Math 314 Fall 2013 Midterm Solutions

OcT. 24, 2013 2PM - 3:20PM. TOTAL 25 PTS

NAME: ID#:

e Please write clearly and show enough work.

e No electronic devices are allowed.
Question 1. (4 pts) A sequence of functions { fu(x)} is said to converge
uniformly on E CR to another function f(x) if and only if:

For every € >0, there is N € N such that for all n > N and
alz € E, |fo(x)— f(z)|<e.

a) (1 pt) Write down the logical statement for the above (all symbols,
no words);

b) (3 pts) Write down its working negation.

Solution.
a) (1 pt) Answer is correct.
Ve>0, ANeN, Vn>N, Vz e F, | fo(z) — f(2)]| <e. (1)
b)
e (1 pt): IV,
e (1 pt): Keepe>0 etc,;

e (1 pt) : Final answer is correct.

Je>0, VNeN, In>N, Jze€F, | fu(z) — f(z)]| > €. (2)

Question 2. (6 pts) The sum of two sets of real numbers is defined as A+
B:={a+ba€cAbe B}. A function is additive if and only if Va,b € R,
f(a)+ f(b)= f(a+0b). Prove that

f is additive <= VA, BCR, f(A+ B)= f(A)+ f(B). (3)

Solution.

e (1 pt) Overall rigor of argument.
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e (1 pt) Know need to prove = and <—;
e (1 pt) Know need to prove C and D;
e —>. Assume f is additive. Take any A, B C R.

1. (1 pt) f(A+ B) C f(A) + f(B). Take any y € f(A+ B), by
definition there is ¢ € A+ B such that y = f(c). Next by definition
of A+ B there are a € A, b € B such that c=a + b. As f is
additive, f(c)= f(a+0b)= f(a)+ f(b). By definition f(a) € f(A),
f(b) € f(B). Again by definition f(a) + f(b) € f(A) + f(B).
Therefore y € f(A)+ f(B).

2. (1 pt) f(A)+ f(B)C f(A+ B). Take any y € f(A)+ f(B). By
definition y = u + v where u € f(A),v € f(B). By definition of
image there are a € A, b € B such that u= f(a),v= f(b). Since
f is additive, f(a)+ f(b) = f(a+b). By definition a+be A+ B
therefore y = f(a)+ f(b) = f(a+b) € f(A+ B).

e <. (1 pt) For any a,be R, take A={a}, B={b}. Then A+ B =
{a+b}. We have

{fla+b)}=fA+ B)=f(A)+ f(B) ={f(a)} +{f(0)} = {f(a) +
f0)} (4)
which means f(a+0b)= f(a)+ f(b). So f is additive.

Question 3. (4 pts) Prove lim, .o [Vn*+n —n?]=0 by definition.

Solution.
e (2 pts) Overall rigor and formalism;
e (2 pts) Correct argument;

We have

4 A
n4+n—n2—(n +n)—n <LonL. (5)

n
Vit n+n? Valtn4n2 0
Now for any € >0, take N > ¢!, then for any n > N,

}\/n4+n—n2—0‘ =

<nl<Nl<e. (6)

n
vVnt4+n 4+ n?
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Question 4. (4 pts)
a) (2 pts) Prove that

26
2 T (7)

n=

—_

COMVETYES.

b) (2 pts) Prove that

N
2 G

— (n+2)(n+1)n
converges. =
Solution.
a) We apply the ratio test to a, = %. We have
26 )
Gnt1| _oxDE ()71 (9)
an % (n+1)]2 (n+1)%
Since '
1
0 2 10
Sy " (10)
we have
limsup | == =lmsup mmry = i e =0 1D

thanks to Squeeze theorem. By ratio test the series converges.
b) We have

V37
(n+2)(n+1)n

< g =/37n73, (12)

Since 22021 V37 n~3 converges, by the comparison theorem for series we

conclude that >~ | ( vaT

m converges.

Question 5. (5 pts) Let z, = (—1)" + % Find suppen {z,}, infen {z,},
limsup,, 0T, and liminf, . x,
Solution.

e (1 pt) Overall rigor; (2 pts) Correct proofs for sup/inf; (2 pts) Correct
proofs for limsup /liminf .



MATH 314 FALL 2013 MIDTERM SOLUTIONS

3
SUPneN {Zn - Suppen {zn}=73.

o 3/2is an upper bound. Take any x, € {x,}. Two cases:

1. n>2. We have (—1)"<1,%<;

2. n=1. We have (—1)1—|—%:O<g.

—_—_>(—1)R+E<

1 3.
57

o 3/2is the least upper bound. Take any b < % Then x=(—1)%+

1

h % > b. Contradiction.

inf,enx {x,}. infren{z,}=-1.
o —11is a lower bound. Take any x, € {z,,}. Then

;%:4—Dm+%>(—m">—1

(13)

o —1 is the greatest lower bound. Take any b > —1. There is n € N

such that % <b+1. Now

R S
2n+1 2n+1

Topi1= (_1)2n+1 4

limsup,, ., coZyn. limsup, oo, =1.

<—1+l<b. (14)
n

Take any n € N. Then we have x9, = (—1)*"+ % > 1 therefore

sup {xn, Tpi1,...} > 1.
On the other hand for every k >n, we have

1
rp <14+ —.
n

Therefore
1
sup {xn, Tpi1,...p <1+ —
Applying Squeeze Theorem we have

limsup x, = 1.
n—od
liminf, ., 2,. liminf,_ 2z, = —1.
Take any n € N. Then we have x9,,1=(—1)*"T1+

therefore
1

2n+1°

inf{z,, r,41,...} <—1+

1 —_—
2n+1

(15)



Oct. 24, 2013 2PM - 3:20PM. TOTAL 25 PTS )

On the other hand, for all k> n,
1

:Uk:(—l)k+%>(—1)k>—1. (20)
So
inf{x,, z,41,...} = —1. (21)
Applying Squeeze Theorem we have
liminf z, = —1. (22)

Question 6. (2 pts) Let f:R— R be a continuous function. Let A:={z €R|
f(x) =0}, Prove that A is closed.

Solution. (1 pt) : Understand open/closed; (1 pt) Correct use of continuity;
We prove A= {x € R| f(x) <0} is open. Take any zo€ A°. Then f(xg)<0.
Denote 9= — f (). Then by continuity of f at z( there is 6 >0 such that for
all |z —xo| <9, | f(z) = fzo)| <e0.
Now as f(xz) — f(zo) <|f(z) — f(zo)| we have

f@) <|f (@) = flzo)| + f(wo) <eo+ f(20) =0. (23)

Therefore Vo € (zg — 6, z9 + 6), f(x) < 0= x € A° So A°is open and
consequently A is closed.



