MATH 118 WINTER 2015 LECTURE 47 (Apr. 9, 2015)

Final Review II: Curves and Surfaces

Convexity.

Example 1. Let f: R+— R be convex.

i. Further assume that f is twice differentiable on R. Prove that e/ () is convex.

ii. Prove that e/(® is convex without any further assumption.

iii. Find f:R— R not convex but e/(*) is convex.

Proof.

i.

il.

iii.
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(@]
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We calculate
(eN"=(elf") =el f"+el (f)220 (1)
as f">0.

First notice that as (e”)”=¢e*>0, e” is convex. Now let z,y € R, A € [0, 1] be arbitrary.
We have, by convexity of f and monotonicity of €®, and then convexity of €%,

T OT+(1=X9) < M@ +1-D1(0) < \ oJ@) 1 (1 7) /W), (2)

0 r<1
Inzx z>1

1 <1
z z>1
First as (Inx)" = —% <0 for x> 1, we see that f(x) is concave on (1,00) and therefore

is not convex on R. Now consider z1, 22 € R and A € [0, 1] arbitrary. There are three
cases. Wlog x1 < x2.

1S convex.

We prove that f(x)= { is not convex. But ef(*) = {

1. z1, 7o < 1. Then el @) — of(z2) — ofAz1+(1-Nz2) — | —— fAm+(1-Nz2) _
Nel(@) (1—=X\) ef(l‘Q);

2. @1, 29> 1. We have again e/ A1+(1=Nz2) — N\ of(#1) (1 — \) e/ (#2),

3. 21 < 1 < z9. In this case we have efM#1+1=Nz2) o fA+(1=N)22)
(1=N)aza=Xxe/@) 4 (1= N) el @),

Il
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Arc length.

y=f(x),a<x<b.

b
z:/ VIt f(@)2 de. (3)

x=z(t),y=y(t),a<t<b
- / " ST Rt (4)

Polar coordinates r=r(t),0 =0(t), a <t <b.

b
= / V(82 +r(t)26'(t)? dt. (5)

Trivial generalization to arc length of spatial curves.



Example 2. Compute the arc length of the astroid = = cos®t, y = sin’t.

Solution. As z(t) and y(t) have period 2, the curve is given by 0 <t <27. We have

27
l = v/ (3 cos?t sint)? + (3 sin’t cost)? dt
0

2
= / 3|sintcost|dt
0

2
= ;/ |sin2¢| dt
0

— 6 (6)

Area of plane regions.

o a<z<b, g(x)<y< f(x).
b
Az/’wu»—mwhm. (7)

o z=ux(t),y=y(t), a<t<b. Closed curve. Counter-clockwise as ¢ increases.

b b b
A== [Cywama= [ s yoa=; [ Eoyo-sneoa®)
Example 3. Calculate the area bounded by the curve z=acost, y="bsint, a,b> 0.

Solution. We have

2
A:/ (acost) (bsint)' dt=mab. 9)
0

Volume.

o Area of cross-section with = =xz¢: A(xg),
b
V:/ A(z) dz. (10)

Example 4. Find the volume of the torus generated by revolving a circle of radius 1 whose
center is 2 away from the axis.

Solution. Let the axis be z-axis. Let the center of the circle be (0,2). The cross-section of
the torus with the plane x =c¢ is 0 when ¢>1 or ¢ < —1. For ¢ € [-1, 1] the cross-section is

an anulus with inner radius 2 — v'1 — ¢2 and outer radius 2+ v/ 1 — ¢2. Thus we have
A(a:):w[(Q—l—\/l—xz)Z—(2—\/1—:52)2] =87V1—z2 (11)

The volume is now given by

1 e w/2
87r/ V1= 22 de =20 87r/ cos’t dt =4 2. (12)
~1
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