MATH 314 FALL 2012 MIDTERM SOLUTIONS
Oct. 23, 2012 2pPM - 3:20pM. TOTAL 60 PTS

NAME: ID#:

e Please write clearly and show enough work.

Problem 1. (5 pts) A function f(x): E'+— R is said to be Lipschitz continuous if there is M € R such that for
every z,y € E| |f(z)— f(y)|<M |z —y|. Write down the logical statement of “ f(z) is not Lipschitz continuous”.

Solution.
Lipschitz continuous: IM € R Vx,y € E, |f(x)— f(y)| <M |z —yl;
Not Lipschitz continuous: VM € R dx, y € F, | f(z)— f(y)|>M |z —vy|

Problem 2. (5 pts) Let f(z): X — Y satisfy: For any A, BC X, if AN B = then f(A)N f(B)=g. Prove
that f is one-to-one.

Proof. Assume the contrary, that is there are 1,29 € X such that f(x;)= f(x2). Take A={z1}, B={x2}, then
ANB=@ but f(A)N f(B)={f(z1)}+# @. Contradiction. O

Remark 1. It is equally simple to prove directly. Take A = {21}, B ={22}. :1 # 20— AN B =0 =
FA)Nf(B) =@ = f(x1) # f(x2)-

Remark 2. It is not correct to say: x1 € A, x5 € B, because AN B=¢, .... The reason is you need to show the
existence of such A, B (satisfying z; € A, x2 € B, because AN B =9).

Problem 3. (10 pts) Find the following limits. Justify your answers. (You can use the convergence/divergence
of x, =n® without proof)

a) (3 pts) lim, .o [Vn?+4n—Vn®—2n].
Solution. We have

im [ViPT T VP Tn] = tim ARV 2n] [Vt dn 4 Vil - 2n]
(n?+4n)—(n*-2n)

= lim
n—oo \/n24+4n ++/n2—2n
= lim O
n—oo \/n2+4n++v/n2—2n
: 6
= lim
n—oo \/1+4/n++/1-2/n
limy, oo [v/1+4/n++/1=2/n]
6
= _—— . 1
o=3 1)
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. r?—1
b) (3 pts) lim, 4 P
Solution. We have
oxt=1 (x4+1)(x—1)
B T
e—1 224+ +1
0 lime—a(z41)
© lim, g (22424 1)
2
= 3
c) (4 pts) limn_,m% where z,, satisfies |x,| <3n for all n € N.

Solution. Since |z,| <3n, we have —15n <5, < 15n. Therefore

—15n < DTn 15n
n+2n+1 n3+2n+1 n3+2n+1

This simplifies to
— 2 2
15/n . O0Tn 15/n

1+2/n2+1/n® “n34+2n+1 " 1+2/n2+1/n%

Taking limit n — oo, by Squeeze Theorem we obtain

5

Frontl Y

Problem 4. (10 pts) Let A={z € R: e’ > e},B={z€R:z>0,Inz<0}.
a) (4 pts) Express A, B, AN B, AU B using intervals.

b) (6 pts) Among the four sets above, which is/are open? Which is/are closed? Justify your answers.

Solution.

a) A=(—o0,—1)U(1,00); B=(0,1; ANB=2; AUB=(—00,—1)U(0,00).

b) A, AU B are open since they are unions of open intervals. AN B is both open and closed by definition.

B is neither.

B is not open: Take xqg=1 € B. Then for any (a, b) containing xo, b > xo=1. Thus (a, b)

which means b;—lgé B. That is (a,b)ZB.

53t >1

B is not closed: We have B¢= (—o00,0]U(1,00). We have 0 € B¢. For any (a,b) containing 0, a <0 so

(a,b) >3 ¢ B So B®is not open therefore B is not closed.

Remark 3. Since in my notes there is a lemma saying “half-open half-closed intervals are neither open nor

closed”, it’s OK to simply say “B is neither because it is half-open half-closed.”
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Problem 5. (10 pts) Let z,=(—1)"—e ™ and E={z,;neN}. (N={1,2,3,...})
a) (6 pts) Find max F',sup E, min E,inf E. Justify your answers.

b) (4 pts) Calculate limsup,, .oz, and liminf,, . x,.

