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Abstract

Exponential utility indifference valuation assigns to contingent claims H due
at time T a value for an investor with exponential utility preferences. The
indifference value hy for H at time ¢ € [0, 7] makes the investor indifferent,
in terms of maximal expected utility, between not selling H and selling H
for the amount h;. This thesis studies the form of the implicitly defined h,
and properties of the process (h;)o<t<r in four chapters, whose keywords are
“correlation”, “semimartingales”, “BSDEs” and “convergence”.

Correlation. We consider a two-dimensional Brownian model where H
depends on a nontradable asset stochastically correlated with the traded asset
available for hedging. The use of martingale arguments yields a structurally
explicit formula for h;, even with a fairly general stochastic correlation p
between the two Brownian motions. After a change of measure, h; enjoys a
monotonicity property in |p|. This is the reason why we can generalise the
explicit formula for h; known from the literature for constant p.

Semimartingales. Also in a general semimartingale model, we can derive a
formula for h;, although it is much less explicit than in the Brownian model. A
second result in this general setting is a description of (h;)o<i<7 as the unique
solution (in a suitable class of processes) of a backward stochastic differential
equation (BSDE). The key to both results is what we call the fundamental
entropy representation of H, a decomposition of H into a hedged and an
unhedged part depending on the investor’s risk aversion.

BSDFEs. In a multidimensional Brownian model, we study in more detail
the type of BSDE related to (hy)o<i<r, with the goal of deriving bounds
for (hy). We transform such BSDEs by changing the probability measure,
shrinking the filtration, or symmetrising the underlying probability space.
These transformations yield bounds for the solutions of the original BSDEs
in terms of solutions to other BSDEs which are easier to solve.

Convergence. Revisiting the two-dimensional Brownian model with sto-
chastic correlation, we derive an explicitly computable sequence that con-
verges to hy. This result complements the structurally explicit formula for h;.
It is based on a convergence theorem for quadratic BSDEs, which we prove
in a general continuous filtration.
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Kurzfassung

Die exponentielle Nutzenindifferenzbewertung liefert fiir zur Zeit T fallige
bedingte Forderungen H einen Wert fiir einen Investor mit exponentiellen
Nutzenpriferenzen. Der Indifferenzwert hy von H zur Zeit ¢t € [0,T] macht
den Investor in Bezug auf den maximalen erwarteten Nutzen indifferent zwi-
schen den beiden Moglichkeiten, H nicht zu verkaufen oder H fiir den Betrag
h; zu verkaufen. Diese Dissertation studiert die Form des implizit definierten
h; und Eigenschaften des Prozesses (hy)o<i<r in vier Kapiteln, deren Schliissel-
worter “Korrelation”, “Semimartingale”, “BSDEs” und “Konvergenz” sind.

Korrelation. Wir betrachten ein zweidimensionales Brownsches Modell,
bei dem H von einer nicht handelbaren Anlage abhangt, die mit der gehandel-
ten und zur Absicherung verfiigharen Anlage stochastisch korreliert ist. Mar-
tingalargumente fiihren zu einer strukturell expliziten Formel fiir h;, sogar
unter einer ziemlich allgemeinen stochastischen Korrelation p zwischen den
beiden Brownschen Bewegungen. Nach einem Masswechsel besitzt h; eine
Monotonieeigenschaft in |p|. Dies ist der Grund, weshalb wir die fiir kon-
stantes p aus der Literatur bekannte explizite Formel fiir h; verallgemeinern
konnen.

Semimartingale. Auch in einem allgemeinen Semimartingalmodell erhal-
ten wir eine Formel fiir h;, die aber viel weniger explizit ist als im Brown-
schen Modell. Ein zweites Resultat in diesem allgemeinen Rahmen ist eine
Beschreibung von (h:)o<i<r als eindeutige Losung (in einer geeigneten Klasse
von Prozessen) einer stochastischen Riickwartsdifferentialgleichung (BSDE).
Der Schliissel zu beiden Resultaten ist die sogenannte fundamentale Entropie-
Reprasentation von H; das ist eine Zerlegung von H in einen abgesicherten
und einen nicht abgesicherten Teil, die von der Risikoaversion des Investors
abhangt.

BSDFEs. In einem mehrdimensionalen Brownschen Modell studieren wir
die zu (h¢)o<i<r zugehdrige Art von BSDEs mit dem Ziel, Schranken fiir (h;)
herzuleiten. Wir transformieren die BSDEs durch einen Wechsel des Wahr-
scheinlichkeitsmasses, eine Verkleinerung der Filtration oder eine Symmetri-
sierung des zugrunde liegenden Wahrscheinlichkeitsraumes. Diese Transfor-
mationen ergeben Abschétzungen fiir die Losungen der urspriinglichen BSDEs
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durch Losungen zu anderen BSDEs, die einfacher zu losen sind.

Konwvergenz. Schliesslich kommen wir auf das zweidimensionale Brown-
sche Modell mit stochastischer Korrelation zuriick. Dort leiten wir eine
explizit berechenbare Folge her, die gegen h; konvergiert. Dieses Resultat
erganzt die strukturell explizite Formel fiir h;. Es beruht auf einem Konver-
genzresultat fir quadratische BSDEs, das wir in einer allgemeinen stetigen
Filtration beweisen.
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Chapter 1

Introduction

This chapter gives a general definition of the indifference value, puts the
results of the thesis into a broader context and explains the relations between
the Chapters 2—-5.

1.1 Definition of the indifference value

What is a fair value at timet € [0, T] for a contingent claim H due at time T ?
This question stands at the basis of the thesis. Before studying properties of
such a fair value, we have to specify a valuation approach. In mathematical
finance, it is common to assume that the agent valuing H is an investor who
can trade in some financial assets. If the payoff H is replicable by trading
in these assets in a self-financing way, the unique fair value must be the
initial cost of a replicating strategy due to no-arbitrage considerations. But
in practice, H is often not replicable so that there exists no unique fair value,
and many different valuation approaches have been proposed.

Since the valuation may be different for another investor, it seems natu-
ral to incorporate the investor’s risk preferences by attributing her a utility
function U : R — R, which is strictly increasing and strictly concave. The
value U(x) is interpreted as the investor’s utility or happiness when she has
total wealth = € R. Note that U(x) is typically not in monetary units even if
x is. We assume that a risk-free bank account yielding zero interest and risky
assets with price process S are available on the financial market. In math-
ematical terms, S is a semimartingale and H a random variable on some
filtered probability space (Q,]—" JF = (Fs)o<s<r, P). If the investor starts at
time ¢ with Fi-measurable capital z;, trades on |t,T] in a self-financing way
and has to pay out H at time 7', then her maximal expected utility is

T
VtH(;ct) = esssup Ep {U (Ilft +/ 9,dS, — H) ‘]_}}7
9e A t

1



2 Chapter 1. Introduction

where A; is the set of allowed strategies on ]¢,T]. (If S is continuous (with
So— := Sp), one can equally well consider strategies on the closed interval
[t,T], as we sometimes do later in this thesis.) In this introduction, we do
not specify A4; or the assumptions on S and H needed to exclude arbitrage
and to have a well-defined problem. For a general setting, this is done in
Section 3.2, while Chapters 2, 4 and 5 introduce model-specific assumptions.
The indifference (seller) value hy(x;) for H at time ¢ is implicitly defined by

VP (we) = VI (e + (). (1.1)

This says that the investor is indifferent between solely trading with initial
capital z;, versus trading with initial capital z; + hi(z;) but paying an addi-
tional cash-flow H at maturity 7.

Remark 1.1. 1) Although the notion of utility functions has been known
for centuries, its application to value claims is not very old. Indifference
valuation of a contingent claim in the presence of a financial market was in-
troduced by Hodges and Neuberger [36] in 1989. They define the indifference
value for t = 0 and trivial Fy. The dynamic formulation for any ¢ € [0, 7] was
first done in Markovian models, where V,(z;) and h;(z;) can be represented
as functions of the state variables; see the references in Section 2.4.2. The
explicit dynamic formulation in the above way using F;-conditional expec-
tations can be found in Mania and Schweizer [44]. A less explicit dynamic
formulation has already been used by Becherer [4], with a different (but in
fact equivalent) definition for ¢ € (0, 7.

2) Similarly to hy, one can define the indifference buyer value hy™ ()
for H by

V() = Vi M (o — b ().

Because h™ (x;) equals minus the seller value of —H, we consider in Chap-
ters 1-3 only the seller value. In Chapters 4 and 5, however, we use the buyer
value, because this avoids additional minus signs in some calculations. O

In all what follows, we restrict our considerations to an exponential utility
function U(z) = —exp(—yz), x € R, for a fixed v > 0. The main reason is the
mathematical practicability, since we then have V" (z;) = exp(—~yx;) V7 (0)
for bounded F;-measurable x;, and thus h,(z;) = h; does not depend on z;.
This wealth independence of h; facilitates the mathematical problem, and it
may also be desirable in applications. We can write

Vi(0)

1
h; = —log ———= 1.2
‘=50 2



1.2. Three different strands in the literature 3

so that the implicit equation (1.1) is reduced to the two optimisation problems
of determining V;¥(0) and V;°(0). In all chapters, we prove results for V,*(0),
and then derive properties of h; via (1.2).

1.2 Three different strands in the literature

Regarding the results and model assumptions, the vast literature on expo-
nential utility indifference valuation can roughly be divided into the following
three strands:

1) Explicit formulas for h; (for all t € [0,7] or only for ¢ = 0) in some
specific models.

2) Characterisations of the process (h:)o<i<7 via backward stochastic dif-
ferential equations (BSDEs) in some settings, or via partial differential
equations (PDEs) in some Markovian models.

3) Dual representations of hy (or Vi (zo)) in general frameworks.

Focusing on the most important literature relevant for this thesis, we give a
brief description of each group. An overview of various aspects of indifference
valuation with a long literature list is provided by the recently published
book [13] edited by Carmona.

1) Explicit formulas for A,

Explicit formulas for h; have been established in only a few specific models,
mainly in discrete-time or Markovian diffusion models. Because the former
are not in the scope of this thesis, we only mention as an example the bino-
mial model in Musiela and Zariphopoulou [48]. Markovian diffusion models
are extensively studied, and Section 2.4.2 provides an overview with some ref-
erences. In the simplest case, S is a geometric Brownian motion depending
on some Brownian motion W, and the claim H is a function of Zp, where
Z is a geometric Brownian motion driven by a Brownian motion Y which
has constant instantaneous correlation p with W. A bit more generally, the
coefficients in the dynamics dTZtt and dS—Stt are not constant but depend on time
and the current level of Z. These models are often called nontradable asset
models since H depends on a nontradable asset Z and hedging is only possible
in S, which is imperfectly correlated with Z. In such Markovian models, the
usual approach is to first write the Hamilton-Jacobi-Bellman nonlinear PDE
for the value function associated to V. This PDE is then linearised by a

power transformation with a constant exponent called the distortion power
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so that an explicit formula for h; can be established; for more details see
Section 2.4.2. That method works only if one has a Markovian model and if
p is constant.

In an alternative approach, Tehranchi [56] first proves a Holder-type in-
equality which he then applies to solve the portfolio optimisation problem.
The distortion power there arises as an exponent from the Holder-type in-
equality. Tehranchi finds an explicit expression for h; at time ¢t = 0 if p is
constant. While this method needs no Markovian assumption and can treat
claims which are general (bounded) functionals of the Brownian motion Y, it
is still restricted to situations with constant correlation. Independently from
Tehranchi and still with constant p, Brendle and Carmona derive the same
formula for hy in the technical report [11], whose results are also presented in
Carmona [14] in a similar way. Their basic idea is to represent a transform
of H by the terminal value of some stochastic exponential. While a repre-
sentation of this type (but under a different measure) also appears in our
Chapter 2, our approach and presentation largely differ from Carmona [14]
and allow for a stochastic correlation p.

Nontradable asset models are also used in applications like the valuation
of executive stock options; see for example Cvitani¢ [15] or Grasselli and
Henderson [28]. Typically, a manager who receives options H on the share Z
of her company is not allowed to trade in Z. However, she might be able to
trade in a correlated stock or market index S.

2) PDEs and BSDEs for (ht)ogth

If in the above nontradable asset model the claim H also depends on the
traded asset S, it is in general no longer possible to derive an explicit formula
for h;. Under Markovian assumptions, one still has—at least formally —
the Hamilton-Jacobi-Bellman PDE, but this cannot be linearised. Therefore,
(ht)o<t<r can only be characterised via a nonlinear PDE which is in general
not explicitly solvable. The proofs of such PDE characterisations usually
consist of two steps. One first shows that if there exists a unique solution
of the PDE, then the solution can be identified with (h¢)o<i<r. In the more
technical second step, one proves existence and uniqueness of solutions of
the PDE. While showing this is a notoriously difficult task, the concept of
viscosity solutions provides a possible way to circumvent this problem by
introducing a weaker notion of solution; but then the identification with (/)
often becomes more delicate. The PDE characterisations of (h:)o<t<r can be
used to derive bounds for h;; see for example Proposition 3.1 and Theorem
3.2 of Sircar and Zariphopoulou [54]. Such bounds actually hold in much
greater generality; they follow as special cases from our Theorems 3.12 and
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3.16, stated in a general semimartingale model.

In situations more general than diffusion models, Becherer [5] and Mania
and Schweizer [44] prove BSDE characterisations for (h:)o<i<r. While [44]
assumes that [F is continuous, i.e., all local martingales are continuous, the
framework in [5] has a continuous S driven by Brownian motions and F is
generated by these and a random measure allowing the modeling of nonpre-
dictable events. Analogously to the PDE results, BSDE characterisations are
commonly derived in two steps. One first shows that the candidate solution
of the BSDE can be identified with (h:)o<t<r by applying the martingale op-
timality principle, which is similar to the Hamilton-Jacobi-Bellman PDE, but
more general because it needs no Markovian assumptions. Using BSDE the-
ory, the second step establishes existence of solutions of the BSDE and shows
uniqueness, which is often based on comparison results for BSDEs. Apart
from Becherer [5] and Mania and Schweizer [44], we mention Hu et al. [37]
in the group of BSDE-related literature. They give a BSDE characterisa-
tion of (V,(0)) o< DUt 0t of (hy)o<i<r, in a multidimensional Brownian
model when the investor’s trading strategies must obey constraints described
by closed sets. This result is generalised by Morlais [46] to a setting with a
continuous filtration F.

3) Dual representation of o (or Vi (z))

A third group of papers obtains duality results in general frameworks. Rough-
ly speaking, duality results say that the optimisation problem related to
Vi (z0) is equivalent to minimising some functional over all equivalent sigma-
martingale measures, i.e., all probability measures which are equivalent to P
and under which S is a sigma-martingale. Such a result was first proved by
Delbaen et al. [16] for a locally bounded S, and then extended by Biagini
and Frittelli [8] to a general S (in the absence of H; but under integrability
conditions, H can be incorporated by a straightforward transformation).
Closely related to these results is the well-known result that the minimal
entropy sigma-martingale measure ¥, which minimises the relative entropy
Ep [% log %] over all equivalent sigma-martingale measures (), has the form

% = cexp( fOT (s dSS) for a positive constant ¢ and an S-integrable process
¢ such that [(dS is a Q-martingale for every equivalent sigma-martingale
measure () with finite relative entropy. This result was first shown by Ka-
banov and Stricker [38] for a locally bounded S, and later extended by Biagini
and Frittelli [9] to a general S.
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1.3 Results of the thesis

The contributions of this thesis are summarised in the following three points:

e Extending the nontradable asset model to allow for stochastic correla-
tion p, we prove a structurally explicit formula! for h; (Chapter 2).

e We build bridges between the three different strands of work mentioned
in the previous section. Based on the general duality results, we show
that (h¢)o<t<r is the unique solution (in a suitable class of processes)
of a BSDE and we derive an interpolation formula for h; in a general
semimartingale framework (Chapter 3).

e Restricting to Brownian settings, we show new results for the indiffer-
ence value h; by proving BSDE results and using the BSDE character-
isation of (h;)o<i<r (Chapters 4 and 5).

This thesis treats various aspects of exponential utility indifference valu-
ation in four chapters, which are strongly based on the papers [21-24]. To
guarantee that the chapters can be read independently from each other, we
have deliberately allowed some duplication of terms and ideas. We have as-
signed to the four chapters the keywords “correlation”, “semimartingales”,
“BSDEs” and “convergence”, which are also reflected in the title of this the-
sis. The structure of the thesis is as follows.

Chapter 2 (essentially [23]): Correlation. We first consider an incomplete
market driven by two Brownian motions W and Y with stochastic instanta-
neous correlation p. The traded asset S is driven by W, while H is measurable
with respect to the o-field generated by Y. With the goal of deriving explicit
results for h;, we provide motivation for the introduction of an auxiliary ab-
stract optimisation problem in a martingale framework. The main theoretical
result of Chapter 2 is Theorem 2.2, which gives a structurally explicit formula
for the value of this abstract problem. The application of Theorem 2.2 yields
structurally explicit formulas for h; in two application situations, where one
is typical for stochastic volatility models and the other for executive stock
option valuations. The application in the former situation extends the re-
sults of Tehranchi [56] to a fairly general stochastic correlation p between the
Brownian motions W and Y. The explicit form of h; is preserved at any
time ¢, except that a parameter of the formula called the distortion power

Y'We define a structurally explicit formula as a formula which is explicit in principle, but,
unlike an explicit formula, some parameters are not directly given in terms of the input
parameters of the model. For brevity, we use in Chapter 2 the notion “explicit formula”
also for a structurally explicit formula.
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is only shown to exist but not explicitly determined. The reason why the
generalisation to stochastic p is possible is due to the fact that after a change
of measure, V;¥ enjoys a monotonicity property in |p|. We conclude Chap-
ter 2 by briefly showing how the results can be generalised to a model with
multidimensional W and Y.

Chapter 3 (essentially [24]): Semimartingales. Leaving the Brownian
world, we work in a broad framework with a general semimartingale S. Based
on the representation % = cexp( fOT (s dSs) of the minimal entropy sigma-
martingale measure Q%, we introduce a decomposition of H called the fun-
damental entropy representation of H (FER(H)) We first show that the
existence of FER(H) is equivalent to a notion of no-arbitrage and then that
FER(H) is closely related to the indifference value process (h¢)o<t<r. This re-
lation between FER(H) and (h:)o<t<r can be exploited in two ways. Firstly,
it yields in Theorem 3.12 an interpolation formula for h;, which generalises
the structurally explicit formula for h; known from Chapter 2 in a Brownian
setting. Although the formula is here much less explicit than in a Brownian
model, it has the same structure and provides deeper insights into indiffer-
ence valuation. Secondly, we show in Theorem 3.16 that (h;)o<i<r is the first
component of the unique solution (in a suitable class of processes) of a general
BSDE. Under additional assumptions, the other components of the solution
are BMO-martingales under QF. This generalises results by Becherer [5] and
Mania and Schweizer [44]. Compared to the article [24], Chapter 3 contains
some additional material which is presented in Appendices A and B.

Similarly to the literature on BSDE characterisations of (ht)o<t<r, the
thesis contains both the derivation of a BSDE for (h;)o<i<r and results for
BSDEs. While Chapter 3 clarifies the relation between FFER(H), BSDEs and
(ht)o<t<r, Chapters 4 and 5 show how BSDE techniques can be used to prove
results, for which alternative proofs seem to be difficult.

Chapter 4 (essentially [22]): BSDEs. Keeping the importance of BSDEs
for indifference valuation in mind, we restrict our considerations to a multi-
dimensional Brownian model. The goal is to find new bounds for h; since
the structurally explicit results in Chapter 2 yield bounds only when the
nontradable claim H does not depend on the Brownian motion W driving
the traded asset S. Moreover, the upper and lower bounds of Chapter 2
might have a big difference for multidimensional W and Y, depending on
the structure of the instantaneous correlation matrix between W and Y. To
derive new bounds, we study in detail Brownian BSDEs with a particular
convex generator related to indifference valuation. In general, a BSDE is
based on a probability space, a filtration and a probability measure. By
changing each of these ingredients in a suitable way, we obtain Theorems
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4.5, 4.7 and 4.11, which are the main results of Chapter 4. These results
yield bounds for the solutions of BSDEs with a certain convex generator, and
the applications show how these bounds can be fruitfully used in exponential
utility indifference valuation.

Chapter 5 (essentially [21]): Convergence. We finally revisit the two-
dimensional Brownian model with stochastic correlation p introduced in Chap-
ter 2. As mentioned above, the distortion power, appearing in the structurally
explicit formula for hy, is not explicitly known. If p is time-dependent and/or
stochastic, one only knows the range of values of the distortion power. To
complement these structure results, we derive in Theorems 5.8 and 5.10 ex-
plicitly computable sequences which converge to h; almost surely. The study
is based on a convergence result for BSDEs with quadratic generators. Us-
ing BSDE techniques, we prove this result in a general continuous filtration.
Another application of this convergence theorem shows that h; enjoys a con-
tinuity property in p.

To facilitate reading, there is a list of notations at the end of the thesis.



Chapter 2

A Brownian model with
stochastic correlation

In this chapter, we prove a structurally explicit formula? for the indifference
value in a two-dimensional Brownian model with stochastic correlation.

2.1 Introduction

The model we present in Section 2.2 consists of a risk-free bank account and
a stock S driven by a Brownian motion W. The contingent claim H to be
valued depends on another Brownian motion Y, which has stochastic instan-
taneous correlation p with W. The valuation of H is done via exponential
utility indifference valuation. In the literature, which we compare in Sec-
tion 2.4 with our results, there are two main approaches to obtain explicit
formulas for the value of the resulting optimisation problem. In a Markov-
ian setting, Henderson [31], Henderson and Hobson [33,34] and Musiela and
Zariphopoulou [47], among others, start with the Hamilton-Jacobi-Bellman
nonlinear partial differential equation (PDE) for the value function of the
underlying stochastic control problem. This PDE is then linearised by a
power transformation with a constant exponent called distortion power. This
method works only if one has a Markovian model and if p is constant. In
an alternative approach, Tehranchi [56] first proves a Holder-type inequality
which he then applies to solve the portfolio optimisation problem. The dis-
tortion power there arises as an exponent from the Holder-type inequality.
Tehranchi finds an explicit expression for the indifference value at time 0 if
p is constant. While this method needs no Markovian assumption and can

2 For brevity, we use later in this chapter the notion “explicit formula” also for a structurally
explicit formula; see the footnote 1 on page 6.
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treat claims which are general (bounded) functionals of the process Y, it is
still restricted to situations with constant correlation.

