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1. DEFINITIONS AND PROPERTIES

1.1. Infinite series (Infinite sum)

DEFINITION 1. (INFINITE SERIES) Given a sequence {ay} of real numbers, the formal sum

o0
S nmartart o tan o 1)

. . . . n=1
1s called an “infinite series”.

Remark 2. Note that Z _, Gp is just another way of writing the formal sum a; + az + -+ +
an+ ---. They mean exactly the same thing (which, up to now, is — nothing).

Remark 3. The “summation” in (1) of these infinitely many real numbers
@1+ a2+ -+t o 2)

is “formal” because it is not clear what it means to say ai + ao+ -+ + a, + --- = s € R. Essentially,
to define the “sum” of aq, ..., an, ... is to define a function

FFRXxRx--xRx--—R. (3)

This turns out to be a tricky task, as can be seen from the following example.

Example 4. Some examples of infinite series:

i D+14+(=1)+1+- (4)

n=1
ad 1nn sml sin2+m (5)
2
n=1
o
d o2 =14+2+444- (6)
n=1
o
1 1 1
ZI§1+§+Z+--- (7)
n=

It is intuitively clear that the value of 7 | 2n should be 2 while >~>° | 2" should be co. It’s not

clear whether the first two sums correspond to any value. In particular, many different values can
be “reasonably” assigned to the first sum.

Example 5. (RIS, §6.3, FALLACY 7) Let )7 | a, be any infinite series. Let S € R be arbitrary.
We have

a=S—(S—a); a=(S—a1)—(S—a;—a2);... (8)
Everything cancel in the sum except S. Therefore S = Zzozl Q.

Remark 6. For more such fallacious results, check out Chapter 6 of (RIS) .

1. Meaning: following accepted rules of adding finitely many numbers, such as grouping and re-arrangement.
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1.2. Convergence through partial sum

One good way of defining infinite sum is through the limit of partial sums.

DEFINITION 7. (PARTIAL SUM AND CONVERGENCE) The nth partial sum of an infinite series
So02 | an is defined as sp="1 " _, am. If the sequence {s,} converges to some real number s, then
we say the infinite series converges to s, or equivalently say its sum is s, and simply write

S s Q
n=1

If s — 00 or —o0, we say the infinite series diverges to oo or —oo respectively and write

o
Z ap =00 or —00. (10)
n=1
Remark 8. Note that
$1=4ai,82=a1+a2,83=ai1+as+as,... (11)

Recalling theorems for the convergence of sequences, we have

THEOREM 9.
° ZZOZI an =S5 if and only if for any € >0, there is N € N such that for all n> N,

n
s — E A
m=1

° ZZO:1 an =00 if and only if for any M € R, there is N € N such that for all n > N,

<e; (12)

> am>M; (13)
m=1
° ZZO:1 an=—00 if and only if for any M € R, there is N € N such that for all n > N,

Z am < M. (14)
m=1
Example 10. Prove that
— 1
> =1 (15)

n=1

Proof. By induction we can prove that

and the conclusion easily follows. U

Example 11. Prove that > > # converges and find the value.

Proof. By induction we can prove that

1
n—+1

Sn=1—
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Therefore Z L. O

n=1 p24n

Exercise 1. Study the convergence/divergence of > °° (Hint: 2).

1
n=0 Vn+1+n'
Exercise 2. Prove the following:

i. A convergent series has a unique sum;
ii. If > an=A€RU{+oo}, and c€R, c#0, then > > (ca,)=cA;
il I Y2 an=A4,3"" by=DB, then }°7 | (an+bn) =A+B;

1.3. Criteria for convergence

THEOREM 12. (CAUCHY) A infinite series Y -, a, converges to some s € R if and only if for any
€>0 there is N € N such that for allm>n> N,

m

> af<e (18)

k=n+1
Exercise 3. Prove the above theorem. (Hint:? )

COROLLARY 13. If Z _, an converges to s € R then lim, . c0a, =0. Equivalently, if lim,—ccan
does not exist, or exists but is not 0, then Z _, ap does not converge to any real number.

Proof. For any € > 0, since Z _, an converges, it is Cauchy and there exists N1 € N such that for
all m>n> Ny,

m

> | <e (19)

k=n+1

Now take N = N+ 1. Then for any n > N, we have n >n — 1> Nj which gives

an—0|= Zak €. (20)

Thus by definition of convergence of sequence lim,,_,soa, =0. U

Remark 14. The above corollary is very useful, however we should keep in mind that:
1. The converse is not true. That is lim,_, oca, =0 does not imply the convergence of Zzozl an.

2. It cannot be applied to conclude Zzozl apn,# 00 or —00.

Exercise 4. Give a counterexample to the following claims:

lim a,=0— E a, =s for some s€R. (21)
n-——0o0 ne1
E anp=58€ Reyy — lim a, =0. (22)
n-——o0
n=1

2. W+\/7 =+/n-+ _f

3. Recall Definition 7. Then check the Cauchy criterion for infinite sequence.
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(Hint:* )

Example 15. Let a, =cr" ! for ,c € R. Then
a) If |r| <1, then Y7 | ap=——.

1—r

400 ¢>0
b) If r>1,then Y 7  ap=< 0 ¢=0.
—00 ¢<0

¢) If r<—1, then 7 | ay, does not exist (as extended real number).

Proof. We prove for c=1. The generalization is trivial.

a) We have

n
1_ n
= =)

m=1

For any & >0, take N € N such that N >log,|[¢ (1 —r)], then for any n > N,

-3 ol

b) For any M € R. Take N € N such that N >|M|. Then for every n > N we have

Y

= 24
1—7" 1—7’<€ (24)

n n
> am=)_ 1=n>N>|M|>M. (25)
m=1 m=1
¢) Since r < —1, |ay| > 1. Therefore by Corollary 13 >>°  a, does not converge to any

real number. We still need to show that > >°  a, # oo, —oo. To do this, we show that
Sp = Z:;:l ay, satisfies s, >0 when n is odd and s, <0 when n is even. Clearly s;=1>0,
so=141r<0. For n >3, calculate

Sp= rml = (26)
1—r
m=1
As r<—1, 1 —7r>2 which gives
1—pn—1 L4 |rnt
< < n—1< n

‘ T |S——5 —<Ir" < (27)
Therefore, s, and r™ cannot take opposite signs. O

Example 16. We have

(28)

=1 1 1
n=1 n=1

NI

4555 1L
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2. NON-NEGATIVE SERIES

2.1. Convergence/divergence through comparison

In most situations, it is impossible — at least very hard — to explicitly calculate the partial sum
Sp:=3" _, am and it is therefore not possible to establish convergence/find the sum based on
definition only. One way to overcome this is through the following comparision theorem.

THEOREM 17. (COMPARISON) Let Y | an and Y.~ b, be two infinite series. Assume that there
are ¢ >0 and Ny €N such that |an| < cby, for all n> Ny. Then

o0 oo
a) Y ,—q bn converges = > | an converges.

b) Y07 an does not converge® = 3" | by =o00.

