Math 314 Fall 2013 Homework 4 Solutions

DuE WEDNESDAY OCT. 9 5PM IN ASSIGNMENT Box (CAB 3rD FLOOR)

There are 6 problems, each 5 points. Total 30 points.
Please justify all your answers through proof or counterexample.

You can use any theorem/lemma/proposition in the lecture notes (Please explici

Question 1. Let f: X — Y be a function. Critique the following claim.

f is one-to-one if and only if f(ANB)= f(A)N f(B) for all subsets A, B of X.

If it is true prove it; Otherwise provide a counter-example.

Solution. True.

“If”. Assume that f is not one-to-one. Then there are x1, 22 € X such that z1%£ x2 but f(z1) = f(x2).
Take A = {z1}, B = {x2}, then AN B =@ so f(AN B)=@. But f(4A) N f(B) ={f(z1)} #+ @.
Contradiction.

“Only if”. Assume that there are A, B C X such that f(AN B) # f(A) N f(B). Since f(ANB) C
f(A)N f(B), thereis y €Y such that y € f(A)N f(B) but y¢ f(ANDB). As y€ f(A), thereisz1€ A
such that y= f(z1); As y € f(B) there is z2 € B such that y = f(z2). Because y¢ f(ANB), 1% xa.
This contradicts f being one-to-one.

Question 2. Let zo€ R be an arbitrary real number different from 2 and define x,, through

_ Tn-—1

Tn =35 +1. (1)

Does the sequence converge? If so find the limit. Justify your answer.

Solution. We have

Tn — Tn— "
onr—nl = 2222 = (3) o - . ©)

For any € >0, since ZEOZO (%)n converges, there is N € N such that for all n >m > N,

n—1
1\* £
- <. 3
=) m <>
Note that since xo+# 2, 1 — 20 #0.
This means for any n>m > N,
1\»! 1\"
[T — T | <|Xjp — Zp—1| + -+ |Tmg1 — Ton| = 3 +ot 3 |z — o] <e. (4)
Thus {z,} is Cauchy and there is z € R such that x,, — . Therefore
z= lim z,= lim (x”2*1+1):§+1:>x:2. (5)

Remark. Alternatively, one can solve x,, one by one:

Tn

Tn—2
_ Tn-—1 +1

= 2 :xn_2 _1 :M _2 _1 :...:@ _(n_l) -
5+l T l=—grr + 27 1= 272 2 ] o T2 +o+1 (6)

and then take limit.

Remark. Alternatively, one can prove that:

If 9 <2, then z, is increasing and upper bounded by 2;
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o If 29> 2, then x,, is decreasing and lower bounded by 2.

and then conclude that the limit exists.

Question 3. Let Z:O:1 Qn, Z:O 1 bn be non-negative series with a, >0,b,>0 for all n € N.

a) (3 pts) If VneN, a;:l <b;‘7—:1, then Y07 | by converges = " | a, converges;
b) (2 pt) Use a) to prove convergence for | an with ay=1 and

2mn—1 (7)

a 71_
"T45 n42

. 1
(Hint: use bn:m. )

Solution.
a) From the assumption we have (note that a; >0 is used here)

a b a
2R = ar< by
al bl bl
as a bs b a b a
_3._2<_3._2:>_3<—3:>a3<—1()3;
a2 Qa1 b2 bl a1 bl bl
In general we have
a
an <2by (10)
by

for all n € N.
Now for any € > 0, since E;’;l b, converges, there is N1 € N such that for all m >n > Ny,
(11)

m

>

k=n+1

Take N = max {Ng, N1}. We have for all m >n > N, (Note that we need the positivity of aj in the

bn,
an,

€.

<

first inequality below)

Soal<| Y ‘b’NO by| = ‘b’No bi| <e. (12)
k=n+1 k=n+1 No No k=n+1
Therefore Y~ | a, converges.
b) Take b, as in the hint. We know that >~ >° | b, =1. Now check
an+1 n bn+1 n
frng < =
an n+3 " b, n+2 (13)
for all n > 2. Thus application of a) gives the convergence of Z:‘;l an
Remark. In fact this problem is a bit silly as
(14)

o — (n—1)! 6
" n+2)1/6] (n+2)(n+1)n’

Question 4. Let {x,}, {yn} be sequences of real numbers. Which of the following is the most precise relation
between imsup, oo (Tn, + yn) and Umsupy, oo Tr, + IMSUP,— 00 Yn ?
a) limsup,— o (Tn + Yn) = limsup,— oo p, + Imsup, . o0 Yn.-

b) limsupy,— oo (n + yn) <Umsupy,— oo T + Hmsup, — oo Yn-
¢) Hmsupy,—, oo (Tn+ Yn) <UMSUPs,—, 00 Ty, + HUMSUpy, — 00 Yr and it may happen that Umsupy, oo (Tn+ Yn) <

limsupy, — oo Ty + limsup,— oo Yn-

Justify your answer.
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Solution. The most precise relation is c).

e We prove limsupy,— oo (Zn + Yn) < limsupy,— oo Zpn, + imsup, —, o0 Yn. By a theorem in lecture notes, we
have (recall that a sequence is in fact a function with domain IN)

sup (¢ + yx) < Sup o + sup Y (15)
k>n k>n k>n

Taking limit, by Comparison Theorem, we have limsup,—oo (T, + yn) < limsup,—oo @n +
limsupy, — 0o Yn-
e An example of imsup,, . oo (Zn + ¥Yn) <limsup, . oo T, + iMsupy, . oo Y. Take 2, = (—1)", y,,=(—1)" 1.

Then limsup x,, = limsup y,, = 1 but z,, + y, =0 for all n € N so limsup, — o0 (T, + yn) =0< 1+ 1.

Question 5. Let {x,} be a sequence and {x,, } be a subsequence of {x,}. Prove that if {x,,} is not
bounded above, then {x,} is not bounded above either.

Proof. First we obtain the negation of {z,} is bounded above:
SEMeRVneN z,<M]=VMeR3IneN z,>M|]. (16)
Thus the assumption {z,,} is not bounded above means
VMeR IkeN z,, >M. (17)

Thus for any M € R, there is k € N such that z,, > M. Now take n =ni. We see that there is n € N such
th at a, > M. Therefore VM € R In€N 1z, > M and {z,} is not bounded above. |

Remark. Alternatively, one can prove by contradiction. Assume {z,} is bounded above. Then there is
M € R such that for all n € N, x,, < M. Now for every k € N, n;, € N and therefore z,,, < M. So {z,,} is
bounded above. Contradiction.

Question 6. Prove fo:l m:m,
Proof. We have
TG~ a5
210g212+1)+310g213+1) ~ 4101gz4 4101g24:%; (19)
410g214+1)Jr “+7log217+1) ” SIngSZ%; (20)
1 : . é"*lz L (21)

3 Tlogy (211 1) | (2" —1)logs (@) ~ 2°m  2n’

Therefore
on—1

S 1_Zklog2—k+1 52 (22)

Now for any M >0, since {}°}'_, k} is not bounded from above, there is ng € N such that Y70 | E > M.
This gives

Sono_1>M (23)

and therefore {S,} is not bounded from above which means Y~ | m = 0. O