Since (exponential) utility indifference valuation hinges on (exponential)
utility maximisation with a random endowment, we start by tackling the lat-
ter. With the goal of deriving explicit results in our Brownian setting, in
Section 2.2.2 we provide the motivation for the introduction of an auxiliary
abstract optimisation problem in a martingale framework. Our main theoret-
ical result is Theorem 2.2 in Section 2.3; it gives an explicit formula for the
value of this abstract problem. The proof uses martingale arguments to give
upper and lower bounds on that value, in terms of bounds on p. Crucially,
these bounds have the same structure, which enables us to derive a closed-
form expression by interpolation. In particular, this allows us to handle a
random correlation p.

Section 2.4 contains two applications of Theorem 2.2. In the first, case (I),
we extend the model of Tehranchi [56] to a fairly general stochastic correla-
tion; the typical example is a model with stochastic volatility which is cor-
related with the stock in a nondeterministic way. In the second, case (II),
the asset driving the claim H is traded in principle, but nontradable for our
investor. A typical example here is the valuation of (European) executive
stock options. In both cases, we obtain closed-form expressions for the expo-
nential utility indifference value of the claim H at all times t € [0,7]. The
key feature of our formulas is that the explicit form of the indifference value
15 preserved at any time t, except that the distortion power, which is shown
to exist but not explicitly determined, may now be random and depend on
the contingent claim H to be valued. To the best of our knowledge, this is
the first explicit result on exponential utility indifference valuation in a set-
ting with nonconstant and nondeterministic correlation. As another novelty,
our general framework allows us to distinguish (via measurability conditions)
between the settings of case (I) and case (II); this is impossible when p and
the instantaneous Sharpe ratio A of S are constant, as in most of the existing
literature. Section 2.4.2 discusses this and other issues in more detail.

In Section 2.5, we provide both intuitive and rigorous explanations for
our results. We show that the value of the abstract optimisation problem
is monotonic in |p|. Because this value can be computed explicitly for con-
stant p and is continuous in the p-argument, interpolation implies that the
basic structure is preserved for a random p. This explains why we can ob-
tain our nice and explicit results. However, the precise interpretation of the
above monotonicity is delicate, since it only holds when the (p-dependent)
probability measure P(p) appearing in the abstract problem is kept fixed.
A counterexample shows that the value of the original optimisation problem
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under P may fail to be monotonic in |p| if we allow P(p) to vary with p, and
we explain how keeping P (p) fixed is linked to standard financial reasoning.

For concreteness and ease of exposition, all our results are given for two
correlated Brownian motions W and Y. The final Section 2.6 briefly shows
how everything can be generalised to a multidimensional It6 process setting.

2.2 Preliminaries

2.2.1 Model setup

We work on a finite time interval [0,7] for a fixed T > 0 and a complete
filtered probability space (£2,G,G, P). The filtration G = (Gs)o<s<r satis-
fies the usual conditions, has Gy trivial, and Y = (Y;)o<s<r and Y1 are two
independent (G, P)-Brownian motions. Unless otherwise mentioned, all pro-
cesses and filtrations are indexed by s € [0, 7], and we fiz t € [0,T]. For any
process X, FX = (}"SX ) denotes the P-augmented filtration generated by X.
For any filtration F C G, a process X is called F-predictable if it is mea-
surable with respect to the F-predictable o-field on © x [0, T, completed by
the nullsets of P® (Lebesgue measure). To simplify computations, we use the
notation £(N),, :=exp(N, — Ny — ((N), — (N),)), 0 < s <y < T for a
continuous G-semimartingale N. Notions such as L> or ‘almost surely’ (a.s.)
always refer to P (or any probability measure equivalent to P).

The stochastic framework of our model consists of two Brownian motions
W and Y with random instantaneous correlation p. To construct this, let
p = (ps) be a G-predictable process valued in [—1, 1] such that |p| is bounded
away from one (uniformly in w and s) and define

WS;:/pdeer/ V1-p2dY,), 0<s<T. (2.1)
0 0

In our financial market, two assets are available for investing and going
short: a risk-free bank account and a stock S. The instantaneous yield of
the bank account is described by a deterministic spot interest rate func-
tion 7 :[0,7] — [0,00) which is bounded and Borel-measurable. For ecase
of notation, we directly pass to discounted quantities which means that we
take r = 0. (See Section 2.4 for more comments on this.) The (discounted)
dynamics of the stock is given by

dS, = usSsds + o, S, dW,, 0<s<T, Sy>0, (2.2)

where the drift 4 and the volatility o are G-predictable processes. We assume
for simplicity that p is bounded and o is bounded away from zero and infinity.
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Hence the instantaneous Sharpe ratio A := £ is also bounded. We write

dS

5 :usds+adeS:USdWs, 0<s<T

and note that by Girsanov’s theorem, the processes
W, = Ws—l—/ Aydy and f/s::Ys—F/ pyAydy, 0<s<T (2.3)
0 0

are Brownian motions under the probability P ~ P on (Q,Gy) given by

g —¢ (— / Adw)w. (2.4)

In the terminology of Follmer and Schweizer [20], P is the minimal martingale
measure for S.

Let H be a bounded Gpr-measurable random variable, interpreted as a
contingent claim or payoff due at time 7. To value H, we assume that our
investor has an exponential utility function U(z) = —exp(—vyz), z € R, for a
fixed v > 0. He starts at time ¢ € [0, 7] with initial capital z; and runs a
self-financing strategy m = (7)i<s<r so that his wealth at time s € [t,T] is

X;Ctﬂrzmt+/ ﬂdSy:fL‘tﬁL/ ﬂ‘yO'ydWy,
¢ Sy t

where 7 represents the amount invested in S. The set A; of admissible strate-
gies on [t, T'] consists of all G-predictable processes m = (75)i<s<r which sat-
isfy ftT 72 ds < oo a.s. and are such that

(exp (—7/ Ty0y dWy)> is of class (D) on (2, Gr, G, P), (2.5)
t t<s<T

abbreviated by ‘of P-class (D). We define V¥ (and analogously V?) for
t € [0,7] and z; bounded G;-measurable by

V! (z;) = esssup Ep[U(X7" — H)|G,]

me A

T
= —e "t essinf Ep [exp (—7/ moos AW, + ”yH)
t

e Ay

Qt] : (2.6)

using that (bounded) G;-measurable factors can be pulled out. Thus V7 (z;)
is the maximal expected utility the investor can achieve by starting at time ¢
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with initial capital x;, using some admissible strategy 7, and paying out H
at time 7.

Viewed over time ¢, V#(0) defined (up to a minus sign) by the essen-
tial infimum in (2.6) is the dynamic value process for the stochastic control
problem associated to exponential utility maximisation. One can show by
standard arguments that V(0) has an RCLL version and then study its dy-
namic properties as a process; see for instance [5], [44] or [46]. However, our
goal in this chapter is rather to provide explicit or structural formulas for
V2 (0) with a fixed ¢.

Remark 2.1. Condition (2.5) is technically useful, but also has the fol-
lowing desirable implication. From an economic point of view, one should
only allow strategies which are close in some sense to investments with fi-
nite credit lines, as Schachermayer [51] emphasises after his Definition 1.3.
In our model, any m € A; can be approximated in the following way. Con-
sider a sequence (7, )nen of G-stopping times increasing to T' stationarily and
define a self-financing strategy 7™ = 7l ) by trading according to m un-
til 7, and then putting all the capital into the bank account. This gives a
terminal portfolio value z; + f;" MO dWS, leading to the individual utility
—exp(—yz — [ w0, dWs), which converges in L!(P) to the utility of the
final value X7"" of the strategy m due to (2.5). If we specifically choose

Ty 1= inf{s € [t,T] ’ X" — gy < —n} AT, neN,

each of the approximating 7™ represents an investment with finite credit line.
A similar approximation is used in Proposition 2.4 to find an upper bound
for V# and the same class of strategies has been used in Hu et al. [37]. ¢

The time t indifference (seller) value hy(x;) for H is implicitly defined by
V() = Vi (0 + ().

This says that the investor is indifferent between solely trading with initial

capital z;, versus trading with initial capital z; + h(z;) but paying out H

at 7. Our final goal is to find an explicit formula for h.(z;). By (2.6),

Vi (0)
V2(0)

1
he = hy(x:) = ; log (2.7)

does not depend on x;. This also shows that we are done once we have V7 (0)
explicitly, and so our focus henceforth lies on the optimisation problem (2.6).
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2.2.2 Motivation

Our goal is to find an explicit expression for

T
_VtH(()) = essinf Ep [exp (—7/ Ts0s dWS + 7[{)
t

e A

gt] L (28)

Section 2.3 studies and solves an abstract martingale version of this problem,
and we first explain how that formulation naturally arises out of (2.8). Since
we only want to provide motivation, we ignore here all technical issues like
integrability etc.

Suppose first that H = 0 and S is a (local) P-martingale; equivalently,
= XA =0 and W is a P-Brownian motion. Then the stochastic integral
in (2.8) is a P-martingale, we minimise the expectation of a convex function
of this, and so Jensen’s inequality immediately tells us that the optimiser is
7 = 0 and that V,7(0) = —1.

In the general case where S is a P-semimartingale, the idea is now to
reduce (2.8) to the martingale case by writing

Z! T R
_‘/;H(O) = essinf Eps [—f exp (—7/ myos AW, + WH)
e A ZT t

5] e

where 7’ is the P-density process of some fixed measure P’ (not depend-
ing on 7) under which S or W is a local martingale. To choose a good P,
one might be tempted by the duality results of [16] to take the minimal en-
tropy martingale measure Q¥, because its density Z% is up to a constant the
exponential of a stochastic integral of S. However, this is not true for the
density ZF on Gy, and it is in general also very difficult to find QF explic-
itly in any given model. Because we want explicit formulas, we need Z}/Z.
as explicitly as possible. Now any equivalent local martingale measure P’
has a P-density process of the form Z' = £(— [ AdW)E(N) for some local
P-martingale N orthogonal to W, and inserting this expression for Z’ in (2.9)
gives after a straightforward calculation

T
Ep {exp (—fy / 50 dWs+’VH> gt}
t
T R 1 T
=FE; {exp (—/ (yrsos — Ag) AW, + v H — 5/ A2 ds)
t t

The minimal martingale measure P from (2.4) appears naturally in this way,
and it has the enormous benefit that its density Z = & (— i AdW) is com-
pletely explicit. Combining (2.10) with (2.8) gives

gt} . (2.10)

Te A

T
~VH(0) = essinf Eg [exp (—/ (ymsos — As) AW + ﬁ)
t

Qt}, (2.11)
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and we can recognise this as a “martingale version” of (2.8) with an artificial
random endowment

_ 1 [T
H::fyH—i/ A2 ds. (2.12)
t

Note that in the genuine semimartingale case A # 0, the quantity H appears
even if the claim H is zero. Hence there is no simplification from assuming
H =0, and so we do not discuss this case separately.

2.3 The main (but abstract) result

2.3.1 An explicit formula for an optimisation problem

This section contains the main mathematical contribution of this chapter.
We derive an explicit formula for the value of the optimisation problem

A~ T A A
—VtH :=essinf Ep {exp (— / T, dW, + H>
t

T e A

Qt] =:essinf ¢ (1), (2.13)

e A

where A, consists of all G-predictable 7 = (7, );<s<r satisfying ftT 72ds < oo
a.s. and such that (exp(—f: Ty dWy)> is of P-class (D). Here H is a

t<s<T
bounded 7:{T—measurable random variable, where H = (HS) C G is a filtra-
tion such that the P-Brownian motion Y from (2.3) has the representation
property in H. This means that any (]HI, P)—martingale L is of the form

L= Lo+ [¢dY for an H-predictable ¢ with fOT (?ds < oo a.s. The assump-

tion H € L™ (7:[T) is slightly weaker than HeL® (Fr}/ ), and the two different
applications in Section 2.4 will make it clear why this is useful. It is worth
pointing out that all the subsequent arguments only involve the filtration H;
this is the reason why we can formulate our model with a general filtration
G D FYY" such that Y and Y+ are (G, P)-Brownian motions.

While the idea of considering a problem like (2.13) has been motivated in
Section 2.2.2 from (2.8), it is not clear at this stage how H and especially H
arise. This will become clearer in Section 2.4 from the applications. However,
we already point out that H and the artificial claim H = vH — % tT A2 ds
from (2.12) can well be different.

Theorem 2.2. Under the above assumptions, set

1
1—p3

= inf ———— and O := sup
seltT) |1 — p2| 1 ' s€E[tT]

(2.14)
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Then there exists a Gi-measurable random variable 6{1 with values in [ét,gt}
such that

_{};ﬁ(w) = (Eﬁ [exp(lﬁ[)% 7:(15} (w)>6 (2.15)

for almost all w € Q).

)

The right-hand side of (2.15) is understood as follows: We compute for
N oA L1
fixed & (a version of) the (Ht, P) -conditional expectation of exp (H ) o evalu-

ate that (version) in the given w and then insert for ¢ the value 5? (w).
Before we actually prove Theorem 2.2, we provide here an outline of the
proof. The key idea is to find a family of processes Z(®) with

T
Z;Tr) = exp (—/ s AWy + H) (2.16)
t

and such that Z(® is a (G, f))—submartingale for every 7 € .,th, and a (G, ]5)—
martingale for some 7 = 7* € A;. If we can do this, the same argument as
in Section 2.2.2 easily shows that the essential infimum in (2.13) is attained
for 7*. )

To find such a family Z(®, we need a good representation for efl and
the multiplicative form of (2.16) might suggest that we write e’ as the final
value of some stochastic exponential martingale. But unless we believe that
7 = 0 happens to be optimal, efl = Z}O) should be the final value of a
(G, P)—submartingale rather than a (G, ]5) -martingale. Again in view of the
multiplicative structure, the simplest way to transform a positive martingale
into a submartingale is to raise it to a power bigger than one. Fixing a
constant 0 > 1 to be specified later and using He L™ (7:(T), we thus write

exp(f]) = exp(ﬁ[/d)é = (ctS(L)nT)é, ¢ = Eﬁ[exp(ﬁ/(S) ‘7:(75} (2.17)

for a BMO (H, p)—martingale L. (More precisely, the positive (H, p)—mar—
tingale with final value exp(]fl / 5) is uniformly bounded away from zero and
infinity, and thus its stochastic logarithm L is in BM O.) By the representa-
tion property of Y in ]ﬂl, L is of the form

T
L= / ¢dY for an H-predictable ¢ with Fp { / ¢ ds} <oo. (2.18)
0

So L is a BMO(G, f’)—martingale, too, and combining (2.16) and (2.17) gives

~ T A
780 = & (E(L)t?T)éexp (— / 7o dWs>
t A T
= cf5(5L)t,T5<—/frdW> exp(i/ ((62 = 0)Z + 72) ds).
t,T t
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Using Yor’s formula, (2.17) and d<f/7 W>S = p,ds yields

8(5L)5<—/7%d1f[/) :5(5L—/7%dW— <5L,/frdW>)
= M® exp (— / 6CsTsps ds)

with the local (G, P)—martingale

M® :zE(éL—/frdW) :5</5(dY—/7%dW), (2.19)

and putting everything together and completing squares leads us to define
7 T 1 ® ~
200 = D e (5 [ (5= 06m + G000~ ) - 1) ay) (220

for t < s < T. This gives (2.16) by construction, and if p is constant,

choosing § := L ensures that the integrand in (2.20) is always nonnegative

1—p2

and vanishes for #* = 0(p. Hence Z™ is then on [¢,7T] a local (G, P)—
submartingale for every 7 and a local (G, P) -martingale for 7*. Apart from
integrability issues, we thus have achieved our goal in that case.

In general, p is not constant. Then we choose one ¢ for the submartingale
property of Z(® for all 7, and another 6 for the martingale property of Z (),
This gives an upper and a lower bound for ‘A/tH , and Theorem 2.2 is obtained
by interpolation. The detailed proof is given in the next section.

Remark 2.3. The attentive reader may have noticed that we only give results
on the wvalue of the optimisation problem, and may argue that for hedging
or investing purposes, one would also like to know the optimal strategy ex-
plicitly. While this is a valid point, it is a well-known unfortunate fact that
this problem is notoriously difficult even in quite specific (e.g., Markovian)
settings. We hope to address this question in future, as it goes beyond the
scope of the present work. O

2.3.2 Proof of Theorem 2.2

The argument for Theorem 2.2 follows the outline given in Section 2.3.1. We
suppose throughout that the assumptions of Theorem 2.2 hold and first derive
an upper bound for V;¥. Recall $;(7) from (2.13) and §; from (2.14).

Proposition 2.4. For all # € A,, we have

2(7) > Bplexp(H/3)[H]"  as.
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Proof. We use the reasonings and notations from Section 2.3.1 with & := 6.

1) Suppose first that j;T 72ds is uniformly bounded. Then [ #dW is a
BMO(G, P)—martingale like L = [¢dY from (2.18), and hence by Theo-
rem 2.3 of Kazamaki [40], M™ = (L — ffrdVV) from (2.19) is a (G,P)—
martingale. The choice § = 0, implies that the integrand in (2.20) is nonneg-
ative and thus Z® is a (G, p)—submartingale; in fact, integrability follows
via (2.16) because Zg}) = exp(— ftT o AW, + ﬁ) is in L1 (f)) since [ AW is
in BMO. Thus (2.13), (2.16), (2.20) and (2.17) yield

oi(7) = Ep [Zgr)‘gt} > Zt(fr) = Ep[exp(ﬁ/gt) ‘7:(4& a.s.
2) In general, we define a localising sequence by

Tn:—inf{SE[t,T] suchthat/fr;dyZn}/\T, neN
t

and set 7(" = 7y 7, € A,. Applying step 1) to #™ then gives
@t(fr(”)) > Ep[exp(]:!/gt)’ﬂtft a.s. (2.21)

Because <exp(— ISy dWy)> is of P-class (D) and H is bounded, the

t<s<T
sequence (Zq(fr(n))> = (exp(— ft M aw, + H )) is P—uniformly inte-
neN neN

grable and converges a.s. to Zﬁ). Hence the conditioned random variables
¢t<,ﬁ_(n)) ~ B, [Z;ﬁ<n>)
also a.s. along a subsequence. This concludes the proof in view of (2.21). O

Qt], n € N, converge to ¢;(#) in L'(P) and therefore

The next result entails a lower bound for V2. Recall §, from (2.14).

Proposition 2.5. Define 7% = (7} )1<s<r by

#2i= (ped+ 207 6, — 83)C, LSSET (2.22)

where ¢ is now determined as in (2.17), (2.18) with § := §,. Then we have

ﬂt}ét a.s., and 7€ A,. (2.23)

pu(7*) = Ep|exp(H /9,)

To be more precise, 77 is for any s € [¢t,T] defined by (2.22) on the set

s

QS = {w c N #ﬁ(w) > ét}, which has (P- and P—)probability one. For

w ¢ Q, we set 75(w) := 0. By the definition of §,, the expression under the
square root in (2.22) is nonnegative, and 7* is G-predictable.




2.3. The main (but abstract) result 19

Proof. We use the notations of Section 2.3.1 with ¢ := §,, and first show the
equality in (2.23). Because 7* in (2.22) is chosen to make the integrand in
(2.20) vanish, we get from (2.20)

) _ S s\ [y e (G
257 = My = Ep[exp(H /8,)[Hi]*€(NT), (2.24)
with N .= [§,(dY — [#*dW. An easy computation using (2.22) yields

(NEY) — (NF)y g, / Cdy=0,((L)e— (L)), t<s<T (225

and so N is like f(dY L a BMO(G, P) martmgale see below (2.18).
We conclude by Theorem 2.3 of Kazamaki [40] that M*) = E(N®)) is a
(2.

(G, P)—martingale, and so (2.13), (2.16) and (2.24) yield the equahty in (2.23).
To prove 7* € A,, we first note that Ep [ft ¢2 ds] < oo from (2.18) im-

plies E, [ s yfr;y?ds} < 00 by (2.22). To show that (exp(— [ #*dI,))
is of P-class (D), we observe that (2.18) and (2.25) yield

exp(‘/ ﬁZdWy) = exp (Nﬁ’“) - N =g, / G, dffy> = M7 E(L),
t t

for s € [t, T], and the process £(L)~% is bounded because (2.17) gives

t<s<T

H/s
E(L)ys = Ep [exp(H/5,) 1] t<s<T
Ep[exp(H/8,)|H:]’
and H is bounded. Moreover, M ™) as a (G, P) -martingale is of P-class (D),
and hence so is (exp(— LS T, dVT@))tSSST. Thus #* is in A,. O

Remark 2.6. The choice of 7* in (2.22) deserves a comment. As we have
seen in the proof of Proposition 2.5, it ensures that the integrand

(0,05Cs — 77)° + C28,(8,(1 — p2) — 1) (2.26)

n (2.20) (with § = ¢, and 7 = 7*) vanishes identically. But for fixed w €
and s € [t,T], (2.26) is a quadratic function in 7}(w), and requiring it to be
zero for each s does not determine the process 7* uniquely. In fact, Proposi-
tion 2.5 remains true if 7* is replaced by 7" with

7Ar757 = (psét+778\/ pgé?“‘ét_é?)gs; t<s<T



20 Chapter 2. A Brownian model with stochastic correlation

for any G-predictable process n on [t, T] with values in {—1,1}.
Suppose now we replace 7* by 7% with 77 := 0,ps(s, s € [t,T], which
minimises (2.26) pointwise and makes it nonpositive. Then we get

@) = Ep [Zq(f :

G| < Bo[Bp[exo(f1/8,) )" MG

gt] = @t(ﬁ*)a

using that M) is like M) a (G, f’)—martingale. Similar arguments as
for 7% also yield #** € A;, and we even obtain @ (7**) < ¢¢(7*) on a set
A € G, with P[A] > 0 if ftT ¢2(6,(1 — p?) — 1) ds is non-zero with positive
probability. This shows that the lower bound

— (1) < —essinf (1) = VtH a.s. (2.27)
T e A

entailed by Proposition 2.5 need not be sharp. Nevertheless, we work with
7* and not with 7**, because ¢,(7*) has the nice representation (2.23) which
allows us to obtain an explicit expression for XA/tH ; see the interpolation argu-
ment below. The sharper bound given via 7** is not explicit enough to give
this result. We remark that if p is constant, 7 and 7* coincide and (2.27)
holds with equality; compare Propositions 2.4 and 2.5. O

As announced, we now prove Theorem 2.2 by an interpolation argument.