Proof. Note that a) and b) are equivalent logical statements®, so we only need to prove a). We
show that > | a, is Cauchy. For any € > 0, since Y | b, converges, it is Cauchy and there is
N7 € N such that for all m >n > Ny,

m

> b

<E (29)
k=n+1 ¢

Take N =max { N1, No}. Then for any m>n> N,

m m m
Z ag| < Z lax| <c Z b < e. (30)
k=n-+1 k=n+1 k=n+1
So 3> | ayn is Cauchy and therefore converges. O

Exercise 5. Show that the = in the above cannot be replaced by <=. Also show that the absolute value is
necessary in |a,| < cb,. (Hint: 7)

Exercise 6. Let > >° | a, be a non-negative series. Then it converges <= it is bounded above. (Hint:® )

Example 18. It is clear by the above theorem that if >°°° | |a,| converges, so does > | ap. The

converse is not true, as can be seen from the following example:
(_1)n+1

Take a, = — Then we clearly see that
1 1 1 1 1 1 1 1
Sl sty it T T Tt sa T T e nen (31)

5. Note that here it is not necessary for ) a, to be co.
6. By the hypotheses in the Theorem, b, > 0. See Exercise 6.
7. Consider a, =—1/n?, b,=1/n.

8. Thus the partial sum 221:1 anm, is increasing and there are only two cases: bounded above or not.
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converges. On the other hand, we have So,11 — S2,, — 0 S0 S5,41 converges to the same limit.
From here it is easy to prove by definition that S;,, — to the same limit, which turns out to be In 2.

Example 19. Prove that

i %:oo. (32)

n=1
Proof. We notice that
1 2
—_—> 33
Vnooyn+vn+1 (32)
. o 2 o
The conclusion follows from )™ | W i O

Exercise 7. Prove the following “limit comparison test”.

Let 3>°° | an, Y oo, bn be two non-negative series and further assume b, >0. Assume that

li

an
n—oo by

=LeRU{+o0}. (34)
Then
i. If 0< L <oo, then 377 | an,> ", by both converge or both diverge;
ii. If L=o00 and > °° | a, converges, then > °° | b, converges;
iii. If L=0and Y°° | ay, diverges, then > b, diverges.

Then improve the result using limsup and liminf. (Hint:% )

oo 2"+ n — 2

Exercise 8. Apply the limit comparison test to study >~ S rin_5

Exercise 9. Can we drop the “non-negative” assumption in the above “limit comparison test”? (Hint:'0 )

[e.e]

Remark 20. A sequence Y >° | a, that converges but with > |
convergent. On the other hand, a sequence Y~ ° | a, such that > >° | |a,| converges is said to be
absolutely convergent. Absolutely convergent sequences can undergo any re-arrangement and still
converge to the same sum but conditionally convergent sequences do not enjoy such property.

|an| = oo is called conditionally

Exercise 10. Prove that if 37 | a, does not converge to some s € R, then > | |a,| = oco.

Remark 21. (THE PLAN) In light of the Theorem 17, it is important to study non-negative series,
that is infinite series Y~ | a, satisfying a,, >0 for all n € N. Once a non-negative sequence Y | by,
is shown to be convergent, we know that any Zzozl ay, satisfying |ay| < ¢ by, for some constant ¢
is also convergent. It is further possible to make this comparison “intrinsic”, that is design some
criterion involving a, only while still guarantees the relation |a,| < ¢ b,. Such criteria are usually
called “tests”. We will study the simpliest tests in the following section.

an 3L
by < 2

9. For example, when 0 < L < oo, there is N € N such that for all n > N, é <

10. No. Consider a,=1/n,by,=(—1)"/y/n.
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2.2. Typical non-negative series and their implications

Example 22. (GEOMETRIC SERIES) We have seen that Y>> | 7"~ ! converges when 0 <r <1. As
a consequence, if another series Zf;l an satisfies

lan| <ern—t (35)

for some ¢ >0 and for all n>some NgeN, then Y>> a, converges.

. 1
Example 23. (GENERALIZED HARMONIC SERIES/p-SERIES) The series "> | — converges when
a>1 and diverges when a < 1.

Proof. When a <1, we have % 2% therefore it suffices to show the divergence of > | % We use
the following trick:!!

1> % (36)
1 1 1 1 1
RO A S Y IO N
1t5tsT7 T sttty (38)
Therefore we have (recall s, is the partial sum)
S > % (39)

where ny=1+2+2%2+... 428 =2k+1 _ 1 Therefore s, is not bounded and the series diverges to co.

When a > 1, we use the following trick:

1 <1, (40)
279437 < 2.270=2l"¢ (41)
gmaq ey grap e < 4.4ma=92(1-a) (42)
We see that
A 1
> —< > (2(1_“))"_1:W<+oo. (43)
n=1 n=1

11. This proof is attributed to Nicole Oresme (c1320-1325 — 1382), whose motivation may be “If God were Infinity, then
divergent series would be His angels flying higher and higher to reach Him.” The result was re-proved many times, including
one in the book Tractatus de Seriebus Infinitis (Treatise on Infinite Series) by Jacob Bernoulli, who commented “So the soul
of immensity dwells in minutia. And in narrowest limits no limits inhere. What joy to discern the minute in infinity! The vast
to perceive in the small, what divinity!” (Quotes from Clifford A. Pickover, The MaTH SOOK, p.104.)

According to (KLINE) the proof appeared in Oresme: Questiones Super Geometriam Euclidis (c. 1360).
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Thus this non-negative series is bounded from above and therefore converges. U

Remark 24. Usually the convergence/divergence of generalized harmonic series is studied through
the following relation between non-negative series and improper integrals.

THEOREM. (INTEGRAL TEST) Consider a series Y - | an. Assume there is a function

above proof is a special case of the so-called Cauchy’s Condensation Test.

f:[1,00)—RT such that f(n)=ay,. Further assume f to be integrable and decreasing.

Then

Z an converges if and only if/ f(z)dz
n=1 1

converges. Furthermore in the case of convergence, we have

i an</OO f(:v)dx<§: .
n=2 1 n=1

(44)

(45)

We see here that it can be done directly. It is also worth mentioning that the technique in the

Exercise 11. Prove the “Integral test” theorem. (Hint:'? )

Remark 25. The same method can show that

oo oo

IPTES DD 1
nzlnlog(n+1)“’ “— nlog(n+1)log[log(n+1)+1]2" "

=1

converges when a > 1 and diverges when a < 1.

Exercise 12. Prove that

oo

1
Z nlog (n+1)®

n=1

(48)

is convergent for a > 1 and divergent for a <1 using two methods: Directly and through comparing against certain

improper integrals. (Hint:!? )

12. Notice
n+1
an </ f(z) dz <apns1.
n
13. For the direct proof, when a > 1, show that

on+1

k=2n41

Thus this positive series is bounded above.

