Math 317 Winter 2014 Homework 2 Solutions

DUE JAN. 29 2P

e This homework consists of 6 problems of 5 points each. The total is 30.

e You need to fully justify your answers.

Question 1.

a) Prove the root test for > | an:

limsup |a,|"/" < 1= convergent; limsup|a, |*/™ > 1 = divergent. (1)
n—oo n—oo
b) Point out the mistake in my online lecture notes.
Solution.
Assume
limsup |a, |/ =R < 1. (2)
n—oo
Then by definition of limsup, there is N € N such that
R+1
sup {|an\1/"} <ri=—m. (3)
n>N 2
This means
Vn >N, lan| <r™ (4)

for 0 <r < 1. Convergence now follows from comparison theorem.

On the other hand, if

limsup |a,|"/" = R>1, (5)
by definition e
R=limsup |a,|"/":= lim [sup\ak\l/k} (6)
n— oo =0 k>n

Since Yy, :=supg>n |ak|1/k is decreasing, we have

VneN, suplag|'/* > R>1= sup |ax| > R¥ > 1 = limsup |a,| > 1. (7)
k>n k>n n—Loo

Therefore lim,,_, o || =0 cannot hold (If lim,,— o |an | =0 then limsup,,— o |an| =0) and divergence
follows.

Question 2. Prove the following.

77/25(72—

a) fa(x) :anil converges uniformly on [2,3];
b) S, 23 e converges uniformly on (0,00).

Solution.

a) First we have
Vrel2,3], lim f,(z)==. (8)

n— oo
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Now for any € > 0, take N > g, for every n > N, we have

22?2 -3)—z(n?z+nx+1)
92 _
vee3),  |fula)-a 3-oln o4
| -8-na?-2
o nfz+nz+1
3+9n+3
< 2n?
< 10n
s
= Zﬁ<?v<<€. (9)
Thus the convergence is uniform.
b) For each un(z):=a3e "%, we have
up(z) =3 22 eT _p2 8T — (3—n?x)a? e’z (10)

which is positive when x < % and negative when x > % Thus we have

3 27
Vz € (0,00), 0<u"(x)<u”<ﬁ><ﬁ' (11)
27
&

Now for any € >0 we take N > ( )1/6. Then for every n > N,

2 27

Vz € (0,00), lun(z) — 0] < E<JE<¢E (12)

Therefore uy(x) — 0 uniformly on (0, c0).

Remark. The following fact, related to b), may be a bit curious:

3

Since z* is independent of n, we can write

oo o0
Z 23 e T = o3 [Z e_"%] (13)
n=1 n=1

and it suffices to prove the uniform convergence of ZZOZI e~ on (0, 00). However
this is clearly not true as e does not converge to 0 uniformly on (0, 00).

Please make sure you understand what is going on here.

Question 3.

a) Prove by definition that if Y| un(x) converges uniformly on [a,b], then limy,_ooun(x) =
0 uniformly;

b) Show that limy, .coun(x) =0 uniformly == >"°° | un(x) converges uniformly;

¢) Use part a) to prove that Y " ne " converges on (0,00) but not uniformly.

Solution.
a) Denote u(z):=Y " un(x). Let € >0 be arbitrary.
Since > | un(x) converges uniformly, there is N € N such that for all n> N,

n

k=1

Vz € la,b], << (14)

2
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Now for such n, we have, by triangle inequality,

n+1 n
Vz € [a,b], |un ()| < Z ug(x) —u(z)| + Z ug(x) —u(x)| <e. (15)
k=1 k=1

Thus by definition u,(z) — 0 uniformly.

b) A counter-example is u,(x) :% for all .

c) First we show that it converges to 0. Let = € (0, 00) be arbitrary. Then = >0 and

lim ne "*=0. (16)
Denote uy(x):=ne~"*. We have A

un<ln—n>:ne_ln":1. (17)

n

Thus u,(2) — 0 cannot be uniform and the convergence of 3> | ne~"* cannot be uniform.