Proof of Theorem 2.2. Define f(-,-) : [Qt,gt} x 0 — R by

~

fow):= (EP [exp(ﬁ)% Ht] (w))é, (6,w) € [8;,0¢] x .

Because H is bounded, dominated convergence and Jensen’s inequality imply
that f admits a version which is continuous and nonincreasing in ¢ for each
fixed w € 2. We use this version in the sequel. From Propositions 2.4 and
2.5 we already know that

f(0,w) < —VtH(w) < f(é,,w) for a.a. w e
By the intermediate value theorem, the set
Aw) = {6 € [85,3] | 1(0,0) = -V (@)}
is thus nonempty for almost all w € 2. Define 5,? Q- [ét,gt] by

6f(w) =sup Alw), w € Q, (2.28)
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setting 67 () = (6, + 0;) /2 on the nullset {w € Q|A(w) = 0}. By the
continuity of f in its first argument, A(w) is closed in R for all w € ), and
we obtain for almost all w € Q that

F(0 (@), w) = =V (). (2:29)

It remains to prove that the mapping w +— 6{3’ (w) is G;-measurable.
Because f is nonincreasing and due to (2.28) and (2.29), we have for any
a € [Qt,gt] that up to a null set,

{wGQ‘5{q(w)<a}:{weQ‘f@fl(w),w) >f(a,w)}
:{w€Q|—VH () > fla,w)}
U{w|— >q}ﬂ{w‘q>faw)}

q€Q

The last set is in G; since f/tH and f(a,-) for a fixed a € [4,,0;] are G-
measurable. Since G, is complete, we have {w € Q|6 (w) < a} € G, for
every a € R, and so 07 (-) is G;-measurable. This ends the proof. O

2.4 Applications in two settings

2.4.1 Explicit formulas for the indifference value

Our goal in this section is to find explicit formulas for V,(0) in (2.6) or (2.11)
in two different settings. This will be achieved by applying Theorem 2.2 and
will also yield explicit results for the indifference value h; via (2.7). We recall
W and Y from (2.1) and (2.3) and write for brevity

W= (W,) for B, Y =(¥,) for F¥, ¥ =(J,) for F*.

If p) is Y-predictable, then Y from (2.3) is Y-adapted and hence YCVY. In
general, however, none of the above three filtrations contains any other.

Theorem 2.2 gives us the freedom to spemfy the artificial endowment H,
but also the task of finding a filtration H such that H is Hp-measurable
and Y has the representation property 1n H. Comparing (2.11) with (2.13)
suggests to choose H=H-= vyH — )\2 ds. In a first application, we do
this, and moreover we set H=Y and assume that H is Yp-measurable and
A is Y-predictable, to ensure that H is Hy-measurable. We shall later see in
the proof of Theorem 2.9 that we also need to assume that p is Y-predictable
to guarantee that Y has the representation property in Y.
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For our second application, we choose H = vH and assume that : j;T A2ds
is replicable by trading in S. This is satisfied if A is W-predictable, as we
shall see in the proof of Theorem 2.10. In this case, we moreover set H=Y
and assume that H is JAJT—measurable.

Cases. In more detail, we consider one of the following two situations:
(I) H e L*(Yr), A is Y-predictable, and p is Y-predictable;
(I) H € L™ (J>T), A is Fsy—predictable, and X\ 1s W-predictable.

The assumption in case (II) that A is IFS’Y—predictable is quite natural
since S and Y are the quantities observable for our investor. Moreover, it
guarantees by Lemma 2.8 below that F¥"Y" C FSY i.e., the two basic driving
Brownian motions Y and Y+ are observable from S and V. In particular, if
we take G = F¥"Y™ | the a priori condition that \ is FSY -predictable turns out
to be innocent a posteriori.

To motivate our model choice, we discuss for each case a typical example.

Case (I): Here one should think of a stochastic volatility model, where u
and o are Y-predictable and the contingent claim H depends only on o (e.g.,
a variance swap). The stock S is driven by the Brownian motion W, whereas
its drift and volatility depend on a second factor Y. Our approach allows
us to consider the situation where the correlation between W and Y is not
constant, but more realistically a functional of Y.

In this setting, H is naturally }r-measurable and A = £ is Y-predictable
like 1 and . The only genuine condition is that p should be Y-predictable,
which we technically need to guarantee that Y has the representation property
not only in Y, but also in Y.

Case (II): A good application here comes from executive stock options.
Consider a manager who receives call options on the stock (driven by }A/) of
her company as part of her performance-related compensation. The manager
must not trade the company stock and all its derivatives because of legal
restrictions. However, she might be able to trade other, correlated stocks. So
S is here a market index, a representative portfolio of other companies in the
same line of business, or the stock of a leading company in the same line of
business, which serves as a benchmark. We assume that the only source of
incompleteness is the fact that the manager is not allowed to directly trade
the stock of her company. In particular, we suppose that the market formed
by the bank account and S is complete by assuming that p and o are both W-
and F%-predictable. Then W = ¥ i.e., the uncertainty (W) about S equals
the information (F¥) available from S. This follows from (2.2) because o
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is bounded away from zero. We then provide a fair value for the executive
options in such a situation.

In this setting, A = £ is W- and F S_predictable like 1 and o. The only
genuine condition here is that H is yT—measurable, and the next remark
explains why this is natural. Equivalently, that remark clarifies why we view
the nontradable asset here as driven by Y and not by Y.

In both cases, the measurability assumptions make precise the underlying
idea: The payoff H is driven by Y (or Y/), whereas hedging can only be
done in S which is imperfectly correlated with Y (or f/) The examples also
illustrate two reasons why direct hedging in the stochastic process underlying
H may be impossible; either its driver is not traded at all (e.g., a volatility
or a consumer price index), or it is traded in principle but not tradable by
our investor, due to legal, liquidity, practicability, cost or other reasons.

Remark 2.7. To see why Yr-measurability of H is reasonable in case (IT), re-

call that H is a claim on some asset Z, and write dY = pdW + /1 — p2dW+

for a (G, P)-Brownian motion W+ P-independent of W. The asset change dZ

is driven by two factors: the market development % of the benchmark S, and

company specific risks dIW+. To determine the genuine driver of Z, we weight

the two factors by the correlation process p, but first make them comparable
» dS

by “normalising” <g, which means that we use %% = dW instead of %S.

Thus Z is driven by
pdW + /1= p2dW* = pAds + pdW + /1 — p2dW* = pAds +dY = dY,

using (2.3). Hence assuming the Z-dependent claim H to be Yp-measurable
is more natural than having it Ypr-measurable. Note that the filtrations Y
and Y differ in general, but coincide if p and A\ are deterministic. O

Let us now briefly look at the information available to our investor. We
always assume that the tradable stock S'is observable. In addition, we assume
in both cases (I) and (II) that the driver for the uncertainty behind H (i.e.,

Y or Y, respectively) is also observable. The following result shows that
the observable filtration then contains the filtration F¥Y™ of the underlying
Brownian motions, and this justifies why we always use G D F¥*Y" to describe

the information on which our strategies m € A; must be based.
Lemma 2.8. In case (I), F¥Y" CFSY | and in case (II), F¥Y" C FSY

Proof. Note that the argument in each case uses only the middle condition
on \. For brevity, we write Z € F¥X to mean that Z is FX-predictable.
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Case (I): By (2.2), (S) = [025%ds and (S) € F¥ since it is a continuous
pathwise quadratic variation; so S = +v/¢252 € F¥ and hence also o € F¥.
Next, A € Y by assumption, and so p = o\ € F¥Y. Because ¢ is bounded
away from 0, we obtain W = [2-.dS — [£ds € F*Y. As a consequence,

€ F5Y since it is the density of (W, Y') with respect to Lebesgue measure and
(W,Y) € F5Y | being a continuous pathwise quadratic covariation. Finally, |p|
is bounded away from 1; so solving (2.1) for Y+ implies that Y+ € F*Y and
therefore F¥"Y~ C FSY

Case (II): Again, o € F*. Moreover, (2.2), (2.1) and the definition (2.3) of
Y give <S Y> [ oSpds so that p € FSY Because A € FSY by assumption,

we get = o\ € F% Y, and now we can argue like in case (I) to deduce that
YL e FSY. Moreover, Y =Y — [ prds e FSY and hence FY'Y* C FSY. O

The two following theorems give explicit formulas for the value V' and
the indifference value h in cases (I) and (II). To facilitate comparisons with the
literature, we state them for a spot interest rate on the bank account given by
a bounded deterministic Borel-measurable function r : [0,7] — [0,00). Our
results and arguments given for » = 0 easily extend to this case; allowing r
to be stochastic, however, would be a different issue.

Theorem 2.9. Consider the setting and the assumptions from Section 2 2.1
and recall &,, 6, from (2. 14) In case (I), define H := vH — T (ps— T(s ds

and 0 := f (s ’;s) . Then there exist G,-measurable mndom vamables
T2 J¢ o3

5?, 80 with values in [ét,ét] such that

Vi m)(w) = —exp (el 199) By [exp (i)} 9] ) CES
and
= J r(s)ds 5 [exp(H)! W)’
hu(w) = o log i p({? :/5|yt}( >)5, (2.31)
" (Ep[exp(0)V/ D}t} (w)) =00 (w), §=61 (w)

for almost all w € Q) and every bounded G;-measurable random variable x;.

Theorem 2.10. Consider the setting and the assumptions from Section 2.2.1
and recall 5t, 0; from (2.14). In case (II), there exists a Gy-measurable random

variable 67" with values in 4, 5t] such that
)

Vit () (w) = —exp <—’Y$t(w)eftTr(s) ds %E]s {/T M ds
1] g t )
9] @)

X (Ep [exp(fyH)

o=57" ()
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and .
e J; r(s)ds

hilw) = tog (B [explr 13 9] ) )

5=67" ()

for almost all w € Q and every bounded G;-measurable random variable xy.

To the best of our knowledge, results like Theorems 2.9 or 2.10 have
not been available in the literature so far; all previous approaches leading
to explicit formulas have only considered situations where the correlation p
is deterministic and constant in time. One nice feature of all formulas in
Theorems 2.9 and 2.10 is that the only unknowns are the distortion powers
oH. 80 or 07" and we have precise bounds for these in terms of bounds on the
correlation p. In general, each such power is random (in a G-adapted way)
and depends on H via H. Since we have assumed that Gy is trivial, o is
deterministic, but may still depend on H. However, if the correlation p is
deterministic and constant in time, the functions § and 0 in (2.14) coincide
and equal #, and then 67 = 1_1p2 becomes constant and independent of H
or H. This explains why the constant correlation case is easier to handle and
understand.

We defer the proofs of Theorems 2.9 and 2.10 to Section 2.4.3, and first

compare our results with the existing literature.

2.4.2 Comparison with the literature

Exponential utility indifference valuation in Brownian settings has been ex-
tensively studied, particularly in Markovian models. An overview with a long
literature list is provided by Henderson and Hobson [35]. We present here
some references and comment first on the different model assumptions and
then on the methods and results.

Recall the model in (2.1) and (2.2). Henderson [31,32], Henderson and
Hobson [33,34], and Musiela and Zariphopoulou [47] all work in a Markovian
framework where p, o, r and p are all constant. [31-34] have a nontraded
asset Z satisfying, for some constants a > 0 and b € R,

dZ,
Zs

=bds+adY;, 0<s<T, Zy>0, (2.32)

and the contingent claim H = H(Zr) is a function of the terminal value Zp
alone. Like in (2.1), Y is a Brownian motion having correlation p with W.
[47] contains a slightly more general diffusion setting where a5 = a(Zs, s) and
bs = b(Zs, s) may depend on the current level of Z and on time. Monoyios [45]
studies a similar model where o and A = £ are not constant, but o equals Z
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and A\; = \(Z,) is a function of the current level of Z. Grasselli and Hurd [29]
and Stoikov and Zariphopoulou [55] consider claims which depend not only
on Z7, but also in a certain way on the trajectory of Z. In contrast to all the
above Markovian models, Tehranchi [56] analyses a more general situation
very similar to case (I); but his approach is still restricted to a constant
correlation p.

To the best of our knowledge, the only article where p is not constant
is by Benth and Karlsen [7] who study a Markovian setting with p = p(Z;)
depending on the present level of the nontraded asset Z. They show that
the minimal entropy martingale measure can be expressed in terms of the
solution of a semilinear PDE for which they prove existence and uniqueness
of a classical solution. However, they have no claim H and they also do not
derive any general explicit formulas.

Remark 2.11. All Markovian models above with constant u, o, r, p, a, b
satisfy the measurability conditions for both cases (I) and (II). It is therefore
somewhat arbitrary whether one views them as stochastic volatility or rather
as executive stock option models. (Indeed, only our general model makes this
precise distinction really possible.) The subsequent generalisations in [56],
[45], [29] and [55] all head towards our case (I), whereas models from case (II)
have not yet been studied for nondeterministic A or p. In that sense, it seems
fair to say that our formulation with a clear distinction between cases (I) and
(IT) represents a significant generalisation of previously considered models. ¢

We now recall and comment on how explicit formulas for the indifference
value h are derived in the literature. As in Section 2.2.1, one usually first
derives an expression for the value V¥ and then obtains a formula for h
via (2.7). In a Markovian model, the usual approach is to condition on the
current state of the nontraded asset Z in (2.32), i.e., to write

Vi (2) = v(wy, 20, t) := esssup E[U (X7" — H(Zr)) | X" = 2, Zy = 2]

e A

Henderson [31], Henderson and Hobson [33,34], and later Musiela and Zaripho-
poulou [47] first write the Hamilton-Jacobi-Bellman nonlinear PDE for the
value function v. Exploiting the scaling properties of the exponential utility
function U, they try an ansatz of the form

v(x, z,t) =U(x)F(z,1),

which results in a nonlinear PDE for F'. A clever power transformation,

1

F(z,t) = f(z,t)1-47, (2.33)
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reduces this to a linear and solvable PDE for f. This yields an explicit
formula for v and thus also for h via (2.7).

The idea to convert a nonlinear to a linear PDE by a power transforma-
tion was introduced by Zariphopoulou [57] for optimal portfolio management
problems with nontraded assets when the utility is of the separable CRRA
type: the payoff H(Zr) of the claim is multiplied by a power of the in-
vestor’s final portfolio value X7, i.e., U(X3™, H(Zy)) = H(Z7)| X7 |7/~
with 0 # v < 1. The application of the power transformation (2.33) to ex-
ponential utility indifference valuation appeared first in Henderson [31], Hen-
derson and Hobson [33,34], and later in Musiela and Zariphopoulou [47]. The
exponent 0 := ﬁ from (2.33) is called distortion power, a terminology due
to Zariphopoulou [57], and the approach is also known as distortion method.
Henderson [31] and Henderson and Hobson [33,34] also derive an approxi-
mation (for a small number of claims) of the power utility indifference value,
which they compare with the exponential indifference value. Henderson [32]
examines the latter criterion and incentives for executive stock options in the
Markovian model of [31,33,34]. Monoyios [45] derives a representation of the
optimal measure for the dual problem by combining the distortion method
with general duality results. He further considers the optimisation problem
under power utility, but without random endowment. Grasselli and Hurd [29]
and Stoikov and Zariphopoulou [55] present explicit formulas for the expo-
nential utility indifference value of a path-dependent claim on the volatility.
But as already mentioned, all these approaches work only in a Markovian
model and if the instantaneous correlation p between W and Y is constant.

In an alternative approach, Tehranchi [56] obtains an explicit expression
for VA (z;) in (2.6) with ¢+ = 0. He first proves a Holder-type inequality
which he then applies to determine V{7 (z,), and this also yields an explicit
formula for the indifference value at time 0. His method has the advan-
tage that it needs no Markovian assumption and can treat general (bounded)
Yr-measurable claims; but it is still restricted to situations with constant
correlation. The distortion power § = ﬁ from (2.33) arises there as an
exponent in the Holder-type inequality.

In all the above approaches, ¢ plays an important role, and it is crucial
that it is deterministic and constant in time. We also use in (2.17) a power
transformation with a power § which must be constant, whereas § = ﬁ
in the above methods depends on p. This explains why we use two different
powers in our proof of Theorem 2.2: 0, gives in Proposition 2.4 an upper
bound for ‘A/tH , and 9, a lower bound in Proposition 2.5. The deeper reason
why we can deal with a random correlation p is then a monotonicity property,
as will be explained in Section 2.5.
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Remark 2.12. 1) We can in Theorem 2.9 replace P by the restriction @) of
P to Yr, since H and 0 are Yp-measurable; so for almost all w € €2, we have

hu(w) = SR log Eglewtlh 1/5{33;}}@))

7 (Eq [exp(0)1/
Since p and A are Y-predictable in case (I), (2.4) and (2.1) yield explicitly

dQ dp B
& i yT} _5<— / p)\dY>07T. (2.34)

§'=60(w), 6=611 (w)

_Epl

This formula is used by Tehranchi [56] to define @ in his setting with con-
stant p. Slmllarly, we could in Theorem 2.10 replace P by the restriction Q
of P to Yr. However, this is less useful because Q, unlike Q, has in general
no explicit form.

2) Apart from exponential utility, Tehranchi [56] also explicitly deter-
mines Vil for constant p when the investor’s utility is of the same sepa-
rable form as in Zariphopoulou [57], ie., U(X7"™, H) = H|X7""|" /v with
0#£~v<1,or (7()(;“?’”, H) = Hlog X7"™. Those results could be extended
with our techniques as for exponential utility to all times ¢ and to random p.
But we give no details since this provides no essential new insights and, above
all, does not help for finding an indifference value, because the above utilities
are not of the form U (X" 4+ H) required for a natural formulation.

3) The original motivation for this chapter was that we were intrigued
by the elegantly simple and yet general approach of Tehranchi [56]. Along
the way, we then discovered that not all arguments in [56] seem completely
rigorous; the proof there of Lemma 4.2 is not quite clear (measurability of in-
tegrands?), and we see no argument why the portfolios constructed in Propo-
sitions 3.3-3.5 satisfy the integrability requirements to lie in the respective
classes A of admissible strategies. Moreover, the proofs of these propositions
also contain an incorrect statement; in general, a Brownian motion W and a
process of the form W+ [ Ads do not generate the same filtration or o-field,
even if )\ is predictable with respect to the filtration generated by W. A
counterexample is given by Dubins et al. [18]. Despite all this, the final re-
sults in [56] are essentially correct; one way to circumvent the last problem
is contained in the proof of our Theorem 2.9. O

2.4.3 Proofs of Theorems 2.9 and 2.10

We first need the following general result which says that the class (D) prop-
erty behaves under a change to an equivalent probability measure in the same
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way as martingales. This is very intuitive and probably folklore, but we have
not found it anywhere.

Lemma 2.13. Denote by Z' the P-density process of a probability measure
P’ equivalent to P, i.e., Z! = Ep[i—lg}gs], s € [0,T7). A G-adapted RCLL
process A is of P'-class (D) if and only if AZ' is of P-class (D).

Proof. By symmetry and Bayes’ formula it is enough to prove the “only if”
part. Take a G-adapted RCLL process A of P'-class (D) and fix ¢ > 0.
We want to find K > 0 with sup, Ep|[|A-|Z. 1A, 1z25x1] < €, where the
supremum is taken over all G-stopping times 7. Using that dP’ = Z. dP on
G, gives
Ep (M| 2 a5 1)) = B [|A-[Lgas 205

Since A is of P'~class (D), m := 1V sup, Ep/[|A,|] is finite and there exists
dy; > 0, which does not depend on 7, such that

A € Gr with P'[A] < d, and T a G-stopping time = Ep/[|A;|14] <.
(2.35)
Because P’ < P by assumption, there exists do > 0 such that

Set K := m/dy and use Markov’s inequality to obtain

1 1 m
PIANZ, > K] € =En[IA1Z] = = Bp [IA] < 2 =

for any G-stopping time 7. By (2.35) and (2.36), EP/|:|A7-|]1{|AT|Z‘/I_>K}j| <e
uniformly over 7, which ends the proof. m

Now we can prove Theorems 2.9 and 2.10 by applying Theorem 2.2.

