x € T}. Moreover,

. — c .
lIMNS e |Og N f hd(wN - T]]_/b) = B f hd({]_/b - nl/b) Vhe LID(T) s (52)
T T

and the convergence {{5.2)is uniform onLip,(T); in particular,

(5.3)

1 1

e tanhE L

— 1.
coshy

. _ c
limy_e l0gN dr(on, 71/6) = % dr(41/b, m1/b) = ICI{

Proof. Since lim_ tf’(t) = b, the assertion regardirfg is immediate from Corollary 4.2(ii).
Henceforth, assume w.l.0.g. that> 0, and withN; > 3, f(N;) > 1, andg as in the proof of
Theorem 4.1, note that

s_¢
b b

—c/b
909 = eS/b( log g +§(s)'°%s) Vs> f(Ny), (5.4)
whereg denotes éoundedsmooth function; by choosing a largsk if necessary, it can be

assumed that
c

S

b b
Letting {n = logN for convenience, deduce from (4.2) that, given aryLip,(T), and with the
appropriatéN, > N; independent off,

|og§ +§(s)'°%s >1 Vs> f(N).

f(N)-f(N1)
thd(w{,—m,bopq(lm):aNgﬁf‘CVMf h(f(N)-9an(f(N)-s)ds VN > Ny;
T 0

here the numbeay € R depends oi, butjay| < 1 for all N > N,. Now, recalling the definition
of gy from (4.3), notice that

NN -9 _ sp_ 90N -9
N N
Moreover, from (5.1) and (5.4), itis readily seen that, with appropriat&s; > Ny,

¥N > Ni,se [0, f(N) — f(Ny)].

1- =2
N +

g(f(N) -9 s/ s On(9
B bln é’ﬁ/g

—c/b
] YN > Ng,se [0, Ven].
where the functiomy is smooth withgn(s)| < 1, but also

'W' < @S2 YN > N3, s € [ Ve, F(N) = F(N)].
17



Combining these estimates yields, with the appropfiate N3 and[ay| < 3b,

ZN f hd(w,f\l — 7]1/b [e] R;(lN))
T

Vin — —c/b
= A e VD gy f e‘S/b[l— [1 - bi + gN(S)J ]h’(f(N) ~9ds

0 AN Zﬁl/s

for all N > Ng, from which it is straightforward to deduce that
; f 1 C 7 sib
IMnSeo (fN f hd(wy —myb © Rf(N)) + 02 f se ¥ ’h (f(N) - 9) ds) =0
T 0
uniformly in h € Lip,(T). Furthermore, observe that

fw se¥Ph'(f(N) - 9)ds = fl e 9Ph(f(N) - 9) Zm J(s+ne"’ds
0 n=

0
i
C@r-1y

= —bfT hd((Zu — m1w) © Rigy) -

1
= f e 50(s(e”? — 1) + D (f(N) - ) ds

For f given by (5.1), therefore, uniformly in € Lip,(T),

. _ c
limy—e logN f hd(@y, - nup) = b f hd(¢1b — 171/b) -
T T

This proves (5.2), and since the latter holds uniformly op, (T), also (5.3), by (2.1) and (2.6).
O

Remark 5.2. As the reader may suspect, the conclusion of Theorem 5.Iniswbat diferent
in the (excluded) case = 0 for which (4.1) simply yields lim syp,., ND,f\,/ logN < |bf|: Itis
shown in [1] that iff € # satisfiesflw IAT(t)| dt < co then

. b i
My e \/ 1+ 2V (el/b'l 5.5
N W (€/Py), (5.5)
where the functiolV : ]1, o] — [0, 1] N Q is given by
0 if{t":neN}nQ=9,
V(t) = 1 :
m if {t":neN)NnQ ={(p/qg)! : j e N}with p,qe Nand gcdp,q) =1

In this case, therefore, the right-hand side in (4.1) is tesspmistic alN — oo by a factor
v/logN. Moreover, utilizing (4.2) withgn(9) = 0, it is readily seen that fof given by (5.1) with
c=0,

. N _t .
lim _m—fhdw - =0 Vh e Lip(T); 5.6
N SN (wy = 11/b) p(T) (5.6)
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unlike in (5.2), however, the convergence her@as$ uniform on Lip,(T). Thus, whereas the
rate of convergence in (5.3) reflects what one may regardesgetfiation error corresponding
to the right-most term in (4.1), the rate of convergence iB)(Beflects thealiscretization erroy
caused by approximating the (absolutely) continuous gitibameasureny, with a discrete
one, namely],f\,. Notice furthermore that whereas the deviation error ig$bd”, in the sense
that asymptotically it is proportional téi, — 710 # 0, by (5.2), the discretization error is
“unbiased”, by (5.6). Clearly, a certain discretizatiomezT)L — myp IS unavoidable whenever
f € ¥\ Fo. However, the authors conjecture that the (rate of convexgyéor the) discretization
error appearing in (5.5) is the smallest it can possibly besenprecisely, they conjecture that

lim supy_ e _N dT(aL,y) >0 VieF\Foue?P. (5.7)

+IogN

If indeed correct, (5.7) would significantly strengtherb3n the special case whexg = —t, =
f(n) for all n, with any f € # \ Fo.

