
Math 118 Winter 2015 Lecture 7 (Jan. 15, 2015)

� Integration by parts. Z
f(x) dx =

Z
u(x) v 0(x) dx

=

Z
u dv

= u(x) v(x)¡
Z
v du

= u(x) v(x)¡
Z
v(x)u0(x)dx: (1)

Hope: v(x)u0(x) is easier to integrate than f(x).

Example 1. Calculate
Z

(3x2¡ 7x+1) exdx.

Solution. We haveZ
(3x2¡ 7x+1) exdx =

Z
(3x2¡ 7x+1) dex

= (3x2¡ 7x+1) ex¡
Z
exd(3x2¡ 7x+1)

= (3x2¡ 7x+1) ex¡
Z

(6x¡ 7) exdx

= (3x2¡ 7x+1) ex¡
Z

(6x¡ 7) dex

= (3x2¡ 7x+1) ex¡ (6x¡ 7) ex+
Z
exd(6x¡ 7)

= (3x2¡ 7x+1) ex¡ (6x¡ 7) ex+6

Z
exdx

= (3x2¡ 7x+1) ex¡ (6x¡ 7) ex+6 ex+C

= (3x2¡ 13x+ 14) ex+C: (2)

� Examples

Example 2. Calculate
Z
ex cosxdx.

Solution. We haveZ
ex cosx dx =

Z
cosxdex

= ex cosx¡
Z
exdcosx

= ex cosx+
Z
ex sinxdx

= ex cosx+
Z

sinxdex

= ex cosx+ ex sinx¡
Z
ex cosxdx: (3)

If we denote I :=
R
ex cos x dx we have I = ex (cos x+ sin x)¡ I =) I =

1

2
ex (cos x+ sin x).

Therefore Z
ex cosx dx=

1
2
ex (cosx+ sinx)+C: (4)



Exercise 1. Calculate the following (a; b2R):Z
x ex cos xdx;

Z
eax sin b x dx: (5)

Example 3. Let n2N. Calculate
Z

cosnxdx.

Solution. We haveZ
cosnxdx =

Z
cosn¡1xdsinx

= cosn¡1x sinx¡
Z

sinxdcosn¡1x

= cosn¡1x sinx+(n¡ 1)
Z

sin2x cosn¡2x dx

= cosn¡1x sinx+(n¡ 1)
Z

cosn¡2xdx¡ (n¡ 1)
Z

cosnx dx: (6)

Now if we denote In :=
R

cosnx dx we reach the following formula:

In=
cosn¡1x sinx

n
+
n¡ 1
n

In¡2: (7)

We see that each time we apply this formula, the power of cosx is reduced by 2, consequently

we can expect to reduce the calculation of
Z

cosnx dx to either
Z

cosx dx or
Z

dx, which

are both easy.

For example, to calculate I7=
Z

cos7x dx we have

I7 =
cos7¡1x sinx

7
+
7¡ 1
7

I7¡2

=
cos6x sinx

7
+
6
7
I5

=
cos6x sinx

7
+
6
7

�
cos4x sinx

5
+
4
5
I3

�
=

cos6x sinx
7

+
6
35

cos4x sinx+
6
7
�4
5

�
cos2x sinx

3
+
2
3
I1

�
=

cos6x sinx
7

+
6
35

cos4x sinx+
8
35

cos2x sinx+
6
7
� 4
5
� 2
3
sinx+C: (8)

Example 4. Calculate
Z

1
cosnx

dx.

Solution. We have

Jn :=

Z
1

cosnx
dx =

Z
1

cosn¡2x
dtanx

=
sinx

cosn¡1x
¡

Z
sinx
cosx

d

�
1

cosn¡2x

�
=

sinx
cosn¡1x

¡
Z

sinx
cosx

(n¡ 2) sinx
cosn¡1x

dx

=
sinx

cosn¡1x
¡ (n¡ 2)

Z
sin2x
cosnx

dx

=
sinx

cosn¡1x
¡ (n¡ 2)Jn+(n¡ 2)Jn¡2: (9)



This gives

Jn=
1

n¡ 1
sinx

cosn¡1x
+
n¡ 2
n¡ 1 Jn¡2: (10)

Exercise 2. Calculate J7.

Exercise 3. Calculate
Z

cosmx sinnxdx where m; n2N.

Example 5. Calculate
Z

1

(x2+1)n
dx.

Solution. We have

Kn :=

Z
1

(x2+1)n
dx =

x

(x2+1)n
¡

Z
x d

�
1

(x2+1)n

�
=

x

(x2+1)n
+2n

Z
x2

(x2+1)n+1
dx

=
x

(x2+1)n
+2nKn¡ 2nKn+1: (11)

This gives

Kn+1=
x

2n (x2+1)n
+
2n¡ 1
2n

Kn (12)

or equivalently

Kn=
x

2 (n¡ 1) (x2+1)n¡1
+
2n¡ 3
2n¡ 2 Kn¡1: (13)

Exercise 4. Calculate K2; K3.
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