MATH 314 FALL 2012 FINAL PRACTICE

e You should also
o review homework problems.
o try the 2011 final (and you should feel most of its problems are easy).

e Most problems in the final will be at the “Basic” and “Intermediate” levels (First 36
problems).

Basic
Problem 1. Let
—1 r<—1
azr?+bx+c |z|<1l,2+0
flay=q T thete I<LaE0, 1)
1 r>1

Find a,b,c€ R such that f(z) is continuous at every x.

Problem 2. Calculate the derivatives of the following functions.

fi(w)= ( 1”2)3; P)=Vito+a®  falw)=exp[rinal (2)

1—22

Problem 3. Calculate the following limits.

1—cos?zx et —e T —-2x T —arctanx

lim ——; lim —M; lim ———. 3
o Vitzz-1 oz —sinz e sin (1/x) (3)

Problem 4. Calculate Taylor polynomial to degree 2 with Lagrange form of remainder.
f(z)=2zsin (Inz); xo=1. (4)

Problem 5. Let f(z) = 2 z — sin z defined on R. Prove that its inverse function g exists and is
differentiable. Then calculate g’(0), ¢g'(w —1).

Problem 6. Which of the following functions is/are differentiable at zo=07 Justify your answers

1 1
2 >0 in — 0 25in — 0
R ={ TR0 = TG T g g A0, )
f(@) = f(=z0) vtz
Problem 7. Let f(z): R~ R be continuous and z € E. Define F(x):= @ — o Y. Prove
c =10

that f is differentiable at z¢ if and only if there is ¢ € R such that F'(x) is continuous for all z € R.
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Problem 8. Calculate the following integrals:

2

_[f_de Y -, B
]1_/6 o) IQ—/O e dux; Ig—\/; 3 Inzdx (6)

Problem 9. Prove that the following improper integrals exist and calculate their values:

ng/ol (Inz)?dx (7)

00 1

dz
J1= e 2% cos (3 z) da; J: :/ _—
! /0 Ba) 2 —1 V1—22

Problem 10. Prove by definition that f(x)= { 1 x# 0 is integrable over [—1, 1] and find the value
of [1 fla)dz

Problem 11. (USTC) Is the following calculation correct? Justify your answer.

ﬁc0s2:1:d:1:* Oi*O (8)
0 Jo (1122

where the change of variable is t =tan x.

Problem 12. Let F(x):= [ TH2 ot dt. Caleulate F'(z) and F"(z).

sSinx

Problem 13. Prove the convergence/divergence of (can use convergence/divergence of > n® and }_ r™).

> 2 © /2
Z 3n2 +n Zn +27 Z n+1 ' (9)

+5n+4’ — nd — — (n1/3+19)5

Problem 14. Prove that Y 7° converges and find its sum.

n=1 n (n +3)
Problem 15. Prove: If >°>° | aj converges then Y 7 | == converges. (Hint: = +b >ab)
Problem 16. Study the convergence/divergence of
— 1
—_. 10
; S(T1/m) (10)

Problem 17. Prove that

= 1
7;2714—1_ (11)

1

You can use the divergence of Y7 | —.

Problem 18. Consider Zflozl nr". Identify the values of r € R such that it is convergent. Justify your
answer. You can use the fact that lim,,_, nr"=0 when |r| < 1.



INTERMEDIATE

Problem 19. Let f, g be continuous at xo € R. Then so are
Fa):=max{f(z),g(x)},  G(z):=min{f(z), g(2)}. (12)
Problem 20. Prove the following.
a) There is exactly one x € (0,1) such that
zt/2er =1, (13)
b) There are infinitely many x € R satisfying
xsinz=1. (14)
Problem 21. Let f(z) be differentiable at xg with derivative f’(xo)=3. Calculate
nnglm<3n2+2n—1>[f(m%)—f(xo)] (15)
Problem 22. Let f, g be differentiable on (a,b) and continuous on [a, b]. Further assume f(a)= g(b),
f(b) =g(a). Prove that there is & € (a,b) such that f'(§)=—g'(&).
Problem 23. Prove the following inequalities

a) |cosz —cosy| < |z —y| for all z,y € R;

b) |arctanz — arctan y| < |z — y| for all z,y € R;

a

c) “a_b<ln%< ;b, 0<b<a.
Problem 24.

a) Let a€(0,1). Prove that

lim [(n+1)*—n%=0. (16)
You can use (7%)' =az®" L T
b) Prove that
lim [sin((n+ 1)1/3)—sin(n1/3)] =0. (17)

n——o0o

Problem 25. (USTC) Let f be differentiable on R, f(0) =0 and f’(x) is strictly increasing. Prove
that @ is strictly increasing on (0, 00).

