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This article develops a new description of the asymptotics for the empirical distributions
of significands and significant digits associated with (pn), where pn denotes the n-th
prime number. The work utilizes the space of probability measures on the significand,
endowed with a suitable Kantorovich metric, as well as finite-dimensional projections
thereof. For sequences sufficiently close to (pn), it is shown that the limit points of the
associated empirical distributions form a circle that is made up of all rescalings of a single
absolutely continuous distribution, and is centered at a distribution known as Benford’s
law (BL). The precise rate of convergence to that circle is determined. Moreover, even
in the infinite-dimensional setting of significands the convergence is seen to occur along
a distinguished low-dimensional object, in fact, along a smooth curve intimately related
to BL. By connecting (pn) and BL in a new way, the results rigorously confirm well-
documented experimental observations and complement known facts in the literature.
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1. Introduction

Given an integer N ≥ 1 and a sequence (xn) in R+ := {r ∈ R : r > 0}, denote by

qN = qN [xn] ∈ R9 the probability (row) vector whose i-th component is the relative

frequency of x1, x2, . . . , xN having first significant (decimal) digit i, that is,

qN,i =
#{1 ≤ n ≤ N : first significant digit of xn = i}

N
∀N ∈ N, i ∈ {1, 2, . . . , 9} .

Understanding, as accurately as possible, the asymptotics of qN as N → ∞
is a main objective of digit analysis; see, e.g., [4,14,16,22,25,26,28]. This article

provides such an accurate understanding for a class of sequences that includes

(pn) = (2, 3, 5, 7, 11, . . .), the sequence of primes, as a most prominent example.

∗Corresponding author (berger@ualberta.ca).
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To preview and contextualize the main results, it is helpful to first consider qN
for another prominent integer sequence, the Fibonaccis (Fn) = (1, 1, 2, 3, 5, . . .), for

which it is well-known [2,4,14,33] that

limN→∞ qN,i = log
i+ 1

i
=: b0,i ∀i ∈ {1, 2, . . . , 9} ; (1.1)

here and throughout, log t and ln t denote the base-10 and the natural logarithm of

t ∈ R+, respectively. While the precise rate of convergence in (1.1) is unknown, qN
turns out to be extraordinarily close to b0 even for not-so-large N ; see [4,10].

Quite likely, the reader will recognize the probability vector b0 ∈ R9 in (1.1) as a

version of Benford’s law (BL). In fact, the term BL is often used synonymously with

b0. As in [4,19,24] and many other references, however, BL is understood herein as

describing a more general phenomenon of which b0 is but one facet. For notational

clarity, therefore, b0 is henceforth referred to as Benford’s first digit law. For the

purpose of this article, it suffices to note that (1.1) has been shown to hold for many

different classes of sequences, and that, more broadly, BL indeed is a multifaceted

phenomenon that has long been of interest to analysts; see, e.g., [4,5,8,11,20,24,35]

for background, applications, and further references.

For (pn), the example of paramount interest in this article, it has been known at

least since [34] that the sequence (qN ) diverges, so in particular (1.1) fails. Instead,

(qN,1), for instance, appears to be oscillating between 1
9 and 5

9 , in a way that is

asymptotically periodic on a logarithmic scale; see Fig. 1 and [4,16]. The fact that

for the primes (qN ) not only diverges but also seems to lack any natural connection

to BL has motivated much work [16,29] aimed at connecting (pn) and b0. To mention

but one result in this regard, notice that

limN→∞
1

lnN

∑N

n=1

qn
n

= b0 . (1.2)
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Fig. 1. For the Fibonaccis, each component of (qN ) converges to the corresponding component of
Benford’s first digit law b0, that is, limN→∞ qN,i = log

(

(i + 1)/i
)

for every i ∈ {1, 2, . . . , 9}. By
contrast, for the primes, each component (qN,i) oscillates between 1/(9i) and 10/(9i + 9), in a
way that appears to be asymptotically periodic on a logarithmic scale.
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Thus, while (qN ) does not conform to b0 in the sense of (1.1), it does conform in the

weaker sense of (1.2); see, e.g., [23,28] for many further results in a similar spirit.

This article pursues a novel, altogether different approach towards connecting

(pn) and BL. Rather than utilizing sophisticated but potentially artificial tools to

make (qN ) conform to b0, here qN , as well as a suitable infinite-dimensional ana-

logue, is studied directly. The simple, natural question, then, is this: Since, in the

case of the primes, the sequence (qN ) diverges, what else can be said about its

behaviour as N → ∞? The following first main result provides a precise quanti-

tative answer; to state it, let ‖v‖∞ = max9i=1 |vi| for every v ∈ R9, and denote
1
9 [1, 1, . . . , 1] ∈ R9, the discrete uniform distribution on {1, 2, . . . , 9}, simply by u.

Theorem 1.1. There exists a unique continuous, non-constant and 1-periodic func-

tion g : R → R9 with g(0) = u so that, with some c ∈ R+,

1

c
< logN

∥∥qN [pn]− g(log pN )
∥∥
∞ < c ∀N ≥ 2 .

Theorem 1.1 is proved in Section 3. To illustrate the result geometrically, let Ω[qN ]

be the set of all limit points of (qN ). Note that Ω[qN ] ⊂ R9 is a non-empty, compact

and connected set of probability vectors. By Theorem 1.1, clearly Ω[qN ] = g(R), the

latter set being a closed polygon with precisely 9 vertices, one of which is u = g(0).

While b0 6∈ Ω[qN ], and hence not even a subsequence of (qN ) conforms to b0 in the

sense of (1.1), it turns out that b0 is the barycenter of Ω[qN ]; see Proposition 2.3

below. In a natural, distributional way, therefore, the primes “dance” around BL.

By contrast, for the Fibonaccis simply Ω[qN ] = {b0}, by (1.1); see Fig. 2.

The analysis in this article is motivated in part by experimental observations

recorded in [22]. Theorem 1.1 rigorously confirms two of these observations: On the

one hand, for the primes and with Nj = 10j the sequence (qNj ) seems to diverge.

As seen in Section 3 below, log pNj + Z is dense in R/Z, and hence Theorem 1.1

shows that, rather than converge, (qNj ) approaches the closed 9-gon g(R), at the

rate (1/j). On the other hand, with Nj = π(10j), i.e., with Nj equal to the total

number of primes ≤ 10j, (qNj ) seems to converge to u. With all details deferred

to Section 3, limj→∞ dist (log pNj ,Z) = 0 in this case, and it follows easily from

Theorem 1.1 that indeed limj→∞ qNj = u, also at the rate (1/j).

To preview the second main result of this article, let bt ∈ R9 be given by

bt,i =
(i+ 1)t − it

10t − 1
∀t ∈ R

+, i ∈ {1, 2, . . . , 9} . (1.3)

Note that b1 = u, whereas limt→0 bt = b0 and limt→∞ bt = [0, . . . , 0, 1] =: e9. Thus

the family (bt)t∈R+ , sometimes referred to as generalized Benford’s (first digit) law

[22,27], provides a smooth interpolation between b0, u, and e9. Now, for the primes

and with Nj = π(10j), not only does (qNj ) converge to b1 = u, as seen above,

but [22] furthermore observed experimentally that qNj is strikingly close to bt∗j
for some t∗j < 1. The following result makes this observation rigorous; note that

lim infj→∞ logNj ‖qNj [pn]− u‖∞ > 0, by Theorem 1.1.
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Fig. 2. For the Fibonaccis (blue data), limN→∞ qN = b0, whereas for the primes (red data), the
sequence (qN ) approaches the green closed 9-gon Ω[qN ] = g(R); see also Fig. 4 and 6 below.
Note that this figure only shows a two-dimensional (linear) projection of b0, u, qN ∈ R9, with the
projection matrix Π suitably chosen for graphical depiction. Successive points q1, q2, . . ., or rather
their projections, are joined by straight line segments to underscore the eventually periodic nature
(on a logarithmic scale) of (qN ) for the primes.