Proof of Theorem 2.9. (2.31) follows directly from (2.7) and (2.30). To prove
(2.30), we apply Theorem 2.2 with H := H = yH — 1 ftT A2ds and H =Y.
Comparing (2.13) with (2.11) shows that it only remains to argue that

i) Y has the representation property in Y, and

ii) WEAt<:>’y7TU—)\E/lt.
The latter follows from Lemma 2.8 which yields that exp(— [ ymo dW) is of
P-class (D) if and only if exp(— [(ymo — A) dW) is of P-class (D), because
J A?ds is bounded. Property i) is deduced from Itd’s representation theorem
in the form of Lemma 1.6.7 of Karatzas and Shreve [39]. In more detail,
consider the restriction Q of P to Yy, given as in (2.34) by

= e fanpr] =e(- [ o)
o Ep|l—|Yr|l =€ - [ prdY
Plap|”* or

dpP
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because A and p are Y-predictable. Note that this uses the assumptions of
case (I). Here Y is also a (Y, Q)-Brownian motion, and Lemma 1.6.7 in [39]
now yields that any (Y, Q)-martingale L is of the form L = Lo+ [ ¢ dY for
a Y-predictable ¢ with fOT (?ds < oo a.s. This crucially needs that pA is
Y-predictable, to ensure that ¥ =Y + [ pAds from (2.3) is Y-adapted. O

Proof of Theorem 2.10. As in the proof of Theorem 2.9, we apply Theorem
2.2, but now with H := = vH and H := Y. Of course, the (]HI P) Brownian
motion Y then has the representation property in H. To get rid of the term
: ftT A2ds in H in (2.11), we use again Ito’s representation theorem as in
Lemma 1.6.7 of [39] and obtain a W-predictable process 1 = (7;)i<s<r With

1 [T 1 T T . T
5/ Mds = §Ep {/ A2 ds Wf} +/ nsdWs and Ep [/ n? ds] < 00.
t t t t

Here we use that A is W-predictable in case (II), where we recall that W = FW .
Finally, comparison of (2.11) and (2.13) with H = ~H shows that it remains
to prove that m € A, if and only if yro — A +n € A,. But this follows as in
the proof of Theorem 2.9 from Lemma 2.8, using that [#5dW is like [ A*ds
uniformly bounded. O

2.5 On the monotonicity in the correlation

In this section, we explain both intuitively and mathematically why we can
obtain results even for a random correlation p.

For a constant correlation p, the abstract optimisation problem (2.13) has
by Theorem 2.2 (or from Tehranchi [56] for ¢ = 0) an explicit value, namely
(2.15) with § = ——. This expression is continuous in p and increasing in |p|,

for fixed P and the intuition is as follows. The endowment H is driven by
Y whereas hedging can only be done in W which is imperfectly correlated
with V. If the correlation between W and Y is increased, better hedging is
possible; so the value of the optimisation problem (2.13) decreases. (Note
that (2.13) gives us minus the maximal expected utility.)

If we can extend the above monotonicity to a general correlation, it is clear
why we can get the explicit structure in Theorem 2.2. Indeed, if p is random
but lies between two bounds, the corresponding optimisation problem must
by monotonicity have an explicit expression with the same basic structure —
and of course the interpolating distortion power may now be random and
depend on H.
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Let us now introduce more precise notations by writing (2.13) as

J

for a G-predictable process p’ denoting the instantaneous correlation between
the (G, P)-Brownian motions W(p') and Y; the set A;(p') depends on pf
through the P-class (D) condition on (exp(— [ 7, dWy(p’))) Note

t<s<T"
that if we change p/, only W(p') and all expressions depending on it will
change. This is reasonable; clearly H and H should not be affected.
The above intuitive argument now says that if we keep P fixed and vary f/,
we get a monotonicity, which is made precise in the following result.

~ A T A A
VA (p/,P) == —essinf Ep [exp(—/ s AWs(p') + H)
t

€ Ae(p)

Proposition 2.14. Let P be fized and suppose that p' and p" are G-predictable
processes such that |p'| < c; < [p"| <y <1 0on Q x [t,T] for some constants
¢1 and ;. Then VH (o', P) < VH(p", P) a.s.

Proof. This follows from applying twice Theorem 2.2, once for VtH (p’ , ]5) and
once for ‘A/tH (p” , P), and then using Jensen’s inequality. O

Remark 2.15. Proposition 2.14 says that p' — XA/tH (p’, ﬁ) is monotonic for
correlation processes p/, p” that can be separated by a constant, uniformly in
w and s. Below Proposition 3 of the paper [23], we remarked that we did not
know if the weaker assumption |p'| < |p”| on Q x [t,T] is also sufficient to
prove the same conclusion. This question is later answered in an affirmative
way in Proposition 5.6 by using different methods. O

The above intuition and Proposition 2.14 make it tempting to think
that also the value V;7(0) in (2.9) is monotonic in |p|. However, this is
not true in general; we give a counterexample in the next paragraph. The
crucial point is that P itself depends on p because W does; this can be
seen from (2.1) and (2.4). So the abstract optimisation problem (2.13) has
the structure —‘A/tH (p’ ,p(p)) , and proving as in Proposition 2.14 that

p \A/tH (v, P(p)) is monotonic for fized p need not imply the monotonicity
of p— V¥ (p, P(p)). A

We now show by a counterexample that p — \A/tH (p, P(p)) and thus
p— VH(0;p) := VA (0) from (2.9) are indeed not monotonic in general. In
view of Proposition 2.14, this can only fail in the non-martingale case \ # 0,
since otherwise P(p) = P does not depend on p. We take p and A both

p'=p
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constant, t = 0, and set H =Y as in case (I). Then Theorem 2.2 implies
AP ~ AN 1—p2 %p2
vy (/% P(P)) = —<Eﬁ(p) [GXP(H) ’ ]) 1

. T2\ T\ 7
=—(Ep[exp(H<1—p2)—ApYT— 0 )]) ,

where we have conditioned on YVr under P and used that H is Yr-measurable.
For H = —Y™:= ((=Yr) An) V (—n),n € N, dominated convergence and an
easy calculation yield

Cr—ym ; 9 TN p? 2
lim Vj (Pa P(P)) = —| Ep|exp( —Yr(1 —p”) — ApY7 — 5

n—oo

T
=— exp((—p2 +2\p + 1)5) =:g(p). (2.37)
The mapping p — g(p) is clearly not monotonic in |p| except in the martingale
case A = 0. Because of (2.37), the mapping p+ V¥ (p, P(p)) for n big
enough is not monotonic in |p| either. If we now consider case (I) with v =1
and H = =Y, the proof of Theorem 2.9 implies that

VoY (05 p) == VY (0) = e NTRVTY (p, P(p)

so that p +— V57" (0; p) for n big enough is not monotonic in |p| either. This
completes our counterexample.

Remark 2.16. One can directly show that V, 7 (p,P(p)) = g(p) if one
adapts the definition of At(P). For such an unbounded H, one stipulates
that (exp(— [ 7, dWy(p) + H))tgng instead of (exp(— [ 7, dWy(p)))tgng
is of P-class (D). The point is then that one can for this example explic-
itly determine L = (p*> — 1)(Y + Aps) defined in (2.17), and L is obviously a
BMO(G, P(p))—martingale. O

The above counterexample shows that V# is in general not monotonic
in |p|. We now explain the intuition for this. In the martingale case A\ = 0,
the value V7 (0; p) = V7 (p, p(p)) = —exp((1 — p*)T/2) is clearly mono-
tonic in |p|, and we have already seen why: Higher correlation permits better
hedging, and so the investor runs less risk and has a higher expected utility.
For the semimartingale case A # 0, this effect is still there, but now also in-
teracts with the correlation. Consider for instance the case where A > 0 and
p > 0. The optimal strategy 7* for ‘700 (p, p(p)) is zero and hence the optimal
strategy for Vi)(0;p) is m* = %; compare the proof of Theorem 2.9. This
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strategy 7 makes a positive investment in the stock S. Adding —H = Y
leads to a total position with a higher risk, since the correlation p between
Y and S is positive. To counteract this exposure, the investor will reduce his
position in S and smooth out his terminal wealth. Hence he accepts in aver-
age a lower return on his portfolio in .S to reduce the risk of his total position.
So an increase in correlation yields a higher risk exposure for a fixed strategy;
this is compensated by more conservative (smaller) investment in .S, leading
to a lower return and hence a decrease of the value V; '7(0;p). In total,
p — VO_YT(O; p) can therefore become decreasing in |p| — despite the better
hedging possibility. The above argument explains why this can happen, and
(2.37) shows that it does happen for 0 < p < .

Remark 2.17. In a Markovian framework with constant p and A, the re-
sult of Proposition 2.14 has already been established by Henderson [32] who
shows that the indifference value h (or, equivalently in that setting, V# ) is
increasing in |p|. Henderson’s analysis at first sight seems to contradict our
nonmonotonic counterexample, and closer inspection reveals that it crucially
depends on fixing some parameter called ¢ in [32] while varying p. But this
exactly corresponds to our fixing Pin Proposition 2.14 while varying p, and it
has in both cases a very natural financial interpretation. In fact, the standard
viewpoint in financial theory is that the instantaneous Sharpe ratio § of the
nontraded asset Z in (2.32) is not fixed exogenously, but related to A via the
correlation p. This tacit assumption is usually not spelt out explicitly in the
finance literature, and the point of our counterexample is to illustrate that
monotonicity may fail in its absence. O

2.6 The multidimensional case

In this section, we extend our main results to the case of more than two
Brownian motions. Since most arguments are straightforward generalisations,
we only sketch the main differences.

The probabilistic framework consists of an n-dimensional (G, P)-Brown-
ian motion Y and an m-dimensional (G, P)-Brownian motion W, each having
P-independent components. Instantaneous correlations are now given by a

matrix R = (p7)i=1,..n, with p¥ = %, and we choose R to be G-
j=1,...,m

J=L.
predictable. It can be shown that the symmetric positive semidefinite matrix
RR' has nonnegative eigenvalues which are all at most 1. We assume that all
eigenvalues are bounded away from one uniformly on Q x [¢,T1, i.e.,

there exists ¢ < 1 such that maxspec(RR') < c¢ a.e. on Q x [¢,T],
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where spec(RR’) denotes the spectrum (the set of eigenvalues) of RR'. Recall
that t € [0,T) is fized. There are m traded risky assets S = (57),-,
dynamics

-----

dS] = Sipulds+ Y SlolFdWl, 0<s<T, S§>0, j=1,...,m;
k=1

..........

are G-predictable. We assume that o is invertible, A := o~ !y is bounded
uniformly (in w and s) and that there exists a constant C' such that

1
Cp B> Bod'f > Eﬁ'ﬁ on  x [0, 7] for all § € R™.
(In other words, o is uniformly both bounded and elliptic.) The processes

W::W+/)\ds and Y:zY—I—/Rz\dS

are Brownian motions under the minimal martingale measure P given by
% =& (— i )\dW) 0T All other definitions and model assumptions of Sec-
tions 2.2.1 and 2.3.1 can be easily translated to this setting and we do not
detail this. The multidimensional version of Theorem 2.2 reads as follows.

Theorem 2.18. Under the above assumptions, recall that spec(Rsﬁ;) denotes
the spectrum (the set of eigenvalues) of R R., and define ¢, and 6, by
1 _

0; := sup

1
inf N )
sE€[t,T] || 1 — min speC(RSR’S) ||Loo s€[t,T)

1 — maxspec(RR.) || ;o

) (2.38)
Then there exists a Gi-measurable random variable 52 with values in [ét,gt}
such that

ét =

0w = (B [exp (1) [R] )] (2.30)

6=5{1(w)
for almost all w € €.

QOutline of the proof. This goes similarly to Theorem 2.2 via analogues of
Propositions 2.4 and 2.5, and we only point out where significant changes
occur. The analogue to (2.20) is, for t < s < T,

7 s 1 B ~ / / /
Z) = cht{S)eXpG /t <|7Ty—(5RyCy]2+5§y(5(I—RyRy)—I)Cy> dy) (2.40)

with M® = &( [ 6¢ df/—fﬁdW) like in (2.19) and ¢; := Ep [exp(ﬁ/é) "Flt}
like in (2.17). In (2.40), I denotes the (n x n)-identity matrix. As in the
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proof of Proposition 2.4, the key point is that the integrand in (2.40) with
§ := 0, is nonnegative for every 7 € A;. To see this, one must prove that
0u(1 — RyR;) — I is positive semidefinite or, equivalently, that all its eigen-
values are nonnegative. But if a is such an eigenvalue, then 1 — (a+ 1) /0, is
an eigenvalue of R, R ; this implies 1 — (o + 1)/6; <1—1/6; by (2.38), and
hence a > 0.

For the analogue of Proposition 2.5, one defines, for t < s < T,

72 1= 0, R, + /8,0 (I~ 6,1 — R,R))C, (1,0,....0), (2.41)

where ( is determined as in (2.17), (2.18) with ¢ := ¢, and (1,0,...,0) € R™.
Using (2.38) and a similar reasoning as above, one sees that the expres-
sion under the square root in (2.41) is nonnegative, and (2.40) simplifies
to Z8) = MT) t < s < T, for # = 7* and § = §, like (2.24). As in the
proof of Proposition 2.5, one can show that M (™) is a ((G, P)—martingale and
that 7* € A,.

Finally, (2.39) is proved from the analogues of Propositions 2.4 and 2.5
similarly as in the two-dimensional case. This concludes the proof outline. [J

Using Theorem 2.18, one can of course obtain results like Theorems 2.9
and 2.10 also in the multidimensional case. We refrain from giving details
because the procedure goes essentially along the same lines as in Section 2.4.
However, we emphasise that it is important to assume that the rank of the
volatility matrix o equals the dimension m of W. (In particular, we typically
want at least m risky assets.) This condition, implied by the assumption
that o is invertible, is required to show that the sets A, and A, fit together;
compare ii) in the proofs of Theorems 2.9 and 2.10.



36 Chapter 2. A Brownian model with stochastic correlation




Chapter 3

A general semimartingale
model

This chapter gives an interpolation formula and a BSDE description for the
indifference value process in a general semimartingale model.

3.1 Introduction

Even in a concrete model, it is difficult to obtain a closed-form formula for the
exponential utility indifference value of a contingent claim H. The majority
of existing explicit results are for Brownian settings; see Chapter 2 and the
references in Section 2.4.2. In more general situations, Becherer [5] and Mania
and Schweizer [44] derive a backward stochastic differential equation (BSDE)
for the indifference value process. While [44] assumes a continuous filtration,
the framework in [5] has a continuous price process driven by Brownian mo-
tions and a filtration generated by these and a random measure allowing the
modeling of nonpredictable events.

The main contribution of this chapter is to extend the above results to a
setting where asset prices are given by a general semimartingale. We show
that the exponential utility indifference value can still be written in a closed-
form expression similar to that known for Brownian models, although the
structure of this formula is here much less explicit. Independently from that,
we establish a BSDE formulation for the dynamic indifference value process.
Both of these results are based on a representation of the claim H and on
the relationship between a notion of no-arbitrage, the form of the so-called
minimal entropy martingale measure, and the indifference value.

As our starting point, we take the work of Biagini and Frittelli [8,9].
Their results yield a representation of the minimal entropy martingale mea-

37
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sure which we can use to derive a decomposition of a fixed payoff H in a
similar way as in Becherer [4]. We call this decomposition, which is closely
related to the minimal entropy martingale measure, the fundamental entropy
representation of H (FER(H)). 1t is central to all our results here, be-
cause we can express the indifference value for H as a difference of terms
from FER(H) and FER(0). We derive from this a fairly explicit formula for
the indifference value by an interpolation argument, and we also establish a
BSDE representation for the indifference value process. Its proof is based on
the idea that the two representations FER(H) and FER(0) can be merged
to yield a single BSDE. This direct procedure allows us to work with a general
semimartingale, whereas Becherer [5] as well as Mania and Schweizer [44] use
more specific models because they first prove some results for more general
classes of BSDEs and then apply these to derive the particular BSDE for
the indifference value. The price to pay for working in our general setting is
that we must restrict the class of solutions of the BSDE to get uniqueness.
Under additional assumptions, the components of the solution to the BSDE
for the indifference value are again BMO-martingales for the minimal en-
tropy martingale measure; this applies in particular to the value process of
the indifference hedging strategy.

This chapter is organised as follows. Section 3.2 lays out the model, mo-
tivates, and introduces the important notion of FER(H). In Section 3.3, we
prove that the existence of F'ER(H ) is essentially equivalent to an absence-of-
arbitrage condition. Moreover, we develop a uniqueness result for FER(H)
and its relationship to the minimal entropy martingale measure. Section 3.4
establishes the link between the exponential indifference value of H and the
two decompositions FER(H) and FER(0). By an interpolation argument,
we derive a fairly explicit formula for the indifference value. In Section 3.5,
we extend to a general filtration the BSDE representation of the indifference
value by Becherer [5] and Mania and Schweizer [44]. We further provide con-
ditions under which the components of the solution to the BSDE are BMO-
martingales for the minimal entropy martingale measure. Section 3.6 gives
an application to a Brownian model, and Appendices A and B contain addi-
tional results on the indifference value in specific settings. These appendices
are not part of the article [24].

3.2 Motivation and definition of FER(H)

We start with a probability space (€2, F, P), a finite time interval [0, 7] for a
fixed T'> 0 and a filtration F = (F;)o<t<r satisfying the usual conditions of
right-continuity and completeness. For simplicity, we assume that F is trivial
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and Fr = F. For a positive process Z, we use the abbreviation Z; s := Z,/Z;,
0<t<s<T.
In our financial market, there are d risky assets whose price process
S = (St)o<t<r is an R?-valued semimartingale. In addition, there is a riskless
asset, chosen as numeraire, whose price is constant at 1. Our investor’s risk
preferences are given by an exponential utility function U(x) = — exp(—~vz),
x € R, for a fixed v > 0. We always consider a fixed contingent claim H which
is a real-valued F-measurable random variable satisfying Ep [exp(7H)]| < oc.
Expressions depending on H are introduced with an index H so we can later
use them also in the absence of the claim by setting H = 0. However, the
dependence on 7 is not explicitly mentioned. We define a probability measure
Py on (Q,F) equivalent to P by &2 := exp(vH)/Ep[exp(vH)]. Note that
Py = P. We denote by L(S) the set of all R%valued predictable S-integrable
processes, so that [ dS is a well-defined semimartingale for each ¢ in L(.5).
We always impose without further mention the following standing as-
sumption, introduced by Biagini and Frittelli [8,9] for H = 0. We assume
that
Wy #0 and W, # 0, (3.1)

where Wy is the set of loss variables w which satisfy the following two con-
ditions:

1) w > 1 P-as., and for every i = 1,...,d, there exists some 3" € L(S?)
such that P[3¢ € [0,7] s.t. 8} = 0] = 0 and |f0t BidSi| < w for all
t € [0,T7;

2) Ep, [exp(cw)] < oo for all ¢ > 0.

Clearly, Wy = W, if H is bounded. Lemma 3.4 at the beginning of Sec-
tion 3.3 gives a less restrictive condition on H for Wy = W,. The standing
assumption (3.1) is automatically fulfilled if S is locally bounded since then
1 € Wy NW, by Proposition 1 of Biagini and Frittelli [8], using Py ~ P. But
(3.1) is for example also satisfied if H is bounded and S = S is a scalar com-
pound Poisson process with Gaussian jumps. This follows from Section 3.2
in Biagini and Frittelli [8]. So the model with condition (3.1) is a genuine
generalisation of the case of a locally bounded S.

To assign to H at time ¢ € [0,7] a value based on our exponential utility
function, we first fix an F;-measurable random variable z;, interpreted as the
investor’s starting capital at time ¢. Then we define

T
VH () := esssup Ep [— exp (—’ymt — ”y/ ¥, dS,s + ”yH) ‘.7-}] , (3.2)
9eAH t
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where the set A of H-admissible strategies on ]t, T consists of all processes
U1y, p with 9 € L(S) and such that [ dS is a Q-supermartingale for every
Q € Pf{’f ; the set IPf{’f is defined in the paragraph after the next. We recall
that x, + ftT ¥ dS, is the investor’s final wealth when starting with x; and
investing according to the self-financing strategy ¢ over |¢,T]. Therefore,
VH (z;) is the maximal conditional expected utility the investor can achieve
from the time ¢ initial capital z; by trading during |¢, 7| and paying out H
(or receiving —H) at the maturity 7'

The time ¢ indifference (seller) value hy(x;) for H is implicitly defined by

V;O(xt) = ‘/;H (»Tt + ht(%))- (3.3)

This says that the investor is indifferent between solely trading with initial
capital x;, versus trading with initial capital x; + hy(z;) but paying an addi-
tional cash-flow H at maturity 7T'.

To define our strategies, we need the sets

IP’Z = {Q < Py ‘ I(Q|Py) < oo and S is a Q-sigma- martmgale}
IP’ef ={Q ~ Py ‘ I(Q|Py) < o0 and S is a Q-sigma-martingale },

where

I(Q|Py) = { Eaq [log %} if Q < Py

+o00 otherwise

denotes the relative entropy of () with respect to Py. Since Pgy is equiv-
alent to P, the sets IP’}; and ]P’ﬁ[’f depend on H only through the condition
I(Q|Py) < co. By Proposition 3 and Remark 3 of Biagini and Frittelli [§],
applied to Py instead of P, there exists a unique Q% € ]P’fH that minimises
I(Q|Py) over all @ € ]P’JI;, provided of course that IP’}; # (. We call QE the
minimal H-entropy measure, or H-MEM for short. If IP’I‘_}’f # ), then Q% is
even equivalent to Py, ie., QF € IP’E’f ; see Remark 2 of Biagini and Frit-
telli [8]. Note that the proper terminology would be “minimal H-entropy
sigma-martingale measure” or H-MEoMM, but this is too long.

