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Abstract
Two flows on a finite-dimensional normed space X are equivalent if some homeomorphism
h of X preserves all orbits, i.e., h maps each orbit onto an orbit. Under the assumption that
h, h−1 both are β-Hölder continuous near the origin for some (or all) 0 < β < 1, a complete
classificationwith respect to some-Hölder (or all-Hölder) equivalence is established for linear
flows on X , in terms of basic linear algebra properties of their generators. Consistently utiliz-
ing equivalence instead of the more restrictive conjugacy, the classification theorems extend
and unify known results. Though entirely elementary, the analysis is somewhat intricate and
highlights, more clearly than does the existing literature, the fundamental roles played by
linearity and the finite-dimensionality of X .

Keywords Equivalence between flows · Linear flow · Hölder equivalence · Lyapunov
similarity

Mathematics Subject Classification 34A30 · 34C41 · 34D08 · 37C15

1 Introduction

Let X �= {0} be a finite-dimensional normed space overR andϕ a flowon X , i.e.,ϕ : R×X →
X is continuous with ϕ(t + s, x) = ϕ

(
t, ϕ(s, x)

)
and ϕ(0, x) = x for all t, s ∈ R, x ∈ X .

A fundamental question throughout dynamics is that of classification: When, precisely, are
two flows ϕ, ψ on X the same, and in what sense? A geometrically motivated approach to
this question is as follows: Say that ϕ, ψ are equivalent, in symbols ϕ ∼ ψ , if there exists a
homeomorphism h : X → X that maps every ϕ-orbit onto a ψ-orbit, i.e.,

h
({

ϕ(t, x) : t ∈ R
}) = {ψ(t, h(x)

) : t ∈ R
} ∀x ∈ X . (1.1)

Imposing additional regularity requirements on h naturally yields further, narrower forms
of equivalence. Specifically, if h, h−1 both are β-Hölder continuous for some 0 < β < 1
(or all 0 < β < 1, or β = 1) then ϕ, ψ are some-Hölder (or all-Hölder, or Lipschitz)

equivalent, in symbols ϕ
0+
∼ ψ (or ϕ

1−
∼ ψ , or ϕ

1
∼ ψ). More restrictively still, if h, h−1

both are differentiable (or linear) then ϕ, ψ are differentiably (or linearly) equivalent, in
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symbols ϕ
diff
∼ ψ (or ϕ

lin
∼ ψ). As discussed in detail in Sect. 2 below, these equivalences

constitute but six familiar “vertices” in an infinite “graph” of equivalences, no two of which
coincide entirely, that is, for all pairs of flows on X . This in turn leads to an infinitude of
natural, genuinely different classifications of flows (see Fig. 3 below).

Building on the classical literature briefly reviewed below, the present article, together
with [5, 6], completely answers the question of equivalence for linear flows. As it turns out,
for such flows all (infinitely many) equivalences coalesce, rather amazingly, into a mere four
different forms, informally referred to, respectively, as topological, Hölder, Lipschitz, and
smooth equivalence (see Figs. 1 and 4 below). Recall that a flow ϕ on X is linear if the
time-t map ϕt = ϕ(t, ·) : X → X is linear, or equivalently if ϕt = et A

ϕ
, for every t ∈ R,

with a (unique) linear operator Aϕ on X called the generator of ϕ. Henceforth, upper case
Greek letters�,� are used exclusively to denote linear flows. All four equivalences between
linear flows�,� just alluded to are fully characterized below, in terms of basic linear algebra
properties of A�, A� . This yields four classification theorems, each of which in one way or
another extends, complements, or unifies earlier results in the literature.

The first main result of this article, then, is the following topological classification the-
orem which also shows that, perhaps surprisingly, equivalence between linear flows always
entails some-Hölder equivalence. To state the result, recall that every linear flow � on X
determines a unique �-invariant decomposition X = X�

S ⊕ X�
C ⊕ X�

U into stable, central,

and unstable subspaces, along with a unique decomposition�
lin∼= �S×�C×�U; see Sects. 2

and 3 below for formal details.

Theorem 1.1 Let �, � be linear flows on X. Then each of the following three statements
implies the other two:

(i) �
0+
∼ �, i.e., �, � are some-Hölder equivalent;

(ii) � ∼ �, i.e., �, � are equivalent;
(iii) {dim X�

S , dim X�
U } = {dim X�

S , dim X�
U }, and there exists an α ∈ R\{0} so that A�C ,

αA�C are similar.

An important insight implicit in Theorem 1.1 is that the validity of (1.1) for linear ϕ, ψ
guarantees not only that h, h−1 are (or can be chosen to be) β-Hölder continuous for some
β > 0, but also that, with an appropriate α ∈ R\{0},

h
(
ϕ(t, x)

) = ψ
(
αt, h(x)

) ∀t ∈ R, x ∈ X . (1.2)

Notice how (1.2) in general is much more restrictive than (1.1). Virtually all studies on equiv-
alences between (linear) flows in the literature are based on (1.2), often with the additional
requirement that α > 0, or indeed α = 1. By contrast, the natural, significantly more general
form (1.1) is referred to only perfunctorily, if at all [18, 19, 21, 23]; see also Sect. 2 and the
discussion in [5, Sect. 5].

The second main result of this article is a Hölder classification theorem involving the
concept of Lyapunov similarity, introduced rigorously in Sect. 3. For now, simply say that
two linear operators are Lyapunov similar if they (more precisely, the flows they generate)
have the same Lyapunov exponents, with matching multiplicities.

Theorem 1.2 Let �, � be linear flows on X. Then each of the following statements implies
the other:

(i) �
1−
∼ �, i.e., �, � are all-Hölder equivalent;
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(ii) there exists an α ∈ R\{0} so that A�, αA� are Lyapunov similar while A�C , αA�C are
similar.

Variants of (ii)⇔(iii) in Theorem 1.1 utilizing (1.2) were first proved in [18, 19], though
for hyperbolic flows, i.e., for X�

C = X�
C = {0}, the result is much older; see, e.g., [1, 15, 22]

for broad context, as well as [2, 3, 9, 13, 20, 23] and references therein for specific subsequent
studies. As far as the authors have been able to ascertain, neither the full strength of Theorem
1.1 utilizing only (1.1) nor the fact that (i)⇔(ii) have yet been documented in the literature.
Similarly, a weaker variant of Theorem 1.2 may be gleaned from the examples in [21], albeit
with considerable hand-waving, but again its full strength and proof appear to be new. Given
the simple, definitive nature of Theorems 1.1 and 1.2, as well as the importance of linear
differential equations throughout science (education), the present article aims to provide
elementary, self-contained proofs of both results which, together with [5, 6], hopefully will
inform future applications and pedagogy.

To put the results in context, it is instructive to compare them to their Lipschitz and smooth
counterparts; stated here without proof, these have been proved by the authors elsewhere [5,
6]. Though structurally analogous to Theorem 1.2, the following Lipschitz classification
theorem significantly differs from its Hölder counterpart, due to the discrepancy between
Lipschitz and Lyapunov similarities. Motivated by precursors in [17, 21], Lipschitz similarity
is introduced and discussed in detail in [6]. For the purpose of the present article, it suffices to
note that Lipschitz similarity of two linear operators on X requires (most of) their eigenvalues
and multiplicities to match, whereas Lyapunov similarity only requires the matching of real
parts of eigenvalues (and cumulative multiplicities). Correspondingly, two linear operators
are Lyapunov similar whenever Lipschitz similar, and they are Lipschitz similar whenever
similar, but neither implication is reversible for dim X ≥ 2.

Proposition 1.3 Let�,� be linear flows on X. Then each of the following statements implies
the other:

(i) �
1
∼ �, i.e., �, � are Lipschitz equivalent;

(ii) there exists an α ∈ R\{0} so that A�, αA� are Lipschitz similar while A�C , αA�C are
similar.

In essence the following smooth classification theorem has been established in [5, Thm.
1.2], with weaker versions found in many textbooks [1, 7, 22]. Although [5] employs a more
restrictive notion of equivalence than the present article, the result is readily seen to carry
over verbatim.

Proposition 1.4 Let �, � be linear flows on X. Then each of the following three statements
implies the other two:

(i) �
lin
∼ �, i.e., �, � are linearly equivalent;

(ii) �
diff
∼ �, i.e., �, � are differentiably equivalent;

(iii) there exists an α ∈ R \ {0} so that A�, αA� are similar.

A striking consequence of Theorem 1.2 as well as Propositions 1.3 and 1.4 is that, in

analogy to Theorem 1.1, assuming �
�
∼ � with � ∈ {1−, 1,diff, lin} guarantees that the

(all-Hölder, Lipschitz, differentiable, or linear) homeomorphism h can be chosen so as to
satisfy (1.2). In other words, for linear ϕ,ψ , and for every degree of regularity of h considered
herein, (1.1) always entails (1.2). This remarkable property is indicative of the extraordinary
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Fig. 1 No two of the four classifications of all linear flows on X = R
2 coincide

coherence between individual orbits of linear flows. It does not appear to be shared by any
wider class of flows on X .

To illustrate the four theorems above, first notice that for dim X = 1 trivially all classifica-
tions coincide: Every linear flowon X = R

1 is (smoothly, Lipschitz, Hölder, or topologically)
equivalent to the flow generated by precisely one of [0] and [1]. Already for dim X = 2,
however, the discrepancies between the four classifications become apparent: Every linear
flow on X = R

2 is smoothly equivalent to the flow generated by precisely one of either
[
0 0
0 0

]
,

[
0 1
0 0

]
,

[
0 −1
1 0

]
, (1.3)

or a (necessarily unique) matrix from
[
a 0
0 1

]
,

[
1 1
0 1

]
,

[
1 −b
b 1

]
a ∈ [−1, 1], b ∈ R

+;

it is Lipschitz equivalent to the flow generated by precisely one of either (1.3) or
[
a 0
0 1

]
,

[
1 1
0 1

]
a ∈ [−1, 1];

it is Hölder equivalent to the flow generated by precisely one of either (1.3) or
[
a 0
0 1

]
a ∈ [−1, 1];

and it is topologically equivalent to the flow generated by precisely one of either (1.3) or
[−1 0

0 1

]
,

[
0 0
0 1

]
,

[
1 0
0 1

]
;

see also Figs. 1 and 2.
The remainder of this article is organized as follows: Sect. 2 properly introduces the

fundamental notion of equivalence between flows on X , motivated by (1.1), as well as natural
refinements thereof. Section3 briefly reviews a few basic concepts specific to linear flows,
notably irreducibility and Lyapunov exponents. Sections4 and 5 carry out detailed analyses
ofβ-Hölder relations between linear flows (0 < β < 1) and the behaviour ofminimal periods
under such relations, respectively. The observations in both sections are of an auxiliary nature
but may also be of independent interest. Section6 presents the proof of the main results,
Theorems 1.1 and 1.2, in mildly extended form. A brief concluding Sect. 7 clarifies how the
main results naturally carry over to complex spaces.
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Fig. 2 Displaying all possible phase portraits (without orientation) of a linear flow� on X = R
2, up to Hölder

equivalence (Theorem 1.2). In the bottom half, the two left-most flows are (topologically) equivalent, and so
are the two right-most flows (Theorem 1.1); see also the lower half of Fig. 2

Throughout, the familiar symbols N, N0, Q
+, Q, R

+, R, and C denote the sets of all
positivewhole, non-negativewhole, positive rational, rational, positive real, real, and complex
numbers respectively, each with their usual arithmetic, order, and topology. Every z ∈ C can
be written uniquely as z = a + ib where a = Rez, b = Imz are real numbers, with complex
conjugate z = a − ib and modulus |z| = √

a2 + b2. Given any v,w ∈ C and Z ⊂ C, let
v + wZ = {v + wz : z ∈ Z}.

2 Equivalences Between Flows

Throughout, let X = R
d , where the actual value of d ∈ N is either clear from the context

or irrelevant. Endow X with the Euclidean norm | · |; this is solely for convenience, as
all concepts and results herein are readily seen to be independent of any particular norm.
Denote by e1, . . . , ed the canonical basis of X , by OX = Od , IX = Id the zero and identity
operator (or d × d-matrix) respectively, and let Br (x) = {y ∈ X : |y − x | < r} for every
r ∈ R

+, x ∈ X . In accordance with a familiar tenet of linear analysis [16], the case of a
(finite-dimensional) normed space over C does not pose any additional challenge; it is only
considered briefly in Sect. 7 below.

Given a flow ϕ on X , the ϕ-orbit of any x ∈ X is ϕR(x) := {ϕt (x) : t ∈ R}. For any
two flows ϕ, ψ on X and any homeomorphism h : X → X , say that ϕ is h-related to ψ , in

symbols ϕ
h
∼ ψ , if (1.1) holds, that is, if

h
(
ϕR(x)

) = ψR

(
h(x)

) ∀x ∈ X ,

or equivalently if h, h−1 both map orbits into orbits. An orbit-wise characterization of ϕ
h
∼ ψ

is readily established.

Proposition 2.1 Let ϕ,ψ be flows on X. For every homeomorphism h : X → X the following
are equivalent:

(i) ϕ
h
∼ ψ;
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(ii) for every x ∈ X there exists a continuous bijection τx : R → R with τx (0) = 0 so that

h
(
ϕt (x)

) = ψτx (t)
(
h(x)

) ∀t ∈ R .

In light of Proposition 2.1, the simplest, most fundamental equivalence between flows,
previewed in the Introduction, is as follows: Say that ϕ,ψ are equivalent, in symbols ϕ ∼ ψ ,

if ϕ
h
∼ ψ for some homeomorphism h. Clearly, this defines an equivalence relation on the

class of all flows on X . Informally put, ϕ ∼ ψ means that every ϕ-orbit is, up to a change of
spatial coordinates (via h) and a (possibly orbit-dependent) re-parametrization of time (via
τx ), also a ψ-orbit and vice versa.

Observe that τx in Proposition 2.1 is uniquely determined unless ϕR(x) = {x}, i.e., unless
x is a fixed point of ϕ, in symbols x ∈ Fixϕ; in the latter case the continuous bijection τx
is arbitrary. Imposing additional requirements on the family τ = (τx )x∈X naturally yields
other, narrower equivalences. For instance, say that ϕ, ψ are strictly equivalent, in symbols

ϕ ≈ ψ , if ϕ
h
∼ ψ for some h so that either τx is increasing for every x ∈ X\Fixϕ or

else τx is decreasing for every x . A more stringent condition is that τx be independent of x
altogether. In this case, it is readily seen that, with some α ∈ R\{0}, simply τx (t) = αt for
all x ∈ X\Fixϕ, t ∈ R; in other words, (1.2) holds. The latter situation henceforth is denoted
ϕ � ψ ; in case α > 0 it is referred to in [5] as ϕ, ψ being flow equivalent. In summary,

ϕ � ψ 
⇒ ϕ ≈ ψ 
⇒ ϕ ∼ ψ , (2.1)

and simple examples show that the left and right implication in (2.1) cannot be reversed in
general for d ≥ 2 and for any d ∈ N, respectively. (For d = 1 trivially ϕ ≈ ψ implies
ϕ � ψ .)