Theorem 1.2. Let (Nj) be an increasing sequence in N, and t∗j = 1− 1/ lnNj for

every j ≥ 2. If limj→∞ logNj dist (log pNj ,Z) = 0 then

limj→∞ logNj

(
qNj [pn]− bt∗j

)
= 0 .

Theorem 1.2 is proved in Section 3 also. Informally put, the result asserts that

the convergence qNj → u in R9 takes place asymptotically along the smooth curve

(bt)t∈R+ ; see also Fig. 6 below. To illustrate the remarkable closeness of qNj to bt∗j ,

take, e.g., j = 6 for which N6 = 78498, t∗6 = 0.9112,

qN6
= 1

9

[
1.098, 1.048, 1.027, 1.002, 0.9877, 0.9697, 0.9670, 0.9545, 0.9435

]
,

bt∗
6
= 1

9

[
1.108, 1.057, 1.026, 1.003, 0.9858, 0.9713, 0.9590, 0.9484, 0.9391

]
,

and correspondingly ‖qN6
− bt∗6‖∞ = 1.078 · 10−3 indeed is much smaller than

‖qN6
− u‖∞ = 1.099 · 10−2; here and throughout, all real numbers are displayed to

four correct significant digits.

While Theorems 1.1 and 1.2 reveal intriguing aspects of the statistics of (first

significant digits of) primes, this article also makes it clear that, contrary to what

[22] seems to suggest, neither aspect is in any way characteristic of the primes. As

detailled below, both can be observed for a wider class of sequences, and are in fact

direct consequences of a simple infinite-dimensional phenomenon.

The remainder of this article is organized as follows. Section 2 reviews the sig-

nificand function S and space S, as well as the topology and algebra associated with

them. The section also reviews the space P of all probability distributions on S,
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and it introduces a finite-dimensional analogue of P , via first significant digits. Sec-

tion 3 presents the main results about the asymptotics of the empirical significand

distributions for sequences sufficiently close to (pan), with a ∈ R+; in particular,

proofs of Theorem 1.1 and 1.2 are presented, in a somewhat wider context. For the

reader’s convenience, the results are summarized and put in perspective in Section

4, while the proof of one technical lemma is deferred to Appendix A.

Remark 1.3. By far the most familiar version of Benford’s (first digit) law is the

one for decimal (i.e., base-10) digits. For notational simplicity, only that version is

considered throughout this article. Correspondingly, in the law’s first digit form, b0
is the nine-dimensional probability vector appearing in (1.1). However, all results

carry over mutatis mutandis to every other integer base ≥ 2; cf. [4,28].

2. Significands, first significant digits, and their distributions

The main purpose of this section is to assemble the analytical tools to be employed

in Section 3 below. As presented here, the key tool is a space of probability measures

endowed with a suitable Kantorovichmetric. In principle, Theorem 1.1 and 1.2 could

be proved directly in R9, without resorting to the infinite-dimensional approach

developed here. This novel approach is documented only indirectly in the literature

[29,31]. However, it allows for the underlying mechanism to be presented much more

transparently, and may be well-suited for other studies on BL also.

(i) The circular slide rule (S, dS)

Given t ∈ R+, let 1 ≤ S(t) < 10 be the unique real number such that t = S(t) · 10k
for some (necessarily also unique) k ∈ Z. The function S : R+ → [1, 10[ thus defined

is the decimal significand (function). Clearly, S(10t) = S(t) for all t ∈ R+. The

number S(t) incorporates all (decimal) digits of t. In particular, the first significant

digit of t simply is D1(t) = ⌊S(t)⌋ where, as usual, ⌊a⌋ denotes the largest integer

≤ a, for any a ∈ R. The range of S, i.e., the half-open interval [1, 10[, with its order

inherited from R, is henceforth denoted by S. Letting

dS(r, s) = mink∈Z

∣∣∣log r

s
+ k

∣∣∣ ∀r, s ∈ S ,

it is readily confirmed that dS is a metric on S, and endowed with it S is compact. In

geometric terms, dS(r, s) is nothing other than the minimal (normalized) arclength

between r and s on a circular slide rule. Clearly dS ≤ 1
2 , and dS(r, s) =

1
2 precisely

if r/s ∈ {
√
10, 1/

√
10}, that is, if r, s are antipodal. Furthermore, letting

r ∗ s = S(rs) ∀r, s ∈ S ,

it is readily seen that (S, ∗) is a commutative group, with neutral element s = 1,

and the inverse of s 6= 1 is 10/s. For every t ∈ S the rotation by t is an isometry,

dS(t ∗ r, t ∗ s) = dS(r, s) ∀r, s, t ∈ S .
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Later it will be convenient to consider, for every t ∈ R+, the rotation Tt : S → S

given by Tt(·) = S(t)∗ · = S(t ·); with this, dS
(
Tt(r), Tt(s)

)
= dS(r, s) for all r, s ∈ S

and t ∈ R+.

(ii) The space (P , dS) of all laws on S

The main protagonists of the analysis in this article are the Borel probability mea-

sures (or laws [13, Sec. 9.1]) on S. Denote by P the set of all such measures, with

generic elements henceforth denoted P,Q, etc. Every P ∈ P is uniquely determined

by its distribution function FP : S → [0, 1], given by

FP (s) = P ([1, s]) ∀s ∈ S .

Notice that FP is non-decreasing, right-continuous with left limit FP (s−) =

limr↑s FP (r) ≤ FP (s), and FP (1) ≥ 0 as well as FP (10−) = 1; every function

with these properties is the distribution function of one and only one P ∈ P .

Prominent elements of P in this article include the Dirac distribution (or unit

point mass) δs concentrated at s ∈ S, with Fδs = 1[s,10[, the indicator function of

[s, 10[⊂ S; the uniform distribution U , with FU (s) =
1
9 (s−1); and Benford’s law B,

with FB(s) = log s. An important property of B is its invariance under rotations,

B ◦ T−1
t ([1, s]) = log s = B([1, s]) ∀t ∈ R

+, s ∈ S .

This property of B is traditionally referred to as scale-invariance [4,19]; in harmonic

analysis parlance [12], it simply asserts that B is the (unique, normalized) Haar

measure of the compact commutative group (S, ∗).
Recall that P is a compact metrizable space where limN→∞ PN = P means that

limN→∞

∫

S

f dPN =

∫

S

f dP ∀f ∈ C(S) ;

here, as usual, C(S) denotes the Banach space of all continuous functions f : S → R.

