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A MULTILEVEL METHOD FOR SOLVING THE HELMHOLTZ
EQUATION : THE ANALYSIS OF THE ONE-DIMENSIONAL
CASE

S. ANDOUZE, O. GOUBET, AND P. POULLET

Abstract. In this paper we apply and discuss a multilevel method to solve a scattering problem.
The multilevel method belongs to the class of incremental unknowns method as in [10]; in this
work, the best performance was obtained with a coarsest grid having roughly two points per linear
wavelength. We analyze this method for a simple model problem following H. Yserentant [17]. In
this case, the main limitation to multilevel methods is closely linked to the indefiniteness of the
Helmholtz problem.
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1. Introduction

In this paper we are interested in applying the strategy introduced by H. Yserentant
17] to solve an indefinite elliptic boundary value problem that comes from acoustics
7], [6]. This problem, leading to a non-coercive bilinear form, reads as follows

[

[

(1.1) gy —K*u = f, in]0,1]
(1.2) u(0) = 0,

(1.3) ug (1) = ku(l).

Here we adopt the notations 2 = /—1, while the wavenumber k = % is a positive

real number (supposed larger than 1 in the sequel). Here some scaling has been
performed; this problem occurs when one considers a solution of the wave equation
Uy — Uy, = 0 that moves from the left to the right boundary, whose frequency
is w and that satisfies some Sommerfeld radiation condition at +oco. For numerics,
one tracks this solution on a box [0, L], and after scaling in space, this condition
(1.3) replaces u(x) ~ e at +oo.

This one-dimensional problem belongs to exterior boundary value problems of
the form

(1.4) ~Au—k*u = f in Q
(1.5) u = g onI' C 992
(1.6) Fu = 0 on 0N

where the operator F corresponds to the chosen absorbing boundary condition
(ABC), while the second equation depends of the (acoustic) properties of the scat-
terer. The Helmholtz problem at hand is expected to produce a solution with an
oscillatory behavior on the wavelength (A = 27/k) scale. The analysis conducted
hereafter should be extended to the two-dimensional or three-dimensional prob-
lem with an approximation of first order ABC without any other difficulties than
technical ones. Otherwise, if one considers the problem with Sommerfeld radiation
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condition at infinity, one must use a different framework as weighted Sobolev spaces,
but working without the assumptions needed to validate the Poincaré inequality
might be hard.

Multilevel methods, like hierarchical basis [15, 16] for finite element approxi-
mation or incremental unknowns [12] in finite difference context, are effective for
the numerical solution of many partial differential equations. They seem being
almost so robust and powerful as classical multigrid methods for solving elliptic
partial differential equations [3]. Nevertheless, for large scales problems, multilevel
approaches do not apply straightforwardly and more involved method have to be
considered [9, 1, 8]. For some classes of problems like ours, it has been proven that
the effectiveness of classical multigrid methods often fails [13, 4, 5]. In particular,
the indefiniteness of the discrete problems is certainly the main reason for which
the coarsest grid must be not too coarse.

The multigrid methods by combining interpolation and pre and post-smoothing
catch step by step the harmonics of the solution whereas the multilevel methods
involve the projection of the solution onto a Krylov space in the multilevel basis.
Even if the approach of the latter looks quite far away from the classical multigrid
methods, we will prove that they have a similar limitation onto the sparsity of the
coarsest level of grid for indefinite discrete problems (this result has been pointed
out in [10]).

For the Helmholtz problem under consideration, despite the fact that the asso-
ciated bilinear form is not positive definite, one can exhibit a large subspace W of
the energy space with a finite co-dimension (which varies as k*), and such that the
bilinear form restricted to W becomes coercive. Hence, dealing with finite element
multilevel approximation of the equation, we develop the strategy introduced by H.
Yserentant to trap the bad behavior of the bilinear form on a finite element space
corresponding to a coarse grid approximation of the equation, and then to proceed
to multilevel analysis on finer grids. The significant drawback of our method is
that it does not apply to very high frequency problems since the magnitude of the
coarse grid behaves as k?.

The outline of this paper is as follows. In section 2, we introduce the one-
dimensional model problem and study its properties. The section 3 is devoted to
its approximation by multilevel finite element (which is similar to the incremental
unknowns in finite differences). One shows in particular the influence of the indef-
initeness of the problem onto the discrete problem. Computations of the condition
number of the stiffness matrix for the hierarchical basis are given in section 4, in
agreement with the analysis.

