Most linear flows on R are Benford

Arno Berger

Mathematical and Statistical Sciences
University of Alberta
Edmonton, Alberta, CANADA

March 27, 2015

Abstract

A necessary and sufficient condition (“exponential nonresonance”) is estab-
lished for every signal obtained from a linear flow on R? by means of a linear
observable to either vanish identically or else exhibit a strong form of Ben-
ford’s Law (logarithmic distribution of significant digits). The result extends
and unifies all previously known (sufficient) conditions. Exponential nonres-
onance is shown to be typical for linear flows, both from a topological and a

measure-theoretical point of view.
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1 Introduction

Let ¢ be a flow on X = R? endowed with the usual topology, i.e., ¢ : R x X — X
is continuous, and ¢(0,z) = x as well as gb(s,(b(t,x)) = ¢(s+t,x) forall z € X
and s,t € R. Denoting the homeomorphism x — ¢(t, ) of X simply by ¢; and the
space of all linear maps A : X — X by £(X), as usual, call the flow ¢ linear if each
¢¢ is linear, that is, ¢y € L(X) for every ¢t € R. Given a linear flow ¢ on X, fix any
linear functional H : £(X) — R and consider the function H(¢s). The main goal
of this article is to completely describe the distribution of numerical values for the
real-valued functions thus generated.

To see why this distribution may be of interest, recall that throughout science
and engineering, flows on the phase space X = R? are often used to provide models
for real-worlds processes; e.g., see [1]. From a scientist’s or engineer’s perspective,
it may not be desirable or even possible to observe a flow ¢ in its entirety, especially
if d is large. Rather, what matters is the behaviour of certain functions (“signals”)
distilled from ¢. Adopting terminology used similarly in e.g. quantum mechanics
and ergodic theory [9, 18], call any function h : X — R an observable (on X).



With this, what really matters from a scientist’s or engineer’s point of view are
properties of signals h(qS(O,x)) for specific observables h and points x € X that
are relevant to the process being modelled by ¢. In the case of linear flows, a
special role is naturally played by linear observables. Note that if ¢ and h both are
linear then h(¢(t,x)) = H(¢:), where H : £(X) — R is the linear functional with
H(A) = h(Az) for all A € £(X). Given any linear flow ¢ on X, it makes sense,
therefore, to more generally consider signals H(¢p,) where H : £L(X) — R is any
linear functional; by a slight abuse of terminology, such functionals will henceforth
be referred to as linear observables (on L(X)) as well.

What, if anything, can be said about the distribution of values for signals H (¢ ),
where ¢ and H are a linear flow on X and a linear observable on £(X), respectively?
As indicated below and demonstrated rigorously through the results of this article,
for the overwhelming majority of linear flows this question has a surprisingly simple,
though perhaps somewhat counter-intuitive answer: Except for the trivial case of
H(¢e) = 0, that is, H(¢:) = 0 for all ¢ € R, the values of H(¢s) always exhibit
one and the same distribution, regardless of d, ¢ and H. As it turns out, this
distinguished distribution is nothing other than Benford’s Law (BL), the logarithmic
law for significant digits.

Within the study of (digits of) numerical data generated by dynamical processes
— a classical subject that continues to attract interest from disciplines as diverse
as ergodic and number theory [2, 10, 12, 21, 24], analysis [8, 25], and statistics
[14, 17, 26] — the astounding ubiquity of BL is a recurring, popular theme. The
most well-known special case of BL is the so-called (decimal) first-digit law which

asserts that
P(leading digit;, =€) =logy, (1+¢7") Ve=1,...,9, (1.1)

where leading digit1o refers to the leading (or first significant) decimal digit, and
log;, is the base-10 logarithm (see Section 2 for rigorous definitions); for example,
the leading decimal digit of e = 2.718 is 2, whereas the leading digit of —e® = —15.15
is 1. Note that (1.1) is heavily skewed towards the smaller digits: For instance,
the leading decimal digit is almost six times more likely to equal 1 (probability
log;y2 = 30.10%) than to equal 9 (probability 1 — log;,9 = 4.57%). Ever since
first recorded by Newcomb [28] in 1881 and re-discovered by Benford [3] in 1938,
examples of data and systems conforming to (1.1) in one form or another have been
discussed extensively, notably for real-life data (e.g. [15, 29]) as well as in stochastic
(e.g. [31]) and deterministic processes (e.g. the Lorenz flow [33] and certain unimodal
maps [7, 32]). As of this writing, an online database [4] devoted exclusively to BL
lists more than 800 references.

Given any (Borel) measurable function f : Rt — R, arguably the simplest and

most natural notion of f conforming to (1.1) is to require that

A{t < T : leading digit,, f(t) = £})
T

=logy (1+¢7") Ve=1,...,9;
(1.2)
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here and throughout, A denotes Lebesgue measure on R™, or on parts thereof. With
this, the central question studied herein is this: Does (1.2) hold for f = H(¢s) where
¢ is a linear flow on X and H is any linear observable on £(X)? Several attempts to
answer this question are recorded in the literature; e.g., see [5, 20, 27, 33]. All these
attempts, however, seem to have led only to sufficient conditions for (1.2) that are
either restrictive or complicated to state. In contrast, Theorem 3.2 below, one of
the main results of this article, provides a simple necessary and sufficient condition
for every non-trivial signal f = H(¢e) to satisfy (1.2), and in fact to conform to
BL in an even stronger sense. All results in the literature alluded to earlier are but
simple special cases of this theorem.

To see why it is plausible for signals f = H(¢s) to satisfy (1.2), pick any real
number o # 0 and consider as an extremely simple but also quite compelling ex-
ample the function f(t) = e®. Obviously, x = f is a solution of & = ax, and
f(t) = ¢y € L(RY) for the linear flow generated by this differential equation. A
short elementary calculation shows that, for all T >0 and 1 < /¢ <9,

A({t < T : leading digit,ne™t = (})
T

—logy, (1 + (‘1)

1
— 1.3
<l (1.3)
and hence (1.2) holds for f(t) = e* whenever « # 0. (Trivially, it does not hold if
a = 0.) However, already for the linear flow ¢ on R? generated by

. a —f

. [ o ] .
with a, 8 € Rand 3 > 0, a brute-force calculation is of little use in deciding whether
all non-trivial signals f = H(¢,) satisfy (1.2). Theorem 3.2 shows that indeed they
do, provided that ax/(51n 10) is irrational; see Example 3.4.

This article is organized as follows. Section 2 introduces the formal definitions
and analytic tools required for the analysis. In Section 3, the main results char-
acterizing conformance to BL for linear flows are stated and proved, based upon a
tailor-made notion of exponential nonresonance (Definition 2.9). Several examples
are presented in order to illustrate this notion as well as the main results. Section 4
establishes the fact that, as suggested by the simple examples in the preceding para-
graph, exponential nonresonance, and hence conformance to BL as well, is generic
for linear flows on R?. Given the widespread use of linear differential equations
as models throughout the sciences, the results of this article may contribute to a
better understanding of, and deeper appreciation for, BL and its applications across

a wide range of disciplines.

2 Definitions and tools

The following, mostly standard notation and terminology is used throughout. The
symbols N, Z*, Z, Q, RT, R, and C denote the sets of, respectively, positive in-

teger, non-negative integer, integer, rational, non-negative real, real, and complex



numbers, and & is the empty set. Recall that Lebesgue measure on R™ or subsets
thereof is written simply as A. For each integer b > 2, the logarithm base b of x > 0
is denoted log, , and Inx is the natural logarithm (base e) of x; for convenience,
let log, 0 := 0 for every b, and In0 := 0. Given any z € R, the largest integer
not larger than x is symbolized by |z|. The real part, imaginary part, complex
conjugate, and absolute value (modulus) of any z € C is Rz, Sz, Z, and |z|, respec-
tively. For each z € C\ {0}, there exists a unique number —7 < argz < 7 with
z = |zle'e* Given any w € C and Z C C, define w+ Z :={w+z2:2 € Z} and
wZ :={wz : z € Z}. Thus with the unit circle S := {z € C : |z| = 1}, for example,
w+S={z€C:|z—w =1} and wS = {z € C: |z| = |w|} for each w € C. The
cardinality (number of elements) of any finite set Z C C is #Z2.

Recall throughout that b is an integer with b > 2, informally referred to as a
base. Given a base b and any x # 0, there exists a unique real number Sy(z) with
1 < Sp(z) < b and a unique integer k such that |z| = Sy(2)b*. The number Sj(x)
is the significand or mantissa (base b) of x; for convenience, define S,(0) := 0 for
every base b. The integer |Sy(z)] is the first significant digit (base b) of x; note
that |Sp(x)] € {1,...,b— 1} whenever z # 0.

In this article, conformance to BL for real-valued functions, specifically for sig-

nals generated by linear flows, is studied via the following definition.

Definition 2.1. Let b € N\ {1}. A (Borel) measurable function f: R* — R is a

b-Benford function, or b-Benford for short, if

A{t<T:Su(f(t) < s})
T

The function f is a Benford function, or simply Benford, if it is b-Benford for every

be N\ {1}.
Note that (1.2) holds whenever f is 10-Benford. The converse is not true in

general since, for instance, the (piecewise constant) function |S10(2°*)] only attains

limp_ 4 oo =log,s Vse[l,b).

the values 1,...,9 and hence clearly is not 10-Benford, yet (1.3) with o = In 2 shows
that it does satisfy (1.2).

The subsequent analysis of the Benford property for signals generated by linear
flows is greatly facilitated by a few basic facts from the theory of uniform distribu-
tion, reviewed here for the reader’s convenience; e.g., see [16, 23] for authoritative
accounts of the subject. Throughout, the symbol d denotes a positive integer,
usually unspecified or clear from the context. The d-dimensional torus R?/Z? is
symbolized by T¢, its elements being represented as (r) = z + Z¢ with z € R?; for
simplicity write T instead of T'. Endow T¢ with its usual (quotient) topology and
o-algebra B(T?) of Borel sets, and let P(T?) be the set of all probability measures
on (T4, B(T?)). Denote the Haar (probability) measure of the compact Abelian
group T¢ by Apa. Call a set J C T an arcif J = (I) := {(z) : x € T} for some in-
terval Z C R. With this, a (Borel) measurable function f : R* — R is continuously
uniformly distributed modulo one, henceforth abbreviated c.u.d. mod 1, if
A{t<T:(f(1) € T})

T

limy_ 4 o0 =M (J) foreveryarc J CT.



Equivalently, limy_. o = fOT F((f(t))) dt = [, F dAr for every continuous (or just
Riemann integrable) function F': T — C. In particular, therefore, if the function f
is c.u.d. mod 1 then limp_ 4o %fOT 2™k dt = 0 for every k € Z \ {0}, and the
converse is also true (Weyl’s criterion [23, Thm.1.9.2]).

The importance of uniform distribution concepts for the present article stems
from the following fact which, though very simple, is nevertheless fundamental for
all that follows; see [13, Thm.1] for a discrete-time analogue, and [7, Sec.4.1] for a
full discussion.

Proposition 2.2. Let b € N\ {1}. A measurable function f : R* — R is b -Benford
if and only if the function logy | f| is c.u.d. mod 1.

In order to enable the effective application of Proposition 2.2, a few basic facts
from the theory of uniform distribution are re-stated here. In this context, the
following discrete-time analogue of continuous uniform distribution is also useful:
A sequence (z,,) of real numbers, by definition, is uniformly distributed modulo one
(u.d. mod 1) if the (piecewise constant) function f = x11|,| is c.u.d. mod 1, or

equivalently, if

#{nﬁN:(xn>€j}:
N

Mr(J) for every arc J C T.

Lemma 2.3. For each measurable function f : RT — R the following are equivalent:
(i) f is c.u.d. mod 1;

(i) If g : RT™ — R is measurable and lim;—. 1o (g(t) — f(t)) exists (in R) then g
is c.u.d. mod 1;

(iii) kf 4s c.u.d. mod 1 for every k € Z\ {0};
(iv) f+alnt is cu.d. mod 1 for every a € R.

Proof. Clearly, (ii), (iii), and (iv) each implies (i), and the converse is [23, Exc.1.9.4],
[23, Exc.1.9.6], and [5, Lem.2.8], respectively. O

The next result is a slight generalization of [23, Thm.1.9.6(b)].

Lemma 2.4. Let the function f : RT — R be measurable, and 6y > 0. If, for some
measurable, bounded F : T — C and z € C,

. 1 N
limy_ oo N anl F((f(nd))) =z for almost all 0 < < &y,

then also

T
lmz— 4 o0 %/0 F((f(t)) dt = 2. (2.1)

In particular, if the sequence (f(n5)) is u.d. mod 1 for almost all 0 < § < &g then
f is c.u.d. mod 1.



Proof. For each n € N, let z,, = 6(10(7;—1) F((f(t))) dt. By the Dominated Conver-

gence Theorem,

, 1 (% 1 N
th*‘”"%/o T3 (o) s ==

On the other hand,

1 [% 1 =N

Son
5| F L P = 2 [ () a

1 N 1 n
= SN 2wt 7 2y P

and since the sequence (z,) is bounded, a well-known Tauberian theorem [19,
Thm.92] implies that

) 1 N ) 1 SoN
2z =limn_ oo SN anl Zn = My 0o N /0 F((f(t))) dt

T
zhmTﬂﬁo%/o F((f(t)))dt.

The second assertion now follows immediately by considering specifically the func-
tions F((z)) = e*™** for k € Z, together with Weyl’s criterion. O

The following result pertains to very particular functions that map T¢ into T;
such functions will appear naturally in the next section. Concretely, let p1,...,pq €
Z and « € R\ {0}, and consider the function

P T — T,
v (x) <p1x1—|—...—|—pdxd+aln|u1cos(27m:1)—|—...+udcos(2ﬂ'$d)|>;

here u € R?\ {0} may be thought of as a parameter. (Recall the convention that
In0 = 0.) Note that P, is measurable (in fact, differentiable Aps-a.e.), and so each
p € P(T?) induces a well-defined element p o P, of P(T), via po P;Y(B) =

p(P; 1 (B)) for all B € B(T). It is easy to see that o P! is absolutely continuous
(w.r.t. Ap) whenever p is absolutely continuous (w.r.t. Apa). For the purpose of
this work, only the case p = Apa is of further interest. Observe that Apa o P! is
equivalent to (i.e., has the same nullsets as) Ap. Moreover, for P(T) endowed with
the topology of weak convergence, the Dominated Convergence Theorem implies
that the P(T)-valued function u +— Apa o P! is continuous on R? \ {0}, for any

fixed p1,...,pq4 € Z and « € R\ {0}. The arguments in [6, Sec.5] show that this
function is non-constant, as might be expected.

Proposition 2.5.[6, Thm.5.4] Given p1,...,pq € Z, o € R\{0}, and any v € P(T),
there exists u € R\ {0} such that Apa o P71 # v.