For a second illustrative example, fix agairc € R \ {0}, as well as < r < 1, and consider
f : R* — R given by
f(t) = blogt + ct™ Yt e RY, (5.8)

sof e 7,bf = Db, andAf(t) = —crt™". Here Theorem 4.1 yields

. . 2/rN" N 2\clr
I|msup\,_mNrD,LsI|mN_m |||\| flt_rdh%'

Asin the case of (5.1), it turns out that (4.1) is essentitigrp in this example also. The proof of
the following result is completely analogous to, yet somatgimpler than the proof of Theorem
5.1, and hence the details are left to the interested reader.

Proposition 5.3. Let x, = blogn+cn™ forsome bce R\ {0},0<r < 1,and allne N. Then
Q = {n1p o R : x € T}. Moreover,

. — C .
lIMnoeo N f hd(on — n1p) = B f hd(@-rm — 171/0) Vh e Lip(T), (5.9)
T T

and the convergence {{5.9)is uniform onLip,(T); in particular,

. _ Ic]
iMoo N'dr(@n, 710) = bl dr(7¢-r)/b, N1/b) -

Remark 5.4. (i) In essence, (5.2) and (5.9) both assert that

. 1 f .
||mN_>oo m j’]; hd((/.)N — nl/bf) = a.j’]; hd(/.l — nl/bf) Yhe Llp(T) S (510)

for the appropriate constaate R \ {0} andu € P with u # 1. As a consequence,
f

My ——— = [aldr(k, R*.
N= TRTND] [aldr ke, 7107) €
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Thus,D,f\I — 0 at precisely the same rate A&5N) — 0. Moreover, it is not hard to see that, as a
complementto (5.10),

Mo (Fon = Fayy) = a(Fe, = Fay ) (5.11)

1
IAT(N)|
uniformly onR; see Figure 4. It seems plausible that (5.10) and (5.11) irexadid for any
f € ¥\ Fo, as long agA | is regularly varying ato with index larger than-1.

(ii) For f asin (5.8), but withr > 1, it can be shown that (5.5) holds; as noted in Remark 5.2,
this is immediate from [1, Thm. 3.1] in case- 1.

N = 107 11 N=10 11 N=10
0.51 0571 057
3(':,(3 - Fn3)
logN (F5, — Fis3)
0 = 0 >0
s 1 S 1 S 1
N = 107 N =103 N = 10
057 05+ 057 6(Fyso — Fis)
o VN(Fz, — Fys) o o |
s 1 S 1 S 1

Figure 4: By Remark 5.4(i), the deviation 16Y(F5,, — F;,) associated with the sequenog)(= (% logn + log logn)

converges uniformly (top), and so does the deviaﬁéﬁ(FaN - F,;) associated withx,) = (% logn - 2/ +/n); see also
Figure 2.

For a third illustrative example, denote Ipy the n-th prime number. The distributions mod
1 of the sequence (lgg,) have been studied by many authors; see, e.g., [15, 21, 2292 7To
appreciate this sequence within the context of the preséaolea notice first that known results
about prime gaps [13, 32] imply

. n
Pn+1 <oo, lim SUP o lo Pn+1

Pn v/loglogn J Pn

liminf,_ nlognlog >0,

and consequently

liminf,_e N(l0g pns1 — logpn) =0, limsup,_,., N(0g prr1 — 109 pn) = .
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Hence Corollary 4.2 does not apply directly tq,X = (logp,). However, a conclusion very
similar to that of Theorem 5.1 holds nonetheless.

Theorem 5.5. Let %, = blog p, for some be R\ {0} and allne N. ThenQ = {5;,poR : x € T}.
Moreover,

limy_e logN f hd(on — 1) = fhd(gl/b — 11/b) vh € Lip(T), (5.12)
T T
and the convergence {{5.12)is uniform onLip,(T); in particular

liMNse l0g N dr(@n, 71/6) = dr(La/b, 71/b) -

As presented here, the proof of Theorem 5.5 makes use of tbwiiog two quantitative refine-
ments of the prime number theorem; see, e.g., [6, 11, 12]l@nktferences therein. On the one
hand, withr(X) := #{ne N : p, < x} for everyx e R,

1 A
logx  (logx)?

() = = (1+ Vx> e, (5.13)

where the functiom : [e, o[ — R is bounded. On the other hand,

il tnloglogn

leogn+loglogn—1+ logn Yn>2, (5.14)
where the sequencgy is bounded.
Proof of Theorem 5.5Pick any smootff : R* — R with

f(t) = blogt + blog(logt + log logt — 1) Vit > 2e; (5.15)

to avoid confusing it withwy, denotewL o Rj(N) by un throughout. Note that Theorem 4.1

applies, since obviously € 7, whereasf ¢ 7 for every smoothf : R* — R with f(n) =
blog p, for all n € N. By (5.14),

Onloglogn

logn(logn + log logn — 1) vn=86,

Xn— f(N) = blog(1+

and consequently, with the appropriate R* andN; € N,

loglogn

% — f(n)| < alb| (logn)?

