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Math 317 Quiz 5 Solutions
Mar. 17, 2014

� The quiz has three problems. Total 10 + 1 points. It should be completed
in 20 minutes.

Question 1. (5 pts) Let A be the set of all �nite rectangles in R2. Find its
cardinality. Justify your answer.

Solution. First for any x2R, [0; x]22A. Therefore A&R; On the other hand
we have the following injection f :A 7!R8:

R 7! (a1; b1; a2; b2; a3; b3; a4; b4) (1)

where (ai; bi) are coordinates of the vertices.
Therefore A.R8. But R8�R. Thus by Schroeder-Bernstein A�R, that

is the cardinality is c.

Remark. I should have speci�ed that the rectangles should be compact. But
looks like nobody's solution was actually a�ected by this anyway.

Question 2. (5 pts) Re-order N to have ordinal number !2+! � 2+1.

Solution. For k 2N, let Ak := fn2Nj n has exactly k prime factorsg ordered
by the natural order. Then we have

N= f1g[k=11 Ak (2)

and we can re-order N as

A3<A4< ���<A1<A2< 1: (3)

Question 3. (1 bonus pt) Prove the following theorem due to Paul du Bois-
Reymond (1831 - 1889):

Given any sequence of functions fm: N 7! N, m = 1; 2; 3; ::::, there is a
function f :N 7!N such that

8m2N; lim
n!1

fm(n)

f(n)
= 0: (4)
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Solution. Let

f(n) := n
X
k=1

n

fk(n): (5)

Then we have for any �xed m, when n>m,

f(n)=n [f1(n)+ ���+ fn(n)]>nfm(n): (6)

Thus limn!1
fm(n)

f(n)
=0 as desired.
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