Math 317 Winter 2014 Homework 2

DUE JAN. 29 2P

e This homework consists of 6 problems of 5 points each. The total is 30.

e You need to fully justify your answers.

Question 1.
a) Prove the root test for Y °7 | an:

limsup |a,|"/" < 1= convergent; limsup|ay, |*/™

n— oo n— oo

> 1= divergent. (1)

b) Point out the mistake in my online lecture notes.

Question 2. Prove the following.
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a) fo(x) :#n;il converges uniformly on [2,3];

b) S, gde T converges uniformly on (0,00).
Question 3.

a) Prove by definition that if S| un(x) converges uniformly on [a,b], then limy, ooun(x) =
0 uniformly;

b) Show that lim, coun(x) =0 uniformly == >"°° | un(x) converges uniformly;
¢) Use part a) to prove that 57 ne " converges on (0,00) but not uniformly.

Question 4. Let uy(x) be Riemann integrable on [0,1] for all n. Assume that Y7 | un(x)= f(x)
uniformly on [0,1]. Prove that f(z) is also Riemann integrable on [0,1] and furthermore

o0

Z /01 Un(z) da:—/ol f(z)dx. (2)

n=1
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Question 5. Bernhard Riemann proposed f(z) = 220:1 = 5:; ) as a everywhere continuous but

nowhere differentiable function on [0,2].

a) Prove that f(x) is continuous;
b) Calculate f027r f(x)dz. Justify your answer;

c) (extra 3 pts) Comment on the differentiability of f(xz). Can you prove or disprove it? If
not, why?

Question 6. Consider a function u(z,t) defined on [0, 1] x (0,00). Assume that for each fized to,
the function u(x,to) is continuous in x.

a) Give the definition for the convergence limy_,oyu(x,t)= f(x) to be uniform on [0, 1].

b) Prove that, if the convergence is uniform, then f(x) is continuous.

¢) Show through an example that when the convergence is not uniform, f(x) may not be con-
tinuous.