We briefly recall the relation between Q%, QF and the indifference value
ho(x) at time 0 to motivate the definition of FER(H), which we introduce
later in this section. Assume P&/ # () and P{Y # (. The Py-density of Q%
and the P-density of QF have the form

d E d E T
dgH—c exp(/ ¢ dS) and d%; :coexp</0 (SdSs> (3.4)

for some positive constants ¢, ¢ and processes (¥, ¢° in L(S) such that
[¢7dS is a Q-martingale for every Q € P}, and [(¢°dS is a Q-martingale
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for every @ € P), whence ¢ € A and ¢° € AY. This was first shown by
Kabanov and Stricker [38] in their Theorem 2.1 for a locally bounded S (and
H = 0), and extended by Biagini and Frittelli [9] in their Theorem 1.4 to a
general S for H = 0 (under the assumption Wy # 0)). By using this result also
under Py instead of P, we immediately obtain (3.4). It is now straightforward
to calculate (and also well known —at least for locally bounded S) that for
xo € R, we can write

T
Vi (zo) = sup Ep {—exp(—’ymo—y/ 195d53+'yH>]
ve Al 0

T
= —e_WOEP[exp(vH)]ﬁienjH Ep, {exp (—7/ Vs dSs)]
0

0

. . 1 g
= —e" Ep[exp('yH)]ﬂlenjg Eqe |:C_H exp (/0 (=95 = I dSS)]
e "™ Eplexp(vH)]

- - (3.5)

and therefore

0

ho(zo) = ho = B log - EP[G?WHH-

v c

In Section 3.4, we study the relation between QE, QF and V,(x;), h; for
arbitrary ¢ € [0,7]. From this we can derive, on the one hand, an interpo-
lation formula for each h; in Section 3.4 and, on the other hand, a BSDE
characterisation of the process h in Section 3.5. To generalise the static re-
lations (3.5), (3.6) to dynamic ones, we introduce a certain representation of
H that we call fundamental entropy representation of H (FER(H)) Its link
to the minimal H-entropy measure is elaborated in the next section. We give
two different versions of this representation. The idea is that the first defini-
tion only requires some minimal conditions, whereas the second strengthens
the conditions to guarantee uniqueness of the representation and ensure the
identification of the H-MEM; see Proposition 3.6.

(3.6)

Definition 3.1. We say that FER(H) exists if there is a decomposition

1 T
H:;logS(NH)T—i—/ nidsSs + k', (3.7)
0

where
(i) N# is a local P-martingale null at 0 such that £(N¥) is a positive
P-martingale and S is a P(N*)-sigma-martingale, where P(N#) is
dP(NT) :
defined by —aP = S(NH)T7
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(ii) n* isin L(S) and such that fOT nids, € L'(P(NT));
(iii) k' € R is constant.

In this case, we say that (N#, n kf') is an FER(H). If moreover

T
/ n?ds, € LY(Q) and Eg U
0 0

and /nH dS is a P(NH)—martingale,

T
nlt dSs} <0 forall Qe P,
(3.8)

we say that (NH,nH,kéq) is an FER*(H). For any FER(H) (NH,UH,k:éq),
we set

1 t
k= k' + —logE(NT), +/ nds, forte[0,T] (3.9)
Y 0

and call P(N) the probability measure associated with (N7, n™ k).

Because £(N*) is by (i) a positive P-martingale, the local P-martingale
N*H has no negative jumps whose absolute value is 1 or more, and P(N H ) is a
probability measure equivalent to P. We consider two FER(H) (N*,n", k{l)

and (]K7 H pH H ) as equal if NH and NH are versions of each other (hence
indistinguishable, since both are RCLL), [ 77 dS is a version of [ 7 dS, and

k' = k. For future use, we note that (3.7) and (3.9) combine to give
1 T
H=Fk + S log £(N"), +/t ntds, fort € 0,7 (3.10)

The next result shows that for continuous asset prices, we can write
FER(H) in a different (and perhaps more familiar) form. For its formu-
lation, we need the following definition. We say that S satisfies the structure
condition (SC) if

d
Si:SéJrM“rZ/)\jd(Mi,Mj), i=1,....d,
j=1

where M is a locally square-integrable local P-martingale null at 0 and A is a
predictable process such that the (final value of the) mean-variance tradeoft,
Ky =0 [T NN (M, M), = ([ A\dM)z, is almost surely finite.
Proposition 3.2. Assume that S is continuous. Then a triple (NH, n', ké{)
is an FER(H) if and only if S satisfies (SC) and N¥ = NH 4 [XdM,
i =nt — %Y)\, K = kI satisfy

1 ~ T 1 ~
H:—logE(NH)T—I—/ ﬁfd55+—<//\dM> + k7 (3.11)
Y 0 2y T

and
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(V) N s q local P-martingale null at 0 and strongly P-orthogonal to each
component of M, and S(NH)S(— i )\dM) 1s a positive P-martingale;

(i) 7t is in L(S) and such that fOT(ﬁf + %)\s) dS, is P(NH)-integrable,

where dPé]]\D[H) = €(NH)T5(— SAdM) .

(117') Eg € R s constant.

Proof. Let first (N, n" ki) be an FER(H). Its associated measure P(N#)
is equivalent to P and S is a local P (N H )—martingale since S is continu-
ous. By Theorem 1 of Schweizer [52], S satisfies (SC) and we can write
NH = NH _ J AdM, where N* is alocal P-martingale null at 0 and strongly
P-orthogonal to each component of M, and &(N*) = S(NH)E(— [AdM).
The last equality uses that []V H [AdM] = 0 due to the continuity of M.
Hence conditions (i)—(iii) of FER(H) imply (i')—(iii’), and (3.7) is equivalent
to (3.11) by (SC) and the continuity of S.

Conversely, let (N H pH %é{ ) be as in the proposition. We claim that the
triple (NH — [ AdM, " + %)\,Egl) is an FER(H). Because M is a local
P-martingale and &(N*) = E(NH)S(— S AdM) is the P-density process of
P(N™), the process L defined by

Ly:= M, — (N" M), te[0,T]

is a local P (N H )—martingale by Girsanov’s theorem; see for instance Theorem
I11.40 of Protter [49] and observe that (E(N7), M) = [E(N")_d(N" M)
exists since M is continuous like S. Because N is strongly P-orthogonal to
each component of M and M is continuous, we have

d
(N M) = <NH—/)\dM,Mi> :-Z/Aﬂ'd(Mﬂ',Mi), i=1,....d,
j=1

and so (SC) shows that S = L + S is also a local P(N#)-martingale. The
other conditions of FER(H) are easy to check. O

Remark 3.3. 1) Suppose that S is continuous and satisfies (SC). If the
stochastic exponential £(— [ AdM) is a P-martingale, conditions (i') and (ii’)
in Proposition 3.2 can be written under the probability measure P defined by
fi—ljz = 5(— fAdM)T, which is called the minimal local martingale measure
in the terminology of Follmer and Schweizer [20]. This means that condition

(') in Proposition 3.2 is equivalent to
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(i) N is a local p—martingale null at 0 and strongly P-orthogonal to each
component of S, and & (N H ) is a positive P-martingale,

and P(N") can be defined by %]I\;H) =& (Kf ) .- To prove the equivalence
of (') and (i), first assume that N is a local P-martingale null at 0 and

strongly P-orthogonal to each M*. Then

[NH,/AdM] = <NH,/>\dM> =0

by the continuity of M, and hence N s also a local P—martingale by Gir-
sanov’s theorem; see, for instance, Theorem II1.40 of Protter [49]. The conti-
nuity of S, (SC) and the strong P-orthogonality of N¥ to M entail

[NH,SZ'] _ <]VH,Mi> —0, i=1,....d

implying that N ig strongly P-orthogonal to each component of S. The
proof of “(i") = (I')” goes analogously.

2) Assume that S is not necessarily continuous but locally bounded and
satisfies (SC) with \' € L? (MZ), 1 = 1,...,d, and let (NH,nH,kéq) be

loc
an FER(H). Then we can still write N = NH _ [ AdM for a local P-
martingale NH null at 0 and strongly P-orthogonal to each component of M,
by using Girsanov’s theorem, (SC) and the fact that £ (N H ) defines an equiva-
lent local martingale measure. However, we cannot separate £ (f\7 H_ f AdM )
into two factors. O

3.3 No-arbitrage and existence of FER(H)

Theorem 3.5 below says that a certain notion of no-arbitrage is equivalent to
the existence of FER(H). It can be considered as an exponential analogue to
the L2-result of Theorem 3 in Bobrovnytska and Schweizer [10]. For a locally
bounded S, the implication “==-" roughly corresponds to Proposition 2.2 of
Becherer [4], who makes use of the idea to consider known results under Py
instead of P. This technique, which already appears in Delbaen et al. [16],
will also be central for the proofs of our Theorem 3.5 and Proposition 3.6.

We start with a result that gives sufficient conditions for Wy C W, and
P! C PG as well as for Wy = Wy and P&/ = PG/, The relation between
Ps  and ]P’Ef will be used later, while Wy = Wy is helpful in applications to
verify the condition (3.1).
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Lemma 3.4. If H satisfies
Eplexp(—eH)] < oo  for some e > 0, (3.12)
then Wg C W, IP’{; C IP’fH and lP’De’f C IP’;}’f. If H satisfies

Eplexp((y+¢)H)] <oo and Eplexp(—cH)] < oo for some e > 0,
(3.13)
then Wy = Wx, IP’(’; = ]P’fH and IP’Oe’f = ]P’Ie{’f.

Proof. We first show Wy C W, under (3.12). For ¢ > 0, Holder’s inequality
yields

Ep[exp(cw)]

— Ep [exp (cw v %H) exp (_f TVH)]
< (Ep [exp (5 7; Y ew + ’yH)} ) o (Bpfexp(~e))) =+
_ (EPH [exp (5 _; 7cwﬂ Ep [exp(yH)]) - (Ep [exp(—gH)]) T (3.14)

Because of Ep[exp(vH)] < oo and (3.12), this is finite if w € Wy, and then
w e W().

To prove Wy = Wy under (3.13), we only need to show Wy C Wy. For
¢ >0 and w € W, we obtain similarly to (3.14) that

eafomen] < EEZ I (o ()]

by (3.13), and hence w € Wy.

The remainder of the second part follows from Lemma A.1 in Becherer [4].
The proof of the rest of the first part is very similar. Indeed, (3.12) and the
standing assumption that Ep[exp(vH)] < co imply Ep[exp(é|H|)] < oo,
where € := min(e,y). Lemma 3.5 of Delbaen et al. [16] yields

Eqle|H|] < I(QIP) + éEp lexp(é|H|)] for Q < P. (3.15)

IfQ e IP’{;, the right-hand side is finite, thus Eg [|H|} < 00, and we have

d dpP
I(@1Pa) = Bo |log 2~ log S| = I(@IP) +log Ep[exp(y H)] — 1 FolH),

which is finite. This shows Q € P}, and P{’ C P&/ follows analogously. [
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Theorem 3.5. We have that
P&/ £ < FER*(H) exists < FER(H) exists.
In particular, if P&T # 0 and H satisfies (3.12), then FER*(H) exists.

Proof. We first show that P&/ # 0 yields the existence of FER*(H). As
already mentioned, P5’ # § (and the standing assumption Wy # () imply
by Proposition 3 and Remarks 2, 3 of Biagini and Frittelli [8], applied to Py
instead of P, existence and uniqueness of the H-MEM Q% € IF’Ef . Using
QL ~ Py ~ P, we can write

dQx

P E(NT), (3.16)

for some local P-martingale N7 null at 0 such that £(N*) is a positive
P-martingale and S is a Q%-sigma-martingale. Moreover, by Theorem 1.4 of
Biagini and Frittelli [9], applied to Py instead of P, we have as in (3.4)

d

d%g =c exp</ ¢ dS) (3.17)
for a constant ¢ > 0 and some ¢ in L(S) such that [ ¢¥ dS is a Q-martin-
gale for every @ € P/, Since % = exp(vH)/Ep|exp(vH)|, comparing

(3.17) with (3.16) gives

T
E(N), = oxp (/ ¢ ds, + vH),
0

where ¢ := ¢ /Ep[exp(vH)] is a positive constant. We thus obtain

1 1
H = —logé'(NH / ¢Tds, + ! with ¢l == ——logcl,
v v

and hence (N, —1¢# cff) is an FER*(H). Note that [ (7 dSisa P(N*)-
martingale because the H-MEM Q% equals the probability measure P(N H )
associated with (N, —2¢*, ¢5f) by construction; compare (3.16).

To establish the equ1valences of Theorem 3.5, it remains to show that
the existence of FER(H) implies P&/ # 0, because every FER*(H) is ob-
viously an FER(H). So let (N# n* kf') be an FER(H) and recall that
its associated measure P (N H ) is defined by dP(N =& (N H ) . We prove
that P(N") € P;/. By condition (i) on FER(H), P(NH) is a probability
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measure equivalent to P and S is a P(N H )—sigma—martingale. To show that
P(N H ) has finite relative entropy with respect to Py, we write

W) _ PO AP () sl ) fexplr 1)

= exp(—vk{") Ep [exp(vH)] exp (—7 /O ' e dSs)7 (3.18)

where the last equality is due to the decomposition (3.7) in FER(H). This
yields by (ii) of FER(H) that

1700

T
— —’yké{ +log Ep [exp(’yH)] —vEpnn) [/ nf dSs}
0
< Q.
Finally, the last assertion follows directly from the first part of Lemma 3.4. [

While the ezistence of FER(H) and of FER*(H) is equivalent by Theo-
rem 3.5, the two representations are obviously different since FER*(H) im-
poses more stringent conditions. The next result serves to clarify this differ-
ence.

Proposition 3.6. Assume P5/ # 0 and let (N, n" ki) be an FER(H)
with associated measure P (N H ) Then the following are equivalent:

(a) (NH,nH,k(I){) is an FER*(H), i.e., (NH,UH,kéq) satisfies (3.8);
(b) P(NH) equals the H-MEM QF,, and [ 1™ dS is a P(NH) -martingale;
(¢) [n™dS is a QF-martingale and Ep UOT nids,] = 0;

(d) [n*dS is a Q-martingale for every Q € IP”;{.
Moreover, the class of FER*(H) consists of a singleton.
Proof. Clearly, (d) implies (a), and also (c) since Q% exists by Proposition 3 of
Biagini and Frittelli [8], using IP’Ie{’f # () and the standing assumption Wy # ().
We prove “(a) = (b)”, “(c) == (b)” and finally “(b) = (d)”. The first
implication goes as in the proof of Theorem 2.3 of Frittelli [25], because we

have by (3.18) that

P(NH T
% = cllexp (—7/ nH dSS) with cf = exp(—yké{)Ep [exp(yH)]_
H 0

(3.19)
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The implication “(c) = (b)” follows from the first part of the proof of
Proposition 3.2 of Grandits and Rheinldnder [27], which does not use the
assumption that S is locally bounded. To show “(b) = (d)”, note that (b),
(3.17) and (3.19) yield

T T
cil exp (—'y/ nt dSs) = c? exp (/ ¢ dSs) P-as., (3.20)
0 0

where ¢(* in L(S) is such that [ (¥ dS is a Q-martingale for every Q € IP)};.
Taking logarithms and P (N*')-expectations in (3.20), we get ¢ = ¢ since
P(N') € P}/ by the proof of Theorem 3.5. Thus [ nf dS, = =1 [ ¢ ds,
P-a.s. and hence [nfdS = —% [ ¢* dS since both [nfdS and [¢# dS are
P(N*)-martingales. Therefore, [ dS = —% [ ¢H dS is a Q-martingale for
every Q € P},

Theorem 3.5 implies the existence of FER*(H) because IP’Ie{’f # (. To show
uniqueness, let (N, " ki) and (]\NfH,~H,Eé{) be two FER*(H). Since
the minimal H-entropy measure is unique by Proposition 3 of Biagini and
Frittelli [8], we have from “(a) = (b)” that

dQ% ~

H H H

ENT)p=—p =€)

So £ (]V H ) is a version of S(N H ) since both are P-martingales, and taking
stochastic logarithms implies that N* is a version of N¥. Similarly, (3.19)
and (c) yield

E ~
—vk +log (Ep [exp(’yH)}) = Eqr {log dQH] = —yki+log (Ep [exp(’yH)D,

d Py

thus k7 = kI, and therefore again from (3.19) that

T 1 1 dQE T
A4S, =—-=1lo (— H) :/ 77 ds;.

But both [ dS and [ 7" dS are QF-martingales due to (d), and so [ 7" dS
is a version of [nfdS. O

Remark 3.7. Exploiting Proposition 3.4 of Grandits and Rheinlédnder [27],
applied to Py instead of P, gives a sufficient condition for FER*(H) by using

our Proposition 3.6. Indeed, assume that S is locally bounded and Pf]’f £ (.
If for an FER(H) (N, n" k{'), [n" dSisa BMO(P(N*))-martingale and

Ep, Hdz(gf) B } < oo for some € > 0, then (NH,nH’kéV) is the FER*(H).
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Another sufficient criterion is obtained from Proposition 3.2 of Rhein-
lander [50] in view of our Proposition 3.6. Namely, if S is a locally bounded
semimartingale and for an FER(H) (N# n" k') there exists e > 0 such

that Ep, [exp(a[f nft dS}Tﬂ < oo, then (N# nf kl') is the FER*(H). ¢

While there is always at most one F'ER*(H) by Proposition 3.6, the next
example shows that there may be several FER(H). This also illustrates that
the uniqueness for FER*(H) is closely related to integrability properties.

Example 3.8. Take two independent P-Brownian motions W and W+, de-
note by F their P-augmented filtration and choose d =1, S =W and H = 0.
The MEM QF then equals P since S is a P-martingale, and (0,0,0) is the
unique FER*(0).

To construct another FER(0), set N* := W=, Then £(N°) = £(W™) is
clearly a positive P-martingale strongly P-orthogonal to S = W so that con-
dition (i) in FER(0) holds. Define P(N?) by %go) =E(N%), =W,

as usual. By Girsanov’s theorem, W and Wit := Wt —¢ 0 <t < T, are then
P(N 0)-Brownian motions and we can explicitly compute

Ep [1og5(N°)T] = Ep[Wi —T/2] = -T2,
I(P(NO) ‘P) = Ep(yo) [1og5(N°)T} = Epyo) [’W} + T/z] —T/2. (3.21)

This shows that P(N°) € PS>/, Since S = W is a P-Brownian motion,
Proposition 1 of Emery et al. [19] now yields for every ¢ € R a process 7°(c)
in L(S) such that

T
—% logS(WL)T —c= / n2(c)dS, P-as. (3.22)
0
Because I(P(N°)|P) < oo, using the inequality z|logz| < zlogz + 2!
shows that fOT n%(c)dS; is in L' (P(N?)) so that (i) of FER(0) is also satis-
fied. Hence (N° 7°(c),c) is an FER(0), but does not coincide with (0,0,0)
which is the FFER*(0). To check that property (3.8) indeed fails, we can easily
see from (3.21) and (3.22) that [ 7°(c)dS cannot be a P(N°)-martingale if
c# —%T. If c= —%T, we can simply compute, for P € Pg, that

E /Tno(c)dS __lg [logS(No) ]+iT:1T>o
L ’ v o2y oy '

We have just constructed an FER(0) different from FER*(0). Yet an-
other FER(0) can be obtained by choosing for k € R\{0} a process 5°(k) in
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L(S) such that

T/2 T
3(k)dS; =k and B(k)dS, = —k P-as.,

0 T/2

which is possible by Proposition 1 of Emery et al. [19]. Clearly, we have
fOT BY(k)dSs =0 P-a.s. and (0, 8°(k),0) is an FER(0) (with associated mea-
sure P), which even satisfies Fg UOT 3(k)dS,] = 0 for all Q € Pf; but

s

J B°(k) dS is not a P-martingale. This ends the example. O

Example 3.8 shows that we should focus on FER*(H) if we want to obtain
good results. If S is continuous and we impose additional assumptions, the
next result gives BM O-properties for the components of FER*(H). This will
be used later when we give a BSDE description for the exponential utility
indifference value process. We first recall some definitions.

Let @ be a probability measure on (€2, F) equivalent to P and p > 1.
An adapted positive RCLL stochastic process Z is said to satisfy the reverse
Hdlder inequality R,(Q) if there exists a positive constant C' such that

7. p
esssup Eg (—T> F-| = esssup Eg [(ZTVT)”‘}"T] <C.
T stopping ZT T stopping
time time

Recall that Z,r = Zr/Z, for a positive process Z. We say that Z satisfies
the reverse Hélder inequality Ry g1 (Q) if there exists a positive constant C
such that

esssup EglZ,rlog" Z, r|F;] < C.

T stopping
time

Z satisfies condition (J) if there exists a positive constant C' such that
! 7 <7zZ<(CZ
cl-=2=0Z2.

Theorem 3.9. Assume that S is continuous, H is bounded and there ezists
Q € }P’Oe’f whose P-density process satisfies Rpioqr(P). Let (NH,nH, k‘é{) be
an FER(H). Then the following are equivalent:

(a) (N, 0" kll) is the FER*(H);

(b) N7 is a BMO(P)-martingale, E(N") satisfies condition (J), [n* dS
8 a P(NH) -martingale;

(¢) N is a BMO(P)-martingale, E(N") satisfies condition (J), [n* dS
1s a BMO (P(NH) ) -martingale;
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(d) [n™dM is a BMO(P)-martingale, where M is the P-local martingale
part of S;

(e) there exists € > 0 such that Ep [exp(&t ([ 0™ dS]T)] < 00.

The hypotheses of Theorem 3.9 are for instance fulfilled if H is bounded,
S is continuous and satisfies (SC), and [ AdM is a BMO(P)-martingale. To
see this, note that 5(— JAdMm ) then satisfies the reverse Holder inequality
R,(P) for some p > 1 by Theorem 3.4 of Kazamaki [40]. The fact that there
exists k < oo such that xlogx < k + P for all x > 0 now implies that
5(— [AdM ) also satisfies Ry 1og1(F). Hence the minimal local martingale
measure P given by % = (— I A dM)T is in IP’Oe’f and its P-density process
satisfies Rp10g1(P)-

Proof of Theorem 3.9. By Lemma 3.4, P&/ = P&/ # (0 so that there exists
an FER(H) (N*,n" k{") by Theorem 3.5. Before we show that (a)—(e)

are equivalent, we need some preparation. Let Q be a probability measure
equivalent to P. Denoting by Z the P-density process of ) and by Y the
Ppy-density process of (), we prove that

Z satisfies Ry 10 (P) if and only if YV satisfies Ry 105 1(Prr), (3.23)
Z satisfies condition (J) if and only if YV satisfies condition (J).  (3.24)

To that end, observe first that because H is bounded, there exists a positive
constant k£ with % < % < k, which yields

1
LZ<Y <kZ (3.25)
For any stopping time 7, (3.25) implies

Epy (Ve log™ Yer| ) < Ep| Zorlog* (Zorh?)