A natural metric on P inducing this so-called “weak” topology is defined as follows:

Denoting by Lip1(S) the set of all 1-Lipschitz functions ℓ : S → R, let

dS(P,Q) = supℓ∈Lip1(S)

∫

S

ℓ d(P −Q) ∀P,Q ∈ P . (2.1)

With this, (P , dS) is a compact metric space, and limN→∞ PN = P precisely if

limN→∞ dS(PN , P ) = 0. A few comments regarding (2.1) are in order. Firstly,

dS(δr, δs) = dS(r, s) for all r, s ∈ S, so S is isometrically embedded in P ; this moti-

vates using the same symbol for the metrics on both S and P . Also, the definition

(2.1) results from a general principle applicable to every compact metric space

[13, Ch. 11], with dS referred to as the Kantorovich (or 1-Wasserstein) distance

[6,7,8,30]. Secondly, the supremum in (2.1) is attained, due to the compactness of{
ℓ ∈ Lip1(S) : ℓ(1) = 0

}
in C(S). Lastly, though it may seem taunting to compute

dS(P,Q) for specific P,Q using (2.1), it turns out that

dS(P,Q) = log e mina∈R

∫ 10

1

∣∣FP (s)− FQ(s)− a
∣∣ ds
s

∀P,Q ∈ P , (2.2)
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which is rather well-suited for computations [6,9]. For example, for every s ∈ S,

dS(U, δs) =





log s+

(
1− 2s√

10 + 1

)
log e if 1 ≤ s <

√
10 ,

1− log s+

(
2s

10 +
√
10

− 1

)
log e if

√
10 ≤ s < 10 ,

so dS(U, δs)+dS(U, δs∗
√
10) =

1
2 = dS

(
s, s∗

√
10
)
, and hence dS(U, δs) is minmal and

maximal precisely for s = 1
2

(
10 +

√
10
)
and s = 1

2 (
√
10 + 1), respectively.

Utilizing (2.2), it is easy to see that dS(P,B) ≤ 1
4 for every P ∈ P , with equality

holding precisely if P = δs for some s ∈ S. As a consequence, dS(P,Q) ≤ 1
2 for all

P,Q ∈ P , with equality holding precisely if P = δr, Q = δs for some antipodal

r, s ∈ S. Informally, therefore, one may visualize P as an (infinite-dimensional)

“ball” with “center” B and “radius” 1
4 ; see Fig. 3.

U

Bt

Q

B

U ∗U

Bt∗Bt

P

t > 1

t = 1

U

B

2∗U

3∗U

4∗U 5∗U 6∗U

7∗U
8∗U
9∗U

2∗Bt

3∗Bt

4∗Bt
5∗Bt

6∗Bt

7∗Bt

8∗Bt

9∗Bt

δ1

δ2

δ3

δ4

δ5

δ6

δ7

δ8

δ9

δ 1
2
(
√

10+1)

δ 1
2
(10+

√
10)

dS = 1
4

Fig. 3. Visualizing the compact metric space (P, dS) as a “ball” with “center” B and “radius” 1
4
.

Note that the sets {s ∗Bt : s ∈ S} with 0 < t ≤ ∞ all are homeomorphic to the circle (S, dS). The
family (Bt)t∈R+ represents a smooth curve B in P, connecting B = B0, U = B1, and δ1 = B∞.

Finally, define a binary operation ∗ (“convolution”) on P , via

P ∗Q(A) =

∫

S×S

1A(r ∗ s) dP (r) dQ(s) ∀P,Q ∈ P ,

where A ⊂ S is any Borel set. It is readily seen that ∗ is jointly continuous, asso-

ciative, commutative, and P ∗ δ1 = P for every P ∈ P , but also δr ∗ δs = δr∗s for all
r, s ∈ S. In probabilistic parlance, if ξ and η are two independent positive random

variables, and P and Q are the distributions on S of S(ξ) and S(η), respectively,
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then P ∗Q is the distribution of S(ξη). Later it will be convenient to consider the

distribution t ∗ P , obtained from P ∈ P via scaling (or rotation) by any t ∈ R
+,

t ∗ P = δS(t) ∗ P = P ◦ T−1
t ∀t ∈ R

+, P ∈ P .

For example, t ∗ δs = δS(t) ∗ δs = δS(ts) for all t ∈ R+, s ∈ S.

Remark 2.1. While dS is the only metric on P employed consistently throughout

this article, many other metrics could be chosen instead; see, e.g., [17]. One natural

choice would be d∞(P,Q) = ‖FP −FQ‖∞ with ‖f‖∞ := sups∈S |f(s)|. An analogue

of star-discrepancy [1,21], the metric d∞ has often been used in studies on BL;

see, e.g., [3,25,26]. By (2.2), dS ≤ d∞ ≤ 1, and d∞ induces a finer topology on P
that is not separable, let alone compact. Also, d∞ is not invariant under scaling or

inversion. Not least for these reasons d∞ may be less convenient to work with than

dS. Notice, however, that if P ({s}) = 0 for every s ∈ S then d∞(PN , P ) → 0 if and

only if dS(PN , P ) → 0, though the rates of convergence may differ greatly [1].

(iii) The generalized BL family (Bt)

For the purpose of this article, one family in P of particular interest is (Bt)t∈R+ ,

with distribution functions

FBt(s) =
st − 1

10t − 1
∀t ∈ R

+, s ∈ S .

The family (Bt)t∈R+ , or rather its first digit version ⌊Bt⌋ to be discussed in Sub-

section 2(iv) below, is sometimes referred to as generalized Benford’s law [22,27].

Notice that t 7→ Bt is continuous and one-to-one, with B1 = U , and (2.2) yields

dS(Bt, B) =
1

t
log

10t/2 + 1

2
− 1

4
, dS(Bt, δ1) =

log e

t
· 10

t/2 − 1

10t/2 + 1
∀t ∈ R

+,

which shows that limt→0 Bt = B and limt→∞ Bt = δ1. With B0 := B and B∞ := δ1,

therefore, the set B := {Bt : 0 ≤ t ≤ ∞} is homeomorphic to the unit interval, and

(Bt)t∈R+ provides a continuous interpolation between B, U , and δ1; see Fig. 3.

To appreciate the special role that B plays in P , note that t ∗ B = B for all

t ∈ R+, and P ∗ B = B for every P ∈ P . Given P 6= B, the set {s ∗ P : s ∈ S} is

homeomorphic to (S, dS), and hence may be interpreted as a “circle” with “centre”

B and “radius” dS(P,B) ≤ 1
4 . In support of this interpretation, observe that with

every closed path γ in P , i.e., with every continuous function γ : S → P , one can

associate its barycenter γ̂ ∈ P , defined uniquely by the property that

∫

S

f dγ̂ = log e

∫ 10

1

∫

S

f dγ(s)
ds

s
∀f ∈ C(S) .

It is readily seen that B is the barycenter of many closed paths in P .

Proposition 2.2. Given P ∈ P, let γ(s) = s ∗ P for every s ∈ S. Then γ : S → P
is continuous, and γ̂ = B.
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For instance, the set {s ∗ Bt : s ∈ S}, with 0 < t ≤ ∞, is a “circle” in P with

barycenter B and “radius” dS(Bt, B) > 0.

The remainder of this subsection collects a few analytic properties of the family

(s ∗Bt)s∈S,t∈R+ . Specifically, it is straightforward to see that for every t ∈ R+,

4dS(Bt, B) dS(r, s) ≤ dS(r ∗Bt, s ∗Bt) ≤
tdS(Bt, δ1)

log e
dS(r, s) ∀r, s ∈ S , (2.3)

where the left and the right inequality is sharp for dS(r, s) = 1
2 and dS(r, s) → 0,

respectively. Thus, s 7→ s ∗Bt is Lipschitz, and in fact is differentiable, with

d

ds
s ∗Bt =

t

s
(δs − s ∗Bt) ∀s ∈ S, t ∈ R

+, (2.4)

in the sense that

limr→s

∫

S

f d

(
r ∗Bt − s ∗Bt

r − s

)
=

t

s

∫

S

f d(δs−s∗Bt) ∀f ∈ C(S), s ∈ S . (2.5)

Moreover, locally uniformly on S \ {s},

limr→s
Fr∗Bt − Fs∗Bt

r − s
=

t

s
(Fδs − Fs∗Bt) ∀s ∈ S, t ∈ R

+, (2.6)

which in turn shows that the convergence in (2.5) is uniform in f ∈ Lip1(S). Thus,

for instance, the (signed) measure δ1 − Bt is a “tangent vector” to the “circle”

{s ∗Bt : s ∈ S} at Bt. In a similar vein, t 7→ Bt is differentiable, with

d

dt
Bt =





Bt −Bt ∗Bt

t
if t > 0 ,

Q−B

2 log e
if t = 0 ,

(2.7)

where FQ(s) = (log s)2 for all s ∈ S. In analogy to (2.6), uniformly on S,

lims→t
FBs − FBt

s− t
=

FBt − FBt∗Bt

t
∀t ∈ R

+ . (2.8)

Thus, for instance, U − U ∗ U is a “tangent vector” to B at B1 = U ; see Fig. 3.

