Math 217 Fall 2013 Homework 10 Solutions

BY DUE THURSDAY Nov. 28, 2013 5pMm

e This homework consists of 6 problems of 5 points each. The total is 30.

e You need to fully justify your answer — prove that your function indeed has the specified
property — for each problem.

e Please read this week’s lecture notes before working on the problems.

Question 1. Let L: R?— R? be a linear transformation with matriz representation A := ( (1) 1 >
where c € R.

a) Find the matriz representation for L.

b) Let I:=[a1,as] x [b1,bs) CR2. Prove that L=Y(I) is Jordan measurable and pu(L= (1)) = u(I).
(Hint: Fubini).

¢) Let B CR? be a simple graph. Prove that L~'(B) is Jordan measurable and p(L~'(B)) =
(B).

d) Let E CRR? be Jordan measurable. Prove that L™(E) is Jordan measurable and u(L~'(E))=
n(E).

e) Let E C R? be Jordan measurable and let f(x,y) be Riemann integrable on E. Prove that
f(u,v):= f(L(u,v)) is Riemann integrable on L~ (E) and furthermore

[ rewaen=[  faoduo), (1)
E L=Y(E)
Solution.

a) The matrix representation is A" :( (1) N )

b) We have

L7YI):={(z,y)| a1 <z +cy <as, by <y < by} (2)

Clearly u(OL=Y(I))=0so L~!(I) is Jordan measurable. Furthermore it is clear that for each
fixed yo, the slice L=(I)N{y =yo} is also Jordan measurable.

To calculate its measure, we have

patn) = [ d)

bo az—cy
= / / dz | dy
by aj—cy

= (a2—a) (ba—b1) = p(1). (3)



c) As B is a simple graph, B =Uj_I; where i# j = I7NI{=@. Thus we have
p(L7Y(B)) = (U LY E) <Y (L1 1) = plli) = p(B). (4)
i=1

i=1

On the other hand, for any a € (0, 1) we can find compact intervals J; C I such that
i#j= JiNJj=o and pu(Uj=1J;) >a u(B). Since L~! is one-to-one, we have

p(L7H(B)) 2 p(LHUer i) = (U L) =Y (L7 (Je) =) (i) >ap(B).  (5)
i=1 1=1

Since a is arbitrary, we have u(L~1(B)) = u(B).

d) Now for any E C R? measurable and for any a € (0, 1), we can find simple graphs BC E CC
such that p(B) >au(E)>a? u(C). Now clearly L~YB)C L~Y(E)C L~Y(C). Consequently

u(B) = u(LH(B)) < pin(L™H(E)) < pout(LH(E)) < p(L7H(C)) = u(C). (6)
By our choices of B,C' we have
a p(E) < pin(L7HE)) < powt(L™H(E)) <a™' p(E). (7)

The arbitrariness of a now gives pin(L~(FE)) = piout(L ™ (E)) = u(E) and the conclusions of
d) follow.

e) For any € > 0, take simple functions h < f < g such that [ h(z,y)d(z,y) +e> [, f(=,

Now assume h(z,y) =", ¢;1a,(x,y). Then

/Eh(aﬁ,y)d(x,y) = ;CZ/E La(z,y)d(z, y)
= ZCiM(AimE)

im1 JLTUE)



where

h(u,v):=h(L(u,v))

is still a simple function. Similarly we have

Lo@wdey= [ swvam)

with g(u,v)=g(L(u,v)) a simple function.

Now observe that h(u,v) < f(u,v) < §(u,v). The conclusion follows from

Z;%m[§WJ0—h@aW}va%jAJwa»—wandmﬂo<zg

and the arbitrariness of .

Question 2. Let A be enclosed by t+ y=+1 and x —y==+1. Calculate

/ sin (z+y) d(z, y)
A

a) using Fubini directly;

b) using change of variables and then Fubini.

Solution.

a) We have

Therefore

A={(z,y)| -1<z+y<1,-1<z -y <1},

/ sin (z +y) d(z, y)
A

1
[—cos (z+ )]

1

1

-1
1

Il
o~ T

0

y=1—|z|
y=|z|-1

dx

[cos (2 —1) —cos 1] dx

1 1—|z|
[/ sin(x—i—y)dy] dz
-1 lz]—1

[cos(z+|z|—1)—cos(x+1—|z|)]dx

+ [cos (—1) —cos (2x+1)]dx

~1
_ sin(2z — 1)|

= sinl —sinl1=0.

2

s=1_sin(2z+1)

z=0

rz=—1

(10)

(14)



b) We apply the change of variables:

U=r+y,v=x—Yy.

uU+v uU—v 1/1 1 U
st (1)(2)

Then
2 2
Therefore
|det DT'|
Furthermore
T-1(4)

So we have

/ sin (z + y) d(z, y)
A

/ sin (u) 1 d(u,v)
Tfl(A) 2

1 [t 1

—/ [/ sinudu] dv
2 /0104

1
l/ 0dv=0.
2/

(15)

(17)

(18)

(19)

Question 3. Let A CIR3 be the intersection of the ball 22+ y? + 2? <a? and 2?4+ y? <ax. Calculate

its volume.

Solution. We have

Ar:{(x,y72)|x2+y2+z2<a27<

Notice that

(i1 (o2 02

Therefore the volume is

&
(z—3)*+y*<(

Changing polar coordinates, we have

ol e

4a3 [T/

w/2 acos 6
V:4/ [ \/az—rgrdr]dH —_—
0 0

3) +v<(35)’}
_e <(&)y U

)}t ylat+y2<a).

- 2+v/a?— 2% —y*d(x,y).

(1 — sin®0) d@:%

(22)



Question 4. Calculate

2
(@Y Z+iz<1

1:/{ gl ,/z_z#é_zd(x,y). (24)

Solution. Make change of variables:

u:%,U:%ﬁx:au,y:bvﬁ|det(DT)|:ab. (25)
Then we have
I=ab Vu?+v?d(u,v). (26)

{(u,v)|u?+v2<1}

Now apply polar coordinates:

2m 1
I = ab/ [/ T2dr]d9
0 0

2abw
= . 2
. (27)
Question 5. Calculate
I:/ (22 4+ y? + 22 d(z, y,2) (28)
A
where
A:={(x,y,z)|x2+y2+z2<1,\/x2+y2<z}. (29)
Solution. Using spherical coordinates, we have
-1 ™
T (A):{(r,4,0,1/})|0<r<1,0<g0<27r,0§¢<z}. (30)
Thus
I = / rtsiny d(r, ¢, )
T-1(A)
1 27 w/4
= / rd / / siny dy | de | dr
0 0 0
T
= =(2-v2). (31)

Question 6. Let Q be a ball with radius 1 and center (0,0,1). Assume its density function is

1

:ajz—i-yz—i-z?' (32)

p(x,y,2)



Find its center of mass.

Solution. By symmetry it is clear that the center of mass is on the z axis. Denote it by (0,0, zp).
Thus we only need to calculate through spherical coordinates:

20 = i/ﬁd(a%y?Z)

_ ]\%/02” [/Om sinwcosw[/jsmwrdr]dw]d(p

2 w/2
- /0 [ /0 2 (sin))? (cost)) cw]d@
47 1

_ 27T 3
= 37, u’du

™
- o (33)

On the other hand through similar (but simpler) calculation we have

M = ;d(x z)

T JeZr e 20 0Y

2 w/2 2sin ¢
= / / cosy / dr|dy | de
0 0 0
= 2. (34)

Therefore zo=1/2 and the center of mass for 2 is (0,0,1/2).