Let us complete this introduction by some notations. To treat the absorbing
boundary condition (1.3), we need to use complex valued functions. Furthermore,
to adapt the guidelines introduced in [17] to complex valued functions, we consider
L?(0,1) the real-Hilbert space whose scalar product is

(1.7) (u,v) = Re /O 1 u(z)v(x)dr = Re / uvdz.

Note that one omits to write generic constant that may vary from one line to another
one, but that is independent of k and of hg, h, denote respectively the mesh size
of the coarse and fine grid approximation of the problem. We also use the space
V = {u € L?(0,1);u, € L?(0,1) and u(0) = 0}. For the sake of conciseness, we
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denote respectively |[ul| = (u,u)?, ((u,v)) = (ug,vy) and |u| = |Jug|. It is well-
known that V equipped with the Poincaré semi-norm |.| is an Hilbert space and
that the following estimates are valid for any v in V'

(L8) Jall + el e o 1y < il

Let us recall that the constants are still replaced by one, because the use of the
best constants in the Poincaré inequality and the Sobolev embedding is not of the
main interest here.

2. Model problem analysis

It is a standard procedure to prove that (1.1)-(1.2)-(1.3) is equivalent to solve
the following variational formulation:
find w in V such that, for all v in V|,

(2.1) /uzﬁdx —ku(l)v(l) — kz/uﬁdm = /f@dx.

or, equivalently (by using v or w as test functions),

(2.2) b(u,v) = ((u,v)) + Im(ku(1)v(1)) — k*(u,v) = (f,v),

since we chose to deal with a real-Hilbert space.
We now state and prove

Proposition 2.1. The bilinear form b(.,.) defined by (2.2) is continuous on Vx V.

Proof. Due to inequality (1.8), we have, for all u,v € V|

b(u, v) < [ul [o] + kl|ull poo (g,1) 10l e 0,1y + &2 1l ]

(2.3) < (1+k+E) |ul[v].

O

Actually, b is not coercive but satisfies the following Gérding inequality (that
turns out to be an equality here). For all v in V'

(2.4) b(u,u) = [uf” = K [[ul|.
Last not least, we prove

Proposition 2.2. For f € L*(0,1) and k > 0, the problem (2.2) has a unique
solution.

Proof. We give a short proof that relies on Fredholm alternative (see [2]). Set A
the unbounded operator defined as (Au,v) = ((u,v)) for any u,v in V. A is onto
and has a compact inverse. Set (Bu,v) = —kImu(1)v(1) + k*(u,v). Then B is
a compact perturbation of A, i.e A7!B is a compact operator. Hence either the
equation Au—Bu = f has a unique solution for any f or the homogeneous equation
Au — Bu = 0 has nonzero solutions. Let us check that the latter assertion is not
valid. If b(u,v) = 0 for all v then chosing v = wu leads to u(1) = 0. Hence u satisfies
—Uyy —k?u = 0 in D’(0, 1) supplemented with u(0) = u(1) = 0. This operator does
not have negative eigenvalues. Then u = 0. Then we know that there exists a
unique u € V solving the equation. ([l
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Remark 2.3. Following [7], we know that the solution to (2.2) reads

(2.5) u(x):/o K(z,s)f(s)ds,

where K (z,s) = te'*max(@9) gin(kmin(z, s)). As a consequence for u, the solution
to (2.2), we have
(2.6) kflull + ful < [£]

We also have

Proposition 2.4. There exists a unique solution to the following adjoint problem

(2.7) Find w € V such that, Yv € V, b(v,u) = (f,v).
Moreover the solution of (2.7) satisfies
(2.8) kllull + ul < [£]

Proof. The adjoint problem shares the same properties as the original problem. It
is related to b*(u,v) = ((u,v)) — kIm(u(1)v(1)) — k%(u,v) = (f,v). The solution
is given by u(z) = fol K(x,s)f(s)ds. The proof of the Proposition follows readily
(see [6] section 4.2). O

3. A multilevel finite element approximation

Following preliminary definitions of the previous section, we introduce the Galerkin
finite element approximation of our model problem with piecewise linear functions.
Then we introduce a multilevel decomposition using hierarchical basis of our prob-
lem and we prove some results concerning our indefinite elliptic boundary value
problems.

Let us recall for reader convenience some results from [7]. Let the stepsize
h =1/(n+1) for n an integer, and let on the interval [0,1] a uniform mesh of
n + 2 nodes {x; = jh, j = 0,...,n + 1}. We define the space V" C V as the set
of functions of V' such that their restriction to each interval [x;_1, ;] is a linear
function.

The approximate model problem is then:

(3.1) find uj, € V" such that b(up,vp) = (fu,vn) for all v, € V.

We follow here the strategy in [17] (see also [14, 9]). Let us introduce now
more precisely the multilevel finite element approximation by using linear basis
functions in 1D. Let P; denote the space spanned by these functions. For a more
general setting in higher dimension, one can consider a family of nested uniform
triangulations [15]).

In the case of the interval [0, 1], we start with an initial coarsest triangulation
To whose mesh size is hy gathering the subintervals KJQ = [scg_l, m?] of the nodes
{0 =2a,...,2% = 1}. Each interval KJQ is divided into two subintervals K} and
K zl+1 which compose the 7 and the process is recursively applied until the last level
d. Then we introduce the space

Vi = {vy, € €°([0,1]), v, (0) = 0, and Un/K0 € P, j=0,...,n°},

and if Kjl- denotes the (j + 1)-th subinterval of the triangulation 7;, we introduce
the space

Vi = {vy € €°([0,1]), v, (0) = 0, and vn gt € P1, = 0,...,n'}.
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Owing to the construction of the nested subintervals, one recovers that hg = 2¢h
and that
‘/bh C Vlh C C thfl C th.
One defines the interpolation operator relative to the j-th level of subdivision by
vu € C°([0,1]), Lju € th Liu(x) = u(z), for allz € {x),... ,xiﬂ-}.

Thus, we obtain the multilevel decomposition of the approximation space V" = th,
d

Yup € VP wy, = Ioup, + Z(Ijuh —Ii_qup).
j=1
Furthermore, as for all uj, € V",
Vo e {xh, ..., ), (Ljup — Ij—qyup)(z) =0, for 1 <j —1,
one obtains straight the decomposition of V! in a direct sum
Vi=VieWeW) e - &Wj, where W=V \V/]
We now state

Theorem 3.1. Assume that the coarse mesh-size hg satisfies hok? is small enough.
Introduce (V{*)* the orthogonal complementary of VJ* with respect to b, i.e (VJ)*+ =
{v € Vib(ul,v) = 0, for all ub € VY. Then b/(V)* is coercive. Moreover if
Ay, denotes the stiffness matriz defined by b(uy,vn) = (Apun,vy) associated to the
problem under consideration, then preconditioning the underlined linear system with
the hierarchical basis associated to the multilevel finite element splitting leads to a
new system of size n = % that separates into a well-conditioned elliptic system and

an invertible (non elliptic system) of size hio

Proof. The proof of this Theorem is based on some results of [17]. The assumption
requires that the size of the coarse grid must be sufficient to catch the oscillations
characteristic of the solution of the Helmholtz problem. Throughout the proof we
assume without loss of generality that k£ > 1.

The first step is devoted to prove that (V{J*)' satisfies a enhanced Poincaré
inequality and intensively uses the so-called Aubin-Nitsche trick. Consider u in
(Vbh)J-. Consider ¢ that solves the adjoint problem, where the right hand side f is
replaced by u,

(3.2) Yo eV, b(v,p) = (u,v).
Specifying v = w in the previous equality and using the orthogonality property
leads to
2
(3.3) ¥ieg € Vo' lull® = bu, ¢ — ¢5).
By standard finite element theory we know that there exists a constant ¢, that does

not depend on h such that
(3.4) inf

phevh

¢ — oh| < exho || aall -

Then, using the continuity assumption on b we obtain

(3.5) ull® < (14 &+ ) ul |0 = @] < exho(L+k + &) Ju] [z -

Hence, since [|pqz]| < [Jull + &2 |||l < (1 + k) ||lu||, due to the estimate (2.8), we
have that

(3.6) llull < 6ehok® |ul.
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Consequently, for u in (V)*,
(3.7) b(u,u) = |u]* — k?|Jul|® > (1 — 36¢2h2k®) |ul” .

Hence the assumption reads 6¢,hok? < \/g where ¢, is the best constant involved
in the P! finite element result.

We now move to the proof of the second part of the Theorem. Consider the
hierarchical basis associated to the multilevel decomposition. We denote such basis
as Y1, ...V, ... 10, Where 11, .10, is a basis for the coarse space VOh; hence m ~

1

1
2R’

Solving the approximate problem b(uy,vy,) = (f,vs), for all v, in V* amounts
to solve the linear system AU = F where A is the matrix whose entries are b(x, ;)
and where F' is the vector F; = (f,1,). We split this matrix into blocks as

Aqr Aro
A= ,
<A21 Az
where A7 is a m xm matrix corresponding to the restriction to the bilinear space to
the coarse space. Hence solving AU = F' requires to solve (with obvious notations)
the system
Aruy + Arpug = fi,

3.8
(38) Agiur + Agous = fo.

To begin with we prove that the m xm matrix A1; is invertible. This is equivalent
to prove that the discrete problem

(3.9) Vun, € V0h7 b(uhm Uho) = (f> 'Uho)’

has a unique solution. By denoting wq the difference between two solutions up,
and 1ip, of the problem (3.9), wy belongs to (VI)*.

Since 0 = b(wg, wo) > % lwo|®, then wy = 0. Therefore A1 has null kernel and thus

is invertible.
Solving AU = F is then equivalent to solve

(A2 — A21A1_11A12)U2 = fo— A21A1_11f17

3.10
(3.10) Anur = f1 — Apue.

Hence the second equation in (3.10) has small size with respect to the problem
under consideration, while the first one requires to invert the Schur matrix R =
Aoy — A21A1_11A12 which is symmetric and positive definite. Following [17] we now
compute its condition number.

The vector whose entries are (7A1_11A12u2,u2)T corresponds to a vector that
belongs to (V*)*. Then, denoting the scalar product in R" as u.v, we first obtain
the equality

e -1
(3.11) Rugty — A ( AnuAmuz) . ( A11UA12u2> — bt — ung, u — uny)-
2 2

Therefore, due to (2.3), (3.7) and the assumption k > 1, we recover that
1
(3.12) 3 lu— upy|> < Rug.ug < 3k |u— up, |

Finally, we obtain that the condition number x(R) = 6k%r(Ay) where Ag is the
matrix of the usual Laplacian preconditioned by the hierarchical basis. As we know
from [15] that x(Ag) = O(d?) where d is the number of refinement levels, the proof
is complete. (Il
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4. Numerical results

The analysis which has been given before, is confirmed by the following numerical
results. It is well known that the number of iterations required for convergence is
nearly proportional to the square root of the condition number of the stiffness
matrix; hence we study this last quantity for the model problem.

At the left picture of Fig. 1, we first observe the behavior of the condition num-
ber as the discretization is refined while the wavelength is kept fixed. Then, at the
right picture, we plot the condition number when the number of mesh points grows
proportionally with the wavelength. The curves of Fig.1 (a) represent the varia-
tion of condition number of the stiffness matrix which is obtained after successive
application of grid level of hierarchical basis (in other terms, setting a fixed value
of the wavenumber, and growing the coarsest mesh hy by doubling its size). And
the result is that the condition number is improved only in the begining and up
to the limit of the coarse grid mesh reaches 0.3\. Beyond this point, no further
improvement is observed and the condition number is getting even worse.

Similar results for the second type of refinements is obtained Fig.1 (b). Hier-
archical basis provide a preconditioner which performs well as long as the coarse
mesh is less or equal than \/4.

1, 10
16 s w0 & S
10 P 4 Bt i ~ kﬁ—v—v—vﬁ—v
2 [ v § 217 !
& k g8
* jol[-ekm=12 - - | |-©-k=8
—B-kh=1/4 | T - - i - t =;g
7| Hkh=1/16 10 : S e k=64
B =7~ kh = 1/32| : | ==k =128
kN = 1/64 =k =25T
10 : : : 10"
10° 10° 10" 10 10' 10° 10" 16 10" 10°

FiGure 1. Condition number for the 1D Helmholtz equation on a
10, 1[ domain, vs the coarse mesh size for k = 16 and various fine
mesh sizes (a), and using kh = 4 versus the coarse mesh size for
various values of the wavenumber (b).