Many other equivalences between flows are conceivable beyond the three forms appearing

in (2.1). To see but one example, define ϕ �� ψ to mean that ϕ
h
∼ ψ for some h so that

lim|t |→∞ τx (t)/t exists and is nonzero for every x ∈ X\Fixϕ. Again, this defines a bona
fide equivalence relation, with

ϕ � ψ 
⇒ ϕ �� ψ 
⇒ ϕ ∼ ψ ,

and again neither of these implications can be reversed in general for d ≥ 2. Examples like
this suggest that ∼ is the most general equivalence, whereas � is the most restrictive, and
��, ≈ are somehow intermediate between these two. With the additional requirement that
α = 1, and thus simply h

(
ϕt (x)

) = ψt
(
h(x)

)
for some h and all t , x , the relation� has often

been employed (sometimes implicitly or with different notation) in the literature, with ϕ, ψ
referred to as being (topologically) conjugate, here in symbols ϕ ∼= ψ ; see, e.g., [2, 3, 9,
13, 17, 18, 20, 23].

Apart from imposing additional requirements on τ , an important, natural way of refining

ϕ
h
∼ ψ , alluded to in the Introduction, is to require additional regularity of h. Note that

if ϕ
h
∼ ψ then also ϕ

h
∼ ψ , where h = h − h(0) and ψ t = ψt

(· + h(0)
) − h(0) for all

t ∈ R. Thus no generality is lost by assuming that h(0) = 0. Bearing this in mind, denote by
H = H(X) the set of all homeomorphisms h : X → X with h(0) = 0, and letHβ = Hβ(X)

with 0 ≤ β ≤ 1 be the set of all h ∈ H for which h, h−1 both satisfy a β-Hölder condition
(a.k.a. Lipschitz condition in case β = 1) near 0, i.e.,

Hβ =
{
h ∈ H : ∃r ∈ R

+ s.t. supx,y∈Br (0),x �=y
|h(x)− h(y)| + |h−1(x)− h−1(y)|

|x − y|β < ∞
}
;
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see, e.g., [10, 14] for comprehensive accounts on Hölder and Lipschitz analysis. Since β �→
Hβ is decreasing, one may also consider

Hβ− :=
⋂

γ<β

Hγ (if β > 0) , Hβ+ :=
⋃

γ>β

Hγ (if β < 1) .

Furthermore, let

Hdiff =
{
h ∈ H : h, h−1 are differentiable at 0

}
, Hlin =

{
h ∈ H : h is linear

}
.

This yields a strictly decreasing family of subsets of H0 = H,

H0 ⊃ H0+ ⊃ . . . ⊃ Hβ− ⊃ Hβ ⊃ Hβ+ ⊃ . . . ⊃ H1− ⊃ H1 ⊃ Hlin ∀0 < β < 1 ,

and clearly alsoH0 ⊃ Hdiff ⊃ Hlin, whereasH0+ �⊃ Hdiff andHdiff �⊃ H1. Correspondingly,

given any � ∈ {0, 0+, β−, β, β+, 1−, 1,diff, lin} with 0 < β < 1, understand ϕ
�
∼ ψ to

mean that ϕ
h
∼ ψ for some h ∈ H�. Though reflexive and symmetric by definition, the

relation
�
∼ is not transitive, and hence not an equivalence relation if � ∈ {β−, β, β+} and

0 < β < 1. Only in the six cases � ∈ {0, 0+, 1−, 1,diff, lin}, therefore, does �
∼ lead

to a classification. Say that ϕ, ψ are topologically, some-Hölder, all-Hölder, Lipschitz,

differentiably, and linearly equivalent if ϕ
0
∼ ψ , ϕ

0+
∼ ψ , ϕ

1−
∼ ψ , ϕ

1
∼ ψ , ϕ

diff
∼ ψ , and

ϕ
lin
∼ ψ respectively. Clearly,

ϕ
lin
∼ ψ 
⇒ ϕ

1
∼ ψ 
⇒ ϕ

1−
∼ ψ 
⇒ ϕ

0+
∼ ψ 
⇒ ϕ

0
∼ ψ , (2.2)

as well as
ϕ

lin
∼ ψ 
⇒ ϕ

diff
∼ ψ 
⇒ ϕ

0
∼ ψ , (2.3)

and simple examples again show that none of the implications in (2.2), (2.3) can be reversed

in general, not even for d = 1. Also, ϕ
diff
∼ ψ � ϕ

0+
∼ ψ and ϕ

1
∼ ψ � ϕ

diff
∼ ψ in

general. In a similar vein, one may consider the equivalence relations
�� and

�
≈ for any

� ∈ {0, 0+, 1−, 1,diff, lin}. Altogether, then, there are (at least) eighteen different natural
equivalences between flows on X , leading in turn to an equal number of different classifica-
tions; see Fig. 3.

3 Linear Flow Preliminaries

The present section briefly recalls basic terminology and notation pertaining to linear flows.
As indicated above, a main objective of this article is to demonstrate how all of the (at least
eighteen, and in fact infinitely many, as alluded to earlier) different equivalences between
arbitrary flows shown in Fig. 3 coalesce into a mere four different forms — provided that all
flows considered are linear; see Fig. 4. Another, closely related objective is to characterize,
in combination with [5, 6], each form of equivalence using basic linear algebra as outlined
in the Introduction.

Regarding equivalence of arbitrary (not necessarily linear) flows ϕ,ψ on X , recall that the

right implication in (2.1) cannot be reversed, and correspondingly ϕ
�
∼ ψ does not in general

imply ϕ
�
≈ ψ for any �. It is a simple but consequential fact that this reverse implication is

valid for linear flows, for all six forms of (strict) equivalence considered herein.
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Fig. 3 Relating eighteen natural equivalences between flows ϕ, ψ on X = R
d , d ∈ N. All equivalences are

genuinely different in that no conceivable implication not shown in the diagram is valid in general

Fig. 4 As a consequence of Theorems 1.1 and 1.2, as well as Propositions 1.3 and 1.4, all equivalences between
linear flows �, � on X = R

d coalesce into no more than four different forms

Proposition 3.1 Let�,� be linear flows on X and� ∈ {0, 0+, 1−, 1,diff, lin}. Then�
�
≈ �

if and only if �
�
∼ �.

Let � be a linear flow on X . A set Y ⊂ X is �-invariant if �t Y = Y for every t ∈ R,
or equivalently if �Ry ⊂ Y for every y ∈ Y . A linear flow � is irreducible if X = Z ⊕ Z̃
with �-invariant subspaces Z , Z̃ implies that Z = {0} or Z̃ = {0}. Thus, � is irreducible if
and only if, relative to an appropriate basis, the generator A� is a single real Jordan block. In
particular, for an irreducible � the spectrum σ(�) := σ(A�), i.e., the set of all eigenvalues
of A�, is either a real singleton or a non-real complex conjugate pair, that is, σ(�) = {z, z}
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for some z ∈ C. Let J1 = [0] ∈ R
1×1, and form ∈ N\{1} denote by Jm the standard nilpotent

m × m-Jordan block,

Jm =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0 · · · 0
...

. . .
. . .

...

. . . 0
...

. . . 1
0 · · · · · · 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ R
m×m .

Moreover, for every m ∈ N let

Jm(a) = aIm + Jm , Jm(a + ib) = aI2m +
[

Jm −bIm
bIm Jm

]
∀a ∈ R, b ∈ R\{0} .

For every z ∈ C, therefore, Jm(z) simply is a real Jordan block with σ
(
Jm(z)

) = {z, z}.
Note that Jm(0) = Jm and Jmm = Om ; moreover, Jm(z) ∈ R

m×m if z ∈ R, whereas
Jm(z) ∈ R

2m×2m if z ∈ C\R. Observe that for any a ∈ R,

et Jm (a) = eat et Jm = eat
∑m−1

j=0
t j

j ! J
j
m ∀t ∈ R ,

whereas for any a ∈ R, b ∈ R\{0},

et Jm (a+ib) = eat et Jm (ib) = eat
[
cos(bt)Im − sin(bt)Im
sin(bt)Im cos(bt)Im

]
diag

[
et Jm , et Jm

]
∀t ∈ R .

In general, given any linear flow � on X , recall that the subspaces

X�
S :=

{
x ∈ X : limt→∞ �t x = 0

}
,

X�
C :=

{
x ∈ X : lim|t |→∞ e−ε|t |�t x = 0 ∀ε > 0

}
,

X�
U :=

{
x ∈ X : limt→−∞ �t x = 0

}
,

X�
H := X�

S ⊕ X�
U ,

referred to as the stable, central, unstable, and hyperbolic subspace of � respectively, are
�-invariant, and X = X�

S ⊕ X�
C ⊕ X�

U = X�
H ⊕ X�

C . Moreover, say that� is stable, central,
unstable, and hyperbolic if X equals X�

S , X
�
C , X

�
U , and X�

H respectively. For convenience
throughout, usage of the word flow in conjunction with any of these adjectives, as well
as irreducible or generated by, automatically implies that the flow under consideration is
linear. Additionally, for · ∈ {S,C,U,H}, let d�· = dim X�· , write �|R×X�· simply as �·,
and denote by P�· the linear projection of X onto X�· , along

⊕
◦∈{S,C,U}\{·} X�◦ and X�

C if

· ∈ {S,C,U} and · = H respectively. Clearly, �
lin∼= �·∈{S,C,U} �· via the linear isomorphism

h = �·∈{S,C,U} P�· , and d�
H = d�

S + d�
U = d − d�

C . The time-reversal �∗ of � is the linear
flow on X with �∗

t = �−t for every t ∈ R; in other words, �∗ is generated by −A�.

Obviously, �∗ lin� �, and X�∗
S = X�

U , X
�∗
C = X�

C , X
�∗
U = X�

S , as well as X
�∗
H = X�

H .
The following is a simple but useful general observation regarding the Hölder property of

maps relative to a decomposition of X into complementary subspaces.

Proposition 3.2 Let Y , Z be subspaces of X with X = Y ⊕ Z and 0 ≤ β ≤ 1.
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(i) If h ∈ Hβ(X) and h(Y ) = Y , then h|Y ∈ Hβ(Y ).
(ii) If f ∈ Hβ(Y ) and g ∈ Hβ(Z), then f × g ∈ Hβ(X); here f × g(y+ z) = f (y)+ g(z)

for every y ∈ Y , z ∈ Z.

For the analysis in subsequent sections, it is helpful to recall one further classical concept:
Given any linear flow � on X , the (forward) Lyapunov exponent

λ�+(x) = limt→∞
log |�t x |

t

exists for every x ∈ X \ {0}, and the range of x �→ λ�+(x) equals {Rez : z ∈ σ(�)}. With
λ�+(0) := −∞ for convenience, the set L�(s) := {x ∈ X : λ�+(x) ≤ s} is a �-invariant
subspace for every s ∈ R, referred to as the Lyapunov space of � at s. Writing, for every
linear operator A on X and z ∈ C,

gker (A − z IX ) :=
⋃

n∈N ker (A2 − 2 RezA + |z|2 IX )n ,

it is readily seen that L�(s) = ∑
Rez≤s gker (A� − z IX ) for every s ∈ R. (In [7, 17]

the term Lyapunov space instead refers to any subspace
∑

Rez=s gker (A� − z IX ). Such
spaces may behave poorly under equivalence, and with the good behaviour of key objects
being crucial for the present article this terminology is not adopted here.) Letting 
�(s) =
dim L�(s), clearly the integer-valued function 
� is non-decreasing and right-continuous,
with lims→−∞ 
�(s) = 0 and lims→∞ 
�(s) = d . Observe that λ�+(x) = a for some x ∈ X ,
a ∈ R precisely if 
�(a) > 
�(a−), and refer to the non-negative integer 
�(a)−
�(a−) as
the multiplicity of a. Let λ�

1 ≤ λ�
2 ≤ . . . ≤ λ�

d be the (not necessarily different) Lyapunov
exponents of the linear flow �, that is,

{
λ�
j : j ∈ {1, . . . , d}} = {

λ�+(x) : x ∈ X\{0}},
with each exponent repeated according to its multiplicity; see, e.g., [4, 7] for authoritative
accounts of the theory and applications of Lyapunov exponents. For convenience, let

�� := �A� := diag [λ�
1 , . . . , λ�

d ] .
Note that if � is irreducible with σ(�) = {z, z} for some z ∈ C, then simply �� = Rez Id .
Also, � is stable, unstable, central, and hyperbolic precisely if λ�

j < 0, λ�
j > 0, λ�

j = 0,

and λ�
j �= 0 for every j ∈ {1, . . . , d}, respectively. Moreover, 
�∗

(−s) = d − 
�(s−) for

all s ∈ R, and consequently λ�∗
j = −λ�

d+1− j for every j ∈ {1, . . . , d}, that is, ��∗ =
−diag [λ�

d , . . . , λ�
1 ]. Say that two linear flows �,�, or their generators, are Lyapunov

similar if �� = �� . (In [2] the term Lyapunov equivalent is used instead.) Thus �, �, or
A�, A� , are Lyapunov similar precisely if they have the same Lyapunov exponents, with
matching multiplicities, or equivalently if 
� = 
� . Note that if A�, A� are similar then
clearly 
� = 
� , whereas the converse is not true in general for d ≥ 2.

Remark 3.3 (i) This article is based entirely on (1.1), whereby equivalence between flows
on X = R

d means the preservation of all orbits, up to a bijection h : X → X that exhibits
some additional regularity. Without such regularity this approach would be too crude to be
meaningful: For instance, for d ≥ 2 and any linear flow ϕ on X , (1.1) holds with some
bijection h and with ψ generated by precisely one of

Od , diag [Od−1, 1], Id .

