MATH 118 WINTER 2015 HOMEWORK 7 SOLUTIONS

DUE THURSDAY MAR. 12 3PM IN ASSIGNMENT BoX

QUESTION 1. (5 PTS) Let a < ¢ <b. Assume f, — f uniformly on [a, c|] and [c, b]. Prove that
fn— [ uniformly on [a, b].

Proof. Let € >0 be arbitrary. As f,, — f uniformly on [a, c] there is N; € N such that

Vn > Ny, Vz € la, ], | fn(z) — fx)] <e; (1)
As fp, — f uniformly on [c, b], there is Na € N such that

Vn > N, Vz € [c, b], | fn(z) — f(z)] <e. (2)
Now set N =max {Ni, No}. Then for every n > N, we have |f,(z) — f(z)| < e for every x € [a, (]
and every x € [c, b, that is for every x € [a, b]. The proof ends. O
QUESTION 2. (5 PTs) Let f(z) = Y00, (x+—1n)2 Prove that f is continuous on [0, co) and

furthermore fol f(z)dz=1.

Proof. It is clear that Vx € [0, c0), !

1 oS 1
< - As > — converges, the convergence of

@+n)? n=1
S ({E+—1n)2 is uniform. The continuity of f now follows from the continuity of each ({E+—1n)2
Since each m is integrable on [0, 1], we have
1 o 1 1
f(x)dx = / ——dx
[ @ 2 |, rnp
u=x+n e n+l 1
> [
n=1 "
<1
= 1. (3)
Thus ends the proof. O

QUESTION 3. (5 PTS) Let Y 0" ana™ and > " by x™ be two power series. Assume that there is

r >0 such that
Viz|<r, Z anx":Z by ™. (4)
n=0 n=0

Prove ¥n e NU{0}, an="by.

Proof. Let f(x):=3 "  a,a™=> " byx™ on (—r,r). As both are power series, the radii of
convergence are both >r. Consequently on (—r,7) we have
[e.e] o0

fl(x) = Z nanx"_lzz nb,a™ L (5)

f(x) = n(n—l)anx"_zzz n(n—1)b,z" 2 (6)



Setting x =0 we have a; = f'(0) =b1, aa= f"(0) =ba, ... O

QUESTION 4. (5 PTS) Let f(x):=) ", Sinflzx). Is f(x) improperly integrable on (0,00)? Justify.
Solution. No. First notice that f(z) is periodic, that is f(x+27) = f(z) for all z € R.
Next we calculate
™ e~sin(m) 111
(3)-X = -t1-gm+gnt- Y

n=1

Let S, be the partial sum of the first n terms of this series. Then clearly S5, > 1 ! zg for all

- 32
n € N. Consequently f(%) >3

§a
sin(n ) 1 [ 1 oo sin(nz) . .
As|—5—|<gforalln€Nand ) ~ | — converges, the convergenceof ) = | 5~ is uniform

and f(z) is thus continuous. Therefore there is § € (0, g) such that f(x) 2% forallze (g -9, g +4).
Now let F'(d):= fod f(z)dx. We will prove that F'(d) is not Cauchy which implies that f(z) is
not improperly integrable on (0, c0).
To show this, let dy > 0 be arbitrary. There is n € IN such that 2 n @ > dy. Now set d; =
2n7r+g—5,d2:2n7r—l—g+5. We have do > dq > d and

2nm+5+96 5+
/ f(z) da / f(z) da
2

nw+g—5 5—5

Z+6
_ _ / f(@)dz . (8)

L)

| F'(dg) — F(d1)| =

Thus F'(d) is not Cauchy and the proof ends.
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