Math 217 Fall 2013 Homework 5 Solutions

DuE THURSDAY OcT. 17, 2013 5PM

e This homework consists of 6 problems of 5 points each. The total is 30.

e You need to fully justify your answer — prove that your function indeed has the specified
property — for each problem.

e Please read this week’s lecture notes before working on the problems.
Question 1. Consider f:R— R? defined through

cost

ft)=| sint |[. (1)
t

Find t1 <ty such that there is no & € (t1,t2) satisfying

Ft2) = f(t1) = £'(&) (t2—ta). (2)

Ezxplain why this is not contradicting Mean Value Theorem.

Solution. Take t;1 =0, =2m. Then

0
flta) = ft)=| 0 | (3)
27
On the other hand,
—sint
flt)=1 cost |. (4)
1
If there is £ € (0,2 7) such that
0 —sin &
0 |=| cos& |27 (5)
2 1
then necessarily
cosé=siné=0 (6)
which contradicts the identity
(cos €)%+ (sin &)?=1. (7)

Question 2. Find f(x,y) such that f is differentiable (meaning differentiable everywhere) but %,

o) .
o are not continuous.

Ay
a;%fsin%siné x#0,y#0

Solution. Take f(z,y)= .
0 z=0or y=0

e We first show that %, I oxists at all (o0, Yo)-

Oy

At 29# 0, yo # 0, direct calculation gives
% = QnySin%sin%—yzcos%siné (8)
af , 1.1 5.1 1
=~ = 2z°ysin—sin— — z“sin — cos —. 9
Ay roy Ty )
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At 20=0, yo# 0, we have clearly % =0. To calculate g write

T

1 1
T sin — sin — x#O
Yo z Yo

f(x,y0) = (10)
0 z=0
which gives
of _
9 (0,y0)=0. (1)
A 0, 0,
Similarly at xzo# 07{50 =0 weal}ave 8_9{(370’ 0)= @f(xo, 0)=0.
Finally clearly =-(0,0) = a—y((), 0)=0.
e Now we show that they are not continuous.
Summarizing the above, we have
1 1 1 1
2 . - . - 2 . - . -
of _ ) 2xy smxsmy Yy smxsmy x#+0,y#0 (12)

Oz 0 z=0or y=0

Now we show that % is not continuous at any (0, yo) with yo # 0. This is clear since

lim, ¢ %(m, y9) does not exist. o
oy

e Finally we prove that f is differentiable.
Since f(z,y)= <x2 sini) (y2 sin%), it suffices to show that both 22 sin% and 12 sin% are

Similarly it can be shown that == is not continuous at any (zq,0) with 29+ 0.

differentiable as functions from R? to R at every (zg, yo). We prove a more general statement:

If f(z): R+ R is differentiable, then F: R R defined through F(z):=
f(x1) is differentiable too.

Zo1

TON

Take any xg € R. Denote xq —( ) We have

|F' () = F(zo0) = f(zo) (x1 —2o))| _ [f(z1) = f(wor) = f'(zon) (x1 — 2o1)|

[l — o [z — o
< 1) = flzo) = f@wor) (@1 — wor)| (13)
71— 01
This gives
[e— [e— , fe—
i 1E(®) = F(@o) = f'(wo)(x1 —2o1)| _, (14)
z—> [l — o
and the differentiability of F'.
Remark. A better example may be
9 . 1 9 . 1
xésin—+y“sin— x#0,y#0
L Yy
1
2 gin & _
fw)=1 " v=0 (15)
2sin — z=0
Y Yy
0 z=y=0
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Question 3. Let f(z,y)=sin(2z)sinysin(2x+y) and A:={(z,y)|z>0,y>0,22+y<7}. Find
max(y ) epf (7, ).

Solution. First notice that f(x,y) =0 on 0A while f(x,y) >0 in A°. Therefore the maximizer
must be in A° and should satisfy the equations —= or af =0. This gives

Ox
of L : .
0:% = 2cos(2x)sinysin (224 y) +2sin (2z) sin y cos (2z + y) (16)
O—g—g = sin(2z)cosysin(2z+y) +sin (2z)sin y cos (2x + y) (17)
These simplify to
sin(dzx+y)siny = 0 (18)
sin(2z)sin(2z+2y) = 0. (19)

Now as we are considering x >0,y > 0,22+ y <, there must hold

4oty = 7 (20)
2042y =« (21)
which leads to x =7/6, y =m/3. Since this is the only candidate and
F(r/6,7/3) = M >0, (22)
the maximum is #.
Question 4. Let z=Z(x,y) be determined through the equation
ry+yz+zr=1. (23)
Find — 8Z % without solving Z explicitly.
Solution. Differentiating
ry+yZ(z,y)+ 2z, y)r=1 (24)
we obtain
0z 0z 07 _ _y+=z,
8Z X4 X4 T+ 2z
Z4+r— = 0= —=— . 26
x+yay+ +:an 9y Tty (26)