Question 4. Let uy(x) be Riemann integrable on [0,1] for all n. Assume that Y 7 | un(z)= f(z)
uniformly on [0, 1]. Prove that f(x) is also Riemann integrable on [0, 1] and furthermore

g:l /01 () dx:/ol F(z) dz. a8)

Solution. Let € > 0 be arbitrary. Denote

n

folz)= Z ug(z). (19)

k=1
Since fp(x) — f(x) uniformly, there is N € N such that for all n > N,
€
| @) = f@)] <7 (20)
As fn+1(x) is Riemann integrable, there is a partition P={0=z¢ <z <:-- <z, =1} such that
U(f41,P) = L(frv41.P) <5 (21)
Denote
M;:= sup fn+1, mi:= inf fni1, (22)
[xi,xi+1] LqyTi41
we have
Vo € [z, 2i41], m; < fys1(z) < M. (23)
Together with (20) we have
mi—2< f(=) <M,-+Z. (24)
Therefore
n—1
U, P)< Y (Mi+ S ) (@inr =) =Ulfws1, P+ . (25)
- 1=0
Similarly
L(f,P)> L(fx+1,P) = 7. (26)

Thus we obtain
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and integrability of f(x) follows.
Now (20) gives for all n > N,

x)dz — /01 fn(x)dz

Z/ up(z)dz = lim fn dx—/ f(z (29)

n— oo

1 €
< /0 () = ful) | dz < <. (28)

This gives

Remark. Alternatively, one can use upper and lower integrals:

—e< f—fn<e= fn—e<[f<fn+te (30)
therefore
Uf)<U(n+e)=U(fn)+e(b—a);  L(f)=L(fxn—e)=L(fn)—e(b—a). (31)
However one should be careful as in general
U(f+9)#U(f)+U(g), etc. (32)
Question 5. Bernhard Riemann proposed f(z) = Zzozl sin (nf ) as a everywhere continuous but

nowhere differentiable function on [0,2].

a) Prove that f(x) is continuous;

b) Calculate fo x)dz. Justify your answer;
) (extra 3 pts) Comment on the differentiability of f(x). Can you prove or disprove it? If
not, why?
Solution.

a) Since on R,
) (33)

2
By Weierstrass’ M-test » > | Smg:; z) converges uniformly and continuity immediately
follows.

; 2
b) Since each Slnf+x) is continuous and thus integrable on [0, 2 7], uniform convergence gives

f dx—Z/Qﬂsm ) da fZO 0. (34)

c) There is no standard answer to this one.

0

Question 6. Consider a function u(z,t) defined on [0, 1] x (0,00). Assume that for each fized to,
the function u(x,to) is continuous in x.

a) Give the definition for the convergence limy_,oyu(x,t)= f(x) to be uniform on [0, 1].
b) Prove that, if the convergence is uniform, then f(x) is continuous.

¢) Show through an example that when the convergence is not uniform, f(x) may not be
continuous.
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Solution.

a) Ve >0, there is § > 0 such that for every t € (0, 9),
Veel0,1],  |u(z,t)— f(z)|<e. (35)

b) Take any zo € [0, 1]. We prove that f(x) is continuous at xg. Let € >0 be arbitrary. Then
there is tg> 0 such that

Veel0. 1], fule,to) = f(@)] <3 (36)
Now since u(x, tg) is continuous at xg, there is 6 >0 such that
Vo€ (zo—6,2040),  |ulz,to) — ulzo, to)] <§. (37)
Thus we have, for all z € (zg—9,z¢+9),
[f(x) = f(xo)| = [f(z) —u(z, to) + u(z, to) — u(zo, to) + u(xo, to) — f(z0)]
< |f (@) —ul@, to)| + |u(z, to) — ulwo, to)| + [u(zo, to) — f(xo)]
< e (38)

Thus ends the proof.

c) Let u(x,t):e_x2/t. Then
0 z#0

}gr(l]u(x,t) :{ 1 220 (39)



