The Final Exam (Math 314 A1)
December 20, 2011

Name: [.D.#:
1. (10 points) Let
fla)i= Ho ae0.1]

(a) Find lim f(z).

x—0+

(b) Prove that there exists a point ¢ € (0, 1] such that f(z) < f(c) for all z € (0, 1].



2. (15 points) Let g(x) := 2% — 3z, —00 < x < o0.
(a) Show that there exists some a € (0, 1) such that g(a) = 0.

(b) Find ¢’(z) and show that there exists a unique b € (—o0, 00) such that ¢’(b) = 0.
Give an explicit expression of b.

(c) Let b be as given in part (b). Show that g(x) > g(b) for all x € (—o0, ).



3. (10 points) (a) Let f be defined by

ar+b forx < —1,
f(ac)::{x?’—l—l for —1 <z <2,
crx+d for x> 2.

Determine the constants a, b, ¢, and d such that f is differentiable on IR.

(b) Let

2 . l .
g(z) == {x sin < %fo]R\{O},
0 itz =0.

Prove that ¢ is differentiable at 0 and that ¢’(0) = 0.



4. (10 points) Let f be a differentiable function on an open interval (a, b), and let A and
B be two real numbers such that A < B.

(a) Suppose that A < f/(z) < B for all x € (a,b). For a < x1 < z2 < b prove that

A(zg — 21) < f(w2) — f(21) < B(wa — 11).

(b) Suppose that A > 0 and f'(z) > A for all z € (a,b). Then f is a one-to-one
function on (a,b) and its range is an open interval J. Let g denote the inverse
function of f. Prove that



5. (10 points) Let g(t) :==In(1 +1¢), t > —1.

(a) Find a cubic polynomial p such that p*)(0) = ¢g(®)(0) for k = 0,1,2,3. (Hint: p
is the Taylor polynomial of third degree of g at 0.)

(b) Let f(z):= g(2?) =1In(1 +2?), —o0 < x < co. Find a polynomial g of degree six
such that ¢ (0) = f*)(0) for k = 0,1,2,3,4,5,6. Justify your answer.



6. (15 points) The Fundamental Theorem of Calculus will be used in this problem.

(a) Let F(z) = [~ VI+12dt, x € R. Find F'(z) for z € R.

(b) Let G(z) := [ sin(t?)dt, z € R. Find G”(z) for z € RR.

(c) Let H(z) := f5+ﬂ/2 | cos(2t)| dt, z € R. Show that H is a constant and find this
constant.



7. (15 points) Calculate the following integrals.

2
(a) /0 x?\/x3 + 1dx.

(b) / cos? x dz.
0

1
(c) eV® da.
0



1— n—+1
8. (15 points) (a) It is known that + =14+r+---4r"forr#1andallnelN.
—r
Derive from this identity the following formula for x € IR:
1 — (—g2)n+1 n
% = z:(—l)kxw€ =1-a2*+2* 2%+ +(-1)"2™ Vnel

k=0

(b) For n € IN, let g, (z) := Y _,(—1)*x2*. Use part (a) to prove

1

a2 < 2?2 for all z € [0,1].
T

gn(z) —

(c) Use part (b) to prove

1 1
lim gn(z)dx = /

a2 dx

1 T o G O L.
Moreover, find [; gn(z)dz and the limit nlLII;O Z TR




