MATH 118 WINTER 2015 LECTURE 27 (FeB. 27, 2015)
e Continuity, integrability, and differentiability under uniform convergence.
o Continuity.

THEOREM 1. Let f,(x) be continuous on [a, b] for every n. Assume f,(z) — f(x)
uniformly. Then f(x) is continuous on |a, b).

Proof. Let e >0 and ¢ € [a, b] be arbitrary. Since f,(z) — f(x) uniformly, there
is ng € N such that Vz € [a, b], | fn,(z) — f(z)] <e/3.
Now since fn,(x) is continuous, there is § > 0 such that
V| — w0l <= fno(x) = fro(0)| <£/3. (1)
Thus for the same J, we have for every |z — x| <4,
|f(2) = f(xo)l < [F (@) = fnol@)]
F[ fno(#) = fro(0)]
+| fro(z0) = f (o)
< e (2)
Thus ends the proof. O
o Integrability.

THEOREM 2. Let f,(x) be Riemann integrable on [a,b] for everyn. Assume fn(z)—
f(z) uniformly. Then f(x) is Riemann integrable on [a,b] and

b b
lim [ fu(z)do= / ) da 3)

n—oo Jq

Proof. Let € >0 be arbitrary. To show the integrability of f all we need is to find a
partiaion P of [a, b] such that U(f,P)— L(f,P)<e.
Since fp(x) — f(x) uniformly on [a, b], there is ng € N such that

Veelab], | fay(z) — f(2)] <ﬁ. (4)

Since fpy(x) is Riemann integrable on [a, b], there is a partition P={a=z¢<z1 < <
Zm =0} such that

U(fnoa P)_L(fnm P) <§' (5)
Now we have
U(f.P) = Z( sup f(w)>(xk—xk—1)
k=1 \ZE[Tk—_1,24]
= Z( sup [fno(w)Jrf(w)—fno(w)])(wk—wk—l)
k=1 \ZTE[Tr—1,24]
< Z( Sup  fuola)+  sup |f<x>—fm<x>|><xk—xk_1>
k=1 \ZE€[Tk_1,7k] T€[Tg—1,28]
I3
< ,; (xe[jgli,m]fm(x) +m> (@ = @-1)
= U(an,P)—i-i. (6)
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Similarly we have

L(f,P)> L(fnp: P) = 5. (7)
Therefore U(f, P) = L(f, P) <[U(fug P) + 5] = [ L(fne, P) — 5] <&. Thus ends the
proof. O

Differentiability.

THEOREM 3. Let f,(x) be differentiable on [a, b] and satisfies:
i. There is xo € E such that f,(xg) convergens;
ii. fy(z) converges uniformly to some function ¢(z) on |a, b];
Then
a) fu(x) converges uniformly to some function f(x) on |a,b];
b) f(x) = (x) on [a,8]
Proof.

a) First we show that Vz € [a, b], fn(x) converges. It suffices to show that the
sequence fn(x) is Cauchy.
Let € > 0 be arbitrary. Take Ny € N such that for all n > Ny,

e OB OIRS vt 8)

On the other hand, since f,,(z9) — f(z0), there is N1 € N such that for all m,
n > Ny,

€
| fa(@o) = fn(z0)| < 3- (9)
Now take N =max {Ny, N1}. We have, for any m,n > N,

[fal@) = Fn(@)| < [ falw0) = Fin(0)
H(F(@) = fal@0)) = (Finl) = fonl0))]
< SO — Fr(© b - al <. (10)

Thus there is f(x) defined on [a, b] such that f,(x) — f(x). The proof of
uniformity is left as exercise.
b) We consider
Sl@) = o) _ Jnle) = Inlx) _ g1 )~ pie). (1)

T — T T — T

Thus we have

(@) = falwo) _ f(x) = f(z0) (12)

T — o x — o
uniformly in . Now define

ful) = Falao) f(@)— f
Fo(x) { Er—— ﬁ*ﬂ”O;F(x):{ HE =T 0 g (13)

T — o T —To
fr(xo) T =1 ¢ (7o) T =20



We see that limy, o0 Fr(z) = F(z) for all x € [a, b]. As each F,(x) is continuous,
Exercise 1. Prove that each F,(z) is continuous.

if we can prove Fy,(z) — F'(x) uniformly on [a, b], it would follow that F'(z)
is continuous and consequently f'(zo) = p(zo).

Exercise 2. Prove that if F(z) is continuous then f(x) is differentiable at zp and
['(@o) = o (o).
To prove uniform convergence of F,(x), we prove that it is “uniformly

Cauchy”. Let e >0 be arbitrary. Since f,(x) converges uniformly on [a, b], there
is N € N such that for all m>n > N,

sup | fm(2) — fu(@)| <e. (14)
z€Ja,b]

Now consider F,(z) — Fy(x).
— Case 1. z=1x9. We have
| Fin(@o) — Fu(@o)| = | fm(z0) — fa(zo)| <e. (15)

— Case 2. #+xy. We have

() — Fu(x)| = ‘fm — fu(@0)  Fal@) — Fulo)

T — X0 T — X0
_ | ~lx) = (o)
r — X0

(h(x) = fm(x) = fu())

= |h/(c)| for some c € (zo,z) C (a, b)

= [fim(c) = fale)l <e. (16)

Therefore for all m >n > N,
V€ [a, b], | () — Fp(x)| <e (17)
and uniform convergence follows. O

Properties of Uniformly Convergent Infinite Series of Functions.

THEOREM 4. (PROPERTIES OF UNIFORMLY CONVERGENT SERIES) Let Y >°  un(x) be a
infinite series of functions. Assume . Then

i If 307 un(x) converges uniformly to f(x) and each un(x) is continuous, then f(x)
18 continuous;

it. If each u,(z) is differentiable and
1. 3> ug(wo) converges for some xo;
2. 507 | up(x) converges to p(x) uniformly,
then

1. 3% un(x) converges uniformly to some f(x),

2. f is differentiable and f'(x) = ¢(x).



wi. If 07 un(x) converges uniformly to f(x) and each un(x) is integrable on [a, b],
then f(x) is integrable on [a,b] and furthermore

i Lb un(z) dw—lb f(z)de. (18)

Exercise 3. Prove the above theorem.

Example 5. Let f(z)=>" w—ncos(nwx2). Calculate lim,_q f(z).

n=0 3n
By the above theorem f(z) is continuous. Thus
. 3
lim f(z) = f(1) = 7. (19)
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