MATH 118 WINTER 2015 HOMEWORK 4 SOLUTIONS

DUE THURSDAY FEB. 5 3PM IN ASSIGNMENT BoOX

QUESTION 1. (5 PTS) Calculate the following integrals.

a) (2 PTS) /ﬂdx

1+ cos2z

b) C}PTS)t/ﬁ. R

sinz +2coszx

Solution.
a) We have
sin2x sinx cos
/ 1+cos2z " 1+ cos2z dz (1)
CoS T
= 2
/ 1 + 1+ cos?z deosz (2)
U=COST
-2
/i e ®
—In(1+ (4)
= —In(1+ cos zc) +C. (5)
b) Setting t = tam%7 we have
1—1¢2 5
cos T _ e
/ Sinﬂ?—i—QCOS{L'dx 2t 2-2t2 1 +¢2 dt (6)

1+¢2 1+t2

B —t—l 1+t2)dt’ (M)
As
t2—t—1:<t— )( 1_2\/5> (8)
We write
t2—1 A B Ct+D
= + + . 9)
1+V5 1-V5 145 1-v5 241
(t— . )(t— . )(t2+1) e L,
Multiply both sides by t — f and set t— 2\/5, we have A :é (The calculation can be

simplified a bit!); Similarly we have B =~. Thus (9) is simplified to

5

t2—1 _ L 2t—1  Ci4D (10)
(t2—t—1)(t2+1) H2—t—1 241"~
Now setting t =0 we have
-1 1-1 4
=——+D D=-—-. 11
D1 5.1 7773 (11)

ﬁwe have t2 —1=t.

1. To simplify the calculation, notice that for ¢t =



Finally multiply both sides by (2 —t — 1) (t>+ 1) and compare the coefficient for > we see

2
Thus
t2_1 1 2 2 4
/(t2—t—1)(1+t2)dt = In(t?—t 1) —In(t*+ 1)] + g arctant + C

Substitute back ¢t = tan% we have

cos T
—  dx =
sinx +2cosx

[In(sinz +2cosx)+2z]+ C.

Ut = o =

QUESTION 2. (5 PTS) Calculate the following integrals.

a) (2 pTS) %
1+9vz
dx
) (3 p1s) / N CESVICES
Solution.

a) Let t=V1+3V22. We have 22= (t2—1)3 and
xdz 1 d(mz)_l
t 2

Vitsva? 2

Substituting ¢ back we have

t

\/igxm‘ =5 (12232 =2 (14+02)2 4.3 (1+2%°) 2 1 C.

It can be simplified to

%(1—1—:5‘2/3)1/2 [32%/3 — 42?3 48] +C.
b) We write

dx _ dz
/ 3\/(x+1)2(x—1)4_/ (x2_1)<x—1)1/3'

r+1

— 3
Now set t = (x . )1/3, we have x = Lts and the integral is transformed to

z+1 1—-t
3 1 31
§/ Zdt=-52+C.

Therefore

/3¢(a;+1d)gg(a;—1)4__%<ij>l/3+c’

. T\2 . X x T \2
[ln((sm§) —51n§cos§—<cos§) )+2x}+0

2 132
/Mdt—§t5—2t3+3t+0.

(12)

(13)

(14)

(15)

(19)

QUESTION 3. (5 pTs) Consider Fi(x) := / 3Vak+ a7k da for k=1, 2, 3. Apply Chebyshev’s

Theorem (Lecture 12) to determine which Fy(x) is elementary and calculate these elementary ones.



Solution. We have

2k\1/3
3 $k+$_k_<1+f ) :m—k/3(1+x2k)1/3_ (20)
x
Thuswehavem——é,n—Qk p—l Clearly p ¢ Z. We have m+1: 1k—6620nlywhenk 3.

Finally mTH +p= —l— ¢ Z. Thus the only elementary functlon is F3(z).
To calculate F3( ) we set t = (1+2)'/3. Then z = (t*— 1)/ and consequently

- t3
and we have
3
/3\/:c3+x_3d:c = ;/ t3t—1dt (22)
t 1 dt
- 5+ ) @iy (23)
ot 1, 1. . V3 2t+1
=3 121 n(t +t+1)+61n|t 1| 5 arctan( 7 >+C’ (24)
6Y1/3
1/3
1 o1/ V3 2(1+2%"3+1
—|—6ln‘(1—|—x) 1| 5 arctan( 7 +C. (25)

QUESTION 4. (5 PTS) Apply the results in Lecture 13 to prove that /ac exp(x3) dx is not elementary.

Proof. Assume the contrary. Then there is a rational function R(x) such that

/:c exp(z3) = R(x) exp(z3) + C. (26)
Differentiating, we reach
zexp(z?) = R'(z) exp(x3) + 322 R(x) exp(z?). (27)
Cancelling the exponential we have
r=R'(z)+32%R(x). (28)
As R(x) is rational there are polynomials P(x), Q(x) such that R(x)= P(zg. Substituting into (28)
we have
W Q:>:cQ2 P'Q—PQ'+32%PQ. (29)
This leads to
PQ'=P'Q+322PQ -5 Q*=Q[P'+32*P—2 Q). (30)

Let (z — a) be a factor of @ with power k& >1 but not &+ 1. Then we have (z — a)* dividing the
RHS of (30) but not the LHS. Therefore @) has to be a constant. Wlog Q(z)=1. Now (28) becomes

z=P'(x)+ 32 P(x) (31)

where P(x) is a polynomial. Let deg P =n € N. Then the degree on the RHS is n + 2 while the
degree on the LHS is 1. So n+2=1=n=—1¢ N. Contradiction.

Therefore / rexp(x3) dz is not elementary. O
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