7.
and so the inequality log®(ab) < log¥a +logb for a > 0 and b > 1 yields
EP [ZT,T log+(ZT,Tk2) ‘FT] S EP[ZT,T lOng ZT,T|fT] +2 log k?

which is bounded independently of 7 if Z satisfies Ry 1051 (P). If Z satisfies
condition (J) with constant C, then (3.25) gives
1 1 1

Y <kZ<kCZ_<KCY_ Y>_I>—7 >—Y .
< kZ<EkCZ_<EkC and 224255 Z 20
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So the “only if” part of both (3.23) and (3.24) is clear, and the “if” part is
proved symmetrically.

By assumption, there exists ) € ]P’Oe’f whose P-density process satisfies
Rp10g 1(P), and so the Py-density process of () satisfies Ry 100 ,(Prr) by (3.23).
Because IP’E’f = Pg’f is nonempty, the unique minimal H-entropy measure
Qg exists, and its Py-density process also satisfies Rpiog1(Pr) by Lemma
3.1 of Delbaen et al. [16], used for Py instead of P. Since S is continuous,
the Py-density process of Q% also satisfies condition (J) by Lemma 4.6 of
Grandits and Rheinlénder [27]. It follows from (3.23), (3.24) and Lemma 2.2
of Grandits and Rheinldnder [27] that

the P-density process Z9H" of Q% satisfies Ry, log .(P), condition (J),

(3.26)
and the stochastic logarithm of Z%# is a BMO(P)-martingale.

“(a) = (b)". Since (N, n# k{') is the FER*(H), Proposition 3.6 im-
plies that the P-density process Z9F of QE is given by & (N*) and that
[ dS is a P(N*)-martingale. We deduce (b) from (3.26).

“(b) => (c)”. We have to show that [n”dS is in BMO(P(N*)). By
conditioning (3.7) under P(N*) on F. for a stopping time 7, we obtain by (b)

T 1
/ ntds, = —;EP(NH) [logE(NH)T‘]:T] + Epviny[H|F] — K,
0
and hence
r H 1 H 1 H
/ nitdS, =— ;mge(N )+ ;EP(NH) [logE(N )T)ﬂ}
+ H — Epyu)[H|F;].

By Proposition 6 of Doléans-Dade and Meyer [17], there is a BMO(P(N*))-
martingale N¥ with é’(.iVH)_1 = E(NH) This uses that Z9+t = E(NT)
satisfies condition (J) and N# is a BMO(P)-martingale by (3.26). Since H
is bounded, we get

T
EP(NH)” / n; dS

1
<2[[H ||~y + ;EP(NH)

F,

log &(N) .~ By | log €(N') .| 7]

log €(N™),. = Ep(ny [ 1og (V) | 7,

1
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and now we proceed like on page 1031 in Grandits and Rheinlédnder [27] to
show that (3.27) is bounded uniformly in 7. This proves the assertion since
S is continuous.

“(c) = (d)”. Due to (3.26), Proposition 7 of Doléans-Dade and Meyer
[17] implies that [n”dS + [[ 5" dS,N7] is a BMO(P)-martingale. By
Proposition 3.2, S satisfies (SC) and N¥ = NH — JAdM for a local P-
martingale N pull at 0 and strongly P-orthogonal to each component of M.
Since S is continuous and satisfies (SC),

o] [franse] [ fro

:—Z/ YN A(M?, M),

3,0=1
Hence [0 dS + [[n* dS,NH] = [ dM is a BMO(P)-martingale.
“(d) = (e)”. We set

1
and L := \/E/anM.
20 [ 0" AM 1% pr0,p)

Clearly, L is like [ dM a continuous BMO(P)-martingale and we have
that || L pao.p) = 1/v2 < 1. Since S is continuous, the John-Nirenberg
inequality (see Theorem 2.2 of Kazamaki [40]) yields

m&qu)

“(e) = (a)”. This is based on the same idea as the proof of Proposition 3.2
of Rheinlénder [50]. Lemma 3.5 of Delbaen et al. [16] yields

o[ [rras] em@ﬁﬂ@)km

for any @ € P}, because H is bounded and (e) holds. So [[ 7/ dS] o s
@Q-integrable and thus the local Q-martingale [7 dS is a square-integrable
(Q-martingale for any @) € ]P’fH. This concludes the proof in view of Proposi-
tion 3.6. [

g =

= FEp [exp([L]T)] L < 0.

Ep
— 1L B o)

1
Eq < [(Q|PH)+EEPH

3.4 Relating FER*(H) and FER*(0) to the in-
difference value

In this section, we establish the connection between FER*(H), FER*(0) and
the indifference value process h. We then derive and study an interpolation
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formula for A. Throughout this section, we assume that
Pel £0  and PST#£0,

and we denote by (N, n" k{') and (N°,7° kJ) the unique FER*(H) and
FER*(0) with associated measures P(NH) = QL and P(NO) = QF, respec-
tively.

Our first result expresses the maximal expected utility and the indifference
value in terms of the given FER*(H) and FER*(0). For a locally bounded
S, this is very similar to Becherer [4]; see in particular there Propositions
2.2 and 3.5 and the discussion on page 12 at the end of Section 3. Indeed,
the main differences are that the representation in [4] is given in terms of
certainty equivalents instead of maximal conditional expected utilities and .S
is locally bounded; but the results are the same.

Theorem 3.10. VZ VO and h are well defined and, for any t € [0,T] and
any Fi-measurable random variable x;, we have

Vi (20) = —exp (= +vk{7) (3.28)

and
he(xy) = hy = kT — K, (3.29)

where k' (and kY, with the obvious adaptations) are defined in (3.9).

Proof. Let us first write (3.2) as

ViH () = — exp(—~ya,) essinf o (9) (3.30)
de AR
with the abbreviation

T
10) = Epfexp( = [ 0.ds. 411 ) 7]
t
Because (N, nf k{') is the FER*(H), ' (¥) can be written by (3.10) as
T
vy (¥) = exp(vhy') Ep {5 (NH), p exp (v / (n = 9s) dSs)
t

T
= exp(vhy') Ep(vi) [exp (7 / (ns =) dSs)
t

using Bayes’ formula. Since P (N H ) = QF ¢ IP)EI’f and [9dS is a Q-super-
martingale and [ 7 dS is a Q-martingale for every Q € P ;I’f , we have

T
EP(NH) |:/ (775—195) dSs
t

|

ft] , (3.31)

7| =0
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which implies () > exp(vk{") by Jensen’s inequality and (3.31). On the
other hand, the choice
9=l se T (332

gives ¢! (9*) = exp(vk{’) by (3.31). Because [¥*dS = [n" dS is a Q-mar-

tingale for every Q € PS5/, 9* is in A and (3.28) now follows from (3.30).
By the same reasoning as for (3.28), we obtain

V(1) = — exp(—ya, + 7k)).
Solving the implicit equation (3.3) for h;(z;) then directly leads to (3.29). O

The proof of Theorem 3.10, especially (3.32), gives an interpretation for
the FER*(H). An investor who must pay out the claim H at time 7" uses,
under exponential utility preferences, the decomposition (3.7). The portion of
H that he hedges by trading in S is fOT nH dS,, whereas %y log £(N*) . remains
unhedged. Moreover, the proof of Theorem 3.10 shows that for ¢ € [0, 7] and
an Ji-measurable xz;, the value of V;H (z¢) is not affected if we restrict the set
Al to those ¥ € A such that [ dS is not only a Q-supermartingale, but
a (Q-martingale for every (Q € IP’Z’f .

Proposition 3.11. Assume that H satisfies (3.12). Then for any Q € P}
and t € [0,T7,

h, = E 1 g(NH)t,T
¢ = Eq[H|F] - ;EQ logw Fil- (3.33)
T
In particular,
o = Eolt] + - (1(QIQF) ~ 1(Q1f)): (3.34)

The decomposition (3.34) of the indifference value hg can be described
as follows. The first term, Eg[H], is the expected payoff under a measure
Q¢ P(f] . This is linear in the number of claims. The second term is a nonlinear
correction term or safety loading. It can be interpreted as the difference of
the distances from Q% and QF to Q (although I(-|-) is not a metric). This
correction term is not based on all of H, but only on the processes N and
NY from the FER*(H) and FER*(0), i.e., on the unhedged parts of H and
0, respectively. A similar decomposition also appears for indifference pricing
under quadratic preferences; see Schweizer [53].

If H satisfies (3.12), then the indifference value process h is a QF-super-
martingale. In fact, Jensen’s inequality and (3.33) with Q@ = QF yield
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hy > Ege[H|F)] P-as. for t € [0,T] and so h; € L'(Qf) since H is Qg-
integrable due to (3.12); compare (3.15). Moreover, Z := 5(NH)/5(N0)
is a QF-martingale as it is the Q{-density process of Q%. Thus log Z has

the QF-supermartingale property by Jensen’s inequality, and so has h since

he = Eqe[H|F] — %EQg[log Zr|F] + %log Z; for t € [0,7] by (3.33). Now

Eqp [h¢] < hg < oo shows that h; is QF-integrable for every ¢ € [0, 7.

Proof of Proposition 3.11. Since @) € IP’{; C IP’{LI by Lemma 3.4, [ndS is a
()-martingale by Proposition 3.6. Moreover, H is Q-integrable due to (3.12);
compare (3.15). From (3.10), we thus obtain for ¢ € [0, T that

kil = Eq {H — %mgg(NH)tT

ft} . (3.35)
Plugging (3.35) and the analogous expression for & into (3.29) leads to (3.33).
To prove (3.34), we first show that I(Q|QF) is finite. We can write

1(Q]Q¢) = Eo {bg X o %} ~ HQIP)~ Eo[log ("), ] < 5o (3.36)

because Q € P) and —Fy [log £(N?),.] =~k by (3.35) for H =0 and ¢ = 0.
Moreover, Q < P ~ QF gives % > 0 -a.s. and thus from

dQ  dQ dP dQ 1

1QF ~ aPaQy ~ dPE(Nm), @S
that 10 40
J— H — — _ -
logE(N )T log d0F log 1P Q-a.s.,
and analogously for 0 instead of H. Hence
E(N) dQ dQ
Eol|—log——2T| = Ep |1 -1 =7 A | £y
Q 0g S(NO)T Q[Og dQEI 0g onE (Q|QH) (Q‘QO)

where we have used (3.36) for the last equality. Now (3.33) implies (3.34). O

We next come to the announced interpolation formula for the indifference
value.

Theorem 3.12. Let Q) € ]P’Ef and ¢ in L(S) be such that [ ¢ dS is a Q- and
QL -martingale. Fiz t € [0,T), denote by Z the P-density process of Q, set

o exp(vH—i— j;T Vs dSs)

: 3.37
t Zt7T ( )
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and assume that VI and log UV are Q-integrable. Then there exists an F;-
measurable random variable 61 : Q@ — [1,00] such that for almost all w € €,

kH (W) = log (EQ[ wh |V 5‘35] )5 , (3.38)

=0{1(w)

where

1og(EQ[\x1/f \1/5‘]-}} (w)f‘ém — lim 1og(EQ[\\1/H\”‘S‘ft} (w)>6 (3.39)

d—00

= Fqg [log \Ifﬂ}}} (w)
for almost all w € Q2.

In view of hy = k! — kY by Theorem 3.10, (3.38) gives us a quasi-explicit
formula for the exponential utility indifference value if H is bounded and
if we can find a measure @ € Py /' such that the corresponding WY given in
(3.37) and log ¥} are Q-integrable for some predictable ¢ such that [ ¢ dS is
a Q-, QF- and QE-martingale. For ¢ = 0, one possible choice is the minimal
0-entropy measure QF which is by (3.19) and Proposition 3.6 of the form
dQO =3 exp( fOT ¢? dSS) for a constant ¢ and a predictable process ¢° such
that J¢°dS is a Q-martingale for every @ € IP’(’; . One disadvantage of this
choice is that Q¥ is in general unknown; a second is that we still need to find
some ¢, and we know almost nothing about the potential candidate ¢°. In
Corollary 3.13, we give conditions under which the explicitly known minimal
local martingale measure P satisfies the assumptions of Theorem 3.12.

Proof of Theorem 3.12. From (3.10) and (3.37), we obtain via QH = S(NH)T

and Bayes’ formula that
E(NH T
—(Z )us exp (/ (05 + ) dSs) ‘ft]
T ¢

= Egs [eXp ( /t ) (s + ") dSs) t}

> exp (EQg { /t ' (¢s +vnl") dS; tD (3.40)

=1
by Jensen’s inequality and because [ pdS and [ 7 dS are Qf;-martingales.
Hence

exp(—k(") Eq [¥{| 7] = Eq

kP < %log Eq V| 7]. (3.41)
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On the other hand, (3.35), (3.37) and Jensen’s inequality yield
i = Eq[vH ~log €(N™), | 7]
E(NY),

Za | t]

> Eqlog U/'| 7. (3.42)

= Eg|log UF — log

Consider the stochastic process f(+,-) : [1,00) x £ — R defined by

£(6,0) = log(EQ“\I/fI}% ]-“t} @))5, (6,w) € [1,00) x Q.

Because |W |1/ <14+ WH ¢ L(Q) for all § € [1,00), Lebesgue’s dominated
convergence theorem and Jensen’s inequality for conditional expectations al-
low us to choose a version of f which is continuous and nonincreasing in ¢ for
all fixed w € Q, so that by monotonicity, the limit f(oo,w) := lims_, f(0,w)
exists for all w € 2. We next show that

f(oo,w) = Eg[log U{'| 7] (w) for almost all w € €. (3.43)

To ease the notation, we define g(-,-) : [1,00) X 2 — R by

g(0,w) := (exp(f(é,w)))}s = EQU‘IIfI}% ]:t} (W), (bw) € [l,00) xQ

so that f(d,w) = dlog g(d,w). Again since [W |/ <1+ WH ¢ LY(Q) for all
d € [1,00), dominated convergence gives

lim g(n,w) =1 for almost all w € Q. (3.44)

n—oo

For x > 1/2 we have z — 1 > logx > x — 1 — |z — 1], from which we obtain
by (3.44) that for almost all w € Q, there exists ng(w) € N such that

2, n > no(w).
(3.45)

n(g(n,w) - 1) > f(n,w) > n(g(naw) - 1) - n‘g(n,w) -1
In view of (3.44) and (3.45), we get (3.43) if we show that

lim n(g(n,w) — 1) = Eg[log \IJtH’J’:t] (w) for almost all w € Q. (3.46)

n—oo

But (3.46) follows from Lebesgue’s convergence theorem and

1 1
lim n(|\11f{|“ — 1> = lim n(exp (—log \Iff) — 1) = log \IJtH P-as.
n

n—oo n—oo



3.4. Relating FER*(H) and FER*(0) to the indifference value 59

if we show that n’ ‘\Ilfl ‘ Vg ), n € N, is dominated by a ()-integrable random

variable. Due to e®* — 1 > z for x € R and

d 1 1 1 1 1
—x(cﬂ — 1) =aw (1 — —loga) —1<ax exp(——loga) —1=0
dzx x x

for a > 0 and x > 0, it follows for a = U that
1
log U < n(exp(—log\I/tH) — 1) <y -1, neN
n

This gives n“‘llﬂl/n—l‘ < |log ¥/ |+¥f € L'(Q), n € N, and proves (3.43).
Combining (3.41), (3.42) and (3.43) yields f(oo,w) < vkl(w) < f(1,w)
for almost all w € €2. By the intermediate value theorem, the set

A(w) = {0 € [1,00] | f(6,w) = 7k, ()}
is thus nonempty for almost all w € . Define 67 : Q — [1, o] by
SH(w) :==sup A(w), weQ, (3.47)

setting 67 := 1 on the P-null set {w € Q| A(w) = 0}. By continuity of f in
9, A(w) is closed in RU{+o00} for all w € €2, and we get for almost all w € €,

F(0 (W), w) = 7k (w). (3.48)

It remains to prove that the mapping w + 6 (w) is F;-measurable. Because f
is nonincreasing and due to (3.47) and (3.48), we have for any a € [1, 00| that

{weQ|ofl(w) <a} ={we| O w),w) > fla,w)}
= {w e Q1. (w) > fla,w)}
— U ({wea|wiw) > g} n{we s> flaw)})

q€Q

up to a P-null set. The last set is in JF; because k2 and f(a,-) for fixed
a € [1,00] are F;-measurable random variables. Since F; is complete, the
set {w € Q|6 (w) <a} is in F; for every a € RU{+o0}, and so &/ is F-
measurable. O

The next result provides a simplified version of Theorem 3.12 based on
the use of the minimal local martingale measure P.
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Corollary 3.13. Fizt € [0,T] and assume that H is bounded and S satisfies
(SC). SuppOfe further that P given by E=£&(- f)\dM)T is in BT that
[ AdS is a P-, QF- and Q% -martingale, and that the random variable

(- ) Q1
exp( — /AdM>+—[/AdMD SN
2 o AL TN AN,

and its logarithm are P—integmble. Then there exist Fi-measurable random
variables 00, 68 : Q — [1, 00| such that for almost all w € €,

hi(w) = % log (Ep “quf’l/é‘ft] (w)>5

5=081(w)

)

1 5 5
— —1Og(Ep[|‘1’?!1/ ‘ft] (w)>
g 5= 89(w)

where we use the convention (3.39) and the definition

H eXp('YH - j;gT )\s dSs) e/YH eXp<_f)\dS)tT
t = = — . (3.49)
g(_ f)\dM)uT 5(_f)\dM)t,T

Proof. We only need to check that W9, U given by (3.49) and log U9, log W/
are P—integrable as the result then follows from Theorems 3.10 and 3.12 with
the choice Q := P and ¢ := —\. Using the formula for the stochastic
exponential and (SC), we get

30 vanr )+ 1] [aam| e
t_exp(_</ >+§[/ :| )t,T tET]‘_)\/SAMS’

and thus U9, log 99 € L! (]5) by assumption. The same is true for U7 because
H is bounded by assumption. O]

To the best of our knowledge, results like Theorem 3.12 and Corollary
3.13 have not been available in the literature so far. A closed-form expression
for the exponential utility indifference value has been known only in specific
cases when the asset prices are modeled by continuous semimartingales; see
for example Theorems 2.9 and 2.10 for explicit expressions of the indifference
value in two Brownian settings. There the adapted process d7, called the
distortion power, is closely related to the instantaneous correlation between
the driving Brownian motions. The model of Chapter 2 consists of a risk-
free bank account and a stock S = S! driven by a Brownian motion W. The
claim H depends on another Brownian motion Y which has a time-dependent
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and fairly general instantaneous stochastic correlation p with W, with |p| uni-
formly bounded away from 1. Theorem 2.9 proves that the indifference value
is of the form of Corollary 3.13 above, with 6 and 6? taking values between

1 —
inf and d; := sup
selt.1) |1 — [ ps|* || o= (p) seltT)

1

0, = _
- 1- ’ps|2

L>(P)

(The random variables (51{7 , 09 in Theorem 2.9 correspond to 67, 6% in Corol-
lary 3.13.) For small |p| (uniformly in s, in the L>-norm), the claim H is
almost unhedgeable and 1/ is nearly 1, whereas for |p| close to 1, the claim
H is well hedgeable and 1/6 is nearly 0. So in that Brownian model, 1/§% is
closely related to some kind of distance of H from being attainable or hedge-
able. In the subsequent discussion, we extend this idea to a more general
setting, while we come back to the Brownian model in Section 3.6. Proposi-
tion 3.28 in Appendix A makes more precise the range of 67 in a continuous
filtration, where all local P-martingales are continuous.

Consider the setting of Corollary 3.13 where S is (in addition) continuous
and satisfies (SC), and H is bounded. Then the P-martingale part M of S is
continuous and the mean-variance tradeoff process K = ([ AdM) = ([ A dS)
is P-a.s. finite by (SC). The quantity ¥ from (3.49) then reduces to

1
T = exp (’yH — 5 (Kr - Kt)>,

and the assumptions of Corollary 3.13 are satisfied if K is bounded, because
J AdM is then a BMO(P)-martingale. If we now even suppose that Kr is
deterministic, the indifference value at time 0 simplifies to

(3.50)

ho = %log (EP [exp (vH/ 5)} )6 s=f!

by Corollary 3.13. If 6T < oo, we can write
ho = —Ug! <E15 [UH(—H)D, where Up(z) := —exp(—z/df), = € R,

which means that —hg is a certainty equivalent of —H. Note, however, that
this is done under P, not P, and with respect to the utility function Un,
not U, where Uy depends itself on the claim H. If § = 1, then Uy and U
coincide and H is valued by the U-certainty equivalent under P. Moreover,
(3.38) shows that we then must have equality in (3.40) for ¢ = 0, which
implies that fOT (vnf — ;) dS; is deterministic, hence [(yn™ — ) dS = 0.
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In other words, the equivalent formulation (3.11) of FER(H) in Proposition
3.2 simplifies in this case to

1 ~ 1
}J:;byﬂNﬂT+§#ﬁ+%ﬁ

which means that H consists only of a constant plus an unhedged term. This
may be interpreted as saying that H has maximal distance to attainability.
On the opposite extreme, the case 67 = oo leads by (3.50) and (3.39) (and
still under the same assumptions) to hy = E5[H]. Hence for §i7 = oo, we get
a familiar no-arbitrage value for H. In this case, (3.38) and (3.39) show that
we must have equality in (3.42) for ¢ = 0; hence E(N*) = &(— [ AdM) and
thus (3.11) simplifies to

H = / dS—l— KT+/<;

showing that H is attainable. Summing up, we can interpret 1/6% as the
distance of H from being attainable; for 1/6 = 0 (convention: 1/00 = 0),
the distance is minimal, whereas for 1/6% = 1, it is maximal. The following
remark shows how this idea can be made mathematically more precise.