Remark 2.6. Specifically for the case v = Ar, it has been conjectured in [6] that
Ara o Pt = Ap (if and) only if [ =0, and hence Apa o P! = Ap for most
u € R%\ {0}.

jipj#0 Wi



The remainder of this section reviews tools and terminology concerning certain
elementary number-theoretical properties of sets Z C C. Specifically, denote by
spang Z the smallest subspace of C (over Q) containing Z; equivalently, if Z # @
then spangZ is the set of all finite rational linear combinations of elements of Z,

ie.,
spangZ = {plzl—f—...—i—pnzn:nEN,pl,...,pn EQ,zl,...,anZ};

note that spang@ = {0}. With this terminology, recall that z1,..., 21, € C are Q-
independent if spanQ{zl, ..., 21} is L-dimensional, or equivalently if ZeL:1 peze =0
with integers p1,...,pr implies p; = ... = pr = 0. The notion of Q-independence
is crucial for the distribution mod 1 of certain sequences and functions, and hence,
via Proposition 2.2, also for the study of BL. A simple but useful fact in this regard
is as follows.

Proposition 2.7.[6, Lem.2.6] Let ¥g,91,...,% € R, and assume that the function
F : T — C is continuous, and non-zero \ra-almost everywhere. If the d+2 numbers

1,99, %1, ...,9q are Q-independent then the sequence
<m90 +alnon+ Gln |F(<(m91, .,ndq))) + zn‘)
is u.d. mod 1 for every a, 8 € R and every sequence (zy,) in C with lim,_ . 2, = 0.

The following definitions of nonresonance and exponential nonresonance have
been introduced in [6] and [7], respectively. As will become clear in the next section,
they owe their specific form to Propositions 2.2, 2.5, and 2.7.

Definition 2.8. Let b € N\ {1}. A non-empty set Z C C with |z| = r for some
r>0andall z € Z,ie Z CrS,is b-nonresonant if the associated set

argz — argw

Az =<1
z{—i— o

tz,w E Z} CR
has the following two properties:

(i) AznQ= {1}

(ii) log,r ¢ spangAz.

An arbitrary set Z C C is b-nonresonant if, for every r > 0, the set Z NS is either
b-nonresonant or empty; otherwise, Z is b-resonant.

Definition 2.9. Let b € N\ {1}. A set Z C C is ezponentially b-nonresonant if
the set e'® := {e'* : 2 € Z} is b-nonresonant for some t € RT; otherwise, Z is

exponentially b-resonant.

Example 2.10. The empty set @ is b-nonresonant and exponentially b-resonant
for every b. The singleton {z} with z € C is b-nonresonant if and only if either
z = 0 or log, 2] € Q, and it is exponentially b-nonresonant precisely if Rz # 0.
Similarly, any set {z,z} with z € C\ R is b-nonresonant if and only if 1, log |z|

and % arg z are Q-independent, and it is exponentially b-nonresonant precisely if

Rz /(Sz1nd) € Q.



Note that if Z is (exponentially) b-nonresonant then so are the sets — 2 := (—1)Z
and Z := {Z : z € Z}, as well as every W C Z. Also, for each n € N the set
Z" = {z" : z € Z} is b-nonresonant whenever Z is. The converse fails since, for
instance, Z = {—e, e} is b-resonant whereas Z2 = {e?} is b-nonresonant. Similarly,
if Z is exponentially b-nonresonant then so is tZ for all ¢ € R\ {0}. On the other
hand, a set Z is certainly b-resonant if ZNS # &, and it is exponentially b-resonant
whenever Z N1R # @.

The following simple observation establishes an alternative description of expo-
nential b-nonresonance. Recall that a set is countable if it is either finite (possibly

empty) or countably infinite.

Lemma 2.11. Let b € N\ {1}. Assume that the set Z C C is countable and

symmetric w.r.t. the real axis, i.e., Z = Z. Then the following are equivalent:
(i) Z is exponentially b-nonresonant;

(ii) For every z € Z,

%zg{span@g{@%w:wez,%w:%z} . (2.2)
7r

Moreover, if (i) and (i) hold then the set {t € R : e!Z is b-resonant} is countable.

Proof. To show (i)=-(ii), suppose there exist different elements w1, ..., wy, of Z with
Rwy = ... =Rwp, as well as p1,...,pr € Z and ¢q € N such that
L pglnb
§RU)1 = Zéfl —7\)“10

tRw, L petSwy
log, r = = 24:1 ;—77 .

On the other hand, since Z is symmetric w.r.t. the real axis, and since arge!®¢

differs from tSw, by an integer multiple of 2,

t(\
spangA tzn,g D spang ({1} U { \j:w A=1,.. .,L}) .

Thus log, r € spangA.:zn,s, showing that et? is b-resonant for all ¢ > 0. Since
clearly €% = {1} is b-resonant as well, Z is exponentially b-resonant, contradicting
(). Hence (i)=-(ii); note that the countability of Z has not been used here.

To establish the reverse implication (ii)=-(i), suppose the set Z is exponentially
b-resonant. In this case, for every t > 0 there exists 7 = 7(t) > 0 such that e*Z NrS
is b-resonant, and so either A iz~,sNQ # {1} or log, r € spangA.izn,g, or both. In
the first case, there exist elements wy = w1 (t) and we = ws(t) of Z with Rwy, = Rws
but w; # wy such that ¢(Swy — Swe) € 7Q \ {0}. In particular, therefore,

™

be UZEZ UwEZ\{z}:%w:Wz Sw — SZQ =t . (23)



In the second case, for some positive integer L = L(t) and some wy (), ..., wr(t) € Z

with Rw, = ... = Rwy, =t 1nr,

t@?wl
Inb

t(“
log, r = € spangAtzq,g C spang ({1} U { \:Ue A=1,.. .,L}) .

With the appropriate po(t), p1(t),...,pr(t) € Z and ¢(t) € N, therefore,

L Inb
t (q@?wl — Zezl pe7%w5) =polnb. (2.4)
Since Z is countable, the set €5 in (2.3) is countable as well. Consequently, if Z
is exponentially b-resonant then (2.4) must hold for all but countably many ¢ > 0.
Hence there exist £ > ¢; > 0 such that L(t2) = L(t1), we(t2) = we(t1) and similarly
pe(te) = pe(ty) for all £ =1,..., L, as well as q(t2) = ¢(¢1). This in turn implies

B L pelnb
§RU)1 = ZZ:l ;7\)“10@ s
which clearly contradicts (2.2). For countable Z, therefore, (ii) fails whenever (i)
fails, that is, (ii)=(i); note that the symmetry of Z has not been used here.
Finally, if (i) and (ii) hold, and if €!# is b-resonant for some ¢ > 0 then, as seen

in the previous paragraph, either ¢ € Q; or else, by (2.4),

Inb € Uzez spang <{§Rz} u {%%w tw € Z,Rw = §Rz}> = Q.

4
Since Z is countable, so are ; and Qs, and hence {t € R* : ! is b-resonant} is

countable as well. O

Remark 2.12. The symmetry and countability assumptions are essential in Lemma
2.11. If Z is not symmetric w.r.t. the real axis then the implication (i)=-(ii) may
fail, as is seen e.g. for Z = {1 +7/In10} which is exponentially 10-nonresonant by
Example 2.10, yet does not satisfy (ii) for b = 10. Conversely, if Z is uncountable
then (ii)=-(i) may fail. To see this, simply take Z = R\ {0} which satisfies (ii) for
all b, and yet e'Z is b-resonant for every ¢ € R¥.

Deciding whether a set Z C C is b-resonant may be difficult in practice, even
if #Z = 2. For example, it is unknown whether {z € C : 22 + 22 + 3 = 0} is
10-resonant; see [7, Ex.7.27]. In many situations of practical interest, the situation
regarding ezponential b-resonance is much simpler. Recall that a number z € C is
algebraic (over Q) if it is the root of some non-constant polynomial with integer

coefficients.

Lemma 2.13. Let b € N\ {1}. Assume every element of Z C C is algebraic. Then
Z is exponentially b-nonresonant if and only if Z N 1R = @.

Proof. The “only if” part is obvious since, as seen earlier, ZMiR # @& always renders
the set Z exponentially b-resonant. To prove the “if” part, suppose that ZMiR = @
yet Z is exponentially b-resonant. Since all of its elements are algebraic, the set Z



is countable. By Lemma 2.11 there exist z1,...,z; € Z with Rz; = ... = Rz, as
well as p1,...,pr € Z and q € N such that
_ L pelnbd
Rz = 24:1 E_ 20 .

™

(Recall that the proof of the implication (ii)=(i) in that lemma does not require Z

to be symmetric w.r.t. the real axis.) Since $z; # 0, it follows that
I i
Inb 4=t=1 ¢ Rz’
which in turn implies that 7/1Inb is algebraic. However, by the Gel’fond—Schneider

Theorem [34, Thm.1.4], the number 7/ ln b is not algebraic for any b € N\ {1}. This
contradiction shows that Z cannot be exponentially b-resonant if ZN:R =@. O

3 Characterizing BL for linear flows on R?

Let ¢ be a linear flow on X = RY. Recall that there exists a unique A, € £(X)
such that ¢; = e*¢ for all t € R. (The linear map A, is sometimes referred
to as the generator of ¢.) In fact, with Ix € L£(X) denoting the identity map,
Ay = limy_ ot gy — Ix) = %gbth:o, and ¢ is simply the flow generated by the
(autonomous) linear differential equation # = Asx. Since conversely (¢, ) — ‘4z
defines, for each A € £(X), a linear flow on X with generator A, there is a one-to-
one correspondence between the family of all linear flows on X and the space £(X).

Thus it makes sense to define the spectrum of ¢ as
0(¢) :=0(Ay) ={z € C: z is an eigenvalue of Ay} .

Note that o(¢) C C is non-empty, countable (in fact, finite with #o(¢) < d) and
symmetric w.r.t. the real axis.

Recall that the symbol H is used throughout to denote a linear observable (i.e.,
a linear functional) on £(X). For convenience, let O(X) be the space of all such
observables, i.e., O(X) is simply the dual of £(X), endowed with the usual topology.

The following is a basic linear algebra observation.

Lemma 3.1. Let ¢ be a linear flow on X. Given any non-empty set Z C o(¢) and
any vector u € R?, there exists H € O(X) such that

H(¢y) = Zzez e®2u, cos(t3z) Yt € R. (3.1)

Proof. For every real z € Z, pick v, € X \ {0} such that Agv., = zv, and let
U, := v,. For every non-real z € Z, pick v,,v, € X \ {0} such that

Apv, = v, R2 — 0,8z, Apv, = 0,3z + v, Rz,

note that v,,v, are linearly independent. With this, for each z € Z,

¢ v, = et?Rz
' ( ViER. (3.2)

R}
tR= (v sin(tSz) + v cos(tS32))

¢taz =€

10



For each z € Z, pick a linear functional 2. on X such that h.(v.) = h.(0.) = 2u..
Using (3.2) it is easily verified that H € O(X) given by

H(A) =Y (ha(Av.) +ho(47,)) VA€ L(X),
does indeed satisfy (3.1). O

As it turns out, the set o(¢) controls the Benford property for all signals H (¢, ).

This is the first main result of the present article.

Theorem 3.2. Let b € N\ {1}. For each linear flow ¢ on X the following are

equivalent:

(i) The set o(¢) is exponentially b-nonresonant;

(ii) For every H € O(X) either the function H(¢e) is b-Benford, or H(¢e) = 0.
The proof of Theorem 3.2 makes use of a discrete-time analogue established in [6].

Proposition 3.3.[6, Thm.3.4] Let b € N\ {1}. For each invertible A € L(X) the

following are equivalent:
(i) The set o(A) is b-nonresonant;

(i) For every H € O(X) either the sequence (log, |H(A™)|) is u.d. mod 1, or
H(A™) = 0.

Proof of Theorem 3.2. To prove (i)=-(ii), let o(¢) be exponentially b-nonresonant
and fix any H € O(X). Note that o(¢;5) = €>7(#) is b-nonresonant for all but count-
ably many 6 > 0, by Lemma 2.11. Since ¢ is invertible for all § > 0, Proposition
3.3 implies that either H(¢}) = H(¢ns) = 0, or else the sequence (log, [H (¢ns)|) is
u.d. mod 1. Let

do = 1nf{5 >0: H(¢n5) = O} >0,

with inf @ := +oo. If § = 0 then there exists a sequence (d,,) with J,, \, 0 and
H(¢s,) = 0. Since t — H(¢:) is analytic, it follows that H(¢e) = 0. If, on the
other hand, dy > 0 then, for almost all 0 < § < dp, the sequence (f(né)) is u.d.
mod 1, with the measurable function f = log, |H (¢ )|. Hence by Lemma 2.4, f is
cau.d. mod 1, i.e., H(¢s) is b-Benford.

To prove (ii)=(i), let o(¢) be exponentially b-resonant. By Lemma 2.11, there
exists z1 € o(¢) such that

Rz1 € spang {M%w cw € o(h), Rw = §Rz1} . (3.3)
T

Let L be the dimension of the Q-linear space in (3.3).

If L =0 then z; = 0, and picking any v € X \ {0} with Agv = 0 yields ¢,v = v.
With any linear functional h on X that satisfies h(v) = 1, and with the linear
observable H defined as H(A) = h(Av) for all A € L(X), therefore, H(¢:) =1 is
neither b-Benford nor zero, i.e., (ii) fails.

11



For L > 1, it is possible to choose z1,...,21 € 0(¢) with Rz; = ... = Rz, and
0 <21 < ... < Bz such that the L numbers %%zl, ceey %%ZL are Q-independent.
By (3.3) there exist p1,...,pr, € Z and ¢ € N such that

B L pelnb_
§R21 = ZZ:l 2—q7 V7

Use Proposition 2.5, with d = L and o = ¢/ Inb, to chose u € R\ {0} such that
v:=Apr o P71 2 Ap, and use Lemma 3.1 to pick H € O(X) with

L
H(gy) = et 2421 ugcos(tJzg) VtER.

Since t — H(¢;) is analytic and non-constant, the set {t € R* : H(¢¢) = 0} is
countable. For all but countably many § > 0, therefore, H(¢y,s) # 0 for all n € N.
Consequently, for almost all § > 0 and all n € N,
apy ngoéRz g
(g 1H (651} = (M2 + 2o
B L nodSzy q L ndSzy
= <Z£_1p£ o + ™ In }Zl—l Uy COS <27r o

_p noSz1 noSzy,
o or 7 om '

The L+ 1 numbers 1, %5%2’1, ey %5%@ are Q-independent for all but countably

L
24—1 ug cos(ndSSzy)

many & > 0, and whenever they are, the sequence (<(%n6%zl, cee %n&%zL)» is
uniformly distributed on T%; e.g., see [23, Exp.1.6.1]. Since the function e27**"« is

Riemann integrable for each k € Z, it follows that for almost all § > 0,

%Z:;l G2mklog, [H(dns)!| %Z:;l 2t Pu (((n6921/(2m),...n8921 /(2m)) ))

N8 [ e2mkPu qhgy = / T du(y) VkeZ.
TE T

Recall that v # Ar, so [, e2™ "y dy(y) # 0 for some integer k* # 0, and Lemma 2.4
shows that

1T . q .
hmT—>+oo T / eQﬂ'zk logy, |H(¢¢)?| dt = /627rzk Y dy(y) 75 0.
0 T

Thus log, |H (¢ )| = qlogy, |H(¢)| is not c.u.d. mod 1, and neither is log;, | H ()|,
by Lemma 2.3. In other words, H(¢s) is not b-Benford (and clearly H(¢s) # 0).
Overall, (ii) fails whenever (i) fails, that is, (ii)=-(i). O

Example 3.4. By utilizing Example 2.10, the examples mentioned in the Intro-
duction are easily reviewed in the light of Theorem 3.2.