(iv) First significant digit distributions

To set the scene for the proofs of Theorem 1.1 and 1.2 in the next section, note that

the first significant digit function D1 = ⌊S⌋ : R+ → {1, 2, . . . , 9} is continuous at t

if and only if S(t) 6∈ {1, 2, . . . , 9}. Every P ∈ P induces a probability distribution

on {1, 2, . . . , 9}, namely P ◦D−1
1 , henceforth denoted ⌊P ⌋ for convenience; thus,

⌊P ⌋i = P ([i, i+ 1[) ∀P ∈ P , i ∈ {1, 2, . . . , 9} .

In probabilistic parlance, if ξ is a positive random variable and P is the distribution

of S(ξ) on S then ⌊P ⌋ is the distribution of D1(ξ) on {1, 2, . . . , 9}. Notice that

⌊P⌋ := {⌊P ⌋ : P ∈ P} equals the simplex of all probability vectors in R9, i.e.,

⌊P⌋ =
{
p ∈ R

9 : pi ≥ 0 ∀i ∈ {1, 2, . . . , 9} ,
∑9

i=1
pi = 1

}
.
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Endowing ⌊P⌋ with the usual topology inherited from R9, observe that ⌊·⌋ is con-

tinuous at P if and only if P ({1, 2, . . . , 9}) = 0.

It is instructive to observe how the distributions introduced earlier in this section

are transported from P to ⌊P⌋. For instance, applying ⌊·⌋ to s ∗ U yields

⌊s ∗ U⌋i =
1 + 9min{i+ 1, s} − 9min{i, s}

9s
∀s ∈ S, i ∈ {1, 2, . . . , 9} . (2.9)

Note that while s 7→ s ∗U is differentiable on S by (2.4) with t = 1, the continuous

function s 7→ ⌊s ∗ U⌋ is differentiable only if s 6∈ {1, 2, . . . , 9}. The lack of differen-

tiability at s = i ∈ {1, 2, . . . , 9} reflects the fact that d
ds (s ∗ U)

∣∣
s=i

= (δi − i ∗ U)/i,

and hence the function ⌊·⌋, when extended to all finite (signed) Borel measures on

S, is discontinuous at d
ds (s ∗ U)

∣∣
s=i

. From (2.9), it is readily seen that applying ⌊·⌋
turns the (infinite-dimensional) “circle” U := {s ∗ U : s ∈ S} into the closed 9-gon

⌊U⌋ = {⌊s ∗ U⌋ : s ∈ S}, with vertices

⌊i ∗ U⌋ = 1

9i

[
10, . . . , 10︸ ︷︷ ︸
i−1 entries

, 1, . . . , 1︸ ︷︷ ︸
10−i entries

]
∈ R

9 ∀i ∈ {1, 2, . . . , 9} ,

so in particular ⌊1 ∗ U⌋ = ⌊U⌋ = u; see Fig. 4.

⌊P ⌋1 + 1
2
⌊P ⌋3 + 1

3
⌊P ⌋5 + 1

4
⌊P ⌋7

⌊P
⌋ 2

+
1 2
⌊P

⌋ 4
+

1 3
⌊P

⌋ 6
+

1 4
⌊P

⌋ 8

⌊δ2⌋

⌊δ1⌋⌊δ3⌋

⌊δ4⌋

⌊δ5⌋

⌊δ6⌋

⌊δ7⌋

⌊δ8⌋

⌊δ9⌋

b0 = ⌊B⌋

u = b1 = ⌊U⌋

⌊U ∗U⌋⌊P⌋

⌊2∗U⌋

⌊3∗U⌋

⌊5∗U⌋

⌊5∗Bt⌋

⌊7∗U⌋
⌊9∗U⌋

t > 1

t = 1

Fig. 4. Considering only the first significant (decimal) digit or, more formally, applying the function
⌊·⌋ converts the infinite-dimensional “ball” P into the nine-dimensional simplex ⌊P⌋. To facilitate
comparison with Fig. 2 and 6, the same projection Π has been used in depicting ⌊P⌋.

In a similar vein, applying ⌊·⌋ turns the family (Bt)t∈R+ into the smooth curve

(bt)t∈R+ , with bt given by (1.3); as observed there already, limt→0 bt = b0 = ⌊B⌋,
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which also follows from the continuity of ⌊·⌋ at B. Furthermore, by (2.7),

d

dt
bt =





bt − ⌊Bt ∗Bt⌋
t

if t > 0 ,

⌊Q⌋ − b0
2 log e

if t = 0 .

Thus, for instance d
dtbt

∣∣
t=1

= u− ⌊U ∗ U⌋. Recall that limt→∞ Bt = δ1, whereas

b∞ := limt→∞ bt = limt→∞⌊Bt⌋ = e9 6= [1, 0, . . . , 0] = ⌊δ1⌋ ,

reflecting the discontinuity of ⌊·⌋ at δ1. The special role of B as per Proposition 2.2

is preserved by ⌊·⌋, in that b0 = ⌊B⌋ is the barycenter of many closed paths in ⌊P⌋.

Proposition 2.3. Given P ∈ P with P ({s}) = 0 for every s ∈ S, the function

s 7→ ⌊s ∗ P ⌋ is continuous, and log e
∫ 10

1
⌊s ∗ P ⌋/s ds = b0.

3. Empirical distributions of significands and first significant digits

Given any sequence (zN ) in any metric space Z, denote by Ω[zN ] the set of all limit

points of (zN ), that is,

Ω[zN ] =
⋂

m∈N
{zn : n ≥ m} =

{
z ∈ Z : ∃N1 < N2 < . . . s.t. limj→∞ zNj = z

}
.

Plainly, Ω[zN ] is closed, and indeed is non-empty and compact whenever Z is com-

pact. Also, Ω[zN ] = {z} if and only if limN→∞ zN = z. Whenever (zN ) and Z are

clear from the context, write Ω[zN ] simply as Ω.

The tools assembled in Section 2 are now going to be employed to analyze the

significands and first significant digits of arbitrary sequences (xn) in R+. To this end,

for every N ∈ N denote the empirical distribution on {S(x1), S(x2), . . . , S(xN )} by

QN [xn], that is,

QN [xn] =
1

N

∑N

n=1
δS(xn) ∈ P ∀N ∈ N ;

whenever (xn) is clear from the context, write QN [xn] simply as QN . Note that

(QN ) is a sequence in P , so Ω[QN ] 6= ∅. The set Ω[QN ] ⊂ P , determined solely by

(xn), is denoted Ω{xn}, rather than Ω
[
QN [xn]

]
, to avoid confusion with Ω[xn] ⊂ R.

The basic properties of Ω{xn} are well-known; see, e.g., [6,31,32].

Proposition 3.1. Let (xn) be a sequence in R+. Then Ω{xn} is non-empty, com-

pact, and connected. Given any non-empty, compact, and connected set Q ⊂ P,

there exists an increasing sequence (yn) in R+ such that Ω{yn} = Q.

By Proposition 3.1, the simplest situation occurs when Ω = {P} for some P ∈ P ,

that is, when limN→∞ QN = P . The case P = B is of particular interest.