1 1 1
<om - L
klog(k+1)‘l\2 (2"n‘1> na

(49)
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3.1.

3. TESTS

Ratio and root tests

The following two intrinsic “convergence tests” based on comparison with geometric series are the
simplest and most popular tests for convergence/divergence.

THEOREM 26. (RATIO TEST) Let Y. | an be a infinite series. Further assume that a,#0 for all

n € N.

Then

An41

If limsup,— <1, the series converges.

n

An 41

If liminf, > 1, the series diverges.

Proof.

Assume limsup,, oo % =L<1. Setr= % and g9 = # By definition
limsup ‘M = lim {sup Gkt } (50)
n—so00 n n—090 | k>n ak

therefore there is N € N such that for all n > IV,

sup | 2L — L] <& (51)
k>nl @k
which gives
sup |2 | < L eg=r<1=—0< |2 <p <1 (52)
n>N| On Qn
This gives, for all n > N +1,
_N_ a
\an\<|aN+1|7"” N-1_ | J;f]—\if-1| n—1 (53)
Note that since N is fixed, we have
lan| <crm—l (54)

for all n > N and consequently ZZOZI an converges.

an+1

Assume liminf,, =L >1. Set eg=L — 1. Then by definition, similar to the limsup

case above, there is NV 6 N such that for all n > N,

% >1 (55)
which means for alln > N +1 "
|an| > |an11] (56)
As a consequence a,——0. By Corollary 13 we know that Z _, ay diverges. U
Example 27. Prove that > \ﬁ converges.
Proof. We have
An 41 1
= 57
(279) vn+1 ( )




Note that
both are
limsup /

Root test is
very special
in this
sense.
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therefore

ntll <1, (58)

limsup ‘
n—~oo

So the series converges. U

Exercise 13. Let > 7
{a,}. Prove that

an be a infinite series. Let Y °7 | b, be the series obtained by dropping all 0’s from

Zan:s<:>2 b,=s (59)
for s € Rexs. (Hint:'4) n=1 n=1

Now use this result to generalize the ratio test to all infinite series without assuming a,, # 0.

1

THEOREM 28. (ROOT TEST) Let > >° | a, be a infinite series. Then

1/n

e If limsup,—oo|an|/™ <1, then the series converges.

e If limsup, oo \an\l/" > 1, then the series diverges.
Proof.
e Assume limsup, . |an|1/" —L<1.Set r=2%L and €0 = =L Then by definition, as in

2 2
the proof of the above ratio test, there is N € N such that for all n > N,

|, |V <1 < 1= |a,| <7 (60)
Therefore > | a, converges.
e Assume limsup,_ .o |an|1/ "> 1. The proof is left as exercise. O

Remark 29. It turns out that for any sequence {x,},

liminf | £2+L 1n 1/n . (61)

< liminf |z, /" <limsup |z, |"/" < limsup
n—=~oo n—s00 n—so00

‘xn+1

Tn n

Therefore the root test is sharper than the ratio test, in the sense that any series that passes the
ratio test for convergence (or divergence) will also pass the root test.

Example 30. Consider the infinite series % + % + % + % + - = >, ap where a, =
—k . .
2—k n=2k-1 . It can be easily verified that
37" n=2k
liminf 22+L — 0; limsupM =00 (62)
n—soo Qn VS Qn
so the ratio test does not apply. On the other hand
1
limsup (a,)"/" = — (63)
n—oo V2

so the root test tells us that the series converges.

3.2. Raabe’s test and Gauss’s test

Note that neither the ratio test nor the root test works for the generalized harmonic series.

Exercise 14. Verify this claim. (Hint:'® )

14. The partial sums of ) b, form a subsequence of the sequence of partial sums of > a.
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THEOREM 31. (RAABE’S TEST) 10 Let Y~ | an be a positive infinite series. Then

o >, an converges if

liminfn< In__ 1> >1
n— 00 Gn+1
o > an diverges if
limsupn< an__ 1> <1.
n—o0 an+1

Exercise 15. Consider
1-3-5(2n—1)
4-6-(2n) (n+1)

=~ 1-3-5-(2n—1) >
; 2-4-6--(2n) andnglz

(66)

Prove that neither the ratio test nor the root test applies. Apply Raabe’s test to prove that the first one diverges

but the second one converges.

Exercise 16. Let p>0. Prove that neither the ratio test nor the root test applies. Apply Raabe’s test to prove

that

> 1) n—1
3 p(p+1) n(!p+ )

. n=1
diverges.

Exercise 17. Let > 0. Study the series

> n!
; (z+1)

(Hint: 17)
Proof. We prove the convergence part and leave the other half as exercise.
— 1) > 1, there is § > 0 such that

an

Since liminf, ., n (

an+1
n< n_ _ 1) >14 8
an+1
for all n>some Ny€ N. Thus we have for such n,
n_ g 1+ [3‘
Gn4-1 n
We prove that there is v > 0 such that
1+
L B <n +1 >
n n
for large n.
n+1

By MVT we have, for some & € (1,

(

Now any + such that 27 (1+v) <1+ g suffices.

).

1+~
"H) :1+(1+7)§“¥%<1+2v

n

1+~

15. hmnﬁoo("zi”"

a

—1: limy, o (i)l/” —1.

n( _1>:

Therefore the series converges if > 1 and diverges if x < 1. When z =1 we have a,, =
this case.

16. Joseph Ludwig Raabe, 1801 - 1859.

17. We have
nx
n+1

an

— .
An+1

_r
n+1

(67)

(68)

(70)

(69)

so the series also diverges in
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Now we have

an< (P20 T < (222) T e (74)
n n n—1 n n—2 nl_‘_ﬁ/
and converges follows. O
Exercise 18. Prove the other half: 3>  a, diverges if
limsupn( an —1><1. (75)
n—s 00 Ap 41

Remark 32. Note that the “convergent” part of Raabe’s test can be turned into a convergence test
for general series (without requiring a, >0) as

o0
liminf n <M - 1) >1= Z ap converges (76)
n—>00 |an+1] —
but the divergent part cannot, that is
|an| S
limsup n <—" - 1> <l= Z a, diverges (77)
n—s:o00 |an+1| 1

is not true, for the following reason.

The convergence of Zzozl |ay| implies the convergence of Zzozl an; But the divergence of
0o (_1)n+1

>-° | lan| does not imply the divergence of >~ | ay, as the example > > shows

0o 1

Note that Raabe’s Test is sharper than the ratio/root tests, due to the fact that > ", —
converges/diverges slower than the geometric series. If we consider even slower convergent series,

such as Zzozl m, we can obtain even sharper test such as the following.

THEOREM 33. (GAUss’s TEST) '8Let > | a, be a positive infinite series. Further assume we can
write

Gnxt_y_ B On (78)

where {0,} is a bounded sequence and k>0. Then
i. If 6>1, then Zzozl ayn coOnverges;
w. If B<1, then Y7 | an diverges.