With this, given anyh € Lip,(T),

N [ @ -0

= 'Z:zl(h(xn —xn) — h(f(n) - f(N)))’
< Z:I:l dr(xn — Xn, f(N) = f(N)) = Z:Izl dr(%, — f(n), xn — F(N))

1N N (loglogn loglogN
<1(N;-1)+alb anNl( Togn? * Tog Ny YN > N;.
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Next, observe that

(logN)? Z loglogn
NloglogN Zin=2 (logn)2

This implies that, with the approprial® > Nz, independent off,

limN—)oo

NloglogN YN > N,

< 3alb| (logN)? >

N [ hd@y -
T
and consequently, uniformly on Lj{iT),
limy_e l0OgN f hd(wny —un) =0 ¥h € Lip(T).
T

Thus, to complete the proof, it fiices to establish (5.12) wifhy instead ofoy. As in the proof
of Theorem 5.1, assume w.l.o.g. that- 0, and denote bg = g(s) the inverse off for all
suficiently larges. Deduce from (5.15) that, with the appropriates R,

@J(s)=es/b(IO 1+9(s) Ogs) Vs> s,
whereg denotes doundedsmooth function. Utilizing this analogue of (5.4), the renaker of
the proofis now carried out in complete analogy to the prddfteeorem 5.1. O
Corollary 5.6. Let %, = blog p, for some b R \ {0} and all ne N. Then, for every increasing
sequencgN;) in N with lim;_,., log Njdr(xy;, 0) = O,

lim e log N f hdws, - nus) = f hdGap-mp)  Vhe Lip(T).
T T

and this convergence is uniform &ip,(T).

For a simple example illustrating Corollary 5.6, fixx R* and letN; = n(e//?) for all j € N. By
(5.13), _
J

IogNj:B—Iogj+Iogb+O(j‘l) asj — oo,
and (5.14) implies that
(loglogN;?\ .
d’ﬂ‘(XNJ,O)z()(W) as) — oco.

Thus, by Corollary 5.6,
M e | f hd(wn, — 7as) = b f hd@Gs—np)  Vhe Lip(T).
T T

Put informally,w,iy convergestgyy, at precisely the ratg (), with the deviationu,eimy —11/b
being asymptotically proportional @, — 171/b.
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Remark 5.7. (i) By Theorem 5.5, forX,) = (blog pn) the (absolutely continuous) probability
measure)yp © R;Nl is a reasonable approximation of the (discrete) probghititasurevy as
N — oo, since limy_e dr(wN, 71/b © R;Nl) = 0. A slightly better approximation aby is obtained
as follows: By (2.7) and (5.12), and with := 1/b - 1/(blogn) for all n > 2,

iMoo logN f hd@n -7a,) =0  Vhe Lip(T);
T

since this convergence is uniform on L{f),

dr(wN; May ORgNl) o dr(wn; 7ay) _

= oo — =0.
N dr(wn, 171/b)

limN—)oo

dr(wn, m1/p 0 ReE

Thus,na, o R} is a better approximation @fy than ispyp o Ry

(i) The results in this article use only the metdg on#. As noted, e.g., in [8, 14, 25], the
existing literature records relatively few precise quiatitre facts regardingr. By contrast, a
vast literature exists studying the mettic on®, given by

Uoo (12, v) = SURY<gcq IFu(S) = Fo(9)] Yu,veP.

Clearly,dr < d, and @, d.) is complete but not separable (let alone, compact), iteltmy
being much finer than that of(dr). Unlike dr, the metricd,, on # is not induced in a nat-
ural way by a metric off. Correspondingly, the mapg3 andR; do not induced..-isometries.
However, ifu € # has no atoms thed.(un, ) — 0 if and only if dr(un, ) — 0. Thus,
for instance, a sequence, is u.d. mod 1 precisely iDy (X)) = do(wn[Xn],AT) — 0 as
N — co. The quantityDy (x,), referred to astar discrepancyof (x,), is a central object of
study in uniform distribution theory [19, Ch. 2]. Fox.] = (blogpy) it has (in essence) been
shown in [22] that lim sup_,., l0gN dw(wn, 1) < c0. From Theorem 5.5, it is clear that
liminfnoe 0N deo(wn, 771/6) > 0. It is unknown whether lim, . 10g N dw(wn, 171/0) €XiSts. In
fact, the bottom part of Figure 2 suggests that it does natdéedlog N (F5,—F,,,)) converges
uniformly,toF.,, - F,,,, then

2liminfy_e l0gN dwo(wn, 71/b) = limsupy_,., 10g N dw(wn, 71/b) = deo(Z1/bs 772/0) > 0,
sod.(wn, n1p) behaves less regularly thdn(wn, 171/6) @SN — co.