Definition 3.2. A sequence (xn) in R+ is a Benford sequence, or simply Benford,

if Ω{xn} = {B}.
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Many basic (deterministic or stochastic) processes have been studied for their

potential to generate Benford sequences; see, e.g., [2,4,24] and the many references

therein. A basic example of a Benford (integer) sequence encountered in the Intro-

duction is (Fn). Note that if (xn) is Benford then limN→∞⌊QN⌋ = b0, by the conti-

nuity of ⌊·⌋ atB. Thus (xn) conforms to Benford’s first digit law in the sense of (1.1).

The converse is not true: (⌊QN⌋) may converge to b0, and yet (QN ) may diverge

or else converge to some P 6= B. The latter is the case, e.g., for (xn) =
(
D1(Fn)

)

where limN→∞ QN =
∑9

i=1 biδi 6= B, and yet limN→∞⌊QN⌋ = b0.

As alluded to already in the Introduction, the sequence (pn) does not satisfy

(1.1), and a fortiori is not Benford. Nonetheless, several natural connections between

the primes and BL are going to be stablished here. To this end, consider slightly

more generally the sequence (pan) with any a ∈ R+. The detailled quantitative

analysis of QN [pan] rests upon the following auxiliary result.

Lemma 3.3. Let (xn) = (pan) for some a ∈ R+. Then

limN→∞
∥∥ lnN

(
Fx−1

N ∗QN
− FB1/a

)
−
(
FB1/a∗B1/a

− FB1/a

)∥∥
∞ = 0 . (3.1)

For the reader’s convenience, the straightforward yet somewhat lengthy proof of

Lemma 3.3 is deferred to Appendix A. The argument makes crucial use of an ap-

propriate quantitative refinement of the prime number theorem, but does not rely

on the primality of pn in any other way. As detailled in Appendix A, therefore,

(3.1) holds for all sequences (xn) that are, in some sense, sufficiently close to (pan).

Despite its somewhat technical appearance, Lemma 3.3 yields interesting basic

properties of the sequence (QN ) with very little effort.

Theorem 3.4. Let (xn) = (pan) for some a ∈ R+. Then

(i) limN→∞ lnN dS(QN , xN ∗ B1/a) = dS(B1/a ∗ B1/a, B1/a), and therefore in par-

ticular limN→∞ dS(QN , xN ∗B1/a) = 0;

(ii) given an increasing sequence (Nj) in N and s ∈ S, limj→∞ dS(QNj , s∗B1/a) = 0

if and only if limj→∞ dS(S(xNj ), s) = 0;

(iii) limN→∞ dS(QN , B) = dS(B1/a, B);

(iv) Ω[QN ] = {s ∗B1/a : s ∈ S}.

Proof. Observe first that for every t ∈ R+ and P ∈ P ,

Ft∗P (s) =





FP

(
10s

S(t)

)
− FP

(
10

S(t)
−
)

if 1 ≤ s < S(t) ,

FP

(
s

S(t)

)
+ 1− FP

(
10

S(t)
−
)

if S(t) ≤ s < 10 .

(3.2)

Using this, deduce from Lemma 3.3 that

limN→∞
∥∥ lnN (FQN − FxN∗B1/a

)− (FxN∗B1/a∗B1/a
− FxN∗B1/a

)
∥∥
∞ = 0 , (3.3)
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N = 25 N = 103 N = 2·103

FQN

FQN

FQN

F
p
−1
N

∗QN

F
p
−1
N

∗QN

F
p
−1
N

∗QN

FU

111

0.50.5 0.5

0 00

000
101010

10 1010

1 11

1 11s

sss

ss

lnN (F
p
−1
N

∗QN
− FU )

FU∗U − FU

Fig. 5. Illustrating Lemma 3.3 for a = 1: Whereas for (xn) = (pn) the sequence (QN ) diverges
(red data), its scaled (or rotated) version (p−1

N
∗QN ) converges to U (black data), at the precise

rate (1/ lnN) and in the “direction” of U − U ∗ U .

which in turn implies that, uniformly in ℓ ∈ Lip1(S),

lnN

∫

S

ℓ d(QN − xN ∗B1/a)−
∫

S

ℓ d(xN ∗B1/a ∗B1/a − xN ∗B1/a)
N→∞−→ 0 . (3.4)

By utilizing (3.4), all assertions are now going to be established quite easily.

(i) Pick ℓ0, ℓN ∈ Lip1(S) with dS(B1/a∗B1/a, B1/a) =
∫
S
ℓ0 d(B1/a ∗B1/a−B1/a)

and dS(QN , xN ∗B1/a) =
∫
S
ℓN d(QN −xN ∗B1/a). Given ε > 0, there exists N1 ∈ N

so that

∣∣∣∣lnN
∫

S

ℓ d(QN − xN ∗B1/a)−
∫

S

ℓ d(xN ∗B1/a ∗B1/a − xN ∗B1/a)

∣∣∣∣ < ε

for all N ≥ N1 and ℓ ∈ Lip1(S). Since Tt is an isometry of S for every t ∈ R
+,

lnN dS(QN , xN ∗B1/a) = lnN

∫

S

ℓN d(QN − xN ∗B1/a)

< ε+

∫

S

ℓN d(xN ∗B1/a ∗B1/a − xN ∗B1/a) ≤ ε+

∫

S

ℓ0 d(B1/a ∗B1/a −B1/a)

= ε+ dS(B1/a ∗B1/a, B1/a) ∀N ≥ N1 ,
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but also

dS(B1/a ∗B1/a, B1/a) =

∫

S

ℓ0 d(B1/a ∗B1/a −B1/a)

< ε+ lnN

∫

S

ℓ0 ◦ T−1
xN

d(QN − xN ∗B1/a) ≤ ε+ lnN

∫

S

ℓN d(QN − xN ∗B1/a)

= ε+ lnN dS(QN , xN ∗B1/a) ∀N ≥ N1 .

Consequently,
∣∣lnN dS(QN , xN∗B1/a)−dS(B1/a∗B1/a, B1/a)

∣∣ < ε for everyN ≥ N1,

and since ε > 0 has been arbitrary,

limN→∞ lnN dS(QN , xN ∗B1/a) = dS(B1/a ∗B1/a, B1/a) .

(ii) By (i), it is possible to pick c ∈ R+ with

dS(QN , xN ∗B1/a) ≤
c

lnN
∀N ≥ 2 ,

and given any increasing sequence (Nj) in N and any s ∈ S, note that
∣∣dS(QNj , s ∗B1/a)− dS(xNj ∗B1/a, s ∗B1/a)

∣∣ ≤ dS(QNj , xNj ∗B1/a) ≤
c

lnNj

for every j ≥ 2. Deduce from this, together with (2.3), that

dS(QNj , s ∗B1/a) ≤
dS(B1/a, δ1)

a log e
dS(S(xNj ), s) +

c

lnNj
∀j ≥ 2 ,

but also

dS(QNj , s ∗B1/a) ≥ 4dS(B1/a, B) dS(S(xNj ), s)−
c

lnNj
∀j ≥ 2 .

Thus limj→∞ dS(QNj , s ∗B1/a) = 0 if and only if limj→∞ dS(S(xNj ), s) = 0.

(iii) With c ∈ R+ as in (ii), and since P 7→ xN ∗ P is an isometry of P ,
∣∣dS(QN , B)− dS(B1/a, B)

∣∣ ≤ dS(QN , xN ∗B1/a) <
c

lnN
∀N ≥ 2 ,

which shows that limN→∞ dS(QN , B) = dS(B1/a, B).