5. Concluding remarks

Numerical results of Helmholtz problems in 2D showed that incremental un-
knowns preconditionning is an adapted and robust technique, but only when the
ratio between the coarse mesh and the wavelength is limited [10]. In this paper,
we develop an analysis of a 1D Helmholtz model problem to check the behavior of
our multilevel approach. The results which are obtained for this model problem
are similar to these of the 2D acoustic scattering one, explaining that this limit is
linked to the coercivity default of the bilinear form associated to the problem. More
specifically, the dimension of the coarsest approximation space must be sufficient
to catch the oscillations of the solutions, providing a bilinear form coercive on the
orthogonal of the coarsest approximation space. Therefore we acknowledge that
our method loses efficiency for very high frequency problems. An extension to this
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work shall treat the equation-based interpolation technique introduced recently in
[11].

Acknowledgments

The authors would like to thank the anonymous referees for their useful remarks
that improve the clarity of this paper.

References

[1] O. Axelsson, A survey of algebraic multilevel iteration (AMLI) methods, B.I.T., 43 (2003)
863-879.

[2] H. Brezis, Analyse fonctionnelle, Masson, 1983.

[3] M. Chen and R. Temam, Incremental unknowns for solving partial differential equations,
Numer. Math., 59 (1991) 255-271.

[4] H.C. Elman, O.G. Ernst and D.P. O’Leary, A multigrid method enhanced by Krylov subspace
iteration for discrete Helmholtz equations, SIAM J. Sci. Comput., 23 (2001), no. 4, 1291-1315.

[5] Y.A. Erlangga, C.W. Osterlee and K. Vuik, A Novel Multigrid Based Preconditioner for
Heterogeneous Helmholtz Problems, SIAM J. Sci. Comput., 27 (2006) 14711492.

[6] F.Ihlenburg, Finite Element Analysis of Acoustic Scattering, Applied Mathematical Sciences,
132, Springer, 1998.

[7] F. Ihlenburg and I. Babuska, Finite element solution of the Helmholtz equation with high
wave number, Part I: the h-version of the FEM, Comput. Math. Applic., 30 (1995), no. 9,
9-37.

[8] J.Kraus and S. Margenov, Robust algebraic multilevel methods and algorithms, Radon Series
on Computational and Applied Mathematics, 5, De Gruyter, 2009.

[9] M. Neytcheva and P. Vassilevski, Preconditioning of indefinite and almost singular finite
element elliptic equations, SIAM J. Sci. Comput., 19 (1998) 1471-1485.

[10] P. Poullet and A. Boag, Incremental unknowns preconditioning for solving the Helmholtz
equation, Numer. Meth. for PDEs, 23 (2007), no. 6, 1396-1410.

[11] P. Poullet and A. Boag, Equation-based interpolation and incremental un-
knowns for solving the Helmholtz equation, to appear in Appl. Num. Math.
(http://dx.doi.org/10.1016/j.apnum.2009.12.006).

[12] R. Temam, Inertial manifolds and multigrid methods, SIAM J. Math. Anal., 21 (1990), no.
1, 154-178.

[13] E. Turkel, The numerical solution of the Helmholtz equation for wave propagation problems
in underwater acoustics, Comput. Math. Appl., 11 (1985) 655-665.

[14] P.S. Vassilevski, Preconditioning nonsymmetric and indefinite finite element elliptic matrices,
J. Numer. Linear Algebra Appl., 1 (1992) 303-319.

[15] H. Yserentant, On the multi-level splitting of finite element spaces, Numer. Math., 49 (1986)
379-412.

[16] H. Yserentant, On the multi-level splitting of finite element spaces, Numer. Math., 50 (1986)
123.

[17] H. Yserentant, On the multi-level splitting of finite element spaces for indefinite elliptic
boundary value problems, SIAM J. Numer. Anal., 23 (1986), no. 3, 581-595.

Université des Antilles et de la Guyane, LAboratoire de Mathématiques Informatique et Ap-
plications, Campus de Fouillole, BP 250, 97159 Pointe-a-Pitre cedex, Guadeloupe FWI
E-mail: Severine.Bernard@univ-ag.fr

LAMFA UMR 6140 CNRS UPJV, 33 rue Saint-Leu, 80039 Amiens cedex
E-mail: olivier.goubet@u-picardie.fr

Université des Antilles et de la Guyane, LAboratoire de Mathématiques Informatique et Ap-
plications, Campus de Fouillole, BP 250, 97159 Pointe-a-Pitre cedex, Guadeloupe FWI
E-mail: Pascal.Poullet@univ-ag.fr