Proof. See Theorem 2.12 of (RIS) . Note that the only new situation here is §=1. O

Remark 34. It is possible to design even finer tests using the convergence (for a > 1)/divergence
(for a<1) of

e}

1
nz::l nlog (n+1)log (log(n+1)+1)---log(---(log(n+1) 4+ 1)--- +1)* (79)

The results form the so-called Bertrand’s Tests. See §2.4 of (RIS) .

18. Karl Friedrich Gauss (1777 - 1855).
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4. ADVANCED Toprics, NOTES, AND COMMENTS

4.1. Abel’s formula

Example 35. Consider

Z sml SH212+.” (80)

We show that it actually converges. Consider the partial sum

"L sink
Sm=>_ — (81)

k=n-+1
Denote Ay = Zle sinl, and By = % Then we have

>y SH]; = Y (A—41) By

= [An-i-l Bpi1— Ay Bn-i-l] + [An+2 Bpio—Anta Bn+2] T+
+[Apm B — A1 By
= [Am Bm— Ap Bnii] +
+[An+1 (Bn—i-l - Bn+2) + An+2 (Bn+2 - Bn+3) Tt Am—l (Bm—l - Bm)]

m—1
= [AmBm_Aan+1]+ Z [Ak(Bk_Bk-‘rl)]
k=n+1
m—1
Am  An 1 1
= [W_nJrl}ij:zn;l [A <E_—k+1>] (82)

Now notice that {A,} is in fact a bounded sequence:

A, = sinl+sin2+--+sinn
sinl[sinl+sin2+ - +sinn]

sinl
_cos(l—1)—cos(1+1)+cos(2—1)—cos(24+1)++-+cos(n—1)—cos(n+1)
N 2sinl
_ [cosO+cos1+ - +cos(n—1)] —[cos2+cos3+ -+ cos(n+1)]
N ( 251)111
_ cosO+cosl—cosn—cos(n+1
N 2sin1 ’ (83)
Now it is clear that |A,[ < for all n € N.
Back to (82):
m m—1
sin k A A, 1
< |Em
2. 5 S ‘m‘ n+1+ 2 |Ak|<k k+1>
k=n+1 k= +1
2
<
= sml[ + Z <k k+1>

2 2 4
B sinl{n—i—l}(n—i—l)sinl’ (84)
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Now we are ready to show the series is Cauchy:
For any € >0, take NV € N such that N +1 2:—:;%’ then for any m >n > N, we have

m
sin k 4 4
< — < — <. 85
Z k| (n+1)sinl ~(N+1)sinl (85)
k=n+1
Therefore the series converges.
Exercise 19. Prove the following Abel summation formula: Let Ay = Zle aj, By= Zle by, then
m m—1
Z ar Bk:[AmBm—Aan+1] — Z Akbk+1 (86)
k=n+1 k=n+1
Draw analogy to the formula of integration by parts:
b b
/ f(z) G(z) dz = [F(b) G(b) - F(a) G(a)] - / F(z) g(x) dz (87)

where F(z)= [* f(t)dt, G(z)= [ [ g(t)dt.
Exercise 20. Prove that if 2> | a, converges, then so does Y 7 | == (Hint:!?)
THEOREM 36. Consider Y >~ (—1)" an with a, >0. If
i. There is Nog€ N such that for all n > Ng, apn+1 < an;
1. limy, . soan=0;

then Y >° | (—1)"ay converges to some s € R.

Exercise 21. Prove the theorem. (Hint:?" )

4.2. Conditionally convergent series

Recall that a series > | ay, is called “conditionally convergent” if it is convergent, but Y>> | |an|=
00. Otherwise it is called “absolutely convergent”.

Example 37. (GROUPING) Unless a, > 0 (or all <0) and Y > | a, converges, the order of

summation cannot be changed. For example let a, = (—1)"*!. If we are allowed to group terms
together and sum them first, we would have both

i =14 (1) 41+ =1+[(=1) +1+[(D)+1+-=14+0+04-=1; (89)
n=1
i an=1+(-1)+1+-=1+(-)]+[1+(-D]++=0+0+0+---=0. (90)
n=1

DEFINITION 38. (REARRANGEMENT) A rearrangement of an infinite series > - | ay is another
infinite series Zzzl Ap(m) where m: —n(m) is a bijection from N to N.

19. Denote S, := Zf am. Then there is M >0 such that for alln €N, |S,,| < M. Now we can show the series is Cauchy through

m m—1
_ Sk=Sk—1_|_ Sn Sm 1 1
=2 e R LIl S’“(E k+1>
k=n+1 k=n-+1

m
ak

-1
1Se]  1Sml . % 1 1
< ).
Shrrt et 2 g (88)
k=n-+1 k=n-+41

20. Apply Abel’s formula to the partial sums.
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Example 39. An example of rearrangement of a1 +as+as+---isac+aq4+ar+ai1+as+as+ag+---.

Exercise 22. Prove that if Z:’Zl an = s is absolutely convergent, then any re-grouping or re-arrangement give
the same sum. (Hint:2!)

(_1)n+1. If we are

Example 40. (REARRANGEMENT) Consider the sequence > > | a, with a, =

n
allowed to freely rearrange (that is choose the order of summation), then for any s € RU{—o00, 00},
there is a rearrangement such that it converges to s.

Proof. Consider the case s € R. The cases s =00, —0c0 are left as exercises.
Consider the rearrangement Y | by, defined as follows:

e Let kg be such that 1+%+'~+2k0;_123 but 1+%+---+Wl_3<s. Set

1 1

blzl,b2:§, ’kaZQkO——17

(92)

The case kg=1 is when 1>s. Then we just set by =1 and turn to the next step.

e Let k1 be such that

f:b Y LI S B f:b Y (R D (93)
F 9 2k —2 )7 % P2 2k

and set

1
bko-l—l: _57 bko+k1: _2(/{71—|— 1)' (94)
e Let ko be such that

k0+k1 1 1 k0+k1 1 1
R ER S
kz_:l bk+<2k0+1+ +2ko+2k2—1>/8’ kz_:l bk+<2k0+1+ +2k0+2k2_3><

s (95)

and set

1 1
bk0+k1+1:ma ey bko+k1+k2:m> (96)
e And so on.
Now set
kot+ki+--+k
Sy = Z by (97)
k=1

Then we see that if n € [ko+ -+ ki, ko + -+ + k1], then

Sn= zn: byn (98)
m=1

21. For re-grouping, not that the convergence of the re-grouped series is equivalent to the convergence of a subsequence S,
of the partial sums S,. The conclusion follows from, for any n > ng,

n

Sn = Sn, | < Z lam|. (91)

m=n,+1

For re-arrangement, first prove that any positive convergent series can be re-arranged without changing the sum. Then
. [e'e] oo
consider - | |an|+an and }° 7 |an].
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is always between S; and S .
Finally notice that by construction, |S; — s| < % Thus for any € >0, take L € N such that L >~

Now set N =ko+ -+ kr. For any n > N, there is [ > L such that n € [ko+ -+ + ki, ko + -+ + ki+1].
Therefore we have

£. (99)

50— | <max {]Si = s, |Sty1 s} < T < 7 <

That is )7 | b, — s by definition. O

Remark 41. Note that the above proof depends on the fact that

g:l 2k1— T i <_%> - (100)

k=1

Exercise 23. Prove the above two facts. (Hint:?? )

THEOREM 42. Let ZZOZI an be a series whose terms go to 0. Then exactly one of the following holds:
° Z;’O:l an converges absolutely;
o All re-arrangements diverge to co;
o All re-arrangements diverge to —oo;

e The series can be re-arranged to sum to any r € RN {oo, —o0}.