Finally, to put the examples of this section in perspectiméefly consider the case of a
smoothf : R* — R with lim{_e t/f’(t)] = co. With 1/c0 := 0, note thatyp = At and D,L =
dT(w,f\,, At), SO0 Theorem 4.1 suggests thatlim, DL =0, i.e., the sequengé(n)) is u.d. mod 1.
As is well known, under mild assumptions drthis conclusion is indeed correct. For instance,
a classical result by Fejér [19, Cor. 1.2.1] implies that' {t) — 0 monotonically as — oo then
IMNS e D,f\‘ = 0. To relate this result to Theorem 4.1 and the examples skeclearlier, assume
that

f : R* — Ris smooth{|f’(t)] — oo ast — oo, but lim,_,, f’(t) = 0. (5.16)

The following is an analogue of Theorem 4.1 tailor-made tatsf ; the elementary proof is left
to the interested reader.
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Proposition 5.8. Let f,g : R* — R be smooth, and assume that f satis{e46) as well as
g(|f(t)]) = t for all sufficiently large te R*. Then there existsd\e N such that

Ig'(s) —g®)I+1

g (9 +1 ) N =MNo.

(5.17)

2 , .
dr(wy, Ar) < N stmw (IQ(J +2) = 9(1) SUB s <ji2

To illustrate Proposition 5.8, considé(t) = it for all t € R*, henceg(s) = &, and a short
calculation using (5.17) yields

40 j+1 20 1
\/_d’[[‘(a)N,/lT) < — N Zlgjsx/ﬁ 2J 1 < 20+ W Zlﬁjém m VN > NO,

so in particular lim sug_,., VNdr(wy, A7) < 20. A careful analysis reveals that

M N oo \/Nf hd(aﬁl —Ar) = fhd(ﬂz,l —Ar) vh € Lip(T),
T T
and this convergence is uniform on L{ff), so in particular

iMoo VNGr(wh, A1) = Or(B21, A7) = % - (5.18)

Thus, despite its simplicity, the bound in (5.17) is essdiytsharp in this example.

Notice that Proposition 5.8 does not requireto be (eventually) monotone, and hence
may be regarded as a quantitative complement to, ratheratspecial case of, Fejér's theo-
rem. With regard to Remark 5.7(ii), also notice that (5.1@&npares favourably to the fact that
(VND;,(Vn)) is divergent, as

liminfnoe VND{(VN) = 1< £ =limsup_., VND}(VN).

This is yet another illustration of how usagedf may lead to simpler, more clear-cut results
than does usage of other metrics@nincludingd.
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Appendix A. Computing dr on P

The purpose of this section is to provide simple completefsror two basic facts regarding
the metricdr on®, namely (2.2) and (2.3), both of which are useful for corergtmputations.

First, with the definition ol in mind, notice thah(0) = 0 can be assumed in (2.1), and also
that Lip, o(T) := {h € Lip,(T) : h(0) = 0} is a compact subset @{(T). Thus the supremum in
(2.1) is attained. Moreoveh,e Lip,(T) if and only if the 1-periodic extensian— h(t + Z), also
denotech for simplicity, is absolutely continuous witfi'||., < 1 andf0 0.1] h’da = 0, whereh' is

the (1-a.e. defined) derivative ¢f Thus, Lip o(T) can be identified with the set

MO = {g € Loo[o’ 1] : “g”oo S 19[ gd/l = 0} 4
0,1
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with a bijectiong : Mo — Lip, o(T) being given byp(g) = f[o q gda.
Next, assume that, v € # are absolutely continuous with densitigsf,, respectively. Then,
with the appropriaté € L1 o(T),

dqy(,u,v):fThd(u—v)zf[m]h(fﬂ—fv)d/l
:h(s)(F”(s)—Fy(s))|;o—L1]h/(Fﬂ—Fv)d/l:j{;llh/(Fv—Fy)d/l,

and hencelr(u, v) < SURy, f[o 1] o(F, — F,)da, but alsodr(u, v) > ﬁr¢(g)d(/l —v) for every
g € My, so that really

dr(u, v) = SURew, f[ou 9(F, - F,)da; (A.1)

asin (2.1), the supremumis attained in (A.1). Since abstylebntinuous probabilities are dense
in P, plainly (A.1) is valid forall u, v € P.

