MATH 436 MIDTERM SOLUTION

Oct. 18, 2012 12:30pM — 1:50PpM ToTAL 50 PTs.

NAME: ID#:

Problem 1. (10 pts) Let ¢, & be constants, x> 0. Design a random walk model which leads to the equation
Ut +CU; =K Uz, (1)

then obtain Duhamel’s principle for the corresponding nonhomogeneous equation
U+ CUy = KUge + f(2,1). (2)

Solution. Consider a random walk with probability p moving left and ¢ =1 — p moving right, with spatial
step size h and time step size 7. Then we have

u(z,t+7)=pulx+h,t)+ qu(x —h,t). (3)
Taylor expansion leads to
utwT+o(r)=p u—l—uxh—l-%uth—l—o(hQ)} +q [u—uxh—l—%um h?+ o(h?) (4)
which simplifies to
ut—l-q;phuz_guzz+o<h—:>+o(l). (5)

q—
p

2
If we take % — K and P 1 — ¢, we reach the equation
Ut+ CUL = K Ug g, (6)

For the Duhamel’s principle, we consider the situation that at location z, after time ¢, the probability is
increased by 7 f(x,t). Then the equation becomes

U+ CUup = KUze + f(2,1). (7)

Thus the Duhamel’s principle should read:

u(ac,t)zU(:v,t)—i—/ot v(x,t;8)ds (8)

where U(z,t) solves
U+ CUp =K Uy z, u(z,0) =uo(z) 9)

and v(z,t; s) solves
Vet CUp = K Ugy, v(x,s;8) = f(x,s). (10)
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Problem 2. (10 pts) Solve the initial value problem

TUy+YUy=T€E Y, u=0 on y=2a2
Solution. We have
de_dy__du
r Y Cxe

This leads to

and

So the general solution reads

where f is an arbitrary function.

Now apply the initial condition:

d=z+ f(a?/z) =2+ f(z) = f(z)=1—=z.

Therefore the solution is
ct=a+[1—y/al
or

u=ln[z+1-—y/z].
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Problem 3. (10 pts) Construct entropy solution to the conservation law

0 r<—1
u? z+1 -1<x<0
’ut+(7 1—0, u(z,0)=g(x) = -2z O0<x<1l )
0 r>1

What is the limiting function v(x): =lim;—, cou(x, t)?

Solution. Drawing characteristics we see that the first singularity appears at z =1,¢=1. A shock emanates
from that point, with speed determined by

de 1lz+1 B
E_§t+1:>x—|—1—0\/t+—1 (20)

Since it passes x =t =1, we have C'=1. So the shock is

r+1=+vt+1 (21)
The solution reads
0 r<—1
Tl opct i<t
t+1
u(z,t)= and —l<z<+t+1-1,t>1 . (22)
r—1

t<r<l, 0<t£1
0 r>Lt<land z>vVt+1—-1,t>1

The limit is v(z) =0.

Remark 1. How to get formulas for the solution.

Characteristics starting from —1 < <0 has speed: i—f = g(xo) =z + 1. Therefore the equations for the
characteristics are x =xo+ (xo+ 1) t. Thus the solution in this region is

u(zo+ (xo+1)¢,t) =u(z,t) = g(xo). (23)

To find u(z,t), we need to represent x( using z, t.

x:x0+(x0+1)t:>x0=fo
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Problem 4. (10 pts) Find the general solution to the following equation:

3Uzz+ 10Ugy + 3uyy =0. (25)
Solution. We have
3 (dy)?—10(dz) (dy) + 3 (dz)?=0= (3dy — dz) (dy —3dz) =0 (26)
This leads to
dBy—xz)=d(y—3x)=0. (27)

Therefore the change of variables should be
E=3y—u, n=y—3x. (28)
As this equation is hyperbolic, we know that this change of variables leads to
Ugn =lower order terms. (29)

Since the change of variables is linear, and in the original equation there is no lower order term, we conclude
that the transformed equation must be

Ugn = 0. (30)
The general solution is then

u(€,n) = f(&)+9(n) (31)

which translates to

u(w,y)=f(3y—z)+g(y —3x). (32)
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Problem 5. (10 pts) Consider the linear equation
a(z, y) ue+b(x, y) uy=c(z,y)ut+d(z,y),  u,0)=g() (33)
with a, b, ¢, d smooth functions.

a) Introduce a definition for “weak solution” to allow discontinuous solutions.

b) Suppose u is a “weak solution” that is smooth away from a curve I'. Show that u satisfies the equation
in classical sense away from I'.

¢) Suppose u has jump discontinuity along I". What is the condition that T" must satisfy?

Solution. Weak solution
//u(aqﬁ)m—i—u(bqﬁy)—cugb—d(bdxdy—i-/gb(bdx:(). (34)

Let Q1, Qs be the two domains on both sides of I'. Gauss’ Theorem gives

/[u(Z)]qS-nds:O. (35)
As a,b are smooth, this reduces to :

foel(3) o]0 (1) oo

which means I' has to be a characteristic curve.