Proof. Problem 12. O

4.3. There is no ultimate test

We prove here that a “ultimate” test does not exist. More specifically, we cannot find the “largest
convergent series” nor the “smallest divergent series”.

THEOREM 43. (RIS GEM 47, 48, CMJ, 28:4, pp. 296 - 297)

a) Let Zzozl an be a convergent series of positive terms. Then there exists another convergent
series Y- Ay that decreases more slowly in the sense that

lim % = 0. (101)

b) Let ZZOZI Dy, be a divergent series of positive terms. Then there exists another divergent
series Y | dy, that is smaller in the sense that

lim Dn_ 00. (102)

n—oo dp

Proof.
a) Let r,:=ap+ ---. Then we have r, \,0. Now define

Ay =2n (103)

«
n

22. Comparison with 3 %
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for any a€(0,1). Then we have

o} !
S 4,=Y F(rn_rnﬂ)g/ L. (104)

Since this bound is uniform in N, we see that > >° | A, converges.

b) Let Sy :=Di+ -+ Dy, then S,, — oo since Y D,, diverges. Define d,, = %. Then we have
= "N Dp Sm—5, Sy,
> Zk_Pm=On_q_ On
Soodez > o o -5 (105)
k=n+1 k=n+1
Sn

Since lim,,— S, = 00, for any n € N, there is m € N such that < % Thus Zzozl dy, is not
Cauchy and cannot converge. " O

4.4. Infinite product

Consider the product of infinitely many real numbers:

H Pni=p1-p2-p3-- (106)
n=1

DEFINITION 44. We say the infinite product Hoo_l pn, converges if and only if P,=p1---p, converges
Note the = e R, s#0. Wi © oo di f and only if it does not
540! os€R, s#0. Wesay [[,_, pn diverges if and only if it does not converge.

1 1

Exercise 24. Prove that - -5+ diverges.

Exercise 25. Prove that, if HZO:1 Dn, converges, then lim,, _, .op, =1. (Hint:23 )

Exercise 26. Prove that, if Hzozl pn, converges, then there is N € N such that for all n > N, p, >0. (Hint:2* )

Example 45. [[)7, (1— : ):l.

nZ 2

Proof. We have

1 1 1 1 1 1
(D)D) (D) (14 2) =2 (142) or
The conclusion follows. O

Exercise 27. Let |z| <1. Prove that

n-1 1
2
7Lll (1+22" )= == (108)

Now we consider writing p, =1+ a, with a, > —1. From the exercises following Definition 44
we see that this is reasonable.

Exercise 28. Prove that if Hzozl (14 a,) converges, then lim,,_,oa, =0.

23. Take In or prove directly.
24. Otherwise P, “oscillates”.
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THEOREM 46. The infinite product T[] " (1 4+ an) converges if and only if the infinite series
Zzozl In (1+ ay,) converges. Furthermore in this case we have

H (1+an) —exp[Zln 1+ay) | (109)
n=1 n=1
Exercise 29. Prove the theorem.
THEOREM 47. If there is N € N such that Yn> N, a, >0, then
o0
H (1+ay,) converges <:>Z ay, CONVErges. (110)

n=1

Proof. When a,, >0 we have a,, >In (1 + a,) >0 which gives <.
For — we notice that the convergence of Hzozl (14 ay) gives lim,,_, sa, = 0 which implies

i B +an) (111)
n—o0 (279}
From this it is easy to obtain )7 | In(1+ay) converges = >~ ay converges. O

Exercise 30. Prove that, if there is N € N such that Vn > N, a,, <0, then

oo oo

H (1+ay,) converges <:>Z @y, CONVErges. (112)

n=1 n=1
DEFINITION 48. Say [])"_, (1+a,) absolutely convergent, if and only if T] ", (14 |an|) converges.

Exercise 31. If Hzozl (14 ay) is absolutely convergent, it is convergent.

Exercise 32. If Hzozl (14 @) is absolutely convergent, then any re-arrangement converges to the same value.

4.5. Some fun examples

Example 49. We know that the harmonic series ZZOZI % diverges to co. Now consider the sequence
obtained by dropping all terms involving 9:

1 1,1, 1 1,1 1, L 1 1 1
14+ 4.4 = [ il e —— 11
o+ +8+;9/+10+ +18+/T§+ +88+%§+Z)6+Z){+Z)§+ (113)

Does this series converge?
As it is a non-negative sequence, we only need to check whether it’s bounded above. We have,

1+---+é<8, (114)
1 1 1 1 9
<10+ +18>+ +<80 --§><8-1—0 (115)

In general, there are 8 - 9% terms between 10~ and so their sum is bounded above by

8- <i>k. Overall the sum is bounded above by

10
ZOO 9 \" 1

1
10k+1 17
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Therefore the new series converges.

Remark 50. Obviously we can try to study the sequence resulted from deleting all terms involving

other digits, or sequence of numbers For example we can delete all terms involving the combination
43, that is — 4352 is deleted while — 4537 is not. We can even play some silly games such as deleting all
terms involving 121221, or someone’s birthday. The resulting sequences are all convergent.

Example 51. (RIS GEM 87) For each positive integer n, let f(n) be the number of zeros in the
decimal representation of n. Choose a >0 and consider the series

(117)

This series converges for 0 < a < 91 and diverges for a > 91.

Proof. Fix k € N. There are exactly ( ) 9m+1=k numbers with f(n) = k. Now we re-arrange the

series such that all numbers with the same number of digits and the same f(n) are summed first.
This is OK since the series is positive.
If we sum all numbers with m + 1 digits, we have

f(n) m k m

a m _ a 9 94a

> m+1—k _ .

Z n? //;) (k‘)g 102m+2 100< 100 ) (118)

n=1

Thus we prove the divergence for a > 91.
For the other half, we use

m+1-k @ — ta
Z Z < >9 102m 9< 100 ) (119)
and proceed similarly. U

Example 52. (FERMAT’S LAST THEOREM) This is adapted from the blog of Terence Tao of
UCLAZ25, We all know that Fermat’s Last Theorem claims that

x4yt =2", z,y,z€N (120)

does not have any solution when n > 3. On the other hand, it is well-known that when n =2, there
are infinitely many solutions. But why? What’s the difference between n=2 and n > 27 It turns out
that we can reveal some difference through knowledge of convergence/divergence of infinite series.

