Zero measure set

If A is a simple graph, then any reasonable measure theory would give us the same value for u(A). However
this is not the case anymore once we try to assign measures for sets more comlicated than simple graphs.
Therefore from now on we will call our measure “Jordan measure” (also called “content” in some books).

One class of sets for which their Jordan measures can be readily constructed is those with measure 0.

Definition 1. (Zero measure set) A set A CRY has Jordan measure zero if and only if for any € > 0
there is a simple graph B such that

A CB and u(B)<e. (1)

Exercise 1. Let AC BCRY. Then u(A)=0= u(B)=0.

The following theorem makes checking zero measure-ness much easier.

Theorem 2. A set ACRY has Jordan measure zero if and only if A has Jordan measure zero. That is for
each € >0, there is a simple graph B such that

A CB and u(B) <e. (2)

Proof.
e If. The condition in the theorem shows j(A)=0. Since AC A, u(A)=0.

e Onlyif. Let ACRY be such that p(A)=0. That is for each € >0, there is a simple graph B such that
A CBand u(B)<e. (3)
By definition B is closed. Therefore A C B and the conclusion follows. O
Exercise 2. Is it true that pu(A°) =0= u(A)=07?
Example 3. Let E CRY be a finite set. Then E is a measure zero set.
Proof. Let E={x,...,z,} be a finite set. Define intervals I} = {x}. O

Example 4. Consider N CR. Is N a measure zero set?

Solution. Let I3, ..., I, be intervals such that
NCLhU---UI,. (4)

Then at least one of I,, must be unbounded and therefore N is not a measure zero set.

Example 5. Let A:={1/n|neN}CR. Is A a measure zero set?



Solution. For any € >0, take 0 <0 <e. There is N € N such that N > §!. Then we have

Vn> N, %6[0,5].

Set .2 Now define for k=1,2,..., N — 1,
11
Te= [zﬂ
Then
A C UL Iy
and

N
S ull) = () =6 <<
k=1

Exercise 3. Let A: :{(%, %>| m,n e IN}. Prove that A is a measure zero set.

Example 6. Let A:=[0,1]N Q. Is A a measure zero set?

Solution. Since A =[0,1] is a simple graph, we have (A ) =1 0. Therefore A does not have measure zero.

Exercise 4. Prove that the unit circle in IR? has Jordan measure 0.

Example 7. Let f:R— R be continuous. Let A:={(z, f(z))| = € [a,b]}. Then u(A)=0.

Soluton. Since [a,b] is compact, f is uniformly continuous.
For any € >0, take § >0 such that

Ve —yl<s,  [f@) - Sl <5

—a

b—a

Now take N € N such that Nd >b—a. Let h:= and define

ro=a, r1=a+h,...,cxy_1=b—h, xy=0.

Then since h < ¢ we have

. €
max f— min f< .

€Ty, Tit1) TE€ [T, Tit1) b—a

Now define
I :=[xg—1, k) X min f, max f|.
r€lzk—1,2k]  TE€[TK_1,7K]
We have
AC U{cvzlfk

1. N>§L
2. [0, 6].



and furthermore

N
he Nhe
M(I]g)<m:> E /J,(I]g)<b_a:€. (14)
k=1

Exercise 5. Let f: R— R be Riemann integrable on [a, b]. Let A:={(z, f(z))| = € [a,b]}. Then p(A)=0.

Lemma 8. Let f:RN—TR be differentiable and A:={x € RY| f(x)=0}. Further assume that (grad f)(x)+0
for every x € A. Then u(A)=0.

Exercise 6. Prove the above lemma.
Exercise 7. Let Ay, ..., A,, be such that pu(Ax) =0, k=1,2,3,...,n. Let A=Up_1Ag. Then u(A)=0.

Exercise 8. Let {A,}52 1 be such that pu(A,)=0 for all n. Let A=U52 ;1 A,. Do we have u(A) =07 Justify your answer.
Lemma 9. Let I be a bounded closed interval in RN. Then u(0I)=0.
Proof. Just notice that OI is the union of finitely many pieces of graphs of constant functions. O

Lemma 10. Let ACRY. Then u(A)+0 if and only if there is €9 >0 such that for all collections of bounded
closed intervals {I;}¢=1 covering A, we have

n

1(1x) = €o. (15)
k=1,IgNA+2

Remark 11. Note that the summation is only over those Ii’s such that I N A+ @.

Proof. We prove by contradiction. Assume that for any € > 0, there is {Ix}-1 (n =n(e)) such that

n

> ) <e. (16)

k=1,IgNA+2
Denote § =¢ — EZ:l,IgﬂA;éz w(1g).

Re-labeling the intervals, we assume IfN A= for k=1,2,...,m. Since 0I; U I} = I}, we have
A C(Uk=m1lk) U (Ug=101). (17)
But UgL 101} has measure zero, therefore there are compact intervals Ji, ..., J, such that

(Upe101) CUP_, J,, (18)

and

Z 1(Jp) <6. (19)

i=1
Now we have

AC (UpzpmgrIe) U (U_ 1 Jp) (20)



with

n p n p
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k=m+1 i=1 k=1,IgNA+o i=1

Thus p(A)=0. Contradiction.

Problem 1. Let I: RY — R be linear with matrix representation A € RN *~_ Then

det A=0<=VE €RY, u(l(E))=0.

(22)

Problem 2. Let A C RN and f: RV RY. Assume u(A) =0 and f is continuous. Then u(f(A)) = 0. (Note that in
particular this means (O A) = 0 for any orthogonal transformation O). (Is the claim false? Get a counter-example? —

Peano’s curve? Or any space-filling curve... )