Recalling that 1[0, 1]%, the dual of the Banach spaté&0, 1], is, up to an isometric isomor-
phism, simplyL*°[0, 1], and with a view on (A.1), notice thdilp can in turn be identified with
the set

No := {¢ € L'[0, 1] : llgll < L, ¢(Lj0.27) = O}.
Thus (A.1) can equivalently be expressed as
dr(u, v) = sUR.en, ¢(Fu — Fy) Yu,veP. (A.2)

Now the desired identity (2.2) follows immediately from @), together with the following sim-
ple observation from linear analysis, applied specificalith X = L*[0,1], x = F, — F,, and
y =11

LemmaA.l. Let(X |l -]|) be a normed space (ov&). Then, for every ) € X,
sude(X) 1 ¢ € X7, llgll < 1, ¢(y) = O} = Minaer [IX + ayl|. (A.3)

Proof. Fix x,y € X. Since (A.3) clearly is correct otherwise, henceforth assuhatx,y are
linearly independent. Note that— ||x + ayj| is Lipschitz and bounded below lg |lyl| — |IX||, SO
attains a global minimum, say far= ag. For convenience, ldt = ||x+agy|| = Mingeg || X+ayl| > 0
andB = {g € X" |l¢ll < 1, ¢(y) = 0}. On the one hand, sy, l¢(X)| < b because

le(¥)] = lp(Xx+ aoy)l < [IX+agyll=b  VpeB.
On the other hand, let= x + agy and note thay, zare linearly independent. Thus letting
Y(sy+tz) =t YteR,
yields a well-defined linear functional on spgnz}. Sincel|sy+ tZ| > |t|b,

lIsy + t2|
b

V\Lhich shows t~hat|w|| < 1/b. Use the Hahn—Bg_nach theor~em to extentb Z e X* with

¥l < 1/bandy(sy+tz) =t for all st € R. Thenby € B andby(x) = by(—apy + 2 = b. Thus

SUR,eg lv(X)l = b, and hence sypg lp(X)| = b, as claimed. O
25
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With (2.2) established, it remains to deduce (2.3) from it tAis end, a few preparatory
considerations are in order. Throughout, fix @y L1[0, 1].
First, giveng, let
gt) =a(g<t)  VteR,

sog : R — R is non-decreasing, right-continuous, with {im,, g(t) = 0 and lim_. g(t) = 1,

as well asg(t-) = A({g < t}) for everyt € R. In probabilistic termsg is the distribution
function ofg(Z), where the random variabZis uniform on [Q 1]. Note that choosing a fierent
representative fog € L1[0, 1] does not alteg. For everys € ]0, 1] the set{g < s} is non-empty
and bounded above, and hence

g X9 =sudg<s Vselo,1]
is well-defined. Againg " : 10, 1[ — R is non-decreasing and right-continuous, with
g is-) =inflg=s  Vse]o,1[.

Now, with g_, g, denoting the negative and positive pargpfespectively, observe that

f gdi = g+d/l—f g-di= fwﬁ({@h > t})dt—fm/l({g_ > t}) dt
[0.1] [0.1] [01] 0 0
00 0
- [a-sepe- [ g

1 1
=f A{g < s}m[o,oo[)ds—f A= sin] —o0,0])ds
0 0

1

1 1
_ -1 I A _ [ & :
—fo maxg(s). 0} ds fo min{g(s), 0} ds fog (s)ds;

here the second and fourth equal signs are due to Fubindsehe The same argument, applied
tolgl = g, + g- instead ofg = g, — g, shows that also

1
[ eidr- [ @heies  vgeLp.al.
[0,1] 0
Moreover, notice thaj + a = §(- — a) andgﬁr\a_l =g !+ aforeveryac R, and hence in fact

1
f lg—tlda = f G s -tlds Vvgell[0,1],teR.
[0.1] 0

(The functiong~* may be thought of as symmetrizatioror monotonaearrangemenbof g; see,

e.g.l,:([;ﬁgh)e other preparatory consideration Rgbe the essential range gfthat is, let
Ry={teR:A(flg—tl <&}) >0Ve e R"}.