Let’s consider the chance of three numbers a, b, a+ b are all the nth power of a natural number.
If we treat a as a typical number of size a, then it’s chance of being an nth power is roughly a!/™ /a.
Ignoring the relation between a,b, a + b, we have the following probability for a, b, a + b solving the
equation (120):

1 1 1
-1

an bn (a+b)n (121)

Now consider all numbers a, b, we sum up the probabilities:

:Z [ Y (g byt (122)

25. The probabilistic heuristic justification of the ABC conjecture, link at http://terrytao.wordpress.com/2012/09/18/the-
probabilistic-heuristic-justification-of-the-abc-conjecture /
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and apply the following intuition based on the so-called Borel-Cantelli Lemma in probability:

If I < oo, then the chance of (120) having a solution is very low, while if I = oo,
the chance is very high.

We notice that I has perfect symmetry between a and b, which means

a=1 b=1

a—1

1 1 1 X 2 1
[aﬁ_lbﬁ_l(ajtb);_l] +Z a5_2(2a)5_1. (123)
a=1

It is clear that the second series converges for all n > 2 so can be ignored for our purpose.

Now consider
-1

J:i o e by (124)
a=1 b=1

IS}

When 1<b<a—1, we have a < a+ b < 2a therefore

oo a—1 1 1 o a—1 1 1
Doy ar b @ay <<y e e (125)
) ) a=1 b=1 a=1 b=1
which gives
11ooa—l2211 ooa—l2211
20N > an T < T<> Y an T (126)
a=1 b=1 a=1 b=1

oo a—1 9 1 o) 5 a—1 1
E=3"N a0 =3 e Y et (127)
a=1 b=1 a=1 b=1
We have
L 1
bn N/ xn dx~an. (128)
b=1 1
Therefore
39
K~ an (129)
a=1

which is convergent when n > 4 while divergent when n=2.

3
Remark 53. The case n =3 is a bit tricky here. The series Y >~ an~? becomes the Harmonic
series 220:1 a~! which is the borderline between convergence and divergence. Our argument does
not provide any insight on why 23 4 y3 = 23 should not have solutions.

Exercise 33. (RIS, §6.1, PuzzLE 3) Desert Dan is trying to cross a 500-mile desert in a jeep. Unfortunately, his
jeep could hold only enough fuel to travel 50 miles. However, Desert Dan has an infinite collection of containers
that he can use to leave caches of fuel for himself to use on a later trip. Further, on the entering edge of the desert
there is a boundless supply of fuel, so that Desert Dan can return to the entering edge of the desert as often as
he wishes. Can he cross the desert? (Hint: Footnote?S.)

26. Design a strategy so that in n trips Desert Dan can travel 25 (1 + % + -4 %) miles.
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5. MORE EXERCISES AND PROBLEMS

Note. Many of the following problems are from (RIS) Chapters 4 and 5. Please note that I
chose those problems that are not particularly tricky and may help understanding concepts and
establishing intuitions. Please check out (RIS) if you would like to challenge your brain power.

5.1. Basic exercises

5.1.1. Convergence of infinite series: Definition and properties

Exercise 34. Find a divergent series >~ . a, such that for every fixed k € N, lim,, o (an + -+ + anyx) = 0.

(Hint:27 )

Exercise 35. Let 3> | a, be an infinite series. Let - | by, be the series obtained from a,, by deleting all the
zeroes. (For example 1+043+2+40+5+ - would be come 1+3+2+5+---. Prove that 3 | a, converges
if and only if 220:1 b,, convergens, and when converge they have the same sum. (Hint: See this footnote.?8)

n=1

Exercise 36. Let > °° | a, be an infinite series. Let (a1 + -+ an,) + (@n, 41+ - + an,) + -+ be any grouping of
the series. Prove that if this new series does not converge some finite number, then Y~ | a, does not converge
either. (Hint:?? )

Exercise 37. (RIS) Prove

oo
Z 3kl _ o (130)
= C(k+2)!
(Hint:30 )
5.1.2. Comparison
Exercise 38. Assume Y 77  ap and Y~ | by converge. Prove that 3> | W converges.

Exercise 39. Assume Y °°  |a,| and 3277 | |b,| converge. Prove that > °° | At D%anbe converges. (Hint:3! )

n?
Exercise 40. (PUTNAM 1940) Assume > a3 and )" | by converge. Let p>2. Prove that > | |a, — by |?
converges. (Hint:32 )

Exercise 41. (RIS) If > | an, >.07, b, are non-negative and convergent, then > /a7 +b; is also
convergent. Does the claim still hold if non-negativity is dropped from either a,, or b,? (Hlnt.‘3 )

Exercise 42. (RIS) Suppose 7 | a, convergens but > °° | aj diverges. Prove that ) |a,| diverges.

Exercise 43. (RATIO COMPARISON TEST) Let Z _1 Qn, >°>° by, be positive series. Assume there is No € N

such that ¥n > N, 2ot L 2ottt b”“ . Then

n=1

i If 3> | b, converges, then 3>

n=1

ii. If ZOO a,, diverges, then ZOO b,, diverges.

a, converges;

Exercise 44. Prove or disprove: If a,, >0 and > °7 . a, converges, then "> _ tan (a,) converges. (Hint:3*)

n=1 n=1

(1 1
Z (5111%—3111”_’_1) (131)

Exercise 45. Prove that

27. an=1/n.

28. The partial sums of } b, is a subsequence of that of }_ ap.

29. Cauchy criterion (Or definition, notice that the new partial sums form a subsequence of the partial sums of } ay).
30. K24+3k+1=(k+2)(k+1)—1.

31. Gy, by — 0 therefore a2 < |ay|, b2 < |by| for large n.

32. If |ap — by | <1 then |an — by |P < |an — bn?.

33. No. Consider a,, = ( i) , b, =0.

34. a, — 0. Comparison.
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converges. (Hint:3® )

5.1.3. Tests

Exercise 46. (PUuTNAM 1942) Is the following series convergent or divergent?
119 20 /19\% 31 /19\* 4! /19\*
1+§-7+?(7) +@(7) +?(7) + - (132)

5.1.4. Abel’s re-summation

(Hint:36 )

Exercise 47. Prove that if )" | a, converges then ) > | 2 converges. (Hint: °7.)

Exercise 48. Let A be any positive number. Prove that if > °°  a, converges then > °7  n e *" a, also
converges. (Hint:38 )

Exercise 49. Prove the following Dirichlet’s Test:

Consider ZZOZI Gp, by,. Assume that b,, decreases to 0 and the partial sums of )" a,, are uniformly
bounded (in n). Then Zf:’zl an b, converges.