However, the bijection h may fail to be measurable, let alone continuous, β-Hölder, etc.
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(ii) Equivalence between flows on X can of course be defined differently altogether. To
see but one such definition specifically for linear flows, say that �, � are kinematically
similar, in symbols � � �, if there exists an invertible linear operator Q on X so that

supt∈R(‖�t Q
−1�−t‖ + ‖�t Q�−t‖) < ∞ , (3.1)

where ‖ · ‖ denotes any operator norm; see, e.g., [8, Sect. 5]. To relate this classical concept
to the present article, note on the one hand that if A�, A� are similar, say QA� = A�Q,
then �t Q−1�−t = Q−1 for all t ∈ R, so (3.1) automatically holds. On the other hand, �,
� are readily seen to be Lyapunov similar if and only if, for an appropriate invertible Q,

supt∈R(‖�t Q
−1�−t‖ + ‖�t Q�−t‖)e−ε|t | < ∞ ∀ε > 0 . (3.2)

Clearly, (3.1) implies (3.2), and this implication is not reversible for d ≥ 2. Also, it turns out
that � � � can be characterized easily in terms of A�, A� , and

�
1∼= � 
⇒ � � � 
⇒ �

1−∼= � ; (3.3)

see, e.g., [17, Sect. 4]. Thus � � � entails (1.2) for some h ∈ H1− and α = 1. However,
the precise regularity of h is not characterized by � � �. For instance, � � � with �, �
generated by diag [J1(1 + i), J1(1 + i)], I4 respectively, but also with diag [J2(1), J2(1)],
J2(1 + i) instead; in the former case, �

1∼= � whereas in the latter case � ��
1
∼ �. Similarly,

� � � may or may not hold whenever �
1−
∼ � but � ��

1
∼ �. These examples also illustrate

how neither implication in (3.3) can be reversed in general for d ≥ 4.

4 ˇ-Hölder Relations Between (un)stable Flows

This section studies
�
∼ for � ∈ {β−, β, β+} with 0 < β < 1. Although they are not

transitive, a careful analysis of these relations, at least in the context of stable or unstable
flows, nonetheless is essential for the Hölder classification(s) to be established in Sect. 6.

To study β-Hölder relations between flows, first consider irreducible flows. The following
four lemmas establish all-Hölder relations between flows generated by Jm(z) with m ∈ N

and z ∈ C\iR. The case of z = a ∈ R\{0} is especially simple.

Lemma 4.1 Given m ∈ N and a ∈ R\{0}, let �, � be the flows on R
m generated by Jm(a),

a Im respectively. Then �
1−
∼ �, i.e., �, � are all-Hölder equivalent.

Proof It will be shown that in fact �
1−∼= �, i.e., �, � are all-Hölder conjugate. Once

established, clearly this stronger assertion proves the claim. Since even the stronger assertion
trivially is correct for m = 1, henceforth assume m ≥ 2. Consider the map ha : R

m → R
m

given by

ha(x) j =
∑m− j

k=0
(log |xm+1− j−k |)k

k! ak xm+1− j−k ∀x ∈ R
m, j ∈ {1, . . . ,m} , (4.1)

with the convention that 0(log 0)k = 0 for every k ∈ N0. Note that ha(0) = 0, and since
u �→ u(log |u|)k satisfies a β-Hölder condition near 0 for every 0 < β < 1, so does
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ha . Moreover, it is readily seen that ha is a homeomorphism, with the components of h−1a
determined recursively by

h−1a (x) j = xm+1− j −
∑ j−1

k=1
(log |h−1a (x)k |) j−k

( j − k)! a j−k h−1a (x)k ∀x ∈ R
m, j ∈ {1, . . . ,m} ;

in particular, h−1a also satisfies a β-Hölder condition near 0 for every 0 < β < 1. Note that

ha(re1) = r
∑m−1

j=0
(log r) j

j ! a j
em− j ∀r ∈ R

+ ,

so clearly ha does not satisfy a Lipschitz condition near 0. In summary, therefore, ha ∈
H1− \H1 wheneverm ≥ 2. Now, observe that for every t ∈ R, x ∈ R

m , and j ∈ {1, . . . ,m},

ha(e
at x) j = eat

∑m− j

k=0
(at + log |xm+1− j−k |)k

k! ak xm+1− j−k

= eat
∑m− j

k=0
∑k


=0

(
k



)
a
t
(log |xm+1− j−k |)k−


k! ak xm+1− j−k

= eat
∑m− j


=0
t



!
∑m− j

k=


(log |xm+1− j−k |)k−


(k − 
)! ak−

xm+1− j−k

= eat
∑m− j


=0
t



!ha(x) j+
 =
(
et Jm (a)ha(x)

)
j ,

and consequently

ha(�t x) = ha(e
at x) = et Jm (a)ha(x) = �t ha(x) ∀t ∈ R, x ∈ R

m .

In other words, �
ha∼= �, and so �

1−∼= � as claimed. ��
The next result is an analogue of Lemma 4.1 for the case of z = a + ib ∈ C \ (R ∪ iR).

Lemma 4.2 Given m ∈ N and a, b ∈ R\{0}, let �, � be the flows on R
2m generated by

Jm(a + ib), diag [J1(a + ib), . . . , J1(a + ib)] respectively. Then �
1−
∼ �.

Proof Again, it turns out that in fact �
1−∼= �, and it is this stronger assertion that will be

established here. Since there is nothing to prove for m = 1, henceforth assume m ≥ 2.
To mimic the proof of Lemma 4.1, for every j ∈ {1, . . . ,m} let E j = span{e2 j−1, e2 j },
and denote by Pj the orthogonal projection of R

2m onto E j . In analogy to (4.1), consider
ha+ib : R

2m → R
2m given by

[
ha+ib(x) j

ha+ib(x) j+m

]
=
∑m− j

k=0
(log |Pm+1− j−k x |)k

k! ak
[
x2(m+1− j−k)−1
x2(m+1− j−k)

]
∀x ∈ R

2m , j ∈ {1, . . . ,m} .

As in the proof of Lemma 4.1, it is readily seen that ha+ib ∈ H1− \H1, and an essentially
identical calculation yields, for every t ∈ R, x ∈ R

2m , and j ∈ {1, . . . ,m},
ha+ib

(
diag

[
et J1(a+ib), . . . , et J1(a+ib)

]
x
)

j
=
(
et Jm (a+ib)ha+ib(x)

)

j
,

ha+ib
(
diag

[
et J1(a+ib), . . . , et J1(a+ib)

]
x
)

j+m =
(
et Jm (a+ib)ha+ib(x)

)

j+m .

In other words, for every t ∈ R and x ∈ R
2m ,

ha+ib(�t x) = ha+ib
(
diag

[
et J1(a+ib), . . . , et J1(a+ib)

]
x
)
= et Jm (a+ib)ha+ib(x) = �t ha+ib(x) ;
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that is, �
ha+ib∼= �, and so �

1−∼= � as claimed. ��
Each individual block J1(a + ib) appearing in Lemma 4.2 can be simplified further by

means of an equivalence that is even more regular.

Lemma 4.3 Given a, b ∈ R \ {0}, let �, � be the flows on R
2 generated by J1(a + ib), a I2

respectively. Then �
1
∼ �, i.e., �, � are Lipschitz equivalent.

Proof For convenience, let Rs = es J1(i) =
[
cos s − sin s
sin s cos s

]
∈ R

2×2 for every s ∈ R. The

map g : R
2 → R

2 given by g(0) = 0 and

g(x) = R−b log |x |/ax ∀x ∈ R
2\{0} ,

is a bi-Lipschitz homeomorphism, with g−1(x) = Rb log |x |/ax for x �= 0. Thus g ∈ H1;
furthermore, for every x ∈ R

2\{0},
g(�t x) = g(eat Rbt x) = R−bt−b log |x |/a(eat Rbt x) = eat R−b log |x |/ax = eat g(x) = �t g(x)

∀t ∈ R ,

and the two outermost expressions agree for x = 0 also. Thus �
g∼= �, and hence �

1∼= �,

i.e., �, � are Lipschitz conjugate. Clearly, therefore, �
1
∼ � as well. ��

Using Lemma 4.3, it is straightforward to bring Lemma 4.2 fully in line with Lemma 4.1.

Lemma 4.4 Given m ∈ N and a, b ∈ R\{0}, let �, � be the flows on R
2m generated by

Jm(a + ib), a I2m respectively. Then �
1−
∼ �.

Proof Denote by �̃ the flow on R
2m generated by diag [J1(a + ib), . . . , J1(a + ib)]. By

Lemma 4.2, �
1−
∼ �̃, and by Lemma 4.3, �̃

1
∼ �, via the m-fold product g × . . . × g, the

latter being Lipschitz due to Proposition 3.2. Hence �
1−
∼ �, by the transitivity of

1−
∼. ��

From Lemmas 4.1 and 4.4, it is readily deduced that any two irreducible flows are all-
Hölder equivalent, provided that they are hyperbolic.

Proposition 4.5 Let�,� be irreducible flows on X withσ(�), σ (�) ⊂ C\iR. Then�
1−
∼ �.

Letting �, � be the flows on R
2 generated by J2(1), J1(1 + i) respectively, shows that

the conclusion �
1−
∼ � in Proposition 4.5 cannot in general be strengthened to �

1
∼ � when

d ≥ 2; see also [6].
When extending Lemmas 4.1 and 4.4 to arbitrary (un)stable flows, one may suspect that

the presence of two or more irreducible components for �, � will decrease the maximal

possible regularity of h in �
h
∼ �, if indeed �, � are related at all. The remainder of the

present section confirms this suspicion by providing a detailed analysis of �
h
∼ � with

h ∈ Hβ and 0 < β < 1, assuming �, � to both be (un)stable. In this analysis, as well as in
subsequent sections, the topological invariance of dimension is used in its following basic
form; see, e.g., [12, Sect. 2B].

Proposition 4.6 Given m, n ∈ N, let U ⊂ R
m be non-empty and open. There exists a

continuous one-to-one function f : U → R
n if and only if m ≤ n.
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To extend Proposition 4.5, let � be a stable flow. (For an unstable flow, simply con-
sider its time-reversal instead.) Lemmas 4.1 and 4.4, applied individually to each irreducible
component, together with Proposition 3.2, show that � is all-Hölder equivalent to the flow
generated by��. As far as β-Hölder relations between stable flows are concerned, therefore,
it suffices to study flows generated by diag [a1, . . . , am] with negative a j ; for convenience,
fix a, b ∈ R

m with

a1 ≤ . . . ≤ am < 0 and b1 ≤ . . . ≤ bm < 0 . (4.2)

The following result characterizes �
β
∼ � for any two flows �, � thus generated.

Theorem 4.7 Given m ∈ N and a, b ∈ R
m as in (4.2), let�,� be the flows on R

m generated
by diag [a1, . . . , am], diag [b1, . . . , bm] respectively. For every 0 < β < 1 the following are
equivalent:

(i) �
β� �;

(ii) �
β−
∼ �;

(iii) β2 ≤ minmj=1(a j/b j )

maxmj=1(a j/b j )
.

The proof of Theorem 4.7 makes use of the elementary fact that, informally put, two
different �-orbits cannot approach one another at a rate faster than ea1t as t →∞. To state
this precisely, as usual let dist(x,W ) = infw∈W |x −w| for any x ∈ R

m and ∅ �= W ⊂ R
m .

Lemma 4.8 Given m ∈ N, x, y ∈ R
m, s ∈ R, and with � as in Theorem 4.7,

|�t x −�s y| ≥ ea1tdist(x,�Ry) ∀t ≥ 0 .

Proof Note that for every t ≥ 0,

e−2a1t |�t x −�s y|2 =
∑m

j=1
(
e(a j−a1)t x j − ea j s−a1t y j

)2

=
∑m

j=1 e
2(a j−a1)t

(
x j − ea j (s−t)y j

)2

≥
∑m

j=1
(
x j − ea j (s−t)y j

)2 = |x −�s−t y|2 ≥ dist(x,�Ry)
2 ,

where the first inequality is due to (a j − a1)t ≥ 0 for every j ∈ {1, . . . ,m}. ��
Proof of Theorem 4.7 For m = 1, all three statements are true for every 0 < β < 1, as

�
lin� �, and (iii) reads β2 ≤ 1. Hence, assume m ≥ 2 from now on. Obviously (i)⇒(ii) by

definition.
To prove that (ii)⇒(iii), fix any 0 < γ < β, and assume that �

h
∼ � with some h ∈ Hγ .

Note that τx is increasing for every x ∈ R
m \ {0}. Throughout the proof, it will be useful to

adopt the following classically-inspired notation [11]: Given any two functions f , g : R →
R
+, write f (t) ≺ g(t), or equivalently g(t) � f (t) whenever lim supt→∞ f (t)/g(t) < ∞,

and write f (t) � g(t) if both f (t) ≺ g(t) and f (t) � g(t). Importantly, ≺ is reflexive and
transitive, and � is an equivalence relation.

Now, let E j = span{e1, . . . , e j } for every j ∈ {1, . . . ,m} and fix j ≥ 2. Since h(E j ) �⊂
E j−1 by Proposition 4.6, and since E j\E j−1 is dense in E j , there exists an x ∈ E j\E j−1
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so that h(x) /∈ E j−1; in addition, it can be assumed that x1 · . . . · x j �= 0. Then |�t x | � ea j t ,
and consequently |h(�t x)| ≺ eγ a j t , but also

|h(�t x)| = |�τx (t)h(x)| � eb j τx (t) .

The transitivity of ≺ yields eb j τx (t) ≺ eγ a j t , and hence

lim inf t→∞
(

τx (t)− γ a j

b j
t

)
> −∞ . (4.3)

Next, fix any k ∈ {1, . . . , j − 1}, and let

yw = h−1(h(x)+ w) ∀w ∈ Ek ;
here usage of the subscript w highlights thew-dependence of yw . Clearly y0 = x . Moreover,

|�τx (t)h(yw)−�τx (t)h(x)| = |�τx (t)w| ≺ ebkτx (t) ∀w ∈ Ek\{0} ,
and consequently, with σw := τ−1yw ◦ τx ,

|�σw(t)yw −�t x | ≺ eγ bkτx (t) ∀w ∈ Ek \ {0} . (4.4)

It will be shown below that

dist(�t x,�Ryw) � eak t for some w ∈ Ek \ {0} . (4.5)

Assuming (4.5) for the time being, observe how (iii) follows rather directly from it: Indeed,
picking w ∈ Ek \ {0} as in (4.5) implies, together with (4.4), that eak t ≺ eγ bkτx (t), and hence

lim supt→∞
(

τx (t)− ak
γ bk

t

)
< ∞ . (4.6)

Combining (4.3) and (4.6) yields
γ a j

b j
≤ ak

γ bk
. (4.7)

So far, it has been assumed that 1 ≤ k < j ≤ m, but obviously (4.7) is correct also for j = k.
Since γ < β has been arbitrary,

β2 ≤ ak/bk
a j/b j

∀1 ≤ k ≤ j ≤ m . (4.8)

Identical reasoning with the roles of �, � interchanged yields (4.8) with j , k interchanged.
In summary,

β2 ≤ ak/bk
a j/b j

∀ j, k ∈ {1, . . . ,m} ,

which immediately implies (iii).
To complete the proof of (ii)⇒(iii), it remains to establish (4.5). For this, let E =

span{ek, . . . , em}, and denote by P the orthogonal projection of R
m onto E . The subspace

E is �- and �-invariant. Denoting the restriction �|R×E by �̃ for convenience, observe
that �̃ can be identified with the flow on R

m−k+1 generated by diag [ak, . . . , am]. Clearly
�̃t P = P�t for all t ∈ R. Moreover, recall that x1 · . . . · x j �= 0, and let

Mx =
⎧
⎨

⎩
z ∈ R

m : zk
xk

> 0, . . . ,
z j
x j

> 0, z j+1 = . . . = zm = 0 and

(
zk
xk

)1/ak
= . . . =

(
z j
x j

)1/a j
⎫
⎬

⎭
.
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The set Mx ⊂ R
m is �-invariant, and x ∈ Mx . Given any z ∈ R

m , note that z ∈ Mx pre-
cisely if Pz ∈ P�Rx . To see that (h(x)+Ek)\h(Mx ) �= ∅, suppose byway of contradiction
that

h(Mx ) ⊃ h(x)+ Ek . (4.9)

Then yw ∈Mx for every w ∈ Ek , and hence, by the �-invariance of Mx ,

�t (h(x)+ w) = �t h(yw) = h(�
τ−1yw (t)yw) ∈ h(Mx ) ∀(t, w) ∈ R× Ek .

Thus, with Cx := {�t (h(x)+ w) : t ∈ R, w ∈ Ek} for convenience, (4.9) implies that

h(Mx ) ⊃ Cx . (4.10)

The map f : R× Ek → Cx given by f (t, w) = �t (h(x)+w) is continuous and onto; since
h(x) /∈ Ek it also is one-to-one. Consequently, Cx is homeomorphic to R× Ek , and hence to
R
k+1. By contrast, Mx is homeomorphic to R

+ × Ek−1, and hence to R
k . Thus (4.10) and

indeed (4.9) are impossible by Proposition 4.6. In other words, (h(x) + Ek)\h(Mx ) �= ∅

as claimed. Pick any w ∈ Ek with h(x) + w /∈ h(Mx ), that is, yw /∈ Mx . Then Px /∈
�̃RPyw = P�Ryw, and Lemma 4.8 applied to Px , Pyw, and �̃ yields

∣∣�̃t Px − �̃s Pyw
∣∣ ≥ eak tdist

(
Px, �̃RPyw

) ∀t ≥ 0, s ∈ R .

With c := dist(Px, P�Ryw) > 0, therefore,

|�t x −�s yw| ≥
∣∣�̃t Px − �̃s Pyw

∣∣ ≥ eak t c ∀t ≥ 0, s ∈ R ,

which establishes (4.5). As seen earlier, this completes the proof of (ii)⇒(iii).
Finally, to prove that (iii)⇒(i), assume 0 < β < 1 satisfies (iii). Recalling that a j/b j > 0

for every j ∈ {1, . . . ,m}, let
α =

√
minmj=1(a j/b j )maxmj=1(a j/b j ) > 0 ,

and define h : R
m → R

m as

h(x) j = (sign x j )|x j |αb j /a j =
{

x
αb j /a j
j if x j ≥ 0 ,

−|x j |αb j /a j if x j < 0 ,
∀x ∈ R

m, j ∈ {1, . . . ,m} .

Then h is a homeomorphism, and in fact h ∈ Hγ (Rm), with

γ = minmj=1
{

αb j

a j
,
a j

αb j

}
= min

{
α

maxmj=1(a j/b j )
,
minmj=1(a j/b j )

α

}

=
√√
√√minmj=1(a j/b j )

maxmj=1(a j/b j )
≥ β .

Furthermore, observe that

h(�t x) j = eαb j t h(x) j =
(
�αt h(x)

)
j ∀t ∈ R, x ∈ R

m, j ∈ {1, . . . ,m} ,

that is, �
h� � with τx (t) = αt for all x ∈ R

m , and hence (i) holds. ��
To re-state Theorem 4.7 concisely, and to extend it slightly, the following tailor-made

terminology is useful: Given two hyperbolic flows �, � on X , let

ρ+(�,�) = mindj=1(λ�
j /λ�

j )

|maxdj=1(λ�
j /λ�

j )| ≤ 1 ,
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and define the Lyapunov cross ratio ρ(�,�) as

ρ(�,�) = max{ρ+(�,�), ρ+(�∗, �)} .
Clearly, ρ+(�,�) �= 0, and ρ+(�,�) > 0 if and only if λ�

j /λ�
j > 0 for every j ∈

{1, . . . ,m}. Thus,ρ(�,�) > 0 if andonly if {d�
S , d�

U } = {d�
S , d�

U }, and then alsoρ(�,�) =
ρ(�,�). Notice, however, that ρ+ is not symmetric, i.e., ρ+(�,�) �= ρ+(�,�) in general,
and neither is ρ.

When expressed using a Lyapunov cross ratio, Theorem 4.7(iii) simply reads β2 ≤
ρ(�,�), or equivalently β2 ≤ ρ(�,�). The following corollary shows that this condi-
tion carries over to any two (un)stable flows, as does the fact, implicit in Theorem 4.7 or

an immediate consequence thereof, that the relations
��, �

∼ coalesce for such flows for each
� ∈ {β−, β+} with 0 < β < 1.

Corollary 4.9 Let �, � be stable or unstable flows on X. Then, for every 0 < β < 1:

(i) �
β−� � ⇐⇒ �

β−
∼ � ⇐⇒ β2 ≤ ρ(�,�);

(ii) �
β+� � ⇐⇒ �

β+
∼ � ⇐⇒ β2 < ρ(�,�).

Proof Since �
lin� �∗ and clearly ρ(�∗, �) = ρ(�,�), it can be assumed that �, � either

both are stable or else both are unstable, and in either case ρ(�,�) = mindj=1(λ�
j /λ�

j )

maxdj=1(λ�
j /λ�

j )
.

To prove (i), let �̃, �̃ be generated by ��, �� respectively. Recall that �
1−� �̃ and

�� = ��̃, and similarly for �. With this, for every 0 < β < 1,

�
β−
∼ � 
⇒ �̃

β−
∼ �̃ 
⇒ β2 ≤ ρ

(
�̃, �̃

) = ρ(�,�) 
⇒ �̃
β−� �̃ 
⇒ �

β−� � ;
here the first and fourth implications are due to the fact that h1 ◦ h2 ◦ h3 ∈ Hβ− whenever
h1, h3 ∈ H1− and h2 ∈ Hβ− , while the second and third implications are due to Theorem
4.7.

To prove (ii), assume first that �
β+
∼ �. Then �

γ
∼ � for some β < γ < 1, so β2 <

γ 2 ≤ ρ(�,�), by (i). Conversely, assume that β2 < ρ(�,�), and pick β < γ < 1 so that

γ 2 ≤ ρ(�,�). By (i), �
γ−� �, and hence �

β+� � as well. ��
Remark 4.10 (i) In the context of Corollary 4.9, notice that if �, � are irreducible then

ρ(�,�) = 1. This explains why �
1−� � is automatic for irreducible (un)stable flows, as

seen in Proposition 4.5.
(ii) The same strategy as in the proof of Theorem 4.7 can be utilized to establish a char-

acterization of �
β
∼ � for 0 < β < 1. Since Corollary 4.9 suffices for the purpose of the

present article, this topic will not be pursued further here. Notice, however, that unlike for
�
∼ with � ∈ {β−, β+}, such a characterization must depend on finer geometric properties
of �, �, not merely on their Lyapunov exponents. For a simple example illustrating this,
consider the flows �, � on R

5 generated by diag [1, 1, J2(2), 4], I5 respectively, for which
�

0.5� � but ��
�0.5+
∼ �; with �̃ generated by diag [J2(1), 2, 2, 4], by contrast, �̃

0.5−� � but

�̃��
0.5
∼ �, notwithstanding the fact that �� = ��̃.
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The calculation proving (iii)⇒(i) in Theorem 4.7 can be used to extend one part of Corol-
lary 4.9(i) to hyperbolic flows; the straightforward details are left to the interested reader.

Corollary 4.11 Let �, � be hyperbolic flows on X and 0 < β < 1. If β2 ≤ ρ(�,�) then

�
β−� �.

The authors conjecture that the converse of Corollary 4.11 is true also, even in a stronger
form.More precisely, they conjecture that Corollary 4.9 remains valid with stable or unstable

replaced by hyperbolic, and hence in particular that the relations
��, �∼ coalesce for hyperbolic

flows and each� ∈ {β−, β+}with 0 < β < 1, just as they do in the case of (un)stable flows.

5 PreservingMinimal Periods

This short section presents a simple observation regarding minimal periods in linear flows.
Though solely of an auxiliary nature in this article, the result may also be of independent
interest. In preparation for the statement and proof, for any (not necessarily linear) flow ϕ

on X , denote the minimal ϕ-period of x ∈ X by T ϕ
x = inf{t ∈ R

+ : ϕt (x) = x}, with
the usual convention that inf ∅ = ∞. Thus x ∈ Fixϕ if and only if T ϕ

x = 0. If T ϕ
x ∈ R

+
then x is T -periodic with T ∈ R

+, i.e., ϕT (x) = x , precisely if T = nT ϕ
x for some

n ∈ N. For convenience, let PerTϕ = {x ∈ X : ϕT (x) = x} for every T ∈ R
+, and let

Perϕ =⋃T∈R+ PerTϕ.
The following is a characterization of a certain rigidity for minimal periods in linear flows

where all orbits are bounded.

Lemma 5.1 Given m0, n0 ∈ N0 and m, n ∈ N with m0 + 2m = n0 + 2n = d, as well as
b ∈ (R+)m, c ∈ (R+)n, let �,� be the flows on R

d generated by

diag [Om0 , J1(ib1), . . . , J1(ibm)] , diag [On0 , J1(ic1), . . . , J1(icn)] ,
with Om0 , On0 understood to be present only if m0 ≥ 1, n0 ≥ 1, respectively. Then the
following are equivalent:

(i) there exists an open set U ⊂ R
d with 0 ∈ U and a continuous one-to-one function

f : U → R
d with T�

x = T�
f (x) for every x ∈ U;

(ii) (m0,m) = (n0, n), and there exists a permutation p of {1, . . . ,m} so that b j = cp( j)
for every j ∈ {1, . . . ,m};

(iii) �
lin∼= �, i.e., �, � are linearly conjugate.

Proof Note first that Fix� = span{e1, . . . , em0} and Fix� = span{e1, . . . , en0}, with
span∅ = {0} as usual. If (i) holds then f (0) ∈ Fix�, and replacing f by f − f (0)
otherwise, it can be assumed that f (0) = 0. Moreover, f (U ∩ Fix�) = f (U ) ∩ Fix�,
so Proposition 4.6 yields m0 = dim Fix� ≤ dim Fix� = n0. Since f (0) = 0, one may
interchange the roles of �, �, which yields m0 = n0. Trivially, m0 = n0 also if either (ii) or
(iii) holds. In other words, ifm0 �= n0 then (i), (ii), and (iii) all are false, so to prove the lemma
it suffices to consider the case of m0 = n0. Thus, assume (m0,m) = (n0, n) from now on.
Furthermore, for every j ∈ {1, . . . ,m} let E j = span{em0+2 j−1, em0+2 j } and denote by Pj

the orthogonal projection of R
d onto E j ; also let E0 = span{e1, . . . , em0} = Fix� = Fix�

and denote by P0 = Id −∑m
j=1 Pj the orthogonal projection of R

d onto E0.
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Notice first that for m = 1 the asserted equivalence of (i), (ii), and (iii) trivially is correct
if m0 = 0, and if m0 ≥ 1 then, for every T ∈ R

+,

U ∩ {T� = T } := {x ∈ U : T�
x = T } =

{
U \ E0 if T = 2π/b1 ,

∅ otherwise ,

and similarly with �, b1 replaced by �, c1 respectively. Thus for m = 1 and m0 ≥ 1, (i)
implies that f (U ∩{T� = T }) = f (U )∩{T� = T } �= ∅ precisely if 2π/b1 = T = 2π/c1,

and hence b1 = c1. Also, if b1 = c1 then �
h∼= � with h = Id , so �

lin∼= �. Finally, if
h�t = �t h for some h ∈ Hlin(R

d) and all t ∈ R, then U = R
d and f = Id obviously

satisfy (i). In summary, (i), (ii), and (iii) are equivalent whenever m = 1, so henceforth
assume m ≥ 2.

Given m0 ∈ N0 and m ∈ N\{1}, assume (i), and w.l.o.g. let b1 ≤ . . . ≤ bm and c1 ≤
. . . ≤ cm . To prove that (i)⇒(ii), it suffices to show that

b j = c j ∀ j ∈ {1, . . . ,m} . (5.1)

To prove (5.1) fix any T ∈ R
+, and note that PerT�, PerT� are subspaces of R

d , in fact

PerT� = E0 ⊕
⊕

j :b j T∈2πN
E j , PerT� = E0 ⊕

⊕

j :c j T∈2πN
E j .

Moreover, observe that

{T� = T } =
⋂


∈N\{1}

(
PerT�\PerT /
�

)
.

Since PerT /
� is a subspace of PerT�, and since PerT /
� = E0 for all sufficiently large 
,
if the set {T� = T } is non-empty then it is open and dense in PerT�. Similarly, {T� = T }
is open and dense in PerT� whenever non-empty. By assumption, f (U ∩ {T� = T }) =
f (U ) ∩ {T� = T }; in particular, {T� = T } �= ∅ precisely if {T� = T } �= ∅. Since
f : U → f (U ) is continuous and one-to-one, f (U ∩ PerT�) = f (U ) ∩ PerT�, and
Proposition 4.6 yields

m0 + 2#{1 ≤ j ≤ m : b j T ∈ 2πN} = dim PerT� ≤ dim PerT� = m0

+2#{1 ≤ j ≤ m : c j T ∈ 2πN} .
Interchanging the roles of �, � and writing T = 2π/s for convenience, therefore,

#{1 ≤ j ≤ m : b j ∈ sN} = #{1 ≤ j ≤ m : c j ∈ sN} ,
provided that {T� = T } �= ∅. Clearly, {T� = 2π/s} �= ∅ for s ∈ {b j , c j : 1 ≤ j ≤ m},
and so

#{1 ≤ j ≤ m : b j ∈ sN} = #{1 ≤ j ≤ m : c j ∈ sN} ∀s ∈ {b j , c j : 1 ≤ j ≤ m} . (5.2)

Utilizing (5.2), the desired conclusion (5.1) is now easily obtained as follows: First observe
that if bm < cm then the integer on the left in (5.2) for s = cm would be zero, whereas
the integer on the right would be positive, an obvious contradiction. Similarly, bm > cm is
impossible, and hence bm = cm . Taking s = bm = cm in (5.2) yields

#{1 ≤ j ≤ m : b j = bm} = #{1 ≤ j ≤ m : c j = cm} .
Let j1 = min{1 ≤ j ≤ m : b j = bm} − 1. If j1 = 0 then b1 = bm and c1 = cm , and
hence (5.1) holds; otherwise, clearly b j1 < b j1+1 = . . . = bm and c j1 < c j1+1 = . . . cm . By
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interchanging the roles of �,� if necessary, assume w.l.o.g. that b j1 ≥ c j1 . Notice that if
c j = b j1
 for some 
 ∈ N\{1} then j ≥ j1 + 1 and hence b j = c j . This, together with (5.2)
for s = b j1 , yields

#{1 ≤ j ≤ m : b j = b j1} = #{1 ≤ j ≤ m : b j ∈ b j1N} −
∑∞


=2 #{1 ≤ j ≤ m : b j = 
b j1}
= #{1 ≤ j ≤ m : c j ∈ b j1N} −

∑∞

=2 #{1 ≤ j ≤ m : c j = 
b j1}

= #{1 ≤ j ≤ m : c j = b j1} ,
and so in particular b j1 = c j1 . Repeating this argument with

jk+1 = min{1 ≤ j ≤ m : b j = b jk } − 1

instead of j1 yields

#{1 ≤ j ≤ m : b j = b jk+1} = #{1 ≤ j ≤ m : c j = b jk+1}
for every k, and hence also b jk+1 = c jk+1 . Since jk+1 ≤ jk −1 ≤ m− (k+1), this procedure
terminates after at most m steps, i.e., jk = 0 for some 1 ≤ k ≤ m, which in turn establishes
(5.1). As seen earlier, this proves that (i)⇒(ii).

Next, given m0 ∈ N0 and m ≥ 2, to prove that (ii)⇒(iii), assume b j = cp( j) for some
permutation p of {1, . . . ,m} and every j ∈ {1, . . . ,m}. Defining a linear map as

f (x) = P0x +
∑m

j=1(xm0+2 j−1em0+2p( j)−1 + xm0+2 j em0+2p( j)) ∀x ∈ R
d ,

note that f : R
d → R

d is an isomorphism with �t f = f �t for all t ∈ R. Thus �
lin∼= �,

i.e., (iii) holds.

Finally, to prove that (iii)⇒(i), assume �
h∼= � for some h ∈ Hlin. Then h�t x = �t hx

for all t ∈ R, x ∈ R
d , so clearly T�

x = T�
hx for every x ∈ R

d . In other words, (i) holds with
U = R

d and f = h. ��
In an appropriately adjusted form, Lemma 5.1 extends to all linear flows.

Theorem 5.2 Let �,� be linear flows on X. Assume there exists an open set U ⊂ X with
0 ∈ U and a continuous one-to-one function f : U → X with T�

x = T�
f (x) for every x ∈ U.

Then σ(�) ∩ iR = σ(�) ∩ iR.

Proof Notice first that σ(�) ∩ iR = ∅ if and only if T�
x = ∞ for every x ∈ U\{0}. By

assumption, f (U ∩ {T� < ∞}) = f (U ) ∩ {T� < ∞}, and so σ(�) ∩ iR = ∅ precisely
if σ(�) ∩ iR = ∅, in which case the assertion trivially is correct. Thus, assume henceforth
that σ(�) ∩ iR �= ∅ and σ(�) ∩ iR �= ∅.

For convenience, write A�, A� as A, B respectively. From

U∩{T� = 0} = U∩Fix� = U∩ker A , f (U )∩{T� = 0} = f (U )∩Fix� = f (U )∩ker B ,

and since f (U ∩ {T� = 0}) = f (U ) ∩ {T� = 0} by assumption, it is clear that 0 ∈ σ(�)

if and only if 0 ∈ σ(�), and it follows from Proposition 4.6 that dim ker A = dim ker B
always; for convenience, denote the latter number by m0 ∈ N0. It will be shown below that

σ(�) ∩ isQ = σ(�) ∩ isQ ∀s ∈ R
+ . (5.3)

Notice that (5.3) immediately proves the assertion of the theorem, since

σ(�) ∩ iR =
⋃

s∈R+(σ (�) ∩ isQ) =
⋃

s∈R+(σ (�) ∩ isQ) = σ(�) ∩ iR .
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As a first step towards establishing (5.3), fix any T ∈ R
+ and consider the set

XT := {T� ∈ TQ
+} ∪ {T� = 0} = {x ∈ X : T�

x = 0 or T�
x = rT for some r ∈ Q

+} .
Deduce from

XT = ker A ⊕
⊕

r∈Q+
ker

(
A2 + 4π2

r2T 2 Id

)

that XT is a �-invariant subspace with XT ⊃ ker A, and the spectrum of the restricted flow
�|R×XT is given by

σ(�|R×XT ) = σ(�) ∩ 2π i

T
Q .

Similarly,

YT := {T� ∈ TQ
+} ∪ {T� = 0} = ker B ⊕

⊕

r∈Q+
ker

(
B2 + 4π2

r2T 2 Id

)

is a �-invariant subspace, and

σ(�|R×YT ) = σ(�) ∩ 2π i

T
Q .

By assumption, f (U ∩ XT ) = f (U )∩YT , and hence in particular dim XT = dim YT ≥ m0.
Now, consider first the case where dim XT = dim YT = m0, or equivalently where

XT = ker A and YT = ker B. In this case,

σ(�|R×XT ) =
{

∅ if m0 = 0
{0} if m0 ≥ 1

}
= σ(�|R×YT ) ,

and consequently

σ(�) ∩ 2π i

T
Q = σ(�) ∩ 2π i

T
Q . (5.4)

Next, consider the case where dim XT = dim YT > m0, and hence dim XT = m0 + 2m
for some m ∈ N. With appropriate b j , c j ∈ 2πT−1Q+ for all j ∈ {1, . . . ,m},

σ(�|R×XT )\{0} = {±ib j : 1 ≤ j ≤ m} , σ (�|R×YT )\{0} = {±ic j : 1 ≤ j ≤ m} .
For convenience, let �̃, �̃ be the flows on R

m0+2m generated by

diag [Om0 , J1(ib1), . . . , J1(ibm)] , diag [Om0 , J1(ic1), . . . , J1(icm)] ,
respectively, and pick isomorphisms HX : XT → R

m0+2m and HY : YT → R
m0+2m so that

HX�t x = �̃t HX x , HY�t y = �̃t HY y ∀t ∈ R, x ∈ XT , y ∈ YT .

The set Ũ := HXU ⊂ R
m0+2m is open with 0 ∈ Ũ , and the function f̃ : Ũ → R

m0+2m
given by

f̃ (z) = HY f (H−1
X z) ∀z ∈ Ũ ,

is continuous and one-to-one. Moreover,

T �̃
z = T�

H−1
X z

= T�

f (H−1
X z)

= T �̃
f̃ (z)

∀z ∈ Ũ ,

so byLemma5.1, b j = cp( j) for somepermutation p of {1, . . . ,m} and every j ∈ {1, . . . ,m}.
In particular, therefore,

σ(�) ∩
(
2π i

T
Q\{0}

)
= {±ib j : 1 ≤ j ≤ m} = {±ic j : 1 ≤ j ≤ m} = σ(�) ∩

(
2π i

T
Q\{0}

)
.
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Moreover, as seen above,

σ(�) ∩ {0} =
{

∅ if m0 = 0
{0} if m0 ≥ 1

}
= σ(�) ∩ {0} ,

and hence (5.4) holds in this case also. In summary, (5.4) is valid for every T ∈ R
+. This

clearly establishes (5.3), and the latter in turn proves the theorem, as discussed previously. ��
Remark 5.3 The non-trivial implications (i)⇒{(ii),(iii)} in Lemma 5.1, and hence the con-
clusion in Theorem 5.2 as well, may fail if U is not open or 0 /∈ U , and also if f is not
continuous or not one-to-one. In other words, every single assumption on U and f in these
results is indispensable. For a simple example illustrating this, using the same symbols as in
Lemma 5.1 and its proof, take (m0,m) = (n0, n) = (0, 3) as well as b = (2, 2, 3) ∈ (R+)3

and c = (1, 2, 3) ∈ (R+)3, so clearly

σ(�) ∩ iR = σ(�) = {±2i,±3i} �= {±i,±2i,±3i} = σ(�) = σ(�) ∩ iR .

Here Lemma 5.1(ii),(iii) and the conclusion in Theorem 5.2 all fail. However, take f : U →
R
6 as f (x) = x for all x ∈ U , so f is continuous and one-to-one; moreover, T�

x = T�
f (x) for

every x ∈ U if, for instance,U = E3 (containing 0, but not open) orU = B1/2(e1+ e3+ e5)
(open, but 0 /∈ U ). Similarly, take f : R

6 → R
6 to be any (necessarily discontinuous)

bijection with

f (0) = 0 , f (E1 ⊕ E2\{0}) = E2\{0} , f (E3\{0}) = E3\{0} .
Then T�

x = T�
f (x) for every x ∈ U = R

6. Finally, take f : R
6 → R

6 as f (x) = |P1x +
P2x |e3 + P3x , so f is continuous but not one-to-one, and again T�

x = T�
f (x) for every

x ∈ U = R
6.

6 Hölder Classifications

Utilizing the tools developed above, this section proves the main results previewed already
in the Introduction, namely the some-Hölder and all-Hölder classifications of linear flows
on X . As it turns out, some-Hölder equivalence is easily characterized. The following is a
mildly extended form of Theorem 1.1.

Theorem 6.1 Let �, � be linear flows on X. Then the following statements are equivalent:

(i) �
0+� �;

(ii) �
0+
∼ �;

(iii) �
0� �;

(iv) �
0
∼ �;

(v) {d�
S , d�

U } = {d�
S , d�

U }, and there exists an α ∈ R\{0} so that A�C , αA�C are similar.

A simple preparatory observation is helpful for proving (v)⇒(i) in Theorem 6.1.

Lemma 6.2 Let �, � be linear flows on X and 0 < β < 1. Assume that A�C , αA�C are
similar for some α ∈ R

+, and

β ≤ min

{
αλ

�H
j

λ
�H
j

,
λ

�H
j

αλ
�H
j

}

∀ j ∈ {1, . . . , d�
H } . (6.1)
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Then �
β−� �.

Proof By the similarity of A�C , αA�C , clearly d�
C = d�

C =: 
. If 
 = 0 then �, � are
hyperbolic, α ∈ R

+ is arbitrary, and (6.1) yields β ≤ √
ρ+(�,�). Thus the conclusion

follows directly from Corollary 4.11. Henceforth assume 
 ≥ 1, and let Q ∈ R

×
 be

invertible with QA�C = αA�CQ. If 
 = d then (6.1) is void, and the assertion is correct,

since in fact� = �C
lin� �C = �. Thus assume 1 ≤ 
 ≤ d−1 fromnowon, and consequently

d�
H = d�

S +d�
U = d�

S +d�
U = d−
 ∈ {1, . . . , d−1}.Note that ifd�

S < d�
S thenλ

�H
j /λ

�H
j < 0

for j = d�
S + 1 ≤ d�

S , contradicting (6.1). Similarly, d�
S > d�

S is impossible, and hence
(d�

S , d�
U ) = (d�

S , d�
U ) =: (k,m). As in Sect. 4, Lemmas 4.1 and 4.4, applied individually

to each irreducible component associated with an eigenvalue (pair) not in iR, together with

Proposition 3.2, show that �
1−� �̃, with �̃ generated by diag [��S , A�C ,��U ]; similarly

�
1−� �̃, with �̃ generated by diag [��S , A�C ,��U ]. In analogy to the proof of Theorem

4.7, define h : R
d → R

d as

h(x) j = (sign x j )|x j |αλ�
j /λ�

j ∀x ∈ R
d , j ∈ {1, . . . , k} ∪ {k + 
+ 1, . . . d} ,

whereas, with PC denoting the orthogonal projection of R
d onto span{ek+1, . . . , ek+
} =

X �̃
C = X �̃

C ,
PCh(x) = QPCx ∀x ∈ R

d .

Then h ∈ Hβ(Rd) by Proposition 3.2 and (6.1); furthermore, for every t ∈ R, x ∈ R
d ,

h
(
�̃t x

) = h
(
diag

[
et�

�S
, et A

�C
, et�

�U
]
x
)

= diag
[
eαt��S

, Qet A
�C Q−1, eαt��U

]
h(x) = �̃αt h(x) ,

where the last equality is due to QA�CQ−1 = αA�C . In other words, �̃
h� �̃ with h ∈ Hβ ,

and hence �
β−� � as claimed. ��

Given any α ∈ R
+, and assuming d�

H = d�
H , note that the RHS of the inequality in (6.1) is

positive for all j , and hence (6.1) holds for some β > 0, precisely if (d�
S , d�

U ) = (d�
S , d�

U ).
If so, and if in addition σ(�C) = σ(�C) ⊂ {0}, i.e., if the flows �, � either are hyperbolic
or else have 0 as their only eigenvalue on the imaginary axis, then α ∈ R

+ is arbitrary, and
hence (6.1) can be optimized over α; this results in it taking the form β ≤ √ρ+(�H, �H),
which is consistent with Corollary 4.11.

Proof of Theorem 6.1 Obviously (i)⇒{(ii),(iii)}⇒(iv) by definition.

To prove that (iv)⇒(v), assume �
0
∼ �, and so �

0
≈ � by Proposition 3.1. On the one

hand, if τx is increasing for every x ∈ X \{0}, then [5, Thm.1.1] yields (d�
S , d�

U ) = (d�
S , d�

U ),
and A�C ,γ A�C are similar for someγ ∈ R

+.On the other hand, if τx is decreasing for every x ,
then the same argument with � replaced by �∗ yields (d�

U , d�
S ) = (d�∗

S , d�∗
U ) = (d�

S , d�
U ),

and A�∗
C = −A�C , γ A�C are similar for some γ ∈ R

+. In either case, therefore, (v) holds.
Finally, to prove that (v)⇒(i), note that this implication clearly is correct if d�

H = d�
S +

d�
U = 0. If d�

H ≥ 1 then no generality is lost by assuming (d�
S , d�

U ) = (d�
S , d�

U ) (otherwise

replace � by �∗) and α > 0 (since A�C , −A�C are similar). Then λ
�H
j /λ

�H
j > 0 for every

j ∈ {1, . . . , d�
H }, and Lemma 6.2 shows that �

β� � for all sufficiently small β > 0. ��
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To motivate one concise reformulation of Theorem 6.1, note that if �
0+
∼ � then auto-

matically {h(X�
S ), h(X�

U )} = {X�
S , X�

U }, whereas simple examples show that h(X�
H ) �= X�

H
and h(X�

C ) �= X�
C in general. In other words, some-Hölder equivalence between linear flows

does not typically preserve hyperbolic and central spaces. It does, however, preserve the flows
induced on these spaces, in the following sense.

Corollary 6.3 Let �, � be linear flows on X. Then �
0+
∼ � if and only if �H

0+� �H and

�C
lin� �C.

Proof To prove the “if” part, assume that �H
β� �H for some β > 0, and furthermore

assume that QA�C = αA�CQ for some linear isomorphism Q : X�
C → X�

C and α ∈ R\{0}.
Now {d�

S , d�
U } = {d�

S , d�
U } by Theorem 6.1, and again it can be assumed that (d�

S , d�
U ) =

(d�
S , d�

U ) =: (k,m) and α > 0. If (k,m) = 0 then there is nothing to prove since � =
�C

lin� �C = �. Assuming k ≥ 1, recall from Sect. 4 that there exists a homeomorphism
f : X�

S → R
k with f (0) = 0 so that f , f −1 both satisfy, for instance, a 1

2 -Hölder condition
near 0, and

f (�S,t x) = �̃t f (x) ∀(t, x) ∈ R× X�
S , (6.2)

with �̃ generated by diag [λ�S
1 , . . . , λ

�S
k ]; similarly for g : X�

S → R
k , where (6.2) holds

with f , � replaced by g, � respectively. Since λ
�S
j /λ

�S
j > 0 for every j ∈ {1, . . . , k}, it is

possible to pick 0 < βS < 1 so that

βS < minkj=1 min

{
αλ

�S
j

λ
�S
j

,
λ

�S
j

αλ
�S
j

}

.

As seen in the proof of Lemma 6.2, there exists an h ∈ HβS(R
k) with h(�̃t x) = �̃αt h(x)

for all t ∈ R, x ∈ R
k . Letting hS = g−1 ◦ h ◦ f : X�

S → X�
S yields a homeomorphism with

hS(0) = 0 so that hS, h
−1
S both satisfy a 1

4βS-Hölder condition near 0. Assuming m ≥ 1, a
completely analogous argument yields a homeomorphism hU : X�

U → X�
U with hU(0) = 0

so that hU, h
−1
U both satisfy a 1

4βU-Hölder condition near 0 for some 0 < βU < 1. With this,
define h : X → X as

h(x) = hS(P
�
S x)+ QP�

C x + hU(P�
U x) ∀x ∈ X . (6.3)

Then h ∈ Hγ (X) with γ = 1
4 min{βS, βU} > 0 by Proposition 3.2, and h(�t x) = �αt h(x)

for all t ∈ R, x ∈ X . If k = 0 or m = 0, then the same conclusion holds, though with the
hS- or the hU-term deleted from (6.3) and βS := 1 or βU := 1, respectively. In all cases,

therefore, �
0+� �.

To prove the “only if” part, note that {d�
S , d�

U } = {d�
S , d�

U } and �C
lin� �C by Theorem

6.1. Thus, if (d�
S , d�

U ) = (0, 0) then there is nothing else to prove. If (d�
S , d�

U ) �= (0, 0)

then ρ(�H, �H) > 0, as seen in Sect. 4, and Corollary 4.11 shows that �H
β−� �H for every

0 < β ≤ √
ρ(�H, �H). ��

One other noteworthy consequence of Theorem 6.1 is that for linear flows some-Hölder
conjugacy is exactly the same as mere (topological) conjugacy.
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Corollary 6.4 Let �, � be linear flows on X. Then �
0+∼= � if and only if �

0∼= � if and only
if (d�

S , d�
U ) = (d�

S , d�
U ) and A�C , A�C are similar.

Unlike for its some-Hölder counter-part, a characterization of all-Hölder equivalence
does involve an additional property of linear flows beyond the dimensions of their (un)stable
spaces, namely Lyapunov similarity. The ultimate result is the following, mildly extended
form of Theorem 1.2.

Theorem 6.5 Let �, � be linear flows on X. Then the following statements are equivalent:

(i) �
1−� �;

(ii) �
1−
∼ �;

(iii) there exists an α ∈ R \ {0} so that A�, αA� are Lyapunov similar while A�C , αA�C

are similar;
(iv) {d�

S , d�
U } = {d�

S , d�
U }, and there exists an α ∈ R

+ so that A�C , αA�C are similar and

λ
�H
j = αλ

�H
j or λ

�H
j = −αλ

�H
d+1− j ∀ j ∈ {1, . . . , d�

H } .

The proof of Theorem 6.5 is facilitated by two preparatory observations, Lemmas 6.6

and 6.7 below. To motivate the first of these lemmas, recall from Sect. 4 that �·
1−� �̃·

for · ∈ {S,U}, where �̃· is generated by ��· . Thus �
1−� �̃, with �̃ generated by

diag [��S , A�C ,��U ]. For convenience, let (d�
S , d�

C , d�
U ) = (k, 
,m), so k, 
,m ∈ N0

and k + 
+ m = d . Furthermore, if k ≥ 1 let

S = ��S = diag [s1, . . . , sk] ∈ R
k×k , with s1 ≤ . . . ≤ sk < 0 ;

if 
 ≥ 1 let C = A�C ∈ R

×
 with σ(C) ⊂ iR; and if m ≥ 1 let

U = ��U = diag [u1, . . . , um] ∈ R
m×m , with 0 < u1 ≤ . . . ≤ um .

With these ingredients, and for any αS, αU ∈ R
+ and αC ∈ R\{0}, consider the two d × d-

matrices
A = diag [S,C,U ] , B = diag [αSS, αCC, αUU ] , (6.4)

where the S-, C-, and U -part in either matrix is understood to be present only if k ≥ 1,

 ≥ 1, and m ≥ 1 respectively. For convenience, let ES = span{e1, . . . , ek}, EC =
span{ek+1, . . . , ek+
}, and EU = span{ek+
+1, . . . , ed}. As presented below, the proof of
(ii)⇒(iii) in Theorem 6.5 crucially depends on the following auxiliary result.

Lemma 6.6 Given k, 
,m ∈ N0 with k+
+m = d, as well as αS, αU ∈ R
+ and αC ∈ R\{0},

let �, � be the flows on R
d generated by A, B in (6.4) respectively. Assume that �

h
∼ � for

some h ∈ H1−(Rd) with h(ES) = ES.

(i) If min{k,m} ≥ 1 then αS = αU.
(ii) If min{k, 
} ≥ 1 and σ(C) �= {0}, then αS = |αC|.
(iii) If min{
,m} ≥ 1 and σ(C) �= {0}, then |αC| = αU.

Proof By Proposition 3.1, it can be assumed that �
1−
≈ �, and since h(ES) = ES, clearly τx

is increasing for every x ∈ R
d \ {0}; moreover, X�· = E· = X�· for · ∈ {S,C,U}. Denoting
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by P· the orthogonal projection of R
d onto E·, note that P· commutes with �t , �t for every

t ∈ R. Moreover, if k ≥ 1 then

es1t |x | ≤ |�t x | ≤ esk t |x | ∀t ≥ 0, x ∈ ES ; (6.5)

if 
 ≥ 1, and with an appropriate μ ∈ R
+,

|�t x | ≤ μ
√
1+ t2
−2|x | ∀t ∈ R, x ∈ EC ; (6.6)

and if m ≥ 1 then
eu1t |x | ≤ |�t x | ≤ eumt |x | ∀t ≥ 0, x ∈ EU . (6.7)

As a consequence, if m ≥ 1, and with an appropriate ν ∈ R
+,

|�t x | ≤ νeumt |x | ∀t ≥ 0, x ∈ R
d . (6.8)

Similar universal bounds are valid with � instead of �, provided that s1, sk and u1, um are

replaced by αSs1, αSsk and αUu1, αUum respectively. By assumption, �
h
∼ � with h ∈ H1−

and h(ES) = ES. Recall that this implies h(EU) = EU, whereas it is possible that h(EC) �=
EC. To prepare for the elementary but somewhat intricate arguments below, fix 0 < β < 1.
By means of an appropriate rescaling, it can be assumed that h, h−1 both satisfy a β-Hölder
condition on V := B2(0) ∪ h

(
B2(0)

)
, i.e., with some κ ∈ R

+,

|h(x)− h(y)| + |h−1(x)− h−1(y)| ≤ κ|x − y|β ∀x, y ∈ V .

Proof of (i): Assume that min{k,m} ≥ 1. Notice that� can, and henceforth will be assumed
to be generated by diag [S, αCC, αUU ], i.e., assume w.l.o.g. that αS = 1. Establishing (i)
therefore amounts to proving thatαU = 1.To this end, for every r ∈ R

+ let xr = ek+e−umr ed ,
and hence

�t xr = esk t ek + eum (t−r)ed ∀t ∈ R ,

from which it is clear that |�t xr | <
√
2 for every t ∈ [0, r ]. Also, xr → ek as r → ∞,

and hence h(xr ) → h(ek) ∈ ES\{0}, whereas �r xr = eskr ek + ed → ed and h(�r xr ) →
h(ed) ∈ EU\{0}. This shows that PUh(xr ) �= 0 for all r > 0 sufficiently large since otherwise
h(�r xr ) ∈ �Rh(xr ) ⊂ ES⊕EC, which clearly is not the case for large r .With an appropriate
r1 ≥ 0, therefore, PUh(xr ) �= 0 for every r > r1, and it makes sense to consider

yr := h−1
(

h(xr )+ |PCh(xr )|1/β3

|PUh(xr )| PUh(xr )

)

∀r > r1 .

Recalling that h(ek) ∈ ES and hence PCh(ek) = 0, deduce from

|h(yr )− h(xr )| = |PCh(xr )|1/β3 = ∣∣PC
(
h(xr )− h(ek)

)∣∣1/β3 ≤ |h(xr )− h(ek)|1/β3

≤ κ1/β3 |xr − ek |1/β2

= κ1/β3
e−umr/β2

that h(yr ) ∈ V for every r > r2, with an appropriate r2 ≥ r1. Consequently,

|yr − xr | ≤ κ|h(yr )− h(xr )|β ≤ κ1+1/β2
e−umr/β ∀r > r2 . (6.9)

Together with (6.8), this yields for every r > r2,

|�t yr −�t xr | ≤ νeumt |yr − xr | ≤ νκ1+1/β2
e−umr(1/β−1) ∀t ∈ [0, r ] . (6.10)
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Since β < 1, picking r3 ≥ r2 sufficiently large guarantees that �t yr ∈ V for all t ∈ [0, r ]
and r > r3. For convenience, henceforth denote τyr (r) > 0 simply by Tr .

First, rough (lower and upper) bounds on Tr are going to be established; these bounds
will show in particular that, as the reader no doubt suspects already, Tr → ∞ as r → ∞.
To obtain a lower bound, recall that h(�r xr ) → h(ed) ∈ EU\{0} as r →∞, and hence by
(6.10) also PUh(�r yr ) → PUh(ed) = h(ed) �= 0. Thus, using the notation f (r) ≺ g(r)
exactly as in the proof of Theorem 4.7,

1
2 |h(ed)| ≺ |PUh(�r yr )| = |PU�Tr h(yr )| =

∣
∣
∣
∣
∣
�Tr

(

PUh(xr )+ |PCh(xr )|1/β3

|PUh(xr )| PUh(xr )

)∣∣
∣
∣
∣

≤ eαUumTr
(
|PUh(xr )| + |PCh(xr )|1/β3

)
,

where the last inequality is due to the �-version of (6.7). This yields

eTr �
(
|PUh(xr )| + |PCh(xr )|1/β3

)−1/(αUum )

. (6.11)

Note that |PUh(xr )|, |PCh(xr )| → 0 as r → ∞, so (6.11) shows that indeed Tr → ∞, as
suspected.

Similarly, to obtain an upper bound on Tr , deduce from

2|h(ed)| � |PUh(�r yr )| =
∣∣∣∣∣
�Tr

(

PUh(xr )+ |PCh(xr )|1/β3

|PUh(xr )| PUh(xr )

)∣∣∣∣∣

≥ eαUu1Tr
(
|PUh(xr )| + |PCh(xr )|1/β3

)
,

with the last inequality again due to the �-version of (6.7), that

eTr ≺
(
|PUh(xr )| + |PCh(xr )|1/β3

)−1/(αUu1)
.

It is possible, therefore, to pick r4 ≥ r3 so large that

eTr ≤
(
|PUh(xr )| + |PCh(xr )|1/β3

)−1/(αUβu1) ∀r > r4 ; (6.12)

notice the additional factor β in the exponent on the right allowing for the unspecified upper
bound implied by ≺ to be chosen as 1, or indeed any positive constant.

Building on these preparations, the overall strategy now is to estimate |PS�r yr | in two
different ways: First directly, utilizing (6.5) and (6.9), which leads to a lower bound, and
then by considering

∣∣PSh−1
(
�Tr h(yr )

)∣∣ instead, utilizing the bounds on Tr just established,
which leads to an upper bound; see also Fig. 5. Concretely, deduce from (6.5) that on the one
hand

|PS�r yr | = |PS�r xr + PS�r (yr − xr )| = |eskr ek + PS�r (yr − xr )|
≥ eskr − eskr |yr − xr | ≥ eskr

(
1− κ1+1/β2

e−umr/β
)
� eskr ;

here the first and second ≥ are due to the reverse triangle inequality and (6.9), respectively.
Thus clearly

|PS�r yr | � e−|sk |r . (6.13)

On the other hand, let zr = h−1
(
�Tr PUh(yr )

)
for convenience, so zr ∈ EU. Note that

zr → ed as r →∞, and hence zr ∈ EU ∩ V for every r > r5 with an appropriate r5 ≥ r4.
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Since PSzr = 0,

|PS�r yr | =
∣
∣PS
(
h−1 ◦ h(�r yr )− h−1 ◦ h(zr )

)∣∣ ≤ ∣∣h−1(�Tr h(yr )
)− h−1 ◦ h(zr )

∣
∣

≤ κ|�Tr h(yr )− h(zr )|β = κ(|�Tr PSh(xr )|2 + |�Tr PCh(xr )|2)β/2

≤ κ
(
e2skTr |PSh(xr )|2 + μ2(1+ T 2max{
,1}−2

r )|PCh(xr )|2
)β/2

,

with the last inequality due to the �-versions of (6.5) and (6.6). (Recall that αS = 1.)
Moreover, note that for every r > 0,

|PUh(xr )| =
∣
∣PU
(
h(xr )− h(ek)

)∣∣ ≤ |h(xr )− h(ek)| ≤ κ|xr − ek |β = κe−βumr ,

and similarly |PCh(xr )| ≤ κe−βumr . This yields

|PUh(xr )| + |PCh(xr )|1/β3 ≤ κe−βumr + κ1/β3
e−umr/β2 = κe−βumr

(
1+ κ1/β3−1e−umr(1/β2−β)

)
,

(6.14)
and hence (6.11) implies that

e2skTr ≺
(
κe−βumr

(
1+ κ1/β3−1e−umr(1/β2−β)

))−2sk/(αUum ) ≺ e2skβr/αU .

Since PSh(xr ) → PSh(ek) = h(ek) �= 0 as r →∞, it is clear that

e2skTr |PSh(xr )|2 ≺ e−2|sk |βr/αU . (6.15)

By contrast, deduce from (6.12) that

Tr ≤ − 1

αUβu1
log
(
|PUh(xr )| + |PCh(xr )|1/β3

)
∀r > r4 ,

and hence

(1+ T 2max{
,1}−2
r )|PCh(xr )|2 ≤
≤
(
1+ 1

(αUβu1)2max{
,1}−2
∣
∣
∣ log

(
|PUh(xr )| + |PCh(xr )|1/β3

) ∣∣
∣
2max{
,1}−2) |PCh(xr )|2

≺
∣
∣∣ log

(
|PUh(xr )| + |PCh(xr )|1/β3

) ∣∣∣
2
 (|PUh(xr )| + |PCh(xr )|1/β3

)2β3

≺
(
|PUh(xr )| + |PCh(xr )|1/β3

)2β4

≺ e−2β5umr ;

here the second ≺ is due to the fact that sup0<u<1 | log u|aub < ∞ for every a, b ∈ R
+,

whereas the last ≺ is due to (6.14). Using this and (6.15), therefore,

|PS�r yr | ≺
(
e−2|sk |βr/αU + e−2β5umr

)β/2 ≺ e−r min{|sk |β2/αU,β6um } . (6.16)

Thus both desired estimates for |PS�r yr | alluded to earlier have been obtained, in the
form of the lower bound (6.13) and the upper bound (6.16). Combining these yields

e−|sk |r ≺ e−r min{|sk |β2/αU,β6um } .

It follows that |sk | ≥ min{|sk |β2/αU, β6um}. Recall that 0 < β < 1 has been arbitrary, so
letting β ↑ 1 yields |sk | ≥ min{|sk |/αU, um}. In other words, 1 ≥ min{1/αU, um/|sk |}, or
equivalently

1 ≤ max

{
αU,

|sk |
um

}
. (6.17)
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Fig. 5 Proving Lemma 6.6(i) by estimating |PS�r yr | =
∣∣PSh−1

(
�Tr h(yr )

)∣∣ in two different ways which
lead to (6.13) and (6.16), respectively

Identical reasoning with the roles of �, � interchanged yields (6.17) with αU, um replaced
by 1/αU, αUum respectively, that is, αU ≤ max{1, |sk |/um}. In total, therefore,

1 ≤ max

{
αU,

|sk |
um

}
and αU ≤ max

{
1,
|sk |
um

}
. (6.18)

Note that�∗ 1−
∼ �∗ also, with�∗,�∗, generated by diag [−U ,−C,−S], diag [−αUU ,−αC

C,−αSS] respectively. Identical reasoning shows that (6.18) remains valid in this situation
as well, provided that αU, |sk |, um are replaced by 1/αU, u1, |s1| respectively. This yields

1 ≥ min

{
αU,

|s1|
u1

}
and αU ≥ min

{
1,
|s1|
u1

}
. (6.19)

Now, in order to conclude the argument by combining (6.18) and (6.19), it is helpful to
distinguish three disjoint cases corresponding to the possible value of |sk |/um ∈ R

+: First, if
|sk |/um < 1 then the left inequality in (6.18) yieldsαU ≥ 1,whereas the right inequality reads
αU ≤ 1. Thus, αU = 1. Second, if |sk |/um = 1 then the left inequality in (6.18) automatically
holds, whereas the right inequality reads αU ≤ 1. Moreover, |s1|/u1 ≥ |sk |/u1 ≥ |sk |/um =
1, and so the right inequality in (6.19) reads αU ≥ 1. Again, therefore, αU = 1. Finally,
if |sk |/um > 1 then |s1|/u1 > 1, so the left and right inequalities in (6.19) yield αU ≤ 1
and αU ≥ 1 respectively, hence αU = 1 once again. Thus αU = 1 in all three cases. This
completes the proof of (i).
Proof of (ii): Assume that min{k, 
} ≥ 1 and σ(C) �= {0}. As in the above proof of (i),
it can be assumed w.l.o.g. that αS = 1, so establishing (ii) amounts to proving that |αC| =
1. To this end, note that Per�\Fix� �= ∅. Pick r1 > 0 so small that �R p ⊂ V and
h(�R p) = �Rh(p) ⊂ V for every p ∈ Br1(0) ∩ Per�. For the following argument, pick
any p ∈ Br1(0)∩ (Per�\Fix�). Clearly h(p) ∈ Per� \Fix�. For convenience, write T�

p ,

T�
h(p) as T , S respectively, so T , S ∈ R

+. For all that follows, it will be useful to consider
the set

Kp :=
{
x ∈ R

d : PUx = 0, PCx ∈ �R p
} ⊂ ES ⊕ EC .

It is readily seen that x ∈ Kp precisely if �t x approaches the compact set or “loop” �R p
as t → ∞, or equivalently if, given any sequence (tn) in R with tn → ∞, there exists a
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Fig. 6 Proving Lemma 6.6(ii) by linking the Poincaré maps F�, F� induced on R
k , via the homeomorphism

G = ι−1h(p) ◦ g ◦ ιp

sequence (sn) with 0 ≤ sn < T so that limn→∞ |�tn x − �sn p| = 0. The set Kp clearly is
�-invariant; it may be thought of as a (k + 1)-dimensional “cylinder” over the closed orbit
�R p. Note that p + ES ⊂ Kp , and �T (p + ES) = p + ES. Thus, with ιp denoting the
isometry

ιp :
{

R
k → p + ES ,

x �→ p +∑k
j=1 x j e j ,

the map �T induces the linear (Poincaré) map F� : R
k → R

k given by

F� = ι−1p ◦�T |p+ES ◦ ιp = diag
[
es1T , . . . , eskT

]
;

see Fig. 6.
A completely analogous construction, utilizing the �-invariant “cylinder” Kh(p) over

�Rh(p), yields the linear map F� : R
k → R

k given by

F� = ι−1h(p) ◦�S |h(p)+ES ◦ ιh(p) = diag
[
es1S, . . . , esk S

]
,

induced in this case by �S as �S(h(p)+ ES) = h(p)+ ES. Now, to link F�, F� by means
of the homeomorphism h, notice that h(Kp) = Kh(p). While a point h(p + x) with x ∈ ES
will not in general be an element of h(p)+ ES if x �= 0, letting the point flow with � for a
small amount of time will bring it into h(p)+ ES. Formally, there exists 0 < r2 ≤ r1 and a
smooth function θ : Kh(p) ∩ Br2

(
h(p)

)→ R with θ
(
h(p)

) = 0 so that �θ(y)y ∈ h(p)+ ES
for all y ∈ Kh(p) ∩ Br2

(
h(p)

)
. Pick 0 < r3 ≤ r2 small enough to ensure Br3(p) ⊂ V as well

as h
(
Br3(p)

) ⊂ Br2
(
h(p)

)
, and define

g :
{

(p + ES) ∩ Br3(p) → h(p)+ ES ,

p + x �→ �θ(h(p+x))h(p + x) .

Clearly g(p) = h(p). Since θ is smooth and h satisfies a β-Hölder condition on (p+ ES)∩
Br3(p) = p + ES ∩ Br3(0), so does g. Furthermore, g is invertible, and g−1 satisfies a
β-Hölder condition on h(p)+ ES ∩ Br4(0) for any sufficiently small 0 < r4 ≤ r3. Since T ,
S are the minimal periods of p, h(p) respectively,

g
(
�T (p + x)

) = �Sg(p + x) ∀x ∈ ES ∩ Br4(0) .
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With G : Br4(0) → R
k given by G = ι−1h(p) ◦ g ◦ ιp , this means that

G(F�x) = F�G(x) ∀x ∈ Br4(0) .

Note that G(0) = 0, and G is a local homeomorphism, as is G−1 = ι−1p ◦ g−1 ◦ ιh(p);
moreover, G, G−1 both satisfy a β-Hölder condition near 0. Since F�, F� are contractions
on R

k , it is clear that with an appropriate 0 < r5 ≤ r4,

(F�)n(x) = G−1 ◦ (F�)n ◦ G(x) ∀n ∈ N, x ∈ Br5(0) . (6.20)

With κ denoting a β-Hölder constant forG,G−1 on Br5(0), take x = 1
2r5ek and deduce from

(6.20) that

1
2e

nskT r5 ≤ κ
∣
∣(F�)n ◦ G ( 12r5ek

)∣∣β ≤ κensk Sβ
∣
∣G
( 1
2r5ek

)∣∣β ∀n ∈ N .

Letting n →∞ yields T − Sβ ≥ 0, i.e., T /S ≥ β. Since 0 < β < 1 has been arbitrary, it
follows that T ≥ S, and interchanging the roles of �, � yields T = S.

Recall that p ∈ Br1(0) ∩ (Per�\Fix�) has been arbitrary. In summary, therefore, it has
been shown that T�

p = T�
h(p) for every p ∈ Br5(0)∩(Per�\Fix�). Clearly, T�

x = 0 = T�
h(x)

for every x ∈ Br5(0) ∩ Fix�, whereas if x ∈ Br5(0)\Per� then T�
x = ∞ = T�

h(x). In other

words, T�
x = T�

h(x) for every x ∈ Br5(0), and so Theorem 5.2 yields

σ(C) = σ(�) ∩ iR = σ(�) ∩ iR = σ(αCC) .

Since σ(C) �= {0}, necessarily αC ∈ {−1, 1}. Thus |αC| = 1, and the proof of (ii) is complete.
Proof of (iii): Assume that min{
,m} ≥ 1 and σ(C) �= {0}. In this case, it can be
assumed w.l.o.g. that αU = 1, i.e., � is generated by diag [αSS, αCC,U ], and it only

needs to be shown that |αC| = 1. To this end, recall that �∗ 1−
∼ �∗, with �∗, �∗ gen-

erated by diag [−U ,−C,−S], diag [−U ,−αCC,−αSS] respectively. Applying (ii), with
m, k,−U ,−C,−S, and αS instead of k,m, S,C,U , and αU respectively, yields |αC| = 1
and hence completes the proof overall. ��

In Lemma 6.6, note that if k �= m then the additional condition h(ES) = ES automatically
is satisfied. By contrast, if k = m ≥ 1 then that condition is essential, as can be seen, for
instance, from the flows �, � on R

4 generated by diag [−1, J1(i), 2], diag [−4, J1(2i), 2]
respectively, for which �

lin� �, and yet (αS, αC, αU) = (4, 2, 1), so all three conclusions in
Lemma 6.6 fail.

The second preparatory observation for the proof of Theorem 6.5 is a strengthening of
Theorem 4.7 as β ↑ 1 which may also be of independent interest. Informally put, it asserts
that for stable flows the Lyapunov exponents, and in fact even the Lyapunov spaces as defined
in Sect. 3, behave naturally under all-Hölder equivalence.

Lemma 6.7 Let�, � be stable flows on X. Assume that�
h
∼ � for some h ∈ H1−(X). Then

there exists a unique α ∈ R
+ so that �� = α�� ,

h
(
L�(αs)

) = L�(s) ∀s ∈ R , (6.21)

as well as

limt→∞
τx (t)

t
= α ∀x ∈ X \ {0} . (6.22)
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Proof The first two assertions clearly are correct for d = 1. To prove (6.22) for d = 1 as
well, pick any x �= 0, so h(x) �= 0, and let �� = [αλ], �� = [λ] with λ < 0 and a unique
α ∈ R

+. Then

|�t x | = eαλt |x | , |�τx (t)h(x)| = eλτx (t)|h(x)| ∀t ∈ R .

Fix 0 < β < 1. With the symbols≺, �, and� used exactly as in earlier proofs, observe that

eλτx (t) � |h(�t x)| ≺ |�t x |β � eαβλt .

Thus eτx (t) � eαβt because λ < 0, and consequently

lim inf t→∞(τx (t)− αβt) > −∞ . (6.23)

Similarly,
eαλt � ∣∣h−1(�τx (t)h(x)

)∣∣ ≺ |�τx (t)h(x)|β � eβλτx (t) ,

thus eβτx (t) ≺ eαt , and hence

lim supt→∞(βτx (t)− αt) < ∞ . (6.24)

Combining (6.23) and (6.24) yields

αβ ≤ lim inf t→∞
τx (t)

t
≤ lim supt→∞

τx (t)

t
≤ α

β
,

and since 0 < β < 1 has been arbitrary, limt→∞ τx (t)/t = α. Thus all assertions of the
Lemma are correct for d = 1. Assume d ≥ 2 from now on. Obviously, at most one α ∈ R

+
can have the desired properties. Notice that by first applying a linear change of coordinates to
obtain the Jordan normal form of A�, and by then applying Lemmas 4.1 and 4.4 individually
to each irreducible component, togetherwith Proposition 3.2, it is straightforward to construct

h1 ∈ H1−(X) so that�
h1∼= �̃, with �̃ generated by��, as well as h1

(
L�(s)

) = L�̃(s) for all

s ∈ R. Similarly, there exists an h2 ∈ H1−(X) so that�
h2∼= �̃ and h2

(
L�(s)

) = L�̃ (s) for all

s ∈ R, with �̃ generated by�� . As a consequence, �̃
h̃
∼ �̃ with h̃ = h2◦h◦h−11 ∈ H1−(X),

and if the assertions of the lemma can be proved for �̃, �̃, h̃ instead of �, �, h, then also
�� = ��̃ = α��̃ = α�� ,

h
(
L�(αs)

) = h ◦ h−11

(
L�̃(αs)

) = h−12 ◦ h̃(L�̃(αs)
) = h−12

(
L�̃ (s)

) = L�(s) ∀s ∈ R ,

and limt→∞ τx (t)/t = α since h̃
(
�̃t h1(x)

) = �̃τx (t)h̃
(
h1(x)

)
for all t ∈ R, x ∈ X \ {0}.

In other words, no generality is lost by assuming that �, � are generated by ��, ��

respectively. With this, letting β ↑ 1 in Theorem 4.7 yields an α ∈ R
+ so that λ�

j /λ�
j = α

for all j ∈ {1, . . . , d}, that is, �� = α�� . Otherwise replacing λ�
j by αλ�

j for each j ,

assume that α = 1 and write λ�
j simply as λ j . Thus, it remains to show that

h
(
L�(s)

) = L�(s) ∀s ∈ R , (6.25)

as well as

limt→∞
τx (t)

t
= 1 ∀x ∈ X \ {0} . (6.26)

To prove (6.25), notice first that L�(s) = L�(s) = span{e j : λ j ≤ s} for every s ∈ R,
and hence h

(
L�(s)

) = {0} = L�(s) whenever s < λ1. To establish equality in (6.25) for
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s = λ1, pick any x ∈ L�(λ1)\{0} and 0 < β < 1. Then |�t x | � eλ1t and |h(�t x)| ≺ eβλ1t .
Also, h(x) ∈ L�(s)\L�(s−) for some s < 0, and hence

eβλ1t � |h(�t x)| = |�τx (t)h(x)| � esτx (t) ,

from which it follows that

lim inf t→∞
(

τx (t)− βλ1

s
t

)
> −∞ . (6.27)

Now, suppose that s > λ1. Then h(x)+e1 /∈ �Rh(x), and hence y := h−1(h(x)+e1) /∈ �Rx .
This yields

eλ1t ≺ dist(�t x,�Ry) ≤ |�t x −�
τ−1y ◦τx (t)y| ≺ |�τx (t)h(x)−�τx (t)h(y)|β

= |�τx (t)e1|β = eβλ1τx (t) ,

where the left-most ≺ is due to Lemma 4.8. Thus eλ1t ≺ eβλ1τx (t), and consequently

lim supt→∞
(

τx (t)− 1

β
t

)
< ∞ . (6.28)

Combining (6.27) and (6.28) yields β2λ1/s ≤ 1, that is, s ≤ β2λ1 because s < 0. Since
0 < β < 1 has been arbitrary, s ≤ λ1, and this obviously contradicts s > λ1. Thus
h(x) ∈ L�(λ1), and since x ∈ L�(λ1) has been arbitrary as well, h

(
L�(λ1)

) ⊂ L�(λ1).
Interchanging the roles of �, � yields h

(
L�(λ1)

) = L�(λ1). Thus equality in (6.25) holds
for all s ≤ λ1.

To prepare for an induction argument, assume that h
(
L�(s)

) = L�(s) for some j ∈
{1, . . . , d − 1} and all s ≤ λ j . Similarly to before, pick x ∈ L�(λ j+1) and 0 < β < 1.
If x ∈ L�(λ j ) then h(x) ∈ L�(λ j ) ⊂ L�(λ j+1). Otherwise, x ∈ L�(λ j+1)\L�(λ−j+1),
and (6.27) remains valid with λ j+1 instead of λ1. In this situation, and in analogy to before,
suppose that λ j+1 < s < 0. Since clearly (6.28) remains valid in this situation also, the same
argument as before leads to the contradiction s ≤ λ j+1. In summary, h(x) ∈ L�(λ j+1) for
every x ∈ L�(λ j+1), and interchanging the roles of�,� yields h

(
L�(λ j+1)

) = L�(λ j+1).
In other words, h

(
L�(s)

) = L�(s) for all s ≤ λ j+1. Induction therefore establishes (6.25).
To prove (6.26), denote by s1 < . . . < sk < 0 all k ≤ d different Lyapunov exponents

of �, and recall that X\{0} =⋃k
j=1 L�(s j )\L�(s−j ). Thus, given any x �= 0, there exists a

unique j ∈ {1, . . . , k} so that x ∈ L�(s j )\L�(s−j ), and hence also h(x) ∈ L�(s j )\L�(s−j )

by (6.25). It follows that |�t x | � es j t and |�τx (t)h(x)| � es j τx (t). Fix 0 < β < 1. Recalling
that s j < 0, deduce from

es j τx (t) � |h(�t x)| ≺ |�t x |β � eβs j t

that eτx (t) � eβt , and hence lim inf t→∞(τx (t)− βt) > −∞. Similarly, deduce from

es j t � ∣∣h−1(�τx (t)h(x)
)∣∣ ≺ |�τx (t)h(x)|β � eβs j τx (t)

that eβτx (t) ≺ et , and consequently lim supt→∞(βτx (t)− t) < ∞. In summary, therefore,

β ≤ lim inf t→∞
τx (t)

t
≤ lim supt→∞

τx (t)

t
≤ 1

β
,

and since 0 < β < 1 has been arbitrary, limt→∞ τx (t)/t = 1. This establishes (6.26) and
hence completes the proof. ��
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Remark 6.8 (i) Lemma 6.7 carries over to unstable flows �, � in an obvious way: If �
h
∼ �

with h ∈ H1− , then �� = α�� , h
(
L�∗

(αs)
) = L�∗

(s), and limt→−∞ τx (t)/t = α for the
appropriate α ∈ R

+ and all s ∈ R, x ∈ X\{0}. Beyond (un)stable flows, the conclusion that
�� = α�� for some α ∈ R\{0} whenever �

1−
∼ � remains valid for all linear flows �, �,

as a consequence of Lemma 6.6. By contrast, the much stronger properties (6.21) and (6.22)
do not even carry over to hyperbolic flows.

(ii) For Lipschitz equivalences, the conclusions in Lemma 6.7 take a significantly stronger
form. For instance, whereas the convergence in (6.22) can in general be arbitrarily slow, it
turns out that actually supt≥0 |τx (t)− αt | < ∞ for every x ∈ X \ {0} whenever h ∈ H1(X);
see [6] for details.

At long last, the scene is now set for a short

Proof of Theorem 6.5 Obviously (i)⇒(ii) by definition.

To show that (ii)⇒(iii), assume �
h
∼ � for some h ∈ H1−(X). Theorem 6.1 yields

{d�
S , d�

U } = {d�
S , d�

U }, and A�C , αCA�C are similar for some αC ∈ R\{0}; otherwise replac-
ing�by�∗, it again can be assumed that (d�

S , d�
U ) = (d�

S , d�
U ) =: (k,m) and h(X�

S ) = X�
S .

Consider first the case where km ≥ 1 and k +m ≤ d − 1, or equivalently d�· = d�· > 0 for

each · ∈ {S,C,U}. Recall from the proof of Lemma 6.2 that�
1−� �̃, where �̃ is generated by

diag [��S , A�C ,��U ], and similarly �
1−� �̃, with �̃ generated by diag [��S , A�C ,��U ].

Moreover, �̃
1−
∼ �̃ and h(ES) = ES, so �̃S

1−
∼ �̃S as well. Since k ≥ 1, Lemma 6.7 yields

��S = αS�
�S with the appropriate αS ∈ R

+. Similarly, since m ≥ 1 also ��U = αU��U

with the appropriate αU ∈ R
+. Thus, �̃ is generated by diag [αS�

�S , αCA�C , αU��U ]. Note
that if σ(�C) = σ(�C) = {0} then αSA�C , αCA�C are similar, so it can be assumed that
αS = αC. Lemma 6.6 now shows that the set {αS, |αC|, αU} actually is the singleton {α} for
some α ∈ R

+. Consequently,

�� = ��̃ = diag [��S , O
,�
�U ] = α diag [��S , O
,�

�U ] = α��̃ = α�� ,

that is, A�, αA� are Lyapunov similar, and clearly A�C , αA�C are similar. Via completely
analogous arguments, the same conclusions remain valid for the other, simpler cases where
d�· = 0 for some · ∈ {S,C,U}. Thus (iii) holds.

That (iii)⇔(iv) is immediate from the definition of Lyapunov similarity.
Finally, to prove that (iv)⇒(i), it can once again be assumed that (d�

S , d�
U ) = (d�

S , d�
U ),

and hence λ
�H
j = αλ

�H
j for every j ∈ {1, . . . , d�

H }. Now (6.1) simply reads β ≤ 1, and

Lemma 6.2 yields �
1−� �. ��

In analogy to Corollary 6.4, it is straightforward to establish the following characterization
of all-Hölder conjugacy.

Corollary 6.9 Let �, � be linear flows on X. Then �
1−∼= � if and only if A�, A� are

Lyapunov similar while A�C , A�C are similar.

7 Linear Flows on Complex Spaces

The analysis of �
�
∼ � thus far has focussed entirely on real flows. It is worthwhile and

straightforward to extend this analysis to linear flows on arbitrary finite-dimensional normed
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spaces. In doing so, this brief section brings the discussion of the main results to a natural
conclusion.

Let (X , ‖ · ‖) be a finite-dimensional normed space over K = R or K = C. Denote by
XR the realification of X , i.e., XR equals X as a set but is a linear space with the field of
scalars restricted to R, and define ιX : X → XR as ιX (x) = x . Thus, if K = C then ιX is
an R-linear bijection, and dim XR = 2 dim X ; moreover, ‖ · ‖XR := ‖ · ‖ ◦ ι−1X is a norm on
XR, and ιX is an isometry. (Trivially, if K = R then XR = X as linear spaces, and ιX = IX .)
Every map h : X → X induces a map hR = ιX ◦ h ◦ ι−1X : XR → XR, and clearly

h ∈ H�(X) ⇐⇒ hR ∈ H�(XR) ∀� ∈ {0, 0+, β−, β, β+, 1−, 1}, 0 < β < 1 ,

(7.1)
whereas, with JX := (i IX )R,

h ∈ H�(X) ⇐⇒ hR ∈ H�(XR) and JX D0h
R = (D0h

R)JX ∀� ∈ {diff, lin} .
(7.2)

Given any (not necessarily linear) flow ϕ on X , its realification ϕR is the flow on XR with
(ϕR)t = (ϕt )

R for all t ∈ R. By (7.1), given two flows ϕ, ψ on X ,

ϕ
�
∼ ψ ⇐⇒ ϕR �

∼ ψR ∀� ∈ {0, 0+, β−, β, β+, 1−, 1}, 0 < β < 1 , (7.3)

and similarly for ϕ
�� ψ , ϕ

�
≈ ψ etc. For a K-linear flow� on X = K

d , it is readily seen that
all the dynamical objects associated with � that have been studied in earlier sections behave
naturally under realification: For instance, A�R = (A�)R, and X�R

· = (X�· )R = ιX (X�· )

for · ∈ {S,C,U,H}, as well as (�·)R = (�R)·. Also, if K = C then λ�R

2 j−1 = λ�R

2 j = λ�
j

for every j ∈ {1, . . . , d}. With this, the topological and Hölder classifications of K-linear
flows follow immediately from Theorem 6.1 and 6.5 andmay be seen as the ultimate versions
of Theorems 1.1 and 1.2, respectively. They reveal themselves as being real results, in the

sense that whether or not �
�
∼ � for � ∈ {0+, 1−} is determined solely by the associated

realifications �R, �R. In both statements, let X �= {0} be a finite-dimensional normed space
over K.

Theorem 7.1 Let�,� beK-linear flows on X. Then the following statements are equivalent:

(i) �
0+� �;

(ii) �
0
∼ �;

(iii) �R
0+� �R;

(iv) �R 0
∼ �R;

(v) {dim X�
S , dim X�

U } = {dim X�
S , dim X�

U }, and there exists an α ∈ R\{0} so that A�R

C ,

αA�R

C are similar.

Proof Obviously (i)⇒(ii) and (iii)⇒(iv) by definition, but also (i)⇔(iii) and (ii)⇔(iv) by
(7.3). Furthermore, it follows fromTheorem6.1 that (iii)⇔(iv)⇔(v), and so all five statements
are equivalent. ��
Theorem 7.2 Let�,� beK-linear flows on X. Then the following statements are equivalent:

(i) �
1−� �;

(ii) �
1−
∼ �;
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(iii) �R
1−� �R;

(iv) �R 1−
∼ �R;

(v) there exists an α ∈ R\{0} so that A�R

, αA�R

are Lyapunov similar while A�R

C , αA�R

C

are similar.

Proof Instead of Theorem 6.1, simply invoke Theorem 6.5 in the above proof of Theorem
7.1. ��
Remark 7.3 With a view on (7.3), the reader may find it unsurprising that the Lipschitz
counterpart of Theorems 7.1 and 7.2, i.e., the extension of Proposition 1.3 to any finite-
dimensional normed space, also turns out to be a real theorem in the above sense; see [6] for
details. By contrast, the corresponding extension of Proposition 1.4 is not a real theorem;
see, e.g., [5, Sect. 6]. In light of (7.2), this fact may not surprise the reader either, and it
is readily illustrated by a very simple example: Let the flows �, � on C be generated by

A = [1 + i], B = [1 − i] respectively. Then AR, BR are similar, so �R
lin� �R, and hence

also �
1−� �, indeed even �

1� �, by (the complex version of) Lemma 4.3. However, A,

αB are not similar for any α ∈ R \ {0}, so ���
diff
∼ �. Thus, the smooth equivalence of linear

flows �, � on X is not the same as the smooth equivalence of �R, �R, with the latter being
necessary for the former, but not in general sufficient.

In the Introduction, all four classifications of linear flows on R
d for d ∈ {1, 2} have been

described. It is illuminating to compare these to their complex counterparts. For the latter,
already the case d = 1 hints at the peculiarity of the smooth classification alluded to in
Remark 7.3: Whereas every linear flow on X = C

1 is smoothly (in fact, holomorphically)
equivalent to the flow generated by precisely one of

[0], [i], [1+ ib] b ∈ R ,

it is (Lipschitz, Hölder, or topologically) equivalent to the flow generated by [0], [i], or [1].
For d = 2, naturally the classification is quite a bit richer: Every linear flow on X = C

2 is
smoothly equivalent to the flow generated by precisely one of either

[
0 0
0 0

]
,

[
0 1
0 0

]
,

[
i 1
0 i

]
, (7.4)

or a (necessarily unique) matrix from
[
ia 0
0 i

]
,

[
1+ ib 1

0 1+ ib

]
,

[
a + ib 0

0 1+ ic

]
a ∈ [−1, 1], b, c ∈ R;

it is Lipschitz equivalent to the flow generated by precisely one of either (7.4) or
[
i |a| 0
0 i

]
,

[
1 1
0 1

]
,

[
1+ ib 1

0 1+ ib

]
,

[
a 0
0 1

]
,

[
ib 0
0 1

]
a ∈ [−1, 1], b ∈ R

+;

it is Hölder equivalent to the flow generated by precisely one of either (7.4) or
[
i |a| 0
0 i

]
,

[
a 0
0 1

]
,

[
ib 0
0 1

]
a ∈ [−1, 1], b ∈ R

+;

and it is topologically equivalent to the flow generated by precisely one of either (7.4) or
[
ia 0
0 i

]
,

[−1 0
0 1

]
,

[
0 0
0 1

]
,

[
1 0
0 1

]
,

[
i 0
0 1

]
a ∈ [0, 1].
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Thus while the topological classification of linear flows on R
2 yields precisely six discrete

classes (as seen in the Introduction and indicated in Fig. 1), the corresponding classification
onC

2 leads to precisely seven discrete classes, together with the infinite family {i diag [a, 1] :
a ∈ [0, 1]}.
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