Question 5. Let v1,vs,...,vn € RN be such that ||v;||=1 for all i, v;-v;=0 for all i+ j. Let f:
RN — R be differentiable. Prove

of I S 7 S B
<a'01> t +<0’UN> _<8331 + + 8xN ’ (27)
Solution. Since f is differentiable, we have
oL (grad )"0 =l (grad ) (28)

This means

<81{2> = (grad f)T(vi ’UZT) (grad f). (29)
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Now we have

<§_1{1>2+... + <887{V>2: (grad f)T<ZN: ('vaZT)> (grad f). (30)

We check

for every k=1,2,3,..., N. Now denote V€ RV*¥ by

V=_(v1 - on) (33)
we have

AV =V. (34)

Now we show that v1,...vN are linearly independent. Once this is done we know V is invertible and
can conclude

A=AWVV H=AV)Vi=VvV-i=T (35)
To see the linear independence, let ¢y, ..., cy € R be such that
c1v1+--+ceyoy=0. (36)
Now we have
c1=v1-[c1v1+ - +cyoy]=0. (37)
Similarly we have ¢y =--- =cny =0 and therefore vy, ..., v are linearly independent.

Question 6. Let f: RN — R have continuous partial derivatives. Let a>0. Assume that f satisfies

1f(x) - fF(y)l| =z -yl (38)
for all z,y €RYN. Prove
0
a) det (8—3:) #0 for all z;
b) For any fized yo € RY, F(x):=|y — f(x)|| reaches minimum but not mazimum;
¢) F(RM)=RN.
Solution.

a) Assume the contrary. There is 2o € R such that det (%) =0. Then from linear algebra
we know that there is v € RY with ||v|| =1 such that

<g£>v:0. (39)

As f has continuous partial derivatives, f is differentiable and

g%@@—<g£>v—0 (40)
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In other words,

lim Hf(wOthm — @l _ (41)
Now take 6 >0 such that 0
||f(330+t|v? —f@ll _ (42)
t

for all 0 <|t| <d. Consider x =xq, y :m0+gfv. We have

1f(®) = fly)l <alt|=allz -yl (43)

contradiction.

Fix yo. Take any xo € RY. Denote m: =||yo — f(xo)||. Now for any M > 0, take R > 0
satisfying R > M +m+ ||xo||, then for any ||x| > R, we have

lyo— F(2) = [1f(2) = f(o)|l — lyo— f (o)
> |l&—zof —m
> R—|lxo|| —m > M. (44)

Thus we see clearly that lim, | || f(x)|| = oo and therefore the maximum does not exist.

Now take M = m. We see that for all z € B(0,R)", ||yo — f(x)|| > m. Consider the
function ||yo — f(x)|| on B(0,R). It is continuous and therefore there the minimum is
achieved. Since xp € B(0, R) we know that this minimum <m and has to be the global

minimum.

Take any yo € RYV. All we need to prove is mingepn |yo — f()|| =0. Assume the contrary.
Take xg to be the minimizer that is

VezeRY,  0<llyo— f(@o)l <lyo— f(=)]. (45)
— Yo~ f(@o) of ; : .
Now set v:= Tyo — Flao)l" Now as det ( ™ )(mo) #0, there is r >0 such that an inverse function
g exists: f(g(y))=1vy. Therefore B(yo,r) C f(RY). In particular there is & € R" such that
r
fla)= fa) + 5w (46)
Now we have
Iy~ (@)l <1y~ F@o)l. (47)

Contradiction.

Remark. Alternatively we can prove c¢) without proving b).

Since det (%) # 0, by the inverse function theorem, for any yo= f(xo), there is r >0

such that an inverse function g exists: f(g(y))=1y. Therefore B(yo,r) C f(R"). This means
F(RY) is open.

One the other hand, if yo € (£(RY))¢, and for any 7 >0 there is y € B(yo, ) N f(RY),
then we can find «,, such that y, = f(@,) — yo. This gives

lzn —zm || <™ [yn — yml- (48)

Since {y,} is Cauchy, so is {x,} and therefore there is xg such that lim,,_,x, = xo.
Now as f has continuous partial derivatives, it is differentiable and therefore continuous.
Consequently
Yo= lim f(wn) = f( lim $n> = f(wO) € f(RN) (49)

n— oo n—oo
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Contradiction. Therefore f(IR™) is closed.
As f(RY) is both open and closed, it is either @ or RY. Clearly it is non-empty and
therefore equals RV.