Exercise 50. Prove the following Abel’s Test:

Let Zzo:l an, be convergent and {b,, } positive and decreasing (lim,_, «ob, may not be 0). Then
>0 | anby, converges.

5.2. More exercises

Exercise 51. Let Zoo_ an be positive and decreasing. Then Zoo_ an converges = lim,,_, N a, =0. Further
n=1 n=1 ;
prove that “positive” and “decreasing” are both necessary. Also prove that the converse is false. (Hint:3?)

o
n=1

Exercise 52. Let a, >0 and > | a, convergent. Set r,:=> " aj. Prove that 3°
Exercise 53. (RIS GEM 21, CMJ, 16:2, P, 79) The series

= /135 2n—-1\"
(516"' 7n ) (133)

converges if and only if p>2. (Hint: See this footnote.!)
Exercise 54. (RIS) Zzozl (1/n'*+1/™) diverges. (Hint: See footnote?2.)

an 3 int:40
- diverges. (Hint:* )

Exercise 55. (PuTNAM 1950) Study the convergence/divergence of the following series

1 1 1 1 1
log(2!)+m+log(n!)+“" §+331/2+3.31/2.31/3+m (134)
(Hint: Footnote.*3)
Exercise 56. (RIS) For any positive integers n and p, we have
= . 135
L mmt ) (mtp) pn(ntD)-(ntp-1) (135)
(Hint:** )
35. MVT.

36. Ratio test.

37. Abel resummation.

38. ne~ " is decreasing for large n.

39. Zn)N an = (m — N) ay, for every m > N.
40. Cauchy criterion.

41. Set bn=(§§---§Z:f

P
) . Prove that %b" < a% < ap bp.
42. Compare with a divergent series.

43. First one: compare with ﬁgn; Second one, 1+ -+ 1/n~logn.
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Exercise 57. (RIS) Proce that

1 1 1 1 1 1 1 1

but
12 1 1 2 1, 1 2
Iz 24 2 2 2 —oes. 1
_ to—gtgts—gt=Tg 9t og 3 (137)
(Hint:*> )
Exercise 58. Let > °°_| b, be a positive series. If Y > b, diverges, then so does >, %. (Hint: Footnote.*6)

Exercise 59. Prove that 377 | (n'/" —1) =oco. (Hint: Footnote.*")

Exercise 60. Let ZZO:1 a, be conditionally convergent. Let bn:{ g" Zz 28 and cn:{ (ian Z:ig . Prove
that . .

> by =o0; > en=oc. (138)
(Hint:*8 ) n=t n=t
Exercise 61. (PuTNAM 1956) Given 71 =2, T 1=T2—T,+1, n>0. Prove Zzozl Tin: 1. (Hint: Footnote*?.)

Exercise 62. (PUTNAM 1988) Prove that if 3 | a, is a convergent series of positive numbers, then so is
5% (an)™/ "+ (Note that this gives another proof of the fact that there can be not “largest” convergent series)

n=1

(Hint: °0)
Exercise 63. (FOLLAND) Let Y>> a, be a convergent series. Let > by, be such that
b1:a2,b2:a1,b3:a4,b4:a3,.... (139)
Then > | b, also converges and has the same sum as Y77 | ap.
Exercise 64. (FOLLAND) Suppose a,, > —1 for all n.
a) Z:’Zl an, is absolutely convergent if and only if Z;’ozl In (14 ay) is absolutely convergent.
b) Find Y>> | a, conditionally convergent but > °° | In(1+a,) diverges.
(Hint:51 )

Exercise 65. (PurNaM 1994) Prove that if a, satisfy 0 < a,, < a2, + az2n41 for all n > 1, then Zf;l a, diverges.
(Hint: Footnote’2.) Note that this almost gives another proof of divergence of > °° !

n=1n"

Exercise 66. (CAuCcHY’S CONDENSATION TEST) Let - | a, be positive, and assume there is Ny € N such
that Vn > Ny, an+1 < ap. Then
(e o) oo
Z a, and Z 2™ qgn (140)
n=1 n=1

either both converge or both diverge. (Hint:%? )
Apply Cauchy’s Condensation Test to > | (1/n).

44 P ___ (mt+p-m
" m(m+1)-(m+p) m(m+1)-(m+p)’

45. Group 3 terms together.

46. Discuss two cases b,, bounded or not.

47. exp [10%] —exp0. MVT.

48. Assume otherwise. Then either one of > by, Y ¢, converges, or both converge. In the latter case > a, is absolutely
convergent, in the former case ) a, cannot be convergent.

49. 1 1 1

Toii—1 Ta—1 T
50. Prove az/("Jrl) <2a,+27™
51. For a), first notice a, — 0. Then control the ratio between |a,| and |In (1+ ay)|; For b), pick a,, such that 3" a2 diverges.

52. Prove that if a1 # 0 then the sequence cannot be Cauchy.

53. We have
on+1_1 on_q

> ar<2mam<2 ) ap (141)
271 2n71
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Exercise 67. (KUMMER) ®“Let ZZOZI ap, be a positive infinite series, and let {\,} be any sequence of positive
numbers. If there is Ny € N such that

vn > N, An—“Z“ Ans1=k>0 (142)

n
for some constant k, then > °°_ a, converges. (Hint:"?)

Exercise 68. (KUMMER’S TEST) Let Y>> | a, be a positive infinite series, let > be positive and divergent,

define

le

Kp:=dn, —

Antl g ... (143)
mn

Then
e if there is Ny € N such that ¥n > Ny, k,, > k >0 for some constant k, then fo’:o a, converges.

e if there is Ng € N such that Vn > Ny, k, <0, then Z:’: an diverges.

0
Exercise 69. Write Kummer’s test in the limit form using limsup and liminf.

Exercise 70. (USTC3) Let []°7, p, and J[7, ¢n be convergent infinite products. Discuss the convergence
of the following infinite products:

oo oo

H (pn+Qn)7 H (pn_ Qn)7 H Pngn, pl (144)

n=1 n=1 n=1 an

Exercise 71. (USTC3) Prove the following

ond—1 2 o 2 1 1\ =~ r sinz
[ 515 H{l_in(n—t-l)}_g’ H{”G) }—27 I cosge == (145)

n=2 n=2 n=0
2 2 2 s
— . == (146)
V2 V242 V2+ V242
Exercise 72. (USTC3) Discuss the convergence of the following infinite products.
ﬁ 1 ﬁ (n+1) ﬁ (n2—1)p. ﬁ n__ ﬁ (1+l)1/". ﬁ [z (147)
n=1 n’ n=1 n+2) n=2 n2+1 ’ n=1 Vn2+17 = n ’ n=1 n .