Problem 26. Let f(z) be differentiable on (—o0,0) and (0,00). Assume that

lim f'(x)=A, lim f'(x)=B. (18)

z—0— r— 0+
Prove that if A+ B then f(x) is not differentiable at x =0.

Problem 27. Let a>1. Assume f(z) satisfies |f(x) — f(y)| < |z — y|® for all x, y € R. Prove that f is
constant.

Problem 28. (USTC) Let f, g be differentiable on [a,0), and | f'(z)| < ¢’(z) for all z € [a,0). Prove
that

|f(z) = fla)| < g(x) — g(a) (19)



MATH 314 FALL 2012 FINAL PRACTICE

for all x > a. (Hint: Cauchy’s generalized mean value theorem.)

Problem 29. Let f be continuous and g be integrable on [a, b]. Further assume that g(z) doesn’t
change sign in [a,b]. Prove that there is £ € [a, b] such that

b b
/ f(@) gla) dz = £(€) / o(z) d. (20)

Does the conclusion still hold if we drop “g(x) doesn’t change sign in [a, b]"?

Problem 30. Prove the following inequalities:

a) fol e~ da > ff e~ da;

b) w/2 smxd >f7'r/2 51;1230 dz;

0
27 2T
/ [/ Smtdt} dz =0. (21)
0 T t

(Hint: Set u(z)= fjﬂ 0% 4t then integrate by parts)

Problem 31. (USTC) Prove

Problem 32. Let f be continuous on R. Let a,b€R,a <b. Then

@) 40 = 1) - f(a). (22)

lim

b fle+h) -
h—s0 a h

Problem 33. (USTC) Let f be integrable. Prove that

| e rting)de=5 [ fsin)a (23)

(Hint: Change of variable: t =7 — z.)

Problem 34. Apply Ratio/Root tests to determine the convergence/divergence of the following series
(You need to decide which one is more convenient to use).

DIE RSO DIUECRND DE S 21

You can use the fact (1+1/n)™ — e, and the Stirling’s formula

|
lim — " =1 (25)

n—oo\/27n (n/e)*
without proof.

Problem 35. a,, >0, Zflozl an converges. Prove that fozl /Qn Grny1 converges. On the other hand,
if a,, furthermore is decreasing, then Zflozl \/Qn Gp+1 CONVErges =—> 220:1 a, converges. Any example
of if a, is not decreasing then not true? (Take a, =0 for all n even)

Problem 36. Let a,, > 0. Prove that >_>7 | a, converges then "> a2 converges. Is the converse true?
Justify your answer.



ADVANCED

Problem 37. A function f(z): E+— R is called “uniformly continuous” if for any € > 0, there is 6 >0
such that for all z,y € E satisfying |z — y| <4, | f(z) — f(y)| <e.

a) Prove that if f is uniformly continuous, then it is continuous.

b) Give an example of a continuous function that is not uniformly continuous. Justify your answer.
¢) If f: E+— TR is continuous with E a bounded closed set, then f is uniformly continuous.

d) Prove that if f is continuous on [a,b], then it is integrable on [a, b].

Problem 38. Let f(z) be continuous over R, and satisfies f(z+y)= f(z)+ f(y) for all z,y € R. Prove
that there is a € R such that f(z)=a=.

Problem 39. (USTC) Let f(z) be differentiable. Assume that there are a <b such that f(a)= f(b)=0,
f'(a) f'(b) > 0. Prove that there is £ € (a,b) such that f(£)=0.

Problem 40. Let f(x) be continuous on (a, b). Assume there is 2y € (a, b) such that f"’(xg) exists.
Prove that there are constants A, B, C, D such that

li Af(.%‘o—i—h)—I—Bf(wo)—i—Cf(Io—h)-i—Df(CL‘o—Qh)
o h3

— fW(ZUO) (26)

and find their values. (Hint: L’Hospital)

Problem 41. (USTC) Let f(z) be differentiable at zo with f(z)+#0 and f’(x¢) =5. Take for granted
limy, o (14 h)Y/"=e. Calculate

n

f(wo-i—%)
f(xo)

lim

n——00

(27)
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Problem 42. (USTC) Let f be twice differentiable over R, with f(0)= f(1)=0. Let F(z) =22 f(z).
Prove that there is £ € (0,1) such that F”(§) =0.

Problem 43. Let f be differentiable over R. Then f/(x), though may be not continuous, always satisfies
the Intermediate Value Property:

For any s between f’(a) and f’(b), there is £ € [a, b] such that f'(§)=s.

Then use this to prove: If f is differentiable in (a, b) and f’ # 0, then f is either increasing or
decreasing.