Remark 3.14. Assume that S is continuous and satisfies (SC) and that
Kr = < JAdM >T is bounded, but not necessarily deterministic. By Theo-
rem 3.12 and Corollary 3.13, we can attribute to any H € L*(P) a number
§(H) := 6 in [1, 00] uniquely defined via (3.47) with Q = P and ¢ = —\.
Defining for G, H € L*(P)

1 1
2y 2y
gives an equivalence relation on L>®(P). We denote by D := L>(P)/~ the

set of its equivalence classes and associate to each equivalence class a repre-
sentative. We further define the mapping d: D x D — [0, 1] for G, H € D by

1 1

ﬂGH%:L@+%Kﬂ_MH+ = Kr)|

Clearly, d is a metric on D. A claim G € L*>(P) is called (P—) attainable if it
can be written as G = E[G] + fOT B, dS; for a predictable process (3 such that

[BdSisa P—martingale, which is then even a BMO (f’)—martingale. If Gis
attainable, the FER* of G + %KT equals (— [AdM, B+ %)\, EP[G]), and so
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the term log % vanishes identically. This implies 5(G + 2i,yKT) =00

by the proof of Theorem 3.12, hence G ~ 0. Therefore,

1
d0,H) = ——F——
0.5) 0(H + 5 Kr)

is a distance of H € L*°(P) from attainability.

The maximal value of d(0,-) depends on the diversity of the filtration F.

If S has the predictable representation property in F in the sense that any

H € L*®(P) is attainable (as above), then ~ has only one equivalence class

and d = 0. On the other hand, suppose that there exists a nondeterministic

local p—martingale N null at 0 and strongly P—orthogonal to each component

of S such that E(N) is a P-martingale bounded away from zero and infinity.

The maximal distance to attainability is then attained by %log E(N)r since

d(0, 3 log E(N)r) = 1. O

3.5 A BSDE characterisation of the indiffer-
ence value process

In this section, we prove that the indifference value process h is (the first com-
ponent of) the unique solution, in a suitable class of processes, of a backward
stochastic differential equation (BSDE). This result is similar to Becherer [5]
and Mania and Schweizer [44], but obtained here in a general (not even locally
bounded) semimartingale model.

We assume throughout this section that

Psl # 0

and denote by QF the minimal 0-entropy measure. Let us consider the BSDE

1 t
I''=Ty+ ; log S(L)t +/ ’QDS dSs, te [0, T} (351)
0

with the boundary condition
I'r=H. (3.52)

We introduce three different notions of solutions to (3.51), (3.52).

Definition 3.15. We say that the triple (I',%, L) is a solution of (3.51),
(3.52) if

Si) I is a real-valued semimartingale;
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Sii) 4 is in L(S);

Siii) L is a local QF-martingale null at 0 such that £(L) is a positive Q-

martingale and S is a Q(L)-sigma-martingale, where Q(L) is defined by

dQ(L
ag = E(L)r.

We call (T', v, L) a special solution of (3.51), (3.52) if furthermore

Siv) [ dS is a Q-martingale for every Q) € Pg’f :

Sv) Ep [S(L) 0 log <€(L) ‘?)} < 00, i.e., the probability measure Q(L)

aP
defined by dd%? := &(L)r has finite relative entropy with respect to P.
If S is locally bounded, we say that (I',%, L) is an orthogonal solution of
(3.51), (3.52) if it satisfies (3.51), (3.52), Si), Sii) and

Siii’) L is a local QF-martingale null at 0 and strongly QF-orthogonal to
every component of S and such that (L) is positive.

Under the assumption that S is locally bounded,

a triple (I', 4, L) is a solution of (3.51), (3.52) if and only if

- . , B : (3.53)
it is an orthogonal solution and £(L) is a )y -martingale.

To see this, note first that a locally bounded S is a Q(L)-sigma-martingale
if and only if £(L)S is a local Q¥-martingale, under the assumption that
Q(L) is a probability measure. If (I',4, L) is a solution, then Siii) holds and
all of £(L)S, E(L) and S are local QF-martingales. Hence (L) is strongly
Q&-orthogonal to every component of S, and therefore so is L. Conversely, if
Siii’) holds, then £(L) is like L strongly Q¥-orthogonal to every component of
the local QF-martingale S. Hence £(L)S is a local Q¥-martingale and thus
S is a Q(L)-sigma-martingale if £(L) is a Qf-martingale.
Our main result in this section is then

Theorem 3.16. Assume that H satisfies (3.13). Then the indifference value
process h is the first component of the unique special solution of the BSDE
(3.51), (3.52).

Theorem 3.16 looks at first glance like Theorem 13 of Mania and Schwei-
zer [44]. The important difference, however, is that we do not suppose that
the filtration I is continuous, i.e., that all local P-martingales are continuous.
If IF is continuous, then %Ylog E(L) = L/y— 3(L/v) and Theorem 3.16 corre-
sponds to Theorem 13 of Mania and Schweizer [44]. (Since H is allowed to be
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unbounded in Theorem 3.16, there are some differences in the integrability
properties.) However, recovering the latter result in precise form and almost
full strength from Theorem 3.16 requires some additional work which we dis-
cuss at the end of this section. The derivation in [44] uses the martingale
optimality principle, the existence of an optimal strategy for the indifference
value process, and a comparison theorem for BSDEs. Our proof is completely
different; it is based on our results for the FER*(H) and its relation to the
indifference value.

Theorem 4.4 of Becherer [5] is another similar result. Instead of a contin-
uous filtration, the framework in [5] has a continuous price process driven by
Brownian motions, and a filtration generated by these and a random mea-
sure allowing the modeling of nonpredictable events. Again, to regain from
Theorem 3.16 the same statement as in Theorem 4.4 of Becherer [5], some
additional work is necessary, which is carried out in Appendix B.

In Corollary 3.6 of the earlier paper [4], Becherer gives a characterisation
dQE
of aor
viewed as a dynamic extension of that result to a general semimartingale

model.

in a locally bounded semimartingale model. Theorem 3.16 can be

Proof of Theorem 3.16. By Lemma 3.4, (3.13) implies that P&/ = P&7 £ 0,
and so Theorem 3.10 and (3.9) yield

1 & NH t
hy =k — K0 = ho + ;10g g((NO)): +/0 (nf —nd)dsS,, 0<t<T,
where (N# nf k{') and (N° n° kJ) are the FER*(H) and FER*(0); see
Proposition 3.6 for their properties. Then v := nf — 1% is in L(S) and
[ dS is a Q-martingale for every Q € Po' = PS5/, By Bayes’ formula,
E(NH)/S (NO) is the QF-density process of Q%, and so it is a positive QF-
martingale and its stochastic logarithm L, defined by £(L) = & (N H ) / E (N 0),

E
is a local Q¥-martingale null at 0. Moreover, dAL) S(L)Tdﬁf = C?—Pff

P shows
Q(L) = QL. Hence S is a Q(L)-sigma-martingale and Sv) is satisfied because
E has finite relative entropy with respect to P. Since hy = H by definition,
we see that h is the first component of a special solution of the BSDE (3.51),
(3.52).
To prove uniqueness, let (I', v, L) be any special solution of (3.51), (3.52).
Denote by (NO, n°, kg) the unique FFER*(0), and define

N:=N'+L+[N°L], n:=n"+4¢ and ko:=kj+T,. (3.54)

We claim that
(N,n, ko) is the unique FER*(H). (3.55)
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For the proof, we first note that £(N°)E(L) = E(N°+ L+ [N°, L]) = E(N)
by Yor’s formula. Using (3.51), (3.52) and (3.7) for H = 0 thus yields

T
H= %log(E(NO)TE(L)T) + / (n] +1s) dSs + kg + T
1 T :
= alogE(N)T +/ ns dSs + ko.
0

Therefore (N, n, ko) satisfies (3.7) for H, and it is enough to show that the
assumptions on N and n for FER*(H) are fulfilled. By Bayes’ formula,
E(N) = S(NO)S(L) is a positive P-martingale, because 5(L) is a positive
Q¥ -martingale by Siii) and £(N°) is the P-density process of QF. Writing
next

dP(N) dP(N) dP o
1QF — ap doF ~ EN)r/E(N®), =E(L)r,

we see that P(N) = Q(L) which implies that

< 00

I(P(N)|P) = Ep {E(L)Tdd% log (8(L)T%>

by Sv) and that S is a P(N)-sigma-martingale by Siii). Because (N°,7°, kJ)
is the FER*(0), [ndS = [7n°dS + [+ dS is by Proposition 3.6 and Siv) a
Q-martingale for every Q € P& = ng , hence also for P(N) and Q%, and
so (N,n, ko) is an FER(H) satisfying (c) from Proposition 3.6. This implies
(3.55). Uniqueness of the FER*(H) and (3.54) now imply that Iy, ¢ are
unique; so is L due to E(L) = E(N)/E(N?), and finally also I' by (3.51).
This ends the proof. n

The above argument shows in particular a close link between the FER*(H)
and the BSDE (3.51), (3.52). Provided we have the FER*(0), we can con-
struct FER*(H) from the special solution of (3.51), (3.52), and vice versa.
This is familiar from exponential utility indifference valuation; indeed, know-
ing FER*(0) corresponds to knowing the minimal O-entropy measure QF.

Remark 3.17. If S is locally bounded and H is bounded, there is another
way to prove uniqueness of the first component of a special solution of the
BSDE (3.51), (3.52), which we briefly sketch here. If (I',%, L) is a special
solution of (3.51), (3.52), the idea is to show that I' equals the indiffer-
ence value process h, which then yields the desired uniqueness result. Let
t € [0,7] and replace in the definition of A/ the condition that [JdS is a
@-supermartingale for every ) € IP’;I’f by assuming that it is a ()-martingale
for every () € IP’IZ’f . We do the analogous change for A? and note that this
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does not affect the values of V;# and V? as mentioned after the proof of
Theorem 3.10. We now apply Proposition 3 of Mania and Schweizer [44]
to obtain

1 T
hy = —logessinf Egr {exp (fyH — ”y/ Uy dSs> ’]—"t} . (3.56)
Y ve Al 70 t

Using (3.51), (3.52) gives

T
ED)r 7/ b, dS,,
t t

T
YH = ATy +log (L)1 + 7/ s dSs = 7Ty + log
0 E(L)

which we plug into (3.56) to obtain

1 T 1
hy =Ty + —logessinf Egr, [exp (fy/ (s — V) dSS) ‘.7-}] =Ty + —logA,
Y Ve Al t Y

where the probability measure Q(L) is defined by d(%é) = &(L)r. To show
0

that A = 1, we first note that Q(L) € B¢/ by Sv), P5/ = P&/ by Lemma 3.4,
and [ dS as well as [0 dS are Q-martingales for every @ € Pyl = po!
by Siv) and because ¥ € AX. Jensen’s inequality then yields A > 1, and we
obtain A < 1 by the choice ¥* := ¢) € A. Note that also for this uniqueness
proof, we have used the assumption that (I, 4, L) is a special solution of the
BSDE (3.51), (3.52), i.e., that it also satisfies Siv), Sv). O

We have seen in Section 3.3 that the difference between FER(H) and
the (unique) FER*(H) is an issue of integrability. The same thing happens
here: The next example shows that the BSDE (3.51), (3.52) may have many
solutions if we omit the requirement Siv) (which corresponds to (d) in Propo-
sition 3.6).

Example 3.18. As in Example 3.8, take independent P-Brownian motions
W and W+, their P-augmented filtration Fand d =1, S = W, H = 0. Then
QY = P and (0,0,0) is the unique special solution of (3.51), (3.52).

As in Example 3.8, take N = W+ and use Proposition 1 of Emery et
al. [19] to find for any ¢ € R a process ¢(c) in L(.S) such that

1 T
- log E(N®), —c= / Ys(c)dSs  P-a.s.
0
If we then set T'y(c) := ¢+ %logS(NO)t + fot s(c) dSs for t € [0, T, we easily

see as in Example 3.8 that (I'(c), ¢ (c), N°) is a solution to (3.51), (3.52) and
satisfies Sv), but not Siv). So we clearly have multiple solutions. O



68 Chapter 3. A general semimartingale model

Theorem 3.16 allows us to obtain a result similar to Proposition 3.11.

Corollary 3.19. Assume that H satisfies (3.13). Then we have for any
probability measure Q € P& = P& and t € [0,T) that

1
hi = Eq[H|F] — ;EQ [log E(L)ur|F], (3.57)

where L is the third component of the unique special solution of the BSDE
(3.51), (3.52). In particular,

ho = Eqp H] + ~1(QF|Q(L)), (3.58)

where %(? =&(L)r.

Proof. Theorem 3.16 implies (3.57) by taking conditional Q-expectations be-
tween ¢t and T in (3.51), using (3.52) and Siv). (3.58) follows for Q@ = QF. O

Remark 3.20. Corollary 3.19 raises the question if one can find a probability
measure ) € Py /' such that the indifference value is the (Q-conditional expec-
tation of H. From (3.57) we see that log £(L) must then be a @-martingale,
and if we write the QF-density process of @ as £(R) for some local QF-
martingale R, Bayes’ formula tells us that we want £(R)log&(L) to be a
Q¥-martingale. 1to’s formula gives

E(R);_
E(L).

d(E(R)logE(L)), =log E(L),— dE(R), + d&(L),

2
+ E(R)i— (AR, + 1) log(1 + AL;) — AL),

b E(R),d {LC, Re - 1L01
t

where L¢ and R¢ denote the continuous local QF-martingale parts of L and R.
For £(R)log£(L) to be a local QF-martingale, we must have that R® = {L¢

on {L°¢ # 0} and AR, = % on {AL; # 0}. Therefore, we define
R = R°+ R% by

ALy —log(1+ ALjy)
log(1 + ALj)

1
Rj = S Lj and Rf:= )" Tap.z0 — Ay, (3.59)

0<s<t

where A is the dual predictable projection under Q¥ of the sum in (3.59).
Note that R? is well defined, since AL, > —1, AL, # 0 implies that

ALs —log(1+ ALy)
log(1 + ALj)

< |AL5’;




3.5. A BSDE for the indifference value process 69

in fact, log(1 + x) > ¢ for # > —1 implies that ‘%ﬁ:@) < |x| for

x> —1, z # 0. By this construction, £(R) and £(R)logE(L) are local QF-
martingales, but it is not clear whether they are true QF-martingales. If

they are and if ) defined by ddQ_QE :=&(R)r is in P§ /' then we obtain indeed
0

hy = Eqg[H|F;] for all t € [0,T]. In general, this representation is not linear
in H since the probability measure @) may (via L) depend on H. Mania and
Schweizer [44] showed in their Proposition 11 that a representation of this
type exists if the filtration is continuous and H is bounded, in which case

R=;L. O

Becherer [5] and Mania and Schweizer [44] show BM O-estimates for all
components of the solution to the BSDE for the indifference value process h.
It seems doubtful if one can obtain such results in our general framework
here, but under a mild additional assumption, we can still characterise Siv)
via BM O-properties without being more specific about the filtration IF; see
Theorem 3.21 below.

The indifference hedging strategy 3 is defined as the difference of the
strategies which attain Vi (hg) and VQ(0), i.e., as that extra trading we do
in the optimisation which can be attributed to the presence of a claim. If H
satisfies (3.13), we have 3 = nff —n° =1 by (3.32) and the proof of Theorem
3.16, where v is the second component of the unique special solution of the
BSDE (3.51), (3.52). Hence it is of particular interest to know when [ ¢ dS
isa BMO (Qf)—martingale.

Theorem 3.21. Assume that S is continuous, H is bounded and there exists
Q € ]P’S’f whose P-density process satisfies Rpogr,(P). Let (I';v, L) be a
solution of the BSDE (3.51), (3.52) which satisfies Sv). Then the following

are equivalent:

(a) (T',¢, L) is the special solution of (3.51), (3.52), i.e., it also satisfies
Siv);

(b) L is a BMO(QF)-martingale, £(L) satisfies condition (J), and [ dS
is a QF -martingale;

(c) [¢dS is a BMO(QF)-martingale;

(d) [¢dM is a BMO(P)-martingale, where M is the P-local martingale
part of S;

(e) there exists € > 0 such that Ep [exp(a [f¢dS]T)] < 00.
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Proof. “(a) => (b)”. Denote by (N*,n k{) and (N 7° kJ) the unique
FER*(H) and FER*(0). Theorem 3.9 implies that N N° are BMO(P)-
martingales and £ (N H ), & (N 0) satisfy condition (J), say with constants C!
and C°. By the proof of Theorem 3.16, we have £(L) = E(N) /E(N”) and
thus £(L) satisfies condition (J) with constant CC°. Since 1/E(N°) is
the QF-density process of P, S(No)fl = S(NO) for a local Q¥-martingale
N° and so £(L) = E(N¥ + N° + [N#,N°]) by Yor’s formula. Due to the
properties of N° and N¥, both N° and N¥ + [NH,NO] are BMO(QF)-
martingales by Propositions 6 and 7 of Doléans-Dade and Meyer [17], and
hence so is L = N° + N + [NH, NO}. Finally, [¢dS is a Qf-martingale
by Siv).

“(b) = (¢)”, “(c) = (d)” and “(d) = (e)”. These go along the same
lines as the proofs of the corresponding implications in Theorem 3.9. Instead
of (3.7) we take (3.51), (3.52), and we replace P(N#) by QF.

“(e) = (a)”. Like for the corresponding implication in Theorem 3.9, we
obtain that [ ¢ dS is a square-integrable Q-martingale for any Q) € PoS =P/,
which implies Siv). O

Remark 3.22. Example 3.18 also shows that even if the assumptions of
Theorem 3.21 are satisfied, none of the equivalent statements (a)—(e) need
hold. This is another way of saying that there exist solutions of (3.51), (3.52)
which are not special solutions. O

Corollary 3.23. Suppose the assumptions of Theorem 3.21 hold. Let (I',4, L)
be an orthogonal solution of the BSDE (8.51), (3.52). Then (I';9,L) is
the special solution of (3.51), (3.52) if and only if both L and [ dS are
BMO (Qf) -martingales and E(L) is a QY -martingale which satisfies condi-
tion (J).

Proof. The “only if” part follows immediately from Theorem 3.21. For the
“Uf” part, note first that (I',4, L) is a solution of (3.51), (3.52) by (3.53). So
we need only show that (I',v, L) satisfies Sv) in view of Theorem 3.21. We
first prove that [¢dS is a BMO(Q(L))—martingale, where %(? =&(L)r.
Because 1/5(L) is the Q(L)-density process of QF, it can be written as
E(L)™ ! = S(ﬁ) for a local Q(L)-martingale L satistying L + L + [L, [A/} =0
by Yor’s formula. The continuity of S and the strong Q&-orthogonality of L

to S entail
Uws,ﬁ} :—[/¢dS,L] = 0.

This yields by Proposition 7 of Doléans-Dade and Meyer [17] that [ dS is
a BMO(Q(L))-martingale. For the second component n° of the FER*(0),
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we similarly have that [7°dS is a BMO(Q(L))-martingale since [7°dS is
a BMO(Q{)‘J)-martingale by Theorem 3.9. Because (I, 1, L) is a solution of
(3.51), (3.52), we can write

T
log E(L)r = —7/ s dSs +vH — AT,
0
and similarly, we have for the FER*(0) (N, n° k) that

dQy

1
%8 1P

T
= logE(NO)T = —7/ n? dS, — VY.
0

Because [(n° + ) dS is a BMO(Q(L))-martingale, we thus obtain

dQ¥ 4
Eq1) [log (5(L)T d% )} = —To — ko +vEq) [H - / (n + ) dSs:|
0
= =T — kg + v Equy[H] < o0
since H is bounded. Hence (T, 4, L) satisfies Sv) and we are done. ]

Corollary 3.23 allows us to recover Theorem 13 of Mania and Schweizer [44]
from our Theorem 3.16. However, this still requires some work which is done
in the next two results. A similar approach presented in Appendix B can
be used to recover Theorem 4.4 of Becherer [5] from our Theorem 3.16. Al-
though the following lemma is a special case of Proposition 7 of Mania and
Schweizer [44], we give the proof here as well, both for completeness and
because it is quite simple in this case.

Lemma 3.24. Assume that the filtration F is continuous, H is bounded and
let (I',4, L) be an orthogonal solution of the BSDE (3.51), (3.52) with bounded
first component . Then L and [ dS are BMO (QOE) -martingales.

Proof. If L and [ dS are true QF-martingales, (3.51) yields by continuity
of L that

Eqe[(L)r—(L)-|F-]= 2vEqp[T-—=T1|F;] for any stopping time 7. (3.60)

Because I' is bounded, the right-hand side of (3.60) is bounded independently
of 7, and thus L is a BMO(Q{)-martingale. Therefore, (EQ{); [(L)r|F,])

is also a continuous BMO (Qéﬂ )—martingale, because

0<s<T

<L>T - EQOE [<L>T|}—T}

EQS{ ’]—"T} <2Eqge [(L)yr — (L)-|F:] < QHLHQBMOQ(QOE)
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for any stopping time 7. Taking conditional Q{-expectations in (3.51) with
t =T gives
5 1 1

/ 1y dS, = Egp[lr — To|Fy] — ;LS + ﬂEQé; (L)r|F], 0<s<T,

0
andso [¢dSisa BMO (Qf)—martingale as well. Note that we obtain bounds
for the BMO,(Q¥F)-norms of L and [ ¢ dS that depend on I' (and 7) alone.

For general L and [ dS, we stop at 7,, and apply the above argument
with T" replaced by 7,. Letting n — oo then completes the proof. O

A closer look at the proof of Lemma 3.24 shows that we did not use
the property that L is strongly QF-orthogonal to S. However, this is of
course necessary if we want to prove a uniqueness result. By combining
Lemma 3.24 and Corollary 3.23, we obtain the following sufficient conditions
for the uniqueness of an orthogonal solution of (3.51), (3.52) with bounded
first component.

Proposition 3.25. Assume that F is continuous, H is bounded, and there
exists () € IF’g’f whose P-density process satisfies Rpogr,(P). Then the indif-
ference value process h is the first component of the unique orthogonal solution
of (3.51), (3.52) with bounded first component. Moreover, L and [ dS are
BMO(QF)-martingales.