Note thatR, coincides with the set of growth pointsgfi.e.,

Ry={teR:Q(t+¢&)-Q(t—e) >0Vee R}
26



just like g, therefore Ry is independent of the choice of representativegoRecall thatR is

non-empty and closed. Moreover, the functior> f[o 1] |g — tjda, which is 1-Lipschitz and

bounded below byt| — f[O 1 |glda, has constant derivative on each (open) componeRt\pRy,
and hence attains its global minimum (also)Rya Thus,

Mifkes f 19— t]dAd = mingg, f Ig—t/dA = infrpoy f g-oidl,  (Ad)
[0.1] [0.1] [0.1]

since obviously the closure ¢q(s) : s € [0, 1]} containsRy.
With the above preparations, (2.3) is readily establisl@&denyu, v € P, it is clear from

1 1
fo IF.(9) — Fu(9) — tids = fo

together with Proposition 3.3, that either side in (A.5) isimal precisely if

(Fr—F) (9 - t’ ds  VteR, (A.5)

-1 — -1 :|
)

te|F-F) (). (FmF) ()

or equivalently if F, — F,)(t-) < 3 and(F, - F,)(t) = 3, which in turn is the case if and only if
1-A({F,-F,>t) <3 and A({F,-F, <t})>1.

This proves (2.3). Also, notice that (A.4) yields

1
dr(u.v) = infuoay f Fu(9 - F.(9 - Fu® - F,(OIds  Vuvep.
0

Remark A.2. This section simplifies and extends the main results of plparticular, (A.4)
explains why the (restrictive) continuity assumption in@®r. 3.9] is superfluous.

Appendix B. A calculuslemma

This section provides a self-contained proof of Lemma 3.4. piiepare for it, given any
Riemann integrable functioh: [0, 1] — R for which f(0+) and f(1-) exist and anya € [0, 1],
consider the quantity

ia 1(a+1) 1
f . Y _ _ _
I"@) := (f(1-) - f(0+))(1-a) 2fo f(s)ds+ 2f f(s)ds 2£(a+l)f(s)ds. (B.1)
With f7:[0,1] — R given byf'(s) = —f(1 - ) for all s € [0, 1], notice that
1"@+17(1-a)=f(1-)- f(0+) Vae[0,1]. (B.2)

If, for example,f(s) = msin(2rs) thenf’ = f, andlf(a) = 4 cosfra), sol may attain positive
as well as negative values. As presented here, the proofrofize3.4 hinges on the elementary
observation that such indefinitenesd btannot occur in caséis monotone.
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LemmaB.1. Let f: [0, 1] — R be monotone, anda[0, 1]. If f is non-decreasing then

0<l1f(a) < f(1-) - f(0+); (B.3)
if f is non-increasing then both inequalities (B.3) are reversed. Moreover, equality (B.3)
holds on the left precisely if f is constant ¢ (a+ 1)| and |3(a+ 1), 1], whereas equality
holds on the right precisely if f is constant 111‘11 %a[ and]%a, 1[.

Proof. Fixa € [0, 1]. Assume thaf is non-decreasing (otherwise repldcly —f), and also that
f(0+) < f(1-), as all assertions clearly are correct in caf@+) = f(1-). To see that’(a) > 0
for all a €]0, 1[, simply observe that

(@) = (f(1-) - f(0+))(1—a) + 2foia(f (%a-)- f(9)ds- f(3a-)a+

i(a+1) 1
+2I (f(9) - f(%a+))ds+f(%a+)+2£(a+1§f(1—)— f(s))ds— f(1-)(1- a)

1
>a

1

= (f(3a-) - f(0+))(1-a) + f (Sa+) - f(3a-)+ Zfia(f (%a-) - f(9))ds+
0

+2 %(aﬂ)f(s)—f la+))ds+2 ' (f(1-) - f(9)ds
; z ;

la (a+1)

> 0.

Moreover, this inequality is strict unlegsis constant on each of the three non-empty intervals
]O, %a[, ]%a, 3@+ 1)[, ]%(a+ 1), 1[, and does not have a jumpst 3a. In other words| f(a) >

0 always, and (a) > 0 unlessf is constant o]0, #(a+ 1) and]$(a+ 1).1[. Conversely, if
f(s) = bforall se |0, 3(a+ 1)[, andf(s) = cforall se |3(a+ 1), 1] then

'@ =(c-b(l-a)-2b-2a+2b-3-2c-3(1-a)=0.

Fora = 0, observe that

i 1
f _ —) — =
1'(0)= f(1-) f(0+)+2£ f(s)ds 2f% f(s)ds

1 1
=2f0 (f(S)—f(0+))dS+2f%(f(l—)—f(s))dsz 0.

and this inequality is strict unlesis constant or}0, 3| and|3, 1. Similarly, fora = 1,

: 1 :
|f(1):_2fo f(s)ds+2£ f(s)ds:zfo (f(s+3)-f(9)ds20,

and this inequality is strict unlessis constant on JOL[. This proves all assertions regarding
the left part of (B.3). To prove the assertions regardingriet part, simply notice thaf™ is
non-decreasing as well, so by (B.2) and by what has alreaely §igown,

1f@@) = f(1-) - f(0+) - 1" (1 - a) < f(1-) - f(0+),
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and this inequality is strict unle$§"(1— a) = 0, thatis, unles$™ is constant 0|}O, %(2 - a)[ and
]%(2 - a), 1[, or equivalentlyf is constant 0|10, %a[ and]%a, 1[. O
Proof of Lemma 3.4Though in essence an elementary calculus exercise, thmargis some-

what intricate and requires a certain amount of notationdlenalytic preparations that are going
to be carried out first. Again, assume throughout thet non-decreasing. (Otherwise repldce

by —f.)
Given any sequence) in R, for everyN € N define the following\ + 4 numbers:

eny+n-1
N

en = (Noysr — (N + 1wy, On = [N(eng1) = (N + 1)Xeny) + 1.

Svo =0, Snn = (n=1,...,N), SuNs1 =1

Notice that 0= Syp < SN < SN2 < ... < SN < Sun+1 = 1 and O< ey < 1, but alsgén| < N
for everyN. Furthermore, given any (non-decreasing) functiari0, 1] — R let

Fun=f(3(sun+Suma))  ¥n=01... N,

as well as \
NS = Do Frunlissunad(® Vs [0.1[;

with fy(1) = fn(1-) the functionfy : [0,1] — R is piecewise constant (and non-decreasing).
Notice thatf(0+) < Fn1 < ... < Fyn < f(1-). In the notation of (3.4) simplyiy = 7, .

Now, the main thrust of the subsequent argument is to find sit{pe) lower bound for the
deviation

1
In = fo [fon(s) — fansa(9)lds (N e N)

along a suitable increasing sequenbg)(in N. In order to ensure good readability for what
follows, write Synn, Sen+iny Fanns Fanesn SImply asay, bn, Fn, Gy, respectively, so that, for
instance,

2N 2N+1
on(®) = D Frliaan (9 fnea(® =Y Glipbu(s  Vse[0,1].

Since fyy, fons1 are piecewise constant and non-decreasing, in order tondiegJy precisely,
it is necessary to first clarify the position of thBl 2 1 intervals by, a1, . . ., [aon, @onea[ relative
to the N + 2 intervals po, ba[, ..., [banyi1, bons2[. To this end, observe that, < b, whenever
0 < n<maxo, fon}, whereas, > b, whenever i max0, fon} <n< 2N+ 1, and
N—en — {on
-bp= ————— vYn=1,...,2N.

& == SNEN+ 1)
Similarly, a, < b1 whenever < n < 2N + min{0, £on}, whereas, > bp,; whenever A + 1 +
min{0, £y} <N < 2N+ 1, and

n—ZN—ézN —sz

by = vn=1....2N.
2~ bniy NN + 1) ==

Finally, an,1 > by anda,_1 < byes foralln=1,...,2N.
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Next, recall thatf,n] < 2N. It is going to be convenient to distinguish the four (slight
overlapping) cases

2N <l <—N, —=N<lON<0, 0NN, Ny <2N. (B.4)

Assume for the time being th&t < /oy < 2N. (As detailed below, the argument for the other
three cases is completely analogous.) In this casesifiG< ¢,y then

Frn—Gn1 se[an b,

fon(s) — f 9)| =
[fon(S) — fonsa(9)l { Go—Fn  SE [bnanl.
whereas ifh = ¢,y then

Fn - Gn—l Se [an, bn[ >
[fon(S) = fons1(S) =9 IFn—Gnl  s€ [bn, bnial,
Gns1—Fn se[bneg, anea,

and if£ony < n < 2N then

Fn—Gn S € [an, bnsaf ,

fon(s) — f 9l =
[f2n(S) = fana ()] { Gnii—Fn  S€ [brit, @nsaf -

With this, and temporarily writingn, €2 aSe, £, respectively, for convenience, it follows that

2N An+1
I = ano L [fan(S) — fania(9)lds

= Z;((Fn = Gn-1)(bn — @) + (Gn — Fn)(@n:1 — bn)) +
+ (Fy — Gp)(by — &) + [Fe — Gel(bpsr — by) + (Grra — F)(@re1 — brat) +
+ Z:S{’+1((Fn = Gn)(bni1 — an) + (Gns1 — Fr)(@ni1 — bns1))

= Zizz((Fn = Gn-1)(bn — @) + (Gn-1 ~ Fn-1)(@n — bn-1)) +
* Zifﬁl((':” —Gp)(bni1 — an) + (Gn — Fn-1)(@n — bn))