(iv) For convenience, let C be the “circle” {s ∗ B1/a : s ∈ S}. Notice that

supn∈N lnn dS
(
S(xn+1), S(xn)

)
< ∞ and xn → ∞, so Ω[S(xn)] = S. Together with

(ii), this implies that Ω[QN ] ⊃ C. However, Ω[QN ] ⊂ C also, since every limit point

of (QN ) is of the form s ∗B1/a for some s ∈ S, by (i). In summary, Ω[QN ] = C.

It is worthwhile contrasting Theorem 3.4 with its d∞-counterpart which shows

that
(
lnN d∞(QN , xN ∗B1/a)

)
and

(
d∞(QN , B)

)
both are bounded but divergent,

with lim sup = 2 lim inf for either sequence. This provides yet another reason why,

for the purpose of this article, dS is preferable to d∞; cf. Remark 2.1. Since the

result follows similarly from Lemma 3.3, all details are left to the interested reader.

Proposition 3.5. Let (xn) = (pan) for some a ∈ R+. Then

(i) Ω[lnN d∞(QN , xN ∗ B1/a)] = [ 12c1, c1] with c1 = d∞(B1/a ∗ B1/a, B1/a), and

therefore in particular limN→∞ d∞(QN , xN ∗B1/a) = 0;
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(ii) given an increasing sequence (Nj) in N and s∈ S, limj→∞ d∞(QNj , s∗B1/a)=0

if and only if limj→∞ dS(S(xNj ), s) = 0;

(iii) Ω[d∞(QN , B)] = [ 12c2, c2] with c2 = d∞(B1/a, B).

By Theorem 3.4 and Proposition 3.5, for (xn) = (pan) the set Ω{xn} simply

equals {s ∗B1/a : s ∈ S}, a “circle” with “center” B and “radius” dS(B1/a, B) < 1
4 .

Moreover, the (discrete) distribution QN approaches the (absolutely continuous)

distribution xN ∗ B1/a, at the precise rate (1/ lnN), with respect to both dS
and d∞, and in the “direction” of xN ∗ B1/a − xN ∗ B1/a ∗ B1/a. (The fact that

limN→∞ d∞(QN , xN ∗ B1/a) = 0 has been observed in [26] also, though somewhat

opaquely, and without a precise rate or “direction” of convergence.) To identify an

even better absolutely continuous approximation of QN , let

tn =
1

a
− 1

amax{1, lnn} ∀n ∈ N . (3.5)

Lemma 3.6. Let (xn) = (pan) for some a ∈ R+. Then, with tN as in (3.5),

limN→∞ lnN d∞(QN , xN ∗BtN ) = 0 .

Proof. Observe that a lnN = −1/(tN − 1/a) for every N ≥ 3, and

lnN d∞(QN , xN ∗BtN ) ≤
≤

∥∥ lnN (FQN − FxN∗B1/a
)− (FxN∗B1/a∗B1/a

− FxN∗B1/a
)
∥∥
∞

+
1

a

∥∥a lnN (FxN∗BtN
− FxN∗B1/a

) + a(FxN∗B1/a
− FxN∗B1/a∗B1/a

)
∥∥
∞

≤
∥∥ lnN (FQN − FxN∗B1/a

)− (FxN∗B1/a∗B1/a
− FxN∗B1/a

)
∥∥
∞

+
2

a

∥∥∥∥
FBtN

− FB1/a

tN − 1/a
−

FB1/a
− FB1/a∗B1/a

1/a

∥∥∥∥
∞

,

where the last inequality follows from (3.2). Both the second-to-last and the last

term goes to 0 as N → ∞, by (3.3) and (2.8), respectively.

Since (QN ) is divergent for (xn) = (pan), and also in view of the experimental

evidence presented in [22], it is natural to study appropriate subsequences (QNj ).

By Theorem 3.4, (QNj ) converges in P if and only if
(
S(xNj )

)
converges in S. Under

the slightly stronger assumption that, for some s ∈ S,

limj→∞ lnNj dS(S(xNj ), s) = 0 , (3.6)

more can be said about the convergence QNj → s ∗B1/a: It takes place asymptoti-

cally along the smooth curve (s ∗Bt)t∈R+ .

Theorem 3.7. Let (xn) = (pan) for some a ∈ R+. Assume (Nj) is an increasing

sequence in N that satisfies (3.6) for some s ∈ S. Then

limj→∞
∥∥ lnNj

(
FQNj

− Fs∗B1/a

)
−
(
Fs∗B1/a∗B1/a

− Fs∗B1/a

)∥∥
∞ = 0 ,

and with t∗j = tNj as in (3.5) also limj→∞ lnNj d∞(QNj , s ∗Bt∗j
) = 0.
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Proof. As a complement to (2.3), a straightforward calculation yields

d∞(r ∗Bt, s ∗Bt) ≤
2t2102t

(log e)2(10t − 1)
dS(r, s) ∀r, s ∈ S, t ∈ R

+ . (3.7)

With this, the first assertion follows immediately by observing that, for every j ∈ N,
∥∥ lnNj (FQNj

− Fs∗Bt∗
j
)− (Fs∗B1/a∗B1/a

− Fs∗B1/a
)
∥∥
∞ ≤

≤
∥∥ lnNj (FQNj

− FxNj
∗Bt∗

j
)− (FxNj

∗B1/a∗B1/a
− FxNj

∗B1/a
)
∥∥
∞

+ | lnNj − 1| d∞(xNj ∗B1/a, s ∗B1/a)

+ d∞(xNj ∗B1/a ∗B1/a, s ∗B1/a ∗B1/a) ,

where each of the three terms on the right goes to 0 as j → ∞, by (3.3), by (3.6)

and (3.7), and by the continuity of s 7→ s ∗B1/a ∗B1/a, respectively. Similarly, the

second assertion follows from

lnNj d∞(QNj , s ∗Bt∗j
) ≤ lnNj d∞(QNj , xNj ∗Bt∗j

) + lnNj d∞(xNj ∗Bt∗j
, s ∗Bt∗j

) ,

where the first and second term on the right goes to 0 as j → ∞, by Lemma 3.6,

and by (3.6) and (3.7), respectively.

To discuss but one basic example satisfying (3.6), let Nj = π(10j/a) for all

sufficiently large j ∈ N. Deduce from (A.4), a quantitative refinement of the prime

number theorem reviewed in Appendix A, that

logNj =
j

a
− log j + log(a log e) +

a(log e)2

j
+O

(
1

j2

)
as j → ∞ ,

and consequently, by (A.5),

log(paNj
) = j +O

(
ln j

j2

)
as j → ∞ .

Thus limj→∞ dS(S(xNj ), 1) = 0, and Ω[QNj ] = {B1/a}, by Theorem 3.4. Moreover,

(3.6) holds, and hence Theorem 3.7 shows that QNj → B1/a along B, in that Bt∗j
is

an even better approximation of QNj than is B1/a. By contrast, letting, for instance,

Nj = ⌊10j/a⌋ for all sufficiently large j ∈ N, it is readily seen that
(
S(xNj )

)
and

(QNj ) both diverge, in fact Ω[S(xNj )] = S and Ω[QNj ] = {s ∗B1/a : s ∈ S}.
To prove the assertions made in the Introduction regarding the first significant

digit distributions (qN ) associated with (xn) = (pan), apply ⌊·⌋ to the earlier results

in this section as follows.