5.3. Problems

Problem 1.
a) (PuTNAM 1964) Prove that there is a constant K such that the following inequality holds for any sequence

of positive numbers a1, as, ...:
oo oo 1
— 14
Z ay+ - -‘r lln g an (148)

(Hint: °6.) nl "
b) In the above exercise, consider a, =n*. We can easily show that lim, _ o Zl’” ;a =1. This would give
R
(11“"7'1'-6-anN kf;:l‘ (149)
Does this contradict the conclusion of the above exercise? (Hint:%7 )
Problem 2. (PuTNAM 1966) Show that if the series ZZOZI i converges, where p, € R, then the series
oo
SR o

54. Eduard Kummer (1810 - 1893).
55. % (an >\n —Aan+41 )\n+1) >an
56. Basically, a1+ -+ agp—1 =>nb, where b, is the median of aq,...,a2,_1.

57. No. Because (149) only holds when n is large.
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is also convergent. (Hint: °5.)

Problem 3. Consider the re-arrangement of Zzo:l an with a, = (717);“ into p positive terms, then g negative

terms, then p positive terms, and so on. Then the sum is

1n2+%(lnp—ln q). (151)
Problem 4. Prove that for x,, >0
liminf 2"+ < liminf (2,,)"/" < limsup (z,,)"/™ < limsup 2L, (152)
n—oo Ip n—s 00 n—s 00 n—oo In

(Hint:5? )

Problem 5. (SCHLOMILCH) %°Let a,, >0 and assume there is Ng € N such that Vn > Ny, an1+1< apn. Let ny <ng <--
be a strictly increasing sequence of positive integers such that (ngy1—ng)/(ny —nk—_1) is bounded (as a function
of k). Then

Z an and Z (Nkg1— k) An, (153)
n=1 k=1

either both converge or both diverge.

Then apply this result to Y7 | 2%.

Problem 6. Define H,:=),_, % Write

'yn::Hn—lnn—%. (154)

Then lim,, _, o7y, exists. Then use this to prove Z:’Zl (715“ =In2.

Problem 7. Let a, > 0. Is it possible to obtain a “Convergence Test” by studying

a2n + G2n+1 G2n +a2n+1, (155)

and liminf

limsup
n n— oo QAp,

n— 00
This is inspired by Exercise 65.

Problem 8. Discuss the convergence/divergence of

oo

1
> —Fer (156)

=1
where a,, > 0. "

Problem 9. Let anl—i—%—l—-n—i—%. Let ny:=min{n €N, H, > p}. Then

lim "2+l — (157)
p— 00 np

(Solution: Gem 55 of (RIS) ).

Problem 10. Let Zf;l a, be conditionally convergent. Let r € R be arbitrary. Then there is a function f:
N+ {0, 1} such that >°°  (=1)/™a, =r.

Problem 11. Prove the following variant of Gauss’s Test:
Let > | a, be a positive infinite series. Assume that it satisfies

1414 B LR, (158)
Gnt1 n nlnn

where lim,, .o, (nlnn) R,, =0. Then the series converges if > 1 and diverges if §<1. (Hint:%!)
Problem 12. Prove Theorem 42:

58. Hyp:=p1+ -+ pn. And use H?I > H,, H,, _1. Derive an quadratic inequality for the partial sum through Cauchy-Schwarz.

Tn  Tn—1 T2
59. xp=—""— L —. =1y,
Tpn—1 Tp-2 L1

60. Oscar Xavier Schl’omilch (1823 - 1901).
61. Try to prove

«@

an _n+1<ln(n+1)> >0 (159)
Qn 41 n Inn

for some a >0 and n large enough.
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Let Zzozl an be a series whose terms go to 0. Then exactly one of the following holds:

° ZZOZI an converges absolutely;

e All re-arrangements diverge to oo;

e All re-arrangements diverge to —oo;

e The series can be re-arranged to sum to any r € R N {0, —oo}.

Problem 13. Assume Y77 | a7 converges. Then

oo

oo
H (1+a,) converges <:>Z @, CONVETrges.
n=1

n=1

Note that there is no assumption on the sign of a,. (Hint: 52)

(160)

Problem 14. (EULER) In his 1734 paper De progressionibus harmonicis observationes (Observations on
harmonic progressions)®?, Leonhard Euler did the following manipulations on harmonic-type series. Comment
on his methods and results. If the results are right while the methods are not, give correct proofs of the results.

a) Let a,b,c¢>0. Let i =o00. Denote

c c c c
Sig+a+b+a+26+m+a+ib'
Now we have
ds_ ¢
0% a+ib

Integrate and take ¢ =oco we have

s:C’—&—%ln(a—i—ib).

Now replacing ¢ by ni and using the fact that
a+ib _ afi+b _ 04b 1

a+nib a/i+nb 0+nb n

we have

1 1 1 1
ln("):(1+§+"'+ﬁ)_(1+§+"'+?

Now re-arrange. we have

In particular:

1,1 1
T L 1
Ind = Ids+o—S+etate—at

Now 21n2 —In4 =0 gives

0:1—%+—+—+5—%+
b) Continuing, Euler obtained:

1 = ln(%)—&-%—%ﬂ-

()

T —

)

(161)

(162)

(163)

(164)

(165)

(166)

(167)

(168)

(169)

(170)
(171)

(172)

Problem 15. There are more than one ways to assign a number s to an infinite sum a; 4+ a2+ ---. The above is

the most popular one. The following is another way.

62. Prove that 37 , a? converges —> >0, lan —In(1+4ay)] converges.
63. Comm. Acad. Sci. Imp. Petropol. 7 (1734/5) 1740, 150-161.
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g)

Let aq,...,an, ... €ER. Define

s:i A (173)

n=1

if and only if for every € > 0, there is a finite subset I C N, such that for every finite subset ND J DI,

we have
S — E aj
jeJ

<e. (174)

Prove that if s=3"" | a, by this definition, then s=3"">"  a, by Definition 7;
Find ZZO:1 an that is convergent by Definition 7 but not convergent by the above definition;
Prove that if s= ZZO:1 an, by the above definition, then s is also the sum of any rearrangement of {a, }.

Prove that if s= ZZO:1 a,, by Definition 7, and Vn € N, a,, > 0, then s is also the sum of any rearrangement
of {an}.
Find Zf;l an that is convergent by Definition 7, but after rearrangement converge to a different sum.

Prove that if s = Zf;l an by the above definition, then any re-grouping gives the same sum. More

specifically, if U;¢1S; =N and i # j = 5;NS; =, then
dan=> [ w (175)
n=1 i€l \keS;

where all three sums are defined as in this problem.

Prove that Z:’zl an is convergent by the above definition if and only if Zf;l |an| is convergent by
Definition 7

This new definition is closely related to the concept of “net”, which can assign limits to objects without a “sequence”

structure, for example the convergence of Riemann sums of a function to its Riemann integral is convergence in
the sense of net.

Remark. When we use the definition in the above problem, we often write ZneN a, instead of Z:’Zl a, to

emphasize that order does not matter here. )

nen n is called “unordered series”.

It is clear that the above definition for convergence of unordered series can be easily extended to the sum of
uncountably many numbers. However it turns out that for uncountably many numbers to have a finite sum, at
most countably many can be nonzero.
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