(i) For the linear flow ¢ on R! generated by the scalar equation # = o, the set
o(¢) = {a} is exponentially b-nonresonant if and only if « # 0.

(ii) For the linear flow ¢ on R? generated by
: o =3
= x,
6 «

12



with «, 3 € R and 8 > 0, the set o(¢) = {« £ 18} is exponentially b-nonresonant
if and only if an/(S1Inbd) ¢ Q, and whenever it is, H(¢,) is b-Benford for every
0 -1

H € O(R?) unless H(Igz) = H Lo

= 0; in the latter case, H(¢o) = 0.
Example 3.5. Let p # 0 be any real polynomial, and @ € R. The function
f(t) = p(t)e*t is b-Benford if and only if a # 0. To see this, simply note that f
solves a linear differential equation with constant coefficients and order equal to the
degree of p plus one. Thus, f = H(¢) for the appropriate linear observable H and
linear flow ¢ with o(¢) = {a}, and the claim follows from Theorem 3.2.

Example 3.6. Theorem 3.2 remains valid if (ii) is required to hold more generally
for all observables on £(X) of the form p o H, where p is any real polynomial with
p(0) =0 and H € O(X). To illustrate this, consider the linear flow ¢ generated on
X =R3 by

1 —7m 0
T=| 7 1 0 |«x, (3.4)
0 0 «

with « = In10 — % = 1.802. Clearly, o(¢) = {1 + wr,a} is exponentially b-
nonresonant for all b € N\ {1}. Taking for instance p(z) = 2?2, the generalized
version of Theorem 3.2 just mentioned implies that [(ﬁ.]i i is Benford or trivial for
all 1 < j,k < 3. Note that by Lemma 2.3,

3
t— Zj,k:1[¢t]?»k = \/m = /1 + 2¢—2(a—1)t

is Benford as well. Though this does not follow from even the generalized theorem,
it nevertheless suggests that ||¢e|| may also be b-Benford for some or even all norms
Il - |l on £(X). In fact, to guarantee the latter, exponential b-nonresonance of an
appropriate subset of o(¢) suffices; see Theorem 3.15 below.

While h(¢pe) thus is Benford for some non-linear observables h on £(X) also, it
should be noted that, on the other hand, h(¢e) may fail to be b-Benford even for very
simple polynomial observables h, despite o(¢) being exponentially b-nonresonant.
Concretely, the implication (i)=-(ii) in Theorem 3.2 fails if the linear observable H
in (ii) is replaced by h = po Hy + po Hs where p is a real polynomial with p(0) = 0,
and Hy, Hy € O(X). To see this, let ¢ be again the linear flow on R? generated by
(3.4), and take p(z) = 2% as well as Hy = [-]1,1 — [-]3,3 and Hy = [-]33. Then

h(¢e) = ([pe]1,1 — [Pels3)® + [¢t]§,3
= (1120 co5(7t) (3 — e~ (@Dt cog(mt) + e 2@t cos(mﬁ)Q) vVt e R,

and it is straightforward to see that h(¢e) # 0 is not 10-Benford.

Finally, while the implication (i)=-(ii) in Theorem 3.2 remains valid if the linear
observable H in (ii) is replaced by p o H for any polynomial p with p(0) = 0, this
implication may fail if, only slightly more generally, H is instead replaced by ¢ o H

13



where ¢ : R — R is real-analytic with ©(0) = 0. For a simple example illustrating
this with ¢ as above, let ¢(z) = 22/(1 + 2?) and H = [-]3,3. Then

o H(¢y) =

1
: = VteR,
L+ [p]3; 1+e 2

and since lim;— 1o, p o H(¢;) = 1, clearly ¢ o H(¢e) # 0 is not b-Benford for any b.

By combining it with Lemma 2.13, Theorem 3.2 can be given a simpler form that
applies in many situations of practical interest. To this end, call a linear flow ¢ on X
algebraically generated if there exists a basis vy, ..., vq of X such that the (uniquely
determined) numbers aj; € R with Agv; = ZZ:1 a;pvi for all j = 1,...,d are
all algebraic. In other words, all entries of the coordinate matrix of A4 relative to
the basis vyq,...,vq are algebraic numbers. Note that ¢ is algebraically generated
if and only if o(¢) consists of algebraic numbers only. The following, then, is an

immediate consequence of Lemma 2.13 and Theorem 3.2.

Corollary 3.7. For each algebraically generated linear flow ¢ on X the following

are equivalent:
() o) ViR = 2
(ii) For every H € O(X) either the function H(¢e) is Benford, or H(¢pe) = 0.

Remark 3.8. A linear flow ¢ with o(¢) N«R = @ is commonly referred to as
hyperbolic; e.g., see [1]. Thus, an algebraically generated linear flow exhibits the
Benford—-or—trivial dichotomy of Corollary 3.7(ii) if and only if it is hyperbolic.

Example 3.9. In order to decide whether o(¢) NR = @&, it is not necessary to
explicitly determine o(¢). For instance, if ¢ is a linear low on R? then o(¢) iR = &
if and only if

trace Ay det Ay #0 or detA, <O0. (3.5)

For a concrete example, let a, 5 € R be algebraic and consider the linear second-
order equation
J+ay+PBy=0. (3.6)

Since y = H(¢,) with the appropriate H € O(R?) and the linear flow ¢ on R?
generated by

z,

Corollary 3.7, together with (3.5), shows that every solution y # 0 of (3.6) is Benford
if and only if a3 # 0 or 8 < 0, or equivalently, if and only if (1 + o?)|3| > 3.

To motivate the second main result of this section, Theorem 3.11 below, note
that even if o(¢) is exponentially b-resonant, the signals H(¢,) may nevertheless

be b-Benford for some or in fact for most linear observables H.
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Example 3.10. Let ¢ be the linear flow on X = R? generated by & = Az with

A:“i].

Since o(¢) = {0,2} is exponentially b-resonant for every b € N\ {1}, there exists
a linear observable H for which H(¢e) # 0 is not b-Benford. A simple example is
H=[]11—[ ]1,2 ylelding H(¢;) = 1. However, from the explicit formula

gr=1e?A— L(A—2Ip) ViER,

it is clear that H (¢, ) is Benford unless H(A) = 0. For most H € O(X), therefore,
H (¢,) is Benford. On the other hand, for the time-reversed flow 9, i.e., for ¥y = ¢_¢,
a signal H(we) can be b-Benford only if H(A — 2Ig2) = 0. Thus H (1) is, for most
H € O(X), neither b-Benford nor trivial.

To formalize the observation made in Example 3.10, recall first that the space
O(X) can, upon choosing a basis, be identified with R?. In particular, therefore,
the notion of a property holding for (Lebesgue) almost every H € O(X) is well-
defined and independent of the choice of basis. Given any A € L(X), for each
z € 0(A) define k, > 0 to be the maximal integer for which

rank(A — zIx)** <rank(A — 2Ix)F if z € R,
and
rank(A%? — 2Rz A + |2)?Ix)* ! < rank(A4% — 2RzA + |2|%Ix)* if z € C\ R.

Equivalently, 1 < k, + 1 < d is the size of the largest block associated with the
eigenvalue z in the Jordan Normal Form (over C) of A. Denote by (ra,ka) the
(unique) element of {(Rz,k,) : z € o(A)} that is maximal in the lexicographic

order on R x Z, and define the dominant spectrum of A as
Udom(A) = {Z S O'(A) ‘Rz = TA7kz = kA} X

Thus odom(A4) C 0(A) consists of all right-most eigenvalues of A that have a Jordan
block of maximal size associated with them. As it turns out, for every linear flow ¢
on X, the set 0dom(P) := 0dom(Ay), though usually constituting but a small part
of o(¢), controls the Benford property of H(¢,) for most linear observables H.

Theorem 3.11. Let b € N\ {1}. For each linear flow ¢ on X the following are

equivalent:
(i) The set ogom (@) is exponentially b-nonresonant;
(ii) For almost every H € O(X) the function H(¢e) is b-Benford.

The proof of Theorem 3.11 makes use of the following two observations which
are a direct analogue of Lemma 3.1 and an immediate consequence of [6, Lem.5.3],

respectively. The routine verification of both assertions is left to the reader.
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Lemma 3.12. Let ¢ be a linear flow on X. Given any non-empty set Z C 04om(®)
and any vector u € R?, there exists H € O(X) such that, with r = ra, € R and
k:kA¢ €{0,...,d -1},

H(¢y) = e™'t" Z u, cos(tSz) Vit e R.

Lemma 3.13. Let Q C RT be finite. For each function f : Q — C the following

are equivalent:
(i) limeioo R (X eq fw)e™?) emists;
(i) f(w) =0 for every w € Q\ {0}.

Proof of Theorem 3.11. For convenience, define a(;rom = {2z € Tdom(9) : Sz > 0},
and let r = r4, and k = ka,; clearly, the set aj’om C r + R is non-empty, and is
exponentially b-nonresonant if and only if ogom(¢) is. Let L be the dimension of
}, and observe that L = 0 if and only if o = {r}. Recall
that, as a consequence of, for instance, the Jordan Normal Form Theorem, there

exists a family U, V. (z € o, ) in £(X) such that

spang {—\rz z € O'dom

bp = et (Z o (U:cos(tSz) + V. sin(tS2)) + G(t )) YVt >0, (3.7)

ZE0 4 m

+

where G is continuous with lim; ., G(t) = 0, and V, = 0 in case r € og .

Moreover, U, # 0 or V, # 0 in (3.7) for at least one 2z € o . since otherwise
lim 400 e " R H(¢;) = 0 for every H € O(X), whereas Lemma 3.12 guarantees,
for each z € o, the existence of an H with e "*"*H(¢;) = cos(t3z), an obvious
contradiction.

Consider first the case L = 0. Here o}, = {r}, and (3.7) yields

H(¢y) = ™" (H(U,) + Ho G(t)) Vt>0,

where U, # 0. If H(U,) # 0 then, for all sufficiently large ¢ > 0,

rt k
logy | H (¢1)] = 1b—i-nlnt—i——ln|H( +) + HoG(t)].

Note that ogom = {r} is exponentially b-resonant if and only if r # 0. Lemma 2.3
shows that log, |H (¢)| is c.u.d. mod 1 if and only if ¢ — r¢/Inb is. Lemma 2.4 and
Proposition 2.7 imply that the latter is the case if r # 0, while it is obviously not
the case if r = 0. Provided that H(U,) # 0, therefore, H(¢,) is b-Benford precisely
if r # 0. Since {H : H(U,) = 0} is a nullset (in fact, a proper subspace) in O(X),
it follows that (i)<(ii) whenever L = 0.

It remains to consider the case L > 1. In this case, pick z1,...,21 € aj’om such
that %Szl, e nb(‘zL are Q-independent; for convenience, let Z := {z1,..., 21}

For every z € aji'om\Z there exists an integer L-tuple p(*) | i.e., p(*) € ZF, such that

(2) (2) o~ o
L p P (2, .., 82
=3 —2 Sz = ( 1q L) , (3.8)
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with the appropriate ¢ € N independent of z; here u - v denotes the standard inner

product on RZ, that is, u-v = Zle upvy. In addition, for every 1 < 5,/ < L let

Pl = q ity=¢,
7 0 otherwise ;

with this, (3.8) is valid for all z € o}, . Note that the set {£p*) : z € o} 1 C Z
contains at least 2#03’0m — 1 different elements, and hence z — p(*) is one-to-one.
With these ingredients, given any H € O(X), deduce from (3.7) that

How) =@t (.

x x
= ertt (gt) (FH << (t;? e t;’?») YHo G(qt)) vt >0,

where the smooth function Fy : T — R is given by

(H(U.) cos(qtSz) + H(Vz) sin(qtSz)) + H o G(qt))
(3.9)

Falfe)) =% (Zzeg;m (H(U,) - ZH(VZ))ezmp‘z)-w> .

Note that Fg = 0 only if H(U,) = H(V.) = 0 for all z € o, whereas otherwise
the set {(z) : Fg({x)) = 0} is a Apz-nullset. Thus, Fg((z)) # 0 for Apz-almost all
(z) € T if and only if

H(U,)#0 or H(V,)# 0 for some z € o}, . (3.10)

dom

To establish (i)=-(ii), assume that c4om(¢) is exponentially b-nonresonant, fix
any H € O(X), and let fi := H(¢s). Deduce from (3.9) that, for all n € N and
6 >0,

o o
fr(gnd) = em1m gknk sk <FH (< (n(S;;l b ,né\;;_L) >> +Ho G(qn5)> .

Observe that the L +2 numbers 1,7¢d/Iln b, %5%21, ey %5%@ are Q-independent
for all but countably many § > 0, and whenever they are, fy(qnd) # 0 for all

sufficiently large n. Hence by Proposition 2.7, with d = L, 99 = r¢d/Inb and

Yy = %5%24 for{=1,...,L, and with

k

_ _1 _ gk _ (hsk
a_lnba ﬁ_hlb’ F_q(SFH; (Zn)_(qéHoG(qné))v

the sequence (log, | fr(qnd)|) is u.d. mod 1 for almost all § > 0. Lemma 2.4 shows
that logy | fu] is c.u.d. mod 1, ie., fg = H(ps) is b-Benford. In summary, given
any H € O(X), the signal H(¢,) is b-Benford whenever (3.10) holds. Since U, # 0
or V, # 0 for at least one z € o1 the set

dom”?
{H:HU.)=H(V.)=0Vzeol,} C OX)

is a nullset (in fact, a proper subspace) in O(X). For (Lebesgue) almost every
H € O(X), therefore, H(¢ps) is b-Benford.
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To prove (ii)=>(i), assume that ogom(¢) is exponentially b-resonant. By Lemma

2.11, there exist integers p1,...,pr and ¢ € N such that

pglnb
_ZZ 1T m

Use Proposition 2.5 with d = L, py = 2py for £ =1,..., L, and a = ¢/ In b to choose
u* € RV \ {0} such that Apr o P.' # Ar, and use Lemma 3.12 to pick H* € O(X)
with

(1) = = etk Z ue cos(tSzp) VteR.

It follows that
L L o
e_mt(qt)_kH*(%t) = ngl uy cos(qtSze) = R (Zel u}elqt“ze) vVt >0,

whereas (3.9) yields

e (qt) M H (1) = R (Z o (HY(U) - zH*(Vz))emz> +H" o Glgt).

Zeadmn

Since limy— oo H* 0 G(gt) =0 and Szp > 0 for all £ =1,..., L, Lemma 3.13 shows

that for each z € U{fom,

* if 2 =
v ne Z_Z and H*(V,)=0.
0 otherwise

H*(UZ) = {

Next, pick any H € O(X) that satisfies (3.10), and consider the function gg(t) :=
qlog, |[t~*H(¢:)| for t > 0. It follows from (3.9) that, for almost all § > 0 and all
sufficiently large n € N,

(g (qnd)) = (qlog, |(qnd)~* H(¢qgns)|)

<qn5——|——1 ' ( (n5§;1,...,n‘Sj;L)>>+HoG(qn5)’>
(o (5 n%5)) on)

with the (measurable) function Qg : T — T given by

Quta) = (S0 2pane + Ll (i) )

and with an appropriate sequence (yn) in R that satisfies lim,, oy, = 0. The
L+1 numbers 1, 6021,..., 5=

6 >0, and whenever they are,

==03z, are Q-independent for all but countably many

%ZN | @mhom(nad) R / 2™ dpe Wk € L.
n= TL

By Lemma 2.4, this means that

1 T
limy oo — / e2mikon (1) qp — / @ )\ VE € Z.
T 0 TL
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Note that Qg+ = Py« o My, with the map M, : TX — TZ given by M,((z)) = (qz).
Observe that Az o Mq’1 = Arz, and recall that Arz o P2t # Ar, hence

ArL OQI_-I}‘ = (Are oM{;l)oR;l = A1z OP;‘1 # A,

and so [, €K @ d\pr # 0 for some k* € Z '\ {0}. By the Dominated Con-
vergence Theorem, the P(T)-valued function H +— Apr o fol is continuous on the
(non-empty open) set {H : (3.10) holds} € O(X). Since (3.10) holds in particular
with H = H*,

limpy g+ / eQ'rrzk*QH d)\TL :/ eQ'frzk*QH* d)\TL 7& 0,
TL TL

and consequently, for every H sufficiently close to H*,

1T
limy 400 T / 2Tk g (t) 3¢ £0,
0

which in turn shows that gg is not c.u.d. mod 1, and neither is log, |H (¢ )|, by
Lemma 2.3. In summary, H(¢,) is not b-Benford whenever H is sufficiently close
to H*. Consequently, the set {H : H(¢p,) is not b-Benford} contains a non-empty
open set, and hence is not a nullset in O(X). Thus (ii)=-(i), and the proof is
complete. [l

Example 3.14. The observations made for the flows ¢ and 1 on R? in Example
3.10 are fully consistent with Theorem 3.11: The set 0qom (¢) = {2} is exponentially
b-nonresonant for all b, while oqom(¥) = {0} is exponentially b-resonant. Hence
H (¢s) is Benford for almost all H € O(R?) whereas H (1), ) is not.

As indicated already in Example 3.6, the Benford property may be of interest

for some non-linear observables also. A simple natural example are norms on £(X).

Theorem 3.15. Let b € N\ {1} and | - || any norm on L(X). If odom () is

exponentially b-nonresonant for the linear flow ¢ on X then ||¢s|| is b-Benford.

Proof. Using the same notation as in the proof of Theorem 3.11 above, let f(¢) :=
log, t~%||¢¢|| for all ¢ > 0, and deduce from (3.7) and (3.8) that

t3 t3
E<<( S JZL)>) —|—G(qt)H Vi >0,
2T 2T

where the smooth function £ : TV — £(X) is given by

1
f(qt)=m+mhl

E((z) =Y . (U.cos(pl? - 2) + Vasin(p®) - ).

zeadon)

Recall that U, # 0 or V, # 0 for at least one z € oérom, which in turn implies
that E({(x)) # 0, and hence also |[E({z))|| # 0, for Arz-almost all (x) € TX. The
argument is now analogous to the one establishing (i)=-(ii) in Theorem 3.11: For
all but countably many ¢ > 0, the L + 2 numbers 1,7¢d/Inb, %5%21, ceey %5%@
are Q-independent, and whenever they are, the sequence ( f (qné)) is u.d. mod 1 by
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Proposition 2.7, with d = L, 99 = rqd/Inb and ¥, = %5%24 for{=1,...,L, as
well as

1

OZ:O, ﬁ:ma

F=|Ell, (z)= (1En+ Gand)| = |Enl]) ,

where E, = FE (<(%n5%zl, cee %WSSZL») As before, it follows that f is c.u.d.
mod 1, and so is logy ||@e ||, i.€., ||¢e]| is b-Benford. O

Unlike in Theorems 3.2 and 3.11, the converse in Theorem 3.15 is not true
in general: The signal ||¢e| may be b-Benford even if c4om(¢) is exponentially b-
resonant. In fact, as the next example demonstrates, except for the trivial case of
d =1, it is impossible to characterize the Benford property of ||¢s|| solely in terms
of (o), let alone cqom (o).

Example 3.16. Let b = 10 for convenience and denote by | - | the Euclidean (or
spectral) norm on £(X), induced by the standard Euclidean norm |- | on X, i.e.,
|A| = max{|Az| : x € X, |z| = 1} with |z| = /z - 2. Consider the linear flow ¢ on
X = R? generated by

, 1 —27/1n10
= x
27/1n10 1

Since 0(¢) = 0dom(¢) = {1 &+ 2uwr/1In10} is exponentially 10-resonant, by Theorem
3.11 the signal H(¢,) fails to be 10-Benford for many (in fact, most) H € O(R?).
To see this explicitly, note that H(¢e) = 0 if and only if

-1
H(Izz) =0 and H([(l) 01)20, (3.11)
and otherwise, with the appropriate p > 0 and 0 <17 < 1,
H(¢¢) = e'pcos(2m(t/In10 —n)) VteR.
For all but countably many § > 0 and all sufficiently large n € N,

(logyg | H (¢ns)]) = <n5/ In 10 + logyq p + logy, | cos(27r(n5/ In10 — n)) |>
= <P(<n5/ In10 — 7)) + n + logy, p> ,

with the map P : T — T given by
P((z)) = (@ +logy, | cos(2mz)|) .

Since the sequence (nd/In10 —n) is u.d. mod 1 for all but countably many ¢ > 0,
and since, as is easily checked, Ay o P~! # Ar, Lemma 2.4 shows that H(¢,) is not
Benford. Whenever (3.11) fails, therefore, H(¢s) is neither 10-Benford nor trivial.
On the other hand, |¢;| = e® is Benford. Thus the implication in Theorem 3.15 can

not in general be reversed.
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Consider now also the linear flow 1) on X generated by

. 1 —47/In10
| ©/In10 1

Note that A, and A, are similar, so 0(¢) = o(¢) and also daom(¢) = Tdom (). A
short calculation confirms that

t
[t = eZ\/25 — 9cos(4nt/ In 10) + 3|sin(27t/ In 10)|1/82 — 18 cos(4nt/ In 10),
and hence, for any § > 0 and n € N,

(logyo [¢ns]) = <Q(<n5/ In10)) — logy 4> )

with the (piecewise smooth) map @ : T — T given by

Qz)) = <x + 210g,0(25 — 9 cos(4rz) + 3| sin(27x)]\/82 — 18 cos(47rx))> .

As before, it is straightforward to see that Ap o Q™! # Ar, and Lemma 2.4 implies
that |1e| is not 10-Benford. In summary, even though the linear flows ¢ and ¢ have
identical spectra and dominant spectra, the signal |¢e| is 10-Benford whereas the

signal || is not.

Remark 3.17. From Examples 3.14 and 3.16, it may be conjectured that if o4om(4)
is exponentially b-resonant then {H : H(¢,) is b-Benford} actually is a nullset in
O(X). By means of a stronger variant of Proposition 2.5 established in [6], it is not
difficult to see that this is indeed the case for 1 < d < 4. However, the author does

not know of a proof of, or counter-example to, this conjecture for d > 5.

4 Most linear flows are Benford

As seen in the previous section, if o(¢) is exponentially nonresonant for the linear
flow ¢ on X = RY, then the Benford-or-trivial dichotomy of Theorem 3.2(ii) holds
for every signal H(¢,). In fact, H(¢s) is Benford unless

H(AL) =0 V¥j=0,...,d—1; (4.1)

here, as usual, A° := Ix for all A € L£(X). Note that the linear observables
satisfying (4.1), and hence H(¢o) = 0, constitute a proper subspace of O(X).
In fact, as seen in the proof of Theorem 3.11, even if exponential nonresonance
holds only for o4om(®), the signal H (¢, ) is still Benford, provided that H does not
belong to one distinguished proper subspace of O(X) that is independent of H.
Put differently, if o4om(¢) or even o(¢) is exponentially nonresonant then BL is
the only relevant digit distribution that can be distilled from ¢ by means of linear
observables. The purpose of this short section is to demonstrate in turn that o(¢),
and hence also oqom (@), is exponentially b-nonresonant for all b € N\ {1} and most

linear flows ¢, both from a topological and a measure-theoretical point of view.
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Recall that every linear flow ¢ on X can be identified, via ¢ <> A4, with a unique
element of £(X). The latter space has a natural linear and topological structure
making it isomorphic and homeomorphic to ]Rdz, and hence it will be convenient
to phrase the results of this section as statements regarding £(X). Specifically, for
every b € N\ {1} consider the set of linear maps

Ry :={A € L(X): 0(A) is exponentially b-resonant} ;

also let R := UbeN\{l} Rp- Recall that a subset of a topological space is meagre
(or of first category) if it is the countable union of nowhere dense sets. According
to the Baire Category Theorem, in a complete metric space (such as, e.g., L(X)
endowed with any norm), meagre sets are, in a sense, topologically negligible. The
goal of this section, then, is to establish the following fact which, informally put,

shows that R is a negligible set, both topologically and measure-theoretically.
Theorem 4.1. The set R is a meagre nullset in L(X).

A crucial ingredient in the proof of Theorem 4.1 presented below is the real-
analyticity of certain functions. Recall that a function f : U4 — C, with U # @
denoting a connected open subset of R” for some L € N, is real-analytic (on U) if it
can be, in a neighbourhood of each point of U/, represented as a convergent power
series. An important property of real-analytic functions not shared by arbitrary
C-valued C'*°-functions on U is the following fact regarding their zero-locus, which

apparently is part of analysis folklore; e.g., see [22, p.83].

Proposition 4.2. Let f : U — C be real-analytic, and Ny := {x € U : f(x) = 0}.
Then either Ny =U, or else Ny is o (Lebesgue) nullset.

Next consider any monic polynomial p, : C — C of degree L > 2, i.e.,

L-1

pa(z)zzL—i—alz +...+ap_1z+ag,

where a = (a1, ...,ar) € RY, and recall that p, has, for most a € R”, only simple
roots. More formally, there exists a non-constant real-analytic function g7, : R* — R
with the property that if p, has a multiple root, i.e., p(20) = p’,(20) = 0 for some
zo € C, then g1 (a) = 0. In fact, the function gz, can be chosen as a polynomial with
integer coefficients and degree 2L —2; e.g., see [11, Lem.3.3.4]. Whenever gr,(a) # 0,
therefore, the equation p,(z) = 0 has exactly L different solutions which, by (the
real-analytic version of) the Implicit Function Theorem [22, Thm.2.3.5] depend
real-analytically on a. To put these facts together in a form facilitating a proof of
Theorem 4.1, for every Ag € £(X) and € > 0, denote by B:(Ap) the open ball with
radius € centered at Ay, that is, B:(4g) = {A € L(X) : ||A — Ap|| < €}, where || - ||
is any fixed norm on £L(X).

Lemma 4.3. There exists a closed nullset N' C L(X) with the following property:
For each Ag € L(X)\N there exist € > 0 and d real-analytic functions A1, ..., Aq :
B.(Ap) — C such that, for all A € B:(Ap),
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() o(A) = (A (A), .. (A}
(i) Aj(A4) # Ae(A) whenever j # ks
(iti) A\j(A) # Ar(A) whenever j # k, unless \j = A\, on B.(Ay).
Proof. For d =1 simply take N = & and A1 ([a]) = a. For d > 2, note that

pa(z) i=det(zlx — A) = 2+ a1 (A)2" + ..+ ag_1(A)z + aq(A),

with real-analytic (in fact, polynomial) functions ai,...,aq : L(X) — R; for ex-
ample, a;(A) = —trace A and aq(A) = (—1)?det A. Thus the function g :=
ga(ar,...,aq) : L(X) — R is real-analytic and non-constant, and so

N :={A€ L(X): Ahas a multiple eigenvalue} = {A € L(X) : g(A) = 0}

is a closed nullset, by Proposition 4.2. For each Ag € £(X) \ N there exists € > 0
such that Be(A4o) NN = &, and for ¢ sufficiently small, by the Implicit Function
Theorem, there also exist d real-analytic functions A,...,Aq : Be(Ag) — C with
o(A) = {Mi(4),...,X(A)} for all A € B.(Ag). Clearly, A\;(A) # Ax(A) whenever

J # k, since otherwise g(A) = 0. Finally, if A\;(A1) = Ax(A1) for some A; € B.(Ap)

then A, (A) is, for every A sufficiently close to A;, an eigenvalue of A that, by

continuity, must coincide with A;(A). Hence A;(A4) = Ap(A) for all A close to Aj,
and therefore, by Proposition 4.2, for all A € B.(Ag) as well. O

Proof of Theorem 4.1. Since for d = 1 clearly R, = {0} for all b, the set R = {0}
is a meagre nullset in £(X) = R, and only the case d > 2 has to be considered
henceforth. Fix b € N\ {1}, and given any p = (p1,...,pqd) € Z%, ¢ € N, and
non-empty set J C {1,...,d}, define a real-analytic (in fact, polynomial) function
fra7 R SR as

2
foas@) =32 (= + 3 (wawy —nbYS  praais)

For each Ag € L(X)\ W, pick e > 0 and A1,...,Aq: B:(A49) — C as in Lemma 4.3.
Observe that if o(A) is exponentially b-resonant for some A € B:(Ap) then

Fpg.0(A) = fpq0(RA(A), ..., RA(A), SAL(A), ..., FAa(4)) =0 (4.2)

for the appropriate p, ¢, and J. Clearly, every function Fj, 4 7 : Bs(Ao) — R is real-
analytic. Moreover, if F}, ;, (A1) = 0 for some A; € B.(Ap) then also Ay +dIx €
B:(Ap) for all sufficiently small § > 0, and F), ; j(A1 +6Ix) = 72¢*6%#J > 0. Thus
F, 4.0 # 0, and hence the set

Np.g.g.40 = {A € B.(Ag) : Fpq.5(A) = 0}

is a closed nullset, by Proposition 4.2; in particular, NV, 4 s 4, is nowhere dense, and
(4.2) implies that

Ry N BE(A()) = U JNp#LJ’AO =: NAO .

p,q,
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Being the countable union of nowhere dense nullsets, the set N4, is itself a meagre
nullset. Since £(X) is separable, there exists a sequence (Ag ) in L(X)\ N and a
sequence (g,) in R with €, > 0 for all n, such that

LEONN = _, Be.(Aon).

It follows that

Ry cNUJ _(Ron B, (Aom) =N U Nagn,

which shows that R; is a meagre nullset as well, and so is R = UbeN\ (1} Rep. [l

Remark 4.4. Despite being a meagre nullset, the set R could nevertheless be dense
in £(X). This, however, is not the case: Lemmas 2.11 and 4.3 imply that £(X)\ R
contains the non-empty open set {A € L(X)\ N :o(4) C R\ {0}}.

Informally put, Theorems 3.2 and 4.1 together show that for a generic linear
flow ¢ on X = R?, the set o(¢) is exponentially b-nonresonant for all bases b, and
so for each linear observable H on £(X) the signal H(¢s) is Benford unless (4.1)
holds, in which case H(¢s) = 0. This may provide yet another explanation as to
why BL is so often observed for even the simplest dynamical models in science and
engineering.
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