Theorem 3.8. Let (xn) = (pan) for some a ∈ R+. Then

(i) supN∈N lnN ‖qN − ⌊xN ∗ B1/a⌋‖∞ < ∞, and therefore in particular

limN→∞(qN − ⌊xN ∗B1/a⌋) = 0;

(ii) given an increasing sequence (Nj) in N and s ∈ S, limj→∞ qNj = ⌊s ∗B1/a⌋ if

and only if limj→∞ dS(S(xNj ), s) = 0;
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(iii) given an increasing sequence (Nj) in N that satisfies (3.6) for some s ∈ S,

limj→∞ lnNj (qNj − ⌊s ∗Bt∗j
⌋) = 0, with t∗j = tNj as in (3.5);

(iv) infN∈N ‖qN − b0‖∞ > 0;

(v) Ω[qN ] = {⌊s ∗B1/a⌋ : s ∈ S}.

Proof. For convenience, define two functions g1,2 : S → R9 by

g1(s) = ⌊s ∗B1/a⌋ , g2(s) = ⌊s ∗B1/a ∗B1/a⌋ − ⌊s ∗B1/a⌋ ∀s ∈ S ,

so ⌊t ∗ B1/a⌋ = g1
(
S(t)

)
for every t ∈ R+. Since B1/a and B1/a ∗ B1/a have no

atoms, g1 and g2 are continuous. It is readily seen that g1(s) 6= b0 for every s ∈ S,

so mins∈S ‖g1(s)− b0‖∞ > 0, and g1,2 are one-to-one. Applying ⌊·⌋ to (3.3) yields

limN→∞
(
lnN

(
qN − g1

(
S(xN )

))
− g2

(
S(xN )

))
= 0 . (3.8)

Clearly, (i) is immediate from (3.8). To see (ii), notice that
∣∣‖qN−g1(s)‖∞−

∥∥g1(s)−g1
(
S(xN )

)∥∥
∞
∣∣ ≤

∥∥qN−g1
(
S(xN )

)∥∥
∞ ∀N ∈ N, s ∈ S .

Thus if S(xNj ) → s then ‖qNj − g1(s)‖∞ → 0, and if lim supj→∞ dS(S(xNj ), s) > 0

then

lim supj→∞ ‖qNj − g1(s)‖∞ ≥ lim supj→∞
∥∥g1(s)− g1

(
S(xNj )

)∥∥
∞ > 0 ,

which proves (ii). Applying ⌊·⌋ to the second assertion of Theorem 3.7 yields (iii). To

see (iv), note thatNqN ∈ Z9 for everyN ∈ N, butNb0 6∈ Z9, and so ‖qN−b0‖∞ > 0.

Moreover, by (3.8),

lim infN→∞ ‖qN − b0‖∞ ≥ mins∈S ‖g1(s)− b0‖∞ > 0 .

Finally, (v) is obvious from (i), together with the fact that Ω[S(xn)] = S, as already

noticed in the proof of Theorem 3.4.

At long last, the Proof of Theorem 1.1 is very short indeed: With a = 1 and g1 as

in the proof of Theorem 3.8, the function g : R → R9 with g(t) = g1(10
t) = ⌊10t∗U⌋

has all the desired properties since, as is readily seen, qN [pn] 6∈ {g(t) : t ∈ R} for

every N ∈ N. Similarly, for the Proof of Theorem 1.2 simply apply Theorem 3.8(iii)

with a = 1, s = 1, and Nj = π(10j) for every j ∈ N.

4. Conclusion

The sequence (pan) is not Benford for any a ∈ R+. Nonetheless it is intimately

related to the generalized Benford’s law (Bt)t∈R+ and its first digit version (bt)t∈R+ ,

in at least three ways: Firstly, the closed curves Ω[QN ] = {s ∗ B1/a : s ∈ S} and

Ω[qN ] = {⌊s ∗ B1/a⌋ : s ∈ S} have B and b0 as their respective barycenters. Thus

(QN ) and (qN ) “dance” around B and b0, respectively. Secondly, for subsequences

(Nj) satisfying (3.6), the convergence QNj → B1/a occurs asymptotically in the

“direction” of B1/a − B1/a ∗ B1/a, and similarly qNj → b1/a in the “direction”

b1/a − ⌊B1/a ∗ B1/a⌋; see Fig. 6. In this situation, Bt∗j
and bt∗j , with t∗j = tNj as
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11 1010
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0.5 0.5

ss

N2 = 25N4 = 1229

FU∗U − FU

lnN2 (FQN2
− FU )lnN4 (FQN4

− FU )

⌊8 ∗ U⌋⌊9 ∗ U⌋

⌊U⌋

⌊B⌋

u = b1

qN1

qN2

qN3

qN4

qN5

Fig. 6. Illustrating Theorem 3.7 and 3.8 for a = 1, s = 1: With Nj = π(10j ), the distributions
(QNj

) of (xn) = (pn) converge to U as j → ∞, at the precise rate (1/j) and in the “direction” of
U −U ∗U . The first digit distributions (qNj

) converge to u = b1, asymptotically along the smooth
curve ⌊B⌋ of the generalized Benford’s first digit law (center). Note that the same projection Π
as in Fig. 2 and 4 has been used, but only the portion of ⌊P⌋ indicated in those figures by the
smallest rectangles is shown here, as ‖qNj

− u‖∞ is quite small even for j = 1, 2, . . . , 6.

in (3.5), are especially good approximations of QNj and qNj , respectively. Thirdly,

notice that dS(s ∗B1/a, B) = dS(B1/a, B) → 0 as a → ∞. Thus the “circle” Ω{pan}
approaches the singleton {B} as a → ∞, so (pan) is approximately Benford for large

a, a fact repeatedly recorded in the literature; see, e.g., [4] and [26, Cor.4].

In conclusion, and to put the results of this article in perspective, the reader

may find the following two comments helpful: On the one hand, a similar analysis

can be carried out for (xn) = (na), with a ∈ R
+. It turns out that again QN

approaches Na ∗B1/a as N → ∞, just like in Theorem 3.4, but does so at a much

faster rate since

limN→∞
N√
lnN

dS(QN [na], Na ∗B1/a) =

√
a log e

6π
σ(a) ∀a ∈ R

+ , (4.1)

where the function σ : R+ → R+ is somewhat delicate and discontinuous, but

1 ≤ σ(a) ≤
√
3 for all a ∈ R

+, and σ(a) = 1 for all but countably many a; see [1]

for details. For example, σ(1) = 1
3

√
11, and hence (4.1) for a = 1 reads

limN→∞
N√
lnN

dS(QN [n], N ∗ U) =
1

3

√
11 log e

6π
= 0.1678 .

In addition to this, and in contrast to (3.4),

limN→∞
N√
lnN

∫

S

ℓ d(QN [n]−N ∗ U) = 0 ∀ℓ ∈ Lip1(S) ,

so QN [n] does not approach N ∗ U in any one “direction”.

On the other hand, it is illuminating to once again contrast (pn) with (Fn).

Although the latter sequence is Benford, in limN→∞ QN [Fn] = B neither the precise

rate of convergence nor its “direction” (if any) appear to be known. As a theoretical
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bound on the rate of convergence for every sequence (xn) in R+, it follows from

[18] that

lim supN→∞
N√
lnN

dS(QN [xn], B) > 0 .

In addition, if the transcendental number logφ, where φ = 1
2 (1+

√
5), had bounded

partial quotients, then [21, Thm. 2.3.4] would imply that

lim supN→∞
N

lnN
dS(QN [Fn], B) < ∞ . (4.2)

As far as the authors have been able to ascertain, it is unknown whether or not logφ

has bounded partial quotients. Experimental evidence seems to suggest that (4.2)

indeed is valid, even with
√
lnN instead of lnN ; see Fig. 7. However, due to the

presence of a factor
√
lnN which may be more or less undetectable experimentally,

any such evidence should be viewed with a healthy dose of scepticism.

N(qN − b0)/
√
lnN lnN (qN − ⌊pN ∗ U⌋)

Fibonaccis primes

1

−1

−0.2

1

0.2

Fig. 7. For the Fibonaccis, the first digit distributions (qN ) converge to b0, and the sequence
(

N(qN − b0)/
√
lnN

)

appears to be bounded, yet rather complicated. By contrast, for the primes
(qN ) diverges, with Ω[qN ] = ⌊U⌋, and lnN (qN − ⌊pN ∗ U⌋) approaches the green closed curve
{

⌊s ∗ U ∗ U⌋ − ⌊s ∗ U⌋ : s ∈ S
}

as N → ∞; note that this curve is not a polygon. For graphical
depiction, the same projection R9 → R2 as in Fig. 2, 4, and 6 has been used, and successive points
are joined by straight line segments, similarly to Fig. 2.
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Appendix A. Proof of a technical lemma

The purpose of this appendix is to provide a proof of Lemma 3.3. As presented here,

the argument involves a modicum of straightforward but lengthy calculations, not

unlike the comparable analyses in [6,25,26]. To capture the essence of the argument,

it is helpful to first analyze a slightly more general situation: Let f : R+ → R be

any smooth function given by

f(t) = a1(ln t+ ln ln t) + a2 + a3
ln ln t

ln t
+

a4 + f̃(t)

ln t
∀t ≥ e , (A.1)

where a1 ∈ R+, a2, a3, a4 ∈ R, and limt→∞ f̃(t) = 0. As detailled below, the essence

of Lemma 3.3 is contained in the following auxiliary result.

Lemma A. 1. Assume the sequence (xn) in R+ satsfies log xn = f(n) for every

n ∈ N, with an increasing smooth function f : R+ → R as in (A.1). Then (3.1)

holds with a = a1/ log e.

Proof. Denote by g the inverse of f , and deduce from (A.1) that, with some t0 ∈ R+,

g(t) =
a1e

(t−a2)/a1

t− a2

(
1 + (a1 − a3)

ln(t− a2)

t− a2
− a4 + (a1 − a3) ln a1 + g̃(t)

t− a2

)
(A.2)

for all t ≥ t0, where limn→∞ g̃(t) = 0. Notice that for all n ∈ N and s ∈ S,

NFx−1

N ∗QN
(s) = #{1 ≤ n ≤ N : S(x−1

N ) ∗ S(xn) ∈ [1, s]}
= #{1 ≤ n ≤ N : f(n)− f(N) ∈ [0, log s] + Z} .

For convenience, let ℓn = lnn for every n ∈ N, and r = log s for every s ∈ S;

also write Fx−1

N ∗QN
(10r) simply as GN (r). Note that limN→∞ f(N)/ℓN = a1. Since

f(n)− f(N) ∈ [0, r]− j with j ∈ N if and only if

n ∈ [g(f(N)− j), g(f(N)− j + r)] ∩ {1, 2, . . . , N} ,

provided that f(N)− j ≥ t0, there exist N0 ∈ N and c1 ∈ R+ so that
∣∣∣∣NGN (r) −

∑⌊f(N)−t0⌋

j=1

(
g(f(N) + r − j)− g(f(N)− j)

)∣∣∣∣ ≤ c1ℓn (A.3)

for every N ≥ N0 and r ∈ [0, 1], and also f(N) − t0 ≥ (ln ℓN)2. From (A.1) and

(A.2), it is readily deduced that, given ε > 0, there exists Nε ≥ N0 so that

∣∣∣∣
g(f(N)− t)

N
− e−t/a1

(
1 +

t

a1ℓN

)∣∣∣∣ <
εe−t/a1

ℓN
∀N ≥ Nε, t ∈ [0, (ln ℓN )2] ,

but also
∣∣∣∣
g(f(N)− t)

N

∣∣∣∣ ≤ ℓ2Ne−t/a1 ∀N ≥ Nε, t ∈ [(ln ℓN )2, f(N)− t0] .
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Combining these estimates with (A.3) yields, for every N ≥ Nε and uniformly in

r ∈ [0, 1[,
∣∣∣∣GN (r) −

∑∞

j=1

(
e(r−j)/a1

(
1 +

j − r

a1ℓN

))
− e−j/a1

(
1 +

j

a1ℓN

) ∣∣∣∣

≤ c1ℓN
N

+
2ε

ℓN

∑⌊(ln ℓN )2⌋

j=1
e(1−j)/a1 + 2ℓ2N

∑⌊f(N)−t0⌋

j=⌊(ln ℓN )2⌋+1
e(1−j)/a1+

+ 2
∑∞

j=⌊(f(N)−t0⌋+1
e(1−j)/a!

(
1 +

j

a1ℓN

)

≤ c1ℓN
N

+
2ε

ℓN (e1/a1 − 1)
+

2e2/a1(ℓ2N + 1)

e1/a1 − 1
e−(ln ℓN )2/a1+

+
2e1/a1

a1ℓN

∑∞

j=⌊(ln ℓN )2⌋+1
e−j/a1j

<
2ε

ℓN(e1/a1 − 1)
+

c2
ℓ2N

,

where c2 ∈ R+ depends on a1, but is independent of N, r, and ε. Finally, observe

that for every r and N ≥ 2, and with τ = log e/a1 for convenience,

∑∞

j=1

(
e(r−j)/a1

(
1 +

j − r

a1ℓN

)
− e−j/a1

(
1 +

j

a1ℓN

))

=
er/a1 − 1

e1/a1 − 1
+

1

a1ℓN

(
e1/a1(er/a1 − 1)

(e1/a1 − 1)2
− rer/a1

e1/a1 − 1

)

= FBτ (10
r) +

1

ℓN
(FBτ∗Bτ (10

r)− FBτ (10
r)) .

Thus, for every N ≥ Nε and r ∈ [0, 1[,

∣∣ℓN
(
GN (r) − FBτ (10

r)
)
−

(
FBτ∗Bτ (10

r)− FBτ (10
r)
)∣∣ < 2ε

e1/a1 − 1
+

c2
ℓN

and hence, uniformly in r ∈ [0, 1[,

limN→∞ ℓN
(
Fx−1

N ∗QN
(10r)− FBτ (10

r)
)
= FBτ∗Bτ (10

r)− FBτ (10
r) .

With a = a1/ log e, recalling that τ = 1/a completes the proof.

In order to utilize Lemma A.1 for a proof of Lemma 3.3, denote by π the prime

counting function, i.e., π(t) = #{n ∈ N : pn ≤ t} for all t ∈ R+, and notice that, as

a quantitative refinement of the prime number theorem established in [15],

lim supt→∞(ln t)2
∣∣∣∣
π(t) ln t

t
−
(
1 +

1

ln t

)∣∣∣∣ < ∞ . (A.4)

Proof of Lemma 3.3. Deduce from (A.4) that

pn
n

= lnn+ ln lnn− 1 +O
(
ln lnn

lnn

)
as n → ∞ , (A.5)
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and consequently, as n → ∞,

log xn = a log pn = a log e

(
lnn+ ln lnn+

ln lnn

lnn
− 1

lnn
+O

(
(ln lnn)2

(lnn)2

))
.

Thus log xn = f(n) for every n ∈ N, with f as in (A.1), where a1 = a3 = −a4 =

a log e, a2 = 0, and f̃ is appropriately chosen. An application of Lemma A.1 there-

fore completes the proof.

Remark A. 2. The attentive reader will have noticed that none of the parameters

a2, a3, a4, and f̃ in (A.1) appears explicitly in the conclusion of Lemma A.1. This

suggests that Lemma 3.3, and hence its many consequences presented in Section 3

as well, remain valid for sequences (xn) more general than (pan); cf. [21,25,26,32].
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