Solution.

a)
e max F does not exist. Assume the contrary, that is x,, = max E. Then we have x,, 12 > xp,.
Contradiction.

e supE=1. Sincel>(—1)">(—1)"—e ™ for all n€ N, 1is a upper bound. Now for any upper
bound b, we have

b>(—1)* —e 2k =1—e2k (6)
for all £k € N. Taking limit £ — oo, by comparison theorem we have b> 1.
e minE=x,=-1—e"'. We have
rp=—1l—et(=1)"—e™ (7)
for all n € N since —1 < (=1)", e 1 >e= —e" 1< —e™
e Since min F exists, inf E=min £ =—1—e~ L.
b) We have
SUP { Ty Tpg1ynn} = Ton=1—e"2" (8)

On the other hand sup {x,, ...} <sup F =1. Therefore comparison theorem gives

lim (1—e?") <limsupx, < lim 1= limsupz,=1. 9)
We have e e
inf{xn,xn+1,...}<x2n+1:—1—6_2n_1. (10)

On the other hand for any k> n, we have
rp=(—1)f—eF>—-1—-eF>—-1-—em (11)
Thus comparison theorem gives

lim (—1—e?""!) <liminfz, < lim (—1—e™")= liminf z,=—1. (12)

n—ao0 n—aoo n—:o90 n—-ao0

Problem 6. (10 pts) Let xp=25 and define x,, through

3Tn

l_rk+1
1—r

Prove that {z,} converges and find its limit. (You can use the formula 1+ 7+ .- +rk= without proof)

Proof. We have

3 3"
|xn+1—zn|:7|zn—zn_1 :"-:(7) |x1 — xo]. (14)
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Then for any m >n > N, we have

(0o e
_ Ez) {1+ - +(§)m ' } -

B ) = 3/5/: :

< (7) —|l’1—l’0|<€

Therefore {x,} is Cauchy and consequently converge to some a € R.

Taking limit of both sides of =, = 3% — 8 we have a = 37a —8=a=-14.

For any ¢ >0, take N >log(z/s) [”ml—;xo']

T — | =

|21 — 2o

Remark 4. There are many alternative methods. To list a few:

e Guess a=—14. Then we have z, 1+ 14== (l’n—l— 14). Can prove directly x,, — —14.

(15)

e Show z, decreasing by math induction. Show x, 4+ 14 >0 for all n that is —14 is a lower bound. Then x,,

converges.

o Write
2 n+1 n

then take limit directly.

(cos z)(sin z?)
Problem 7. (5 pts) Is f(x)= 2 TF
1 r=0

use hmx_,o =1 without proof).

Solution. Yes.

continuous for all z € R? Justify your answer. (You can

Since sin z, 2% are continuous everywhere, the composite function sin 22 is continuous everywhere. Together

with the continuity of cosz and z?, we see that f(x) is continuous at every z = 0.

At =0, we have lim, _gcos z = 1. So all we need to show is lim, o5~ S et g(z)= { 0
xr =
2

g(x) is continuous at 1. Therefore so does the composite function g(z*) which means lim, o= e

Remark 5. No point is deducted for the misunderstanding of sin z? as (sinx)?.

Problem 8. (5 pts) Let f:R— R, g: R— R be continuous functions. Assume f(z)>0 for all z € R.

240 then

a) (4 pts) Prove that for any closed interval [a, b] with a, b€ R, there is §o> 0 such that for all 0< 9 < dy,

f(z)+0g(x)>0 for all x € [a,b].
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b) (1 pt) Is the claim still true when a = —oo or b= o0 (or both)?

Proof.
a) For any closed interval [a, b], we have
min f(z) = f(z1),  min g(z)=g(z2) (17)
z€la,b] z€la,b]

for some 1, 25 € [a, b] due to the fact that f, g are continuous. Since f >0 we have f(z1)>0. Take

_ f(m)

So=1 “glny @2 <0 (18)
1 g(z2) =0
then for any 0 <4 < dy,
i i = — fla) ZT2) =0 min
f(l’)+5g(l’)> f(I)+509(x)>m1nf(z)+50m1ng(x)_f(xl) 9(552) g( 2) 0 g<0 . (19)

f(z) Zmin f(z)>0 min g >0

b) Not true anymore. Take f(z)=e"* and g(z)=1. O