Problem 44. (USTC) Calculate

. ~ . (ka

nh_r}noo Z sin (F) (28)
an(t2) 2

k=1
Problem 45. Let f be differentiable on (0, co) with lim,_ .o [f(z) + f'(z)] = 0. Prove that
lim, o f(x) = 0. (Hint: Let F(z) = e* f(z), G(x) = e®. Apply Cauchy’s generalized mean value
theorem.)

(Hint: Write 37, sm( ) > k=1 i?+2k 1 [Sln(ka)—%} try to estimate

Taylor polynomial)

Problem 46. Let f be continuous on [0,00) and satisfy lim, . f(z) =a. Prove

w2 / 1(®) (29)
Problem 47. (USTC) Let
/ wdt z € (0,00). (30)

Prove that max,er F = F(7).

Problem 48. a, >0, EZO a, converges. Let b, . Prove that E | bn diverges.

Zco
n

Problem 49. (Alternating series) Let b, >0 with lim,,_, b, =0. Assume there is N € N such that
forall n> N, b, > by y1.

a) Prove that 3°°° | (—=1)"*!b, converges.

b) Apply this criterion to prove the convergence of 1 — L % —

oo n 1
P it 5 4+ =300 (-1t — and
anl (_1)115'

NI

¢) Show that the condition “b,, is decreasing” cannot be dropped.



REALLY ADVANCED

Problem 50. Let f be defined on (a,b) and xo € (a,b). Assume that f("T1(z) exists and is continuous
on (a,b) with f**V(z4)#0. Consider the Taylor polynomial with Lagrange remainder:

(n)
f@) =+ L8 (o gy (31)

n!

Recall that & can be viewed as a function of z. If we define (naturally) £(xo) = zo, prove that £(x) is
differentiable at zg with
1

€)=t (32)
Problem 51. (USTC) Let f be differentiable. ab>0. Then there is £ € (a,b) such that
L0 f(5) ~ b f(a)] = (&) ~ €11(6). (3)

(Hint: Use Cauchy’s Generalized Mean Value Theorem).

Problem 52. (USTC) Let f(x) be differentiable on [0,
k1,..., kn >0, there are n distinct numbers 1, ..., z, € (0,

]. f(0)=0, f(1)=1. Then for any n € N and

1
1), such that

n

ki _
Py~ 2 oY

i=1

n
7=

1

Remark 1. Note that when k=1, this is simply mean value theorem. Also if we do not require z1, ...,

Zn to be distinct, the problem is trivial since we can take x1=--- =z, =& with f'(§)=1.
(Hint: Take y1 < y2 < -+ < ypn—1 such that f(y;) = H Set yo=0,y; =1. Then define g(x) to

be linear on each [y;, yi+1] with g(v:) = f(v:), 9(yi+1) = f(yi+1). Apply Cauchy’s generalized mean value
theorem.)

Problem 53. (USTC) Let f, g be continuous on [—1, 1], infinitely differentiable on (—1,1), and
’f(")(x)—g(")(:zr)’ <nllz] n=0,1,2,.. (35)

Prove that f = g. (Hint: Show first f (")(0) =0 for all n. Then use Taylor polynomial with Lagrange
form of remainder)
Problem 54. Define v, through Zz;ll %zlnn—l— Vn
a) Show that v, >0, 7, is increasing with respect to n.
b) Show that v, — v €R.
¢) Show that »° (—=1)"*!/n=In2.
Problem 55. (Bonar2006)

a) Let 220:1 an be any convergent non-negative series, then there is another convergent non-negative

series 22071 A, satisfying lim,, . o (A, /ay,) =oco; (Hint: Set A, = a_FZ—”_F)
- VvV an n+1

b) Let Ezozl D,, be any divergent non-negative series, then there is another divergent non-negative
series fozl d,, satisfying lim,, o (d»/Dy)=0. (Hint: Set d,,=D,,/(D1+ -+ Dp_1))
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REALLY REALLY ADVANCED

Problem 56. (USTC) Let f(x) be continuous on [0,00) and be bounded. Then for every A € R, there
is x,, — oo such that

n——00

Problem 57. Let f(z) be differentiable with f(z) =0. Further assume |f'(z)| < |f(x)| for all 2 > x.
Prove that f(x)=0 for all z > z.

Problem 58. (Darboux’s Theorem) 'Let f(z) be a bounded function over a finite interval [a, b].

Let P,= {xoza,xlza—l—b;—a,...,xn:b}. Then
U(f,Pn)—U(f);  L(f,Pn) — L(f). (37)

Problem 59. (Claesson1970) Let f(z) be a bounded function over a finite interval [a, b]. Let U(f)
denote its upper integral. Prove: f is integrable <= For any bounded function g(x),

U(f+9)=U(f)+U(g). (38)

1. Darboux Theorem actually states that the conclusion holds for any sequence of partitions with sup; (z; —
z;—1) — 0. But the proof in such general case is very similar to the special one here.



