Applications to double integrals

Polar coordinates

Example 1. (PKU3) Calculate

[ @) M
A
where
A={(z,y)] (x—a)* +y*>a% (x —2a)* +y* <4da®y >z} (2)
Change of variables:
rcosf cosf —rsinf
T(r,@)_< - sin g ), det(DT(r,@))_det< sind 7 eosd >_r (3)
with
“1AY. T
T-YA):= {(7‘,9)\ 0e [4, 2},7‘6 [2@0059,4@0059]}. (4)

Application of change of variable and Fubini now gives

[ @eaen = [ a0

A T-1(A)
/2 4acos 6

/ / r2dr | do
/4 2acos 6

3 pw/2
_ 56a / cos39 do

3 /4
_ 112 —97() V2 a3 (5)
Example 2. Calculate
/A e~ @) q(z, y) (6)
where A:={(z,y)| 22+ y? < a®} for some a > 0.
Change of variable:
x =rcosb, y =7 sinf. (7)
Thus
T 0)=( 150 ) eI ) et (00T ) )
and
T=YA)=10,a] x [0,27]. 9)
Thus

2m a
/ ef(szryQ)d(:zr,y):/ e’rzrd(rﬁ):/ [/ erzrdr} d9:ﬂ'(1—e"‘2). (10)
A T-1(A) 0 0



Note that we have applied Fubini.

Example 3. Let the Gamma function be defined as

I'(t) :/Ooo e xt~lda. (11)
Prove that I'(1/2) = /7.

Proof. Since

I'(1/2) :/OOO ez 12z, (12)

we try the change of variable z =z%. This gives
I'(1/2) :/ ezt d(2?) = 2/ e~"da. (13)
0 0

Now consider the two-variable function F(xy,z2):= e~ (@i+at), (A generalized) Fubini theorem applies to its
integration on A:=[0,00) x [0,00) and gives

/AF(:Cl,;vg)d(:Cl,;vg) = /OOO [/OOO e—w?—wgdxl}dxg
/000 ef‘f'dxl] [/OOO ex%dxg}
/OOO e_$2dxr= <F(17/2))2 (14)

Now we apply Polar coordinates to fA F(x1,z2)d(z1, 22):

/F(xl,xg)d(:zrl,xg) = / e’rzrd(r,G)
A [0,00) x[0,7/2]

/2 o )
/ [/ e " rdr} do
0 0

T
T

I

(15)

Note that we have applied (the generalized) Fubini again in the above calculation. Comparing (14) and (15)
we see that T'(1/2) = ++/7. That + should be chosen is obvious. O

Problem 1. Formulate and prove a generalized version of Fubini that is good enough for our need in the above example.
It is OK if you only prove your “Fubini” for the particular function and the particular domains above.

Example 4. (PKU3) Let
A:={(z,y,2)] 22 +2y°<2<2 - 2%} (16)

Find its volume.

First solve

2429y =2—-2?=22+4%=1 (17)



so the volume V is given by
/ 2(1—22—y?)d(x,y), B:={(z,y)|2*+y*<1}. (18)
B
Apply polar coordinates:

V= /32(1—962—y2)d(:v,y)

= 2/02# [/01 (1—r2)dr}d9

= . (19)
Other change of variables
Example 5. (PKU3) Calculate
[ zva@.y) (20)
where A is enclosed by y?=z,y’=4x,2°=y,2’=4y.

Set u = y?/x, v =a2/y. Then if T: (u, v) — (z, y), we have T~1(A) = [1, 4]2. Tt is easy to check that the
mapping is one-to-one.

Now we have

1 1
Thus
[avi@a= [ Sawo=T (22
A [174]2 3 4
Example 6. (PKU3) Calculate
x? g2 \1/2
/A ( —g—ﬁ) d(z,y) (23)
where A := {(:v, y)| Z_§+Z_j < 1}.
We make the change of variables:
arcosf
T(r,@)._( brsin 0 > (24)
Thus T~ A)=10,1] x [0,27]. Furthermore we have
|det (DT)|=abr. (25)

So

22 g2 1/2
/(1_p_ﬁ) d(z, ) :/ VI=Zabrd(r,0)
A [0,1]x[0,27]

1
= 27rab/ V1—r2rdr
0
= %ﬂ'ab. (26)