= 2N(2]l\-l + 1) Zzzz((F” -Gn)(e+—n)+ (Gp1 - Fno1)@N+n—-e—-0)) +

2N

1
* 2N(2N + 1) Zn:£+1((':” —Gn)@N-n+e+ )+ (Gn—Fn1)(n—€-1)).
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All terms in the above sums are non-negative, so
¢ .
2NN+ 1)y = > (Fo—Fpa)min{f —n,2N+n-¢} +
2N .
+ Zn:[+1(Fn = Fno) min2N - n+£,n— ¢} +
4 2N
+ 6(Zn:2(Fn + Fn_]_ - ZGn_l) + Zn:€+1(Fn + Fn_]_ - ZGn))
{-N
=, (Fa=Fa)@N+n-0)+
t 2N
* Zn:[—N+l(Fn ~Foa)(-n)+ anml(F” ~Fa)n-0+
25 (Fn=Gn) = F1— Fan +2G
+6( anl( n—Gn)—F1—Fan + [)
{—N- 1 -1 2N
=(Fon—F)@N+1-0-> " Fot > Fo= > Fo+

n=(-N n=(

2N
+ e(zzn=1 Fo— 2Zn=1 Gn— F1— Fon + 20() .

Since L, — Fy — Foy > f(0+) — f(1-),
N+1-C 1 N1 1 ¢
(2N + 1)y = (Fon — Fl)—N SN Zun=1 2N Zn —(—N Fn— 2N Zn:é’ Fn+
1 f(1-) - 1(0+)
+ G(N Zn 1 "N Z 2N )
provided thalN < ¢ < 2N. Notice that

N—oco N—co
Fi= f(%(SQN,l + SzN,z)) — f(0+), Fon= f(%(S'ZN,ZN + 1)) — (1),

but also, sincd is Riemann integrable,

1 oN . ON (Con) oo (F
3 Lo Fr = Y P =20+ o Fo) 5 [ (9,

and similarly

1 Soo
- ™ G, ' f f(s)ds.

Suppose now thall < ¢,y < 2N for everyN € N, and that furthermore ligL,., £on/N = ¢ for
somec € [1, 2]. Then

<02N> +¢{—-N-1 N—)oo l(C 1) a = <C2N> +{—1 Now 1

- c,
" 2N 2N 2
from which it is readily seen that
3(c-1)
{—N- l N—)oo 2
f(s)ds,
2N D e
but also
1
1 -1 N—oco 3¢ 1 2N N— oo 1
3 D Fn f(9ds. x> Fo— | f(9ds.
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Since 0< ¢ < 1, clearlye/N =5 0, and hence

4liminfyooNIy = liminfyse 22N + 1)Jdy
ic 1

1)
2(f(1—)—f(0+))(2—c)—2f0 f(s)ds+2£ f(9ds—2 [ f(9ds

(c-1) ic

=17(c-1), (B.5)

with 1 given by (B.1). Arguments completely analogous to the oadifey to (B.5) show that if
either of the other three cases in (B.4) holds foNakt N, and if furthermore lim_ . foan/N = C
then (B.5) remains valid, provided that its right-hand sgleeplaced by

1 (-c-1), Ifc+1), 1"@-o0), (B.6)

respectively. Notice that by Lemma 1, the numbkic — 1) is positive unless is piecewise
constant on ]01[ with at most one jump, and the same is true for each of thebeusnin (B.6).

At long last, the scene is now set for showing that (i) andifiiLlemma 3.4 indeed are
equivalent. Iff is constant on JOL[ then obviously (i) and (ii) both hold, so assume w.l.oltt
f(0+) < f(1-). First assume (i). At least one of the four cases in (B.4uotor infinitely many
N, and by choosing an appropriate increasing sequelger{ N, it can be assumed that case
occurs for everyj, and furthermore lim.,., £2n; /N; exists. Since

1 1
N3 <N fo 1£(9) - fan(9)lds+ N fo 119 - fawsa(9)] ds

1 1
<iN+ 1)[0 (9 = Fof, npa(S)ds+ 3 2Nf0 (9 - Fof, m(9ds  VNeN,

clearly limj. NjJy, = 0. As seen above, there existg [0, 1[ such thatf is constant on 0]
and |, 1[; in fact,a > 0 asf is not constant on JA[. For every sficiently largeN there exists
a unique 1< n < N with a € [Syn, Syn+1[, @nd therefore

1 SN,n+1
N [ 119 -7 (@lds=N [ 1f(9 - Fualds
0 Snn

= N(f(1-) - f(0+)) min{a - sy, Suns1 — @)
= (f(1-) - f(0+))dr(Na cn). (B.7)

Thus (i) implies limy_. dr(Na,cy) = 0 and hence (ii). Conversely, (B.7) immediately shows
that (ii)=(i). O

Remark B.2. If, instead of being monotone, the functidn: [0,1] — R is assumed to b&*
then limy_. N f01|f(s) - ?fch’N(s)l ds = %fol|f'(s)| ds for every sequence) in R. Thus, the
equivalence (i (ii) of Lemma 3.4 remains valid in this situation also. Netidhowever, that
whereas (i} (i) always, the reverse implication may fail if no assumpsi@t all are imposed on
the (Riemann integrable) functidn
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