Proof. By Theorem 3.16 and (3.53), h is the first component of an orthogonal
solution of (3.51), (3.52). Using V,# (h;) = exp(—~h¢)V,7(0) and the definition
(3.3) of h easily implies that the indifference value process h is bounded by
| H||zoe(py- If (T';9, L) is any orthogonal solution of the BSDE (3.51), (3.52)
with bounded T, then L and [ ¢ dS are BMO (Qg )—martingales by Lemma
3.24. By Corollary 3.23, (I', 4, L) is then a special solution, which is unique
by Theorem 3.16. [

Proposition 3.25 is almost identical to Theorem 13 in Mania and Schwei-
zer [44]; the only difference is that we have here the additional assumption
that there exists @ € P "/ whose P-density process satisfies Ry 10g1(F). The
explanation for this is that we actually prove more than we really need for
Proposition 3.25. Mania and Schweizer [44] use a comparison result for
BSDEs (their Theorem 8) to deduce directly that one has uniqueness of or-
thogonal solutions to the BSDE within the class of those with bounded first
component. In contrast, the proof of Proposition 3.25 actually shows that
under the Ry r-condition, any solution with bounded first component is
even a special solution—and then one appeals to Theorem 3.16 which as-
serts uniqueness within that class.
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3.6 Application to a Brownian setting

In this section, we consider as a special case a model with one risky asset
driven by a Brownian motion and a claim coming from a second, correlated
Brownian motion. All processes are indexed by 0 < s < T. Let W and Y be
two Brownian motions with constant instantaneous correlation p satisfying
|p| < 1. Choose as F the P-augmentation of the filtration generated by
the pair (W,Y'), and denote by Y = (Vs)o<s<r the P-augmentation of the
filtration generated by Y alone.

As usual, the risk-free bank account has zero interest rate. The single
tradable stock has a price process given by

dSs = usSsds + o, S, dW,, 0<s<T, Sy>0, (3.61)

where drift 4 and volatility o are F-predictable processes. We assume for
simplicity that p is bounded and ¢ is bounded away from zero and infinity.
We further assume that

the instantaneous Sharpe ratio & of the tradable stock is Y-predictable.

In the notation of Section 3.2, S = So+ M + [ Ad(M), where M := [ oS dW
is alocal (F, P)-martingale and A := £ - is F-predictable. Since y is bounded
and o is bounded away from zero, the Sharpe ratio £ is also bounded, and
thus [AdM = [£dW is a BMO(F, P)-martingale and £(— [ AdM) is an
(F, P)-martingale. We suppose that the contingent claim H is a bounded
Yr-measurable random variable. Together with the structure of S in (3.61),
this assumption on H formalises the idea that the payoff H is driven by Y,
whereas hedging can only be done in S which is imperfectly correlated with
the factor Y.

In the literature, there are three main approaches to obtain explicit for-
mulas for the resulting optimisation problem (3.2). In a Markovian set-
ting, Henderson [31], Henderson and Hobson [33,34], and Musiela and Za-
riphopoulou [47], among others, first derive the Hamilton-Jacobi-Bellman
nonlinear partial differential equation (PDE) for the value function of the un-
derlying stochastic control problem. This PDE is then linearised by a power
transformation with a constant exponent, called the distortion power, which
corresponds to 6f7 from Theorem 3.12 and Corollary 3.13. This method works
only if one has a Markovian model. Using general techniques, Tehranchi [56]
first proves a Holder-type inequality, which he then applies to the portfolio
optimisation problem. The distortion power there arises as an exponent in
the Holder-type inequality. A third approach based on martingale arguments
has allowed us in Chapter 2 to consider a more general framework with a
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fairly general stochastic correlation p. Theorems 2.9 and 2.10 prove that the
explicit form of the indifference value from Musiela and Zariphopoulou [47]
or Tehranchi [56] is preserved, except that the distortion power, which is
shown to exist but not explicitly determined, may be random and depend
on H like in our general semimartingale model; compare Theorem 3.12 and
Corollary 3.13.

We give here another proof based on the results of the previous sec-
tions. While there are no new results, the arguments in comparison to Chap-
ter 2 are easier and shorter, give new insights, and show the advantage of
FER*(H) compared to the BSDE formulation (3.51), (3.52) in Section 3.5.
Indeed, FER*(H) is a representation under the original probability measure
P, whereas in the BSDE formulation (3.51), (3.52), one must first determine
the minimal 0-entropy measure.

Proposition 3.26. Fort € [0,T] and any F;-measurable random variable xy,

1
—|p|? -2
VH(z) = — exp(—fyxt)Ep[‘\ptH‘l ol yt] o>

&2
Os

where WH = exp (’yH — i

2 Jt

g - 5(—/§dW>T. (3.62)

The exponential utility indifference value hy of H at time t equals

ds) and the minimal martingale measure

P is given by

1—|p/2
e B
t — . 2 og 1—1|p|2 :
RIS I R OR [’\11? & yt]
In Corollary 3.13, we have shown that
1 5 0
hu(w) = ~ log (B[ |91 | 7] ()
v =0 (w)

)

1 S5 &
— —log(Ep[l‘If?!l/ ’]:t] (W)>
g 5= 50(w)

and have related 1/6% to a kind of distance of H from attainability. Here
we have 1/67 =1 — |p|?, which confirms our interpretation: The closer 1/§%
is to one, the greater is the distance of H from being attainable, because a
smaller correlation p between W and Y makes hedging more difficult.
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Proof of Proposition 3.26. The idea is to explicitly derive the FER*(H) and
FER*(0), from which the result follows by Theorem 3.10. In view of Propo-
sition 3.2 and (3.10), we thus look for suitable real-valued processes NH and
7" and an Fi-measurable random variable k7 such that

2
Bs\ ds+ k1, (3.63)

Os

1 ~ T . I
H:—logE(NH)tT+/ ﬁfasSdes+—/
y : ¢ 27 J

where W := W + Ik £ ds is by Girsanov’s theorem a Brownian motion under
the minimal martingale measure P given by (3.62). Using Itd’s representa-

.12
tion theorem as in Lemma 1.6.7 of Karatzas and Shreve [39] for |\IJ,{{|1 4

under Y and P restricted to Yy, we can find a Y-predictable process ¢ with

Ep[ [ |¢,)?ds] < oo such that
Vi 8( dY) , 3.64
Je( fcar) (3.64)

where the (Y, P)—Brownian motion Y is defined by

|\1,£{|1—|p|2 — B, “\PtH‘l—\plz

Ys::YS—i-/p&dy for s € [0,77.
0 Oy

For this, we have used that \Iffl is Yr-measurable since § is Y-predictable and
H is Yr-measurable by assumption. We can write Y = pW + /1 — [p]2IW
for an (]F, f’) ~Brownian motion W+ independent of W. Taking the logarithm
in (3.64) results in

1 T A . 1 T 32 1 T
vJi 1—1p| 2y Jy 1—|pl 2y Ji

where

2

Pol s+ &M,

Os

ki = logE]sU\Ilﬂli‘p‘z‘yt].

1
(1 =1pl?)
But this is (3.63) with

~ R 1
N .= /;dl/l/L and 77 = P—CQ_
1—|pP (1 —|p[*) oS

Clearly, N is a local p—martingale strongly ]f’—orthogonal to S, hence also
a local P-martingale strongly P-orthogonal to M. Moreover, U is bounded
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away from zero and infinity, which implies by (3.64) that 5( [< dY/) is uni-
formly bounded away from zero and infinity. By Theorem 3.4 of Kaza-
maki [40], [ dY is then a BMO (IF, P) -martingale and thus so is N¥ because

- i )
(V) 1—\p\2/‘c‘ =17 /Cdy'

This implies that £ (NH) is an (F, ]5) -martingale so that £ (NH)E (— [ xdM)
is an (IF, P)-martingale, and then that also

_ _ - - 1 S -
/(vnHJr)\) ds = /ynHanW+/§dW =17 /ng—NH+/§dW

isa BMO (IF, p)—martingale. So if we set %]IZH) = E(NH)T, then the process

f(ﬁH + %/\) dS is also a BMO(IF, P(NH))—martingale by Theorem 3.6 of
Kazamaki [40]. By Proposition 3.2, (N7 — [ £dW, 7" + £ L k) is thus an

yo oS’
FER(H) on [t, T], and because the P-density process of P satisfies Ry, 1oz 1 (P)
since £ is bounded, this FER(H) is even the unique FER*(H) on [t,T]
by Theorem 3.9. The unique FER*(0) (N°n° k{) on [t,T] is constructed
analogously, with U replaced by ¥?. This concludes the proof in view of

Theorem 3.10. O

Remark 3.27. Proposition 3.26 can be extended to the more general frame-
work of case (I) in Section 2.4.1 where the correlation p is no longer constant,
but Y-predictable with absolute value uniformly bounded away from one.
The explicit form of the indifference value is then essentially preserved; see
Theorem 2.9 for the precise formulation. This can also be proved with our
methods here, but we only sketch the main steps for ¢ = 0 since the full details
are a bit technical. First, one calls a triple (N ot |l ) an upper (or lower)
FER*(H) if it has the properties of an FFER*(H), except that the equality
sign in (3.7) is replaced by “>" (or “<”). One then shows that for an upper
(lower) FER*(H), (3.28) is satisfied with “<” (“>") instead of equality. In
a third step, one defines constants

1
11— |ps|2

and ¢ := inf L

0:= sup
L= (P) sefo,1) |1 = |ps|?|l Lo (p)

s€1[0,T7]

and finds, in the spirit of (3.64), Y-predictable processes ¢ and ¢ such that

5 < T
1@511/5:Eﬁ“xpgrﬂg(/w) and EP[/ |ZS‘2d3}<oo,
T 0
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with an analogous construction for ¢. For this one uses that Y is Y-adapted
because p is Y-predictable. Similarly to the proof of Proposition 3.26, one

shows that <NH,ﬁH,E(I){> is an upper FER*(H), where

— — . opC 1
NH:/(sg 1—\p\2dw¢—/ﬁdw, pr=tee Lo 1
o v oS  ~vyooS

and EOH = %log Eg “\I/éq‘l/ S]. A completely analogous result holds for 0.

Therefore, one obtains
—H
- exp<—7x0 - 7&5") < Vi (zg) < — exp<—7x0 + vk, )

by the above versions of (3.28). Because § — 0 log E» “Wéﬂlw} is continuous

on [é , 3}, interpolation then yields the existence of 6% € [é , 3} such that

H H1/687%
Vo' (20) =—exp(—vxo)EpU‘I’o} ]

Solving the implicit equation (3.3) with respect to hq finally gives an explicit
expression for hyg. O

3.7 Appendix A: The distortion power 5 in
a continuous filtration

In this appendix, we come back to the distortion power §/7 used in Theorem
3.12 and Corollary 3.13 in Section 3.4. If the filtration F is continuous, that
is, all local P-martingales are continuous, then we can make more precise the
range of 6/7. In the next proposition and its proof, we use the abbreviation
(N)tr := (N)r — (N); for a continuous P-semimartingale N, differing from
the notation Z; s := Z,/Z;, 0 <t < s <T.

Proposition 3.28. Assume that F is continuous, S satisfies (SC) and that

([AdM), and H are bounded. Let (N n™ k) be the FER*(H), set

N = NH + [ XdM and 7" :=n" — %)\ and fixt € [0,T]. Then 61 defined

via (3.47) with the choice Q = P and ¢ := —X\ is valued almost surely in
g <=H

[ét , 0, }, where

1

»CH
L ét

(NT)yr

H (NHYy g+ ([ 47" dS)r Il
(3.65)

57— H (N)yir <+N <}{>jo aS),7
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if P[{NH%I + (f " dS)r = 0] >0, we set 0T =1 and EtH =00 by con-
vention.

Proof. If 617 = oo with positive P-probability, then
E(NT),
E(— [AdM).r

[k)gg (NH) ‘ft} - {log

ft}zo onaset AeF;

(3.66)
with P[A] > 0 by (3.42) and (3.43) with Q = P, and because N¥ is strongly
P-orthogonal to [ AdM by Proposition 3.2. Since <f/\dM>T is bounded,
the P-density process of P satisfies Ry log (P), and Theorem 3.9 yields that
NH is a BMO(P)-martingale. Therefore, N¥ = NH 4 J AdM is both a
BMO(P)- and a BMO(f’)—martingale by Theorem 3.6 of Kazamaki [40].
Jensen’s inequality and Theorem 2.3 of Kazamaki [40] yield

Ep[1alog (V™) .| = Ep[log(£(N), 14+ 1) |

< log(Ep |14 Ep[E(N), | 7] | + P[A]) = 0. (3.67)
Now (3.66) shows that we have equality in (3.67). Hence E(NH)tT]lA + 1 4e
is deterministic, so S(JVH)tT =1 on A and thus <NH>tT = 0 on A, which

implies gfl = o00. Consequently, we may assume without loss of generality
that 67 < co a.s.
In view of the proof of Theorem 3.12 and using (3.39), we have to show

! 5 1 5
(Ep{\\lfﬂéf’ ED Sexp(ka)g(@{mﬂét’f ftD . (3.68)

where W = exp(vH — ([ AdM) ) is given in (3.49). To establish the first

half of (3.68), we can assume 6, < oo (otherwise there is nothing to _prove).
As in Proposition 3.2, we deduce from (3.10) and the definitions of N* and
~H

n'" that

T
log Ui = ykH + 1og5(NH)t7T . / i dS,
t

~ ~ 1, ~ r
=7k + N = NJT = §<NH>t,T+/t 7 dS.
Therefore, we have by (3.65) that
log W' (3.69)

~ ~ 1 ~ _ T
<~kfl + Nf — N} - 557 (<NH>t7T - </7nH dS> ) +/ i dS,.
¢ t,T t
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By Proposition 3.2, N s strongly P-orthogonal to each component of M,
which implies (N, [ dS) = 0 by (SC) and the continuity of S. So (3.69)

leads to _
3 ki N n'ds
{\I/f‘ﬁf{ < exp (fy_l_t[ )5( +£;m ) . (3.70)
t 0, T

We have already seen that N7 is a BMO (P) -martingale. Similarly, [ 7% dM
is a BMO(P)-martingale by Theorem 3.9, hence [n”dS is a BMO(P)-
martingale by Kazamaki’s Theorem 3.6. Moreover, [AdS is a BMO (15)—
martingale since ( [ AdM ), is bounded by assumption. Thus NH 4 [ ds
isa BMO (P)—martingale, and we obtain from (3.70) that

(]VH -+ f’yﬁHdS>
g —<H
0, tT

Eﬁ[|‘1’f|‘%

~H
Jl’f't:| S e'yk{{/ét E']5

—H
«E] _ e’yk{{/ét

by Theorem 2.3 of Kazamaki [40]. The second inequality in (3.68) is proved
analogously, using that 7 = oo implies (Nf), ,=0and E(N7), =1las,
hence 67 = 0o a.s. by (3.42) and (3.43). O

3.8 Appendix B: Specialisation to the model
of Becherer [5]

In this appendix, we recover Theorem 4.4 of Becherer [5] from our Theorem
3.16. This works in two steps, like in the approach used in Section 3.5 to
regain Theorem 13 of Mania and Schweizer [44]. In the first step, we show
for the specific models that if (I', ¢, L) is an orthogonal solution of the BSDE
(3.51), (3.52) with bounded I, then L and [ ¢ dS are BMO(QF)-martingales
and £(L) is a QF-martingale which satisfies condition (J). This is stated, for
the setting of [44], in Lemma 3.24 in Section 3.5 and, for [5], in Lemma 3.29
below, which additionally imposes that L and [ dS are square-integrable
Q&-martingales. In the second step, we use Theorem 3.16 and Corollary 3.23
to show uniqueness of an orthogonal solution (I', %, L) with bounded I (and
square-integrable QF-martingales L and [ dS for the setting of [5]) This
procedure yields Proposition 3.25, corresponding to Theorem 13 in [44], and
Proposition 3.30 below, corresponding to Theorem 4.4 in [5].

The framework of Becherer [5] is a specialisation of our model presented
in Section 3.2. For convenience of the reader, we recall the model of [5]. It
consists of a d-dimensional Brownian motion W and an integer-valued random
measure 1 on ([0,7] x E,B([0,T])®B(E)) with compensator v* under P,
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where E := R\ {0} is equipped with its Borel o-field B(E). Set i := p — v¥
and denote by P the predictable o-field on  x [0, T]. In [5], v is supposed
to be equivalent to a product measure A®@Leb with a density ¢ such that

vl (w,dt,de) = (F(w,t,e)\(de)dt, weQ,te[0,T], ecE, (3.71)

where A is a bounded measure on (E B (E)), and the density ¢* is a bounded,
nonnegative and (P®B(E))-measurable function such that for a constant ¢”,

0< ¢’ < <00, (P®A®Leb)-almost everywhere. (3.72)

It is further assumed that, with respect to F and P, W and ff have the
weak property of representation. This means that every square-integrable
P-martingale L has a representation L = Lo+ [ ZdW + A x ', where Z
is P- and A is (P@B(E))-measurable such that Ep UOT |Z,|*dt] < oo and
Ep[|A]? *vf] < oo, and A % i is the integral process of A with respect
to ut.

The price process S is given by

d
dSZ:SZZO'?(QOgdt‘FthJ)u tG[O,T], Sé>07 i:]_,...,d,
j=1

where ¢ is an R%valued P-measurable process which is bounded (P®Leb)-a.e.
and o is an R%*“-valued P-measurable process such that ¢ is invertible
(P®Leb)-a.e. and integrable with respect to W=W+ | ¢ dt. The minimal
local martingale measure P given by % =&(—[¢ dW)T satisfies Ry 1og 1.(P)
since ¢ is bounded.

Lemma 3.29. Consider the above specialisation of the model and assume that
H is bounded. Let (I',4, L) be an orthogonal solution of the BSDE (3.51),
(3.52) with bounded T' and square-integrable Q¥ -martingales L and [dS.
Then L and [+ dS are BMO(QF)-martingales and E(L) is a QF -martingale
which satisfies condition (J).

Proof. We first study the form of QF. By Proposition 3.6, Q¥ is given by

?—5 = E(NO)T, where N? is the first component of the unique F'ER*(0)
(N n° kJ). Let us write the equivalent form (3.11) of FER*(0) from Propo-

sition 3.2 for ¢t € [0,T] as

1 - t ~ 1
k) = —logE(ND)t+/ 0 dS, +ky, k¥ = ——</¢dw> . (3.73)
Y 0 2y T
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where N° = NO 4 JodW and 7° =7n° — —dlag(S) L(6")Lp. The process k°
is bounded; indeed, (3.73) and Jensen’s 1nequahty yield for t € [0, 7] that

~ - T ~0
e < Eqe [5 (No)t exp (7/{8 + 7/ n° dSS) .7-}} =Fp [erT
0

]gl.

Because —%% = % fOT |0s|? ds is bounded, say by ¢, we similarly obtain for
t € [0, 7] that

- 1 T -
o VK <Ep L‘:(NO) exp (—7]{;8 — 7/ ﬁgdSS) ‘]—}] = EQ(;;; [e—vk%
0
t

using that [7°dS is a (BMO (P)—)martingale by Theorem 3.9 above and

Proposition 7 of Doléans-Dade and Meyer [17]; hence k° is bounded. More-
over, Theorem 3.9 yields that N° is a BMO(P)-martingale. Because of the
weak property of representation and since Q¥ is a local martingale measure,
we can write N® = — [ odW + A« " for a (PQB(E))-measurable A such
that Ege UA]Q * UE } < 00. Using the formula for the stochastic exponential,
we can derive from (3.73) that

=2 [ [ros(aute) = )i (@s.de) + [ (38— Lag(5702) ) s,

__// — log(4y(€) + 1) ) (ds,de) + kS, ¢ € [0,T]. (3.74)

ft] < e,

The jumps of k° are given by
~ 1
Ak} = 5/ log(Ai(e) + 1)pu({t},de), te€0,T7,
E

which is bounded uniformly in ¢ since so is k°. Because 1 is an integer-valued
random measure, log(A 4 1) is bounded (u® P)-a.e.; hence A is bounded
away from —1 and co (u® P)-a.e. and thus also (v¥'®P)-a.e. By (4.24) in
Becherer [5], the QF-compensator 190" of y is given by

V90 (dt, de) = (Ay(e) + 1) (dt,de), t€[0,T], e € E, (3.75)

and VQ{)E([O,T},E) is bounded due to (3.71), (3.72) and since A is bounded
by assumption and A is bounded (v ® P)-a.e.

We now study an orthogonal solution (I', 1, L) of the BSDE (3.51), (3.52)
with bounded T' and square-integrable Qf-martingales L and [t dS. By
Theorem 13.22 of He et al. [30], we have L = [ ZdW + D % i% for a P-

measurable Z and a (P®B(E))-measurable D with Eqe [fOT | Z|? dt} < 00
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and Eqp [[D\Q * l/T } < 00, because W and ¥ have the weak property of

representation with respect to F and P. Since L is strongly Q{-orthogonal
to every component of S and o is invertible, we have Z = (0. Similarly to
(3.74), we can write (3.51) as

Iy=Ty+— / /log l)ﬁQg(ds,de)jL/Ot@bsts
——/ / —log(D,(e )+1))qu(ds,de), te0,T]. (3.76)

Because v9 is equivalent to A@Leb by (3.71) and (3.75), the jumps of " are
given by

AT, = %/Elog(Dt(e) +1)p({t},de), tel0,T],

which is bounded uniformly in ¢ since so is I'. Because u is an integer-
valued random measure, log(D + 1) is bounded (u® P)-a.e., and thus D is
bounded away from —1 and oo (,u®P)-a.e. and also (VQOE ®P)-a.e. by (3.75).

Therefore, the process // (e) —log(Ds(e )—i—l))uQéE(ds, de) is bounded
since v90 ([0, 7] x E) is bounded. This implies by (3.76) that

/ / log(D,(e) +1)p 9% (ds, de) + / s dSs is bounded unif. in t € [0, 7]

and thus both [+ dS and log(D+1) