Math 118 Winter 2015 Midterm Exam 2

Solutions

MAR. 13, 2015 10AM - 10:50AM. TOTAL 20+2 PTS

NAME: TD#:

e There are five questions.

e Please write clearly and show enough work.

Question 1. (5 pts) Is 12—296 improperly integrable on (1, 00)? Justify your

claim.

Solution.
First as 12_55 is continuous on (1,00), it is locally integrable.

e By definition.
We have

/ln—xd:c—/lna:d<—l)=—ln—x—i— d—fz—lnx+1+
x x x x

lim/ D% 42= lim [ 1“dH+1]=1

d—00 d—oo d

we see that the function is improperly integrable on (1, 00).

e By comparison.
We have

(Qxl/z—lna:)/>0

for z € (1,00), as 2- 12> 1n 1, we have

0<lnz<2z!/?
n (0,00). Consequently
ln:C < 9 _3/2
x?

and improper integrability follows.

C.
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Question 2. (5 pts) Let f,(z):=e ™ cos(nz).
a) (2 pts) Calculate lim,, o fr(x) on (0,00);

b) (3 pts) Is the convergence uniform? Justify your claim.

Solution.

a) Let x > 0 be arbitrary. Then we have 0 < e™™ cos(n? ) < e ™ and
therefore lim,, ...e ™" cos(n?x) =0 be Squeeze

b) Set z, = 2% Then we have

M, :=sup| fu(x) — 0] = |e ™ cos(n®z,)| =e *"cos(2nm)=e"27.  (6)
x>0

Therefore the convergence is not uniform.

Question 3. (5 pts) Let f(z):=> ", %
a) (1 pt) Prove that f(x) is defined for all x € R.
b) (2 pts) Is f(x) continuous on R? Justify.

c) (2 pts) Is f(x) differentiable on R? Justify.

Solution.
a) We have

Vr elR,

(7)

1 oo sin(ndz)
Asy 37 converges, » | —— converges uniformly on R and thus

f(z) is defined for all z € R.

b) Aseach 252 ( ?) is continuous on R and P Sm(?)@ converges uniformly

on R, f(x ) is continuous on IR.

c) We have
sin(n®z)\'| |n3 n3
N = |— < —.
|( 3 ) | 3 cos(n®z)| < 3 (8)
As lim,, . (37; =0 there is M >0 such that n3< M (5) for all n e IN.
Therefore

sinn’a) Y  nf M 9)
3n NETENDT
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© M 00 sin(n®z) \/ .
As > ., 5 converges, >~ ( m ) converges uniformly on IRR.

Therefore f(z) is differentiable on R.

—2

Question 4. (5 pts) Prove that # is tmproperly integrable on (0, 00).

—x —2x

Solution. First as % is continuous on (0, 00), local integrability follows.
Now by MVT we have

e T _e 2x e~ T _ €—2x
i 0 = =e “<1. 10
z € (0,00), - - e (10)
On the other hand we have
—x __ 2z —x
V€ (0, 00), ¢ c <t (11)
T T
Therefore
el — e 2 e 1 2€(0,1
<minq 1, < = _ ’ 12
Ve (0,00), » mln{ " } g(x) {e v zell,o00) (12)

As g(x) is improperly integrable on (0, c0), is improperly integrable

on (0,00) by comparison.

00 T _ 6—295
Question 5. (Extra 2 pts) Calculate/ de.
0

Solution. Let 0 <c < d < oo be arbitrary. We have

d —=zx -2z d —x d —2x
(& — € e e
/ ey - / dz — / dz
c X c T c T

Now for d > 1, we have

2d e 2d
/ . dazé/ e dr=e9—e2—0as d— oco. (14)
d d
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On the other hand, we have, for x >0, by MVT,

1—e7"

X

0<

=et<1 (15)
therefore

2c 1 —e @ 2¢
0</ " dxé/ dr=c—0asc—0+. (16)

2¢ 2¢ —x
As / %dlenQ for all ¢ > 0, there holds / ex dr — In2 asc— 0+

and consequently

© —x_ 2z
/ € "¢ qr=h2 (17)
0 x



