
Math 118 Winter 2015 Midterm Exam 1
Solutions

Feb. 6, 2015 10am - 10:50am. Total 20+2 Pts

NAME: ID#:
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� There are �ve questions.

� Please write clearly and show enough work.

Question 1. (5 pts) Calculate
Z

x+2

x3+x
dx.

Solution. Write
x+2

x3+x
=
A

x
+
Bx+C

x2+1
: (1)

Multiply both sides by x and then let x! 0 we have A=2. This gives

Bx+C

x2+1
=

x+2

x3+x
¡ 2

x
=
x¡ 2 x2
x3+x

=
¡2x+1

x2+1
(2)

so B=¡2; C =1. ThusZ
x+2

x3+x
dx=

Z �
2

x
+
¡2x+1

x2+1

�
= ln

�
x2

x2+1

�
+ arctanx+C: (3)

Question 2. (5 pts) Calculate
Z

sin3x
cos5x

dx.

Solution. We have Z
sin3x
cos5x

dx =

Z
tan3x dtanx

=
1

4
tan4x+C:

Question 3. (5 pts) Calculate
Z
1

e lnx
x2

dx.

1



Solution. We have Z
1

e lnx
x2

dx =

Z
1

e

lnx d
�
¡1
x

�
= ¡ lnx

x
j1e+

Z
1

e 1

x2
dx

= 1¡ 2 e¡1:

Question 4. (5 pts) Calculate
Z

dx

x2+2x
p .

Solution.
� Method 1. We have

x2+2x
p

=x1/2 (x+2)1/2=x

�
x+2

x

�
1/2
: (4)

Set t=
�
x+2
x

�
1/2

. Then we have

x=
2

t2¡ 1; dx=¡ 4 t

(t2¡ 1)2 dt: (5)
ThusZ

dx

x2+2x
p =

Z
¡ 2

t2¡ 1 dt= ln
���� t+1

t¡ 1

���� +C = ln
��x+ 1+ x2+2x

p �� +
C: (6)

� Method 2. We write x2+2x
p

=x¡ t. This gives

x=
t2

2 (t+1)
; x2+2x
p

=
¡t2¡ 2 t
2 (t+1)

; dx=
t2+2 t

2 (t+1)2
dt (7)

Thus Z
dx

x2+2x
p =

Z
¡ 1

t+1
dt=¡lnjt+1j+C: (8)

This simpli�es to
ln
��x+1+ x2+2x

p ��+C: (9)
� Method 3.

First set u=x+1. We haveZ
dx

x2+2x
p =

Z
du

u2¡ 1
p : (10)
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Now let u= cosh t := et+ e¡t

2 with t > 0. Then we haveZ
du

u2¡ 1
p =

Z
dt= t+C = ln

���u+ u2¡ 1
p ���+C: (11)

So Z
dx

x2+2x
p = ln

��x+1+ x2+2x
p ��+C: (12)

Question 5. (Extra 2 pts) Let f(x):R 7!R be di�erentiable with continuous
non-vanishing f 0(x) and invertible with inverse function g(x). Further assume

that f(x) is elementary. Prove:
Z
f(x) dx is elementary if and only if

Z
g(x) dx

is elementary.

Proof. Let
Z
g(x)=G(x)+C. Now we haveZ
f(x) dx = x f(x)¡

Z
x df(x)

= x f(x)¡
Z
g(f(x)) df(x)

===================================================================== =
u=f(x)

x f(x)¡
Z
g(u) du

= x f(x)¡G(f(x))+C: (13)

The conclusion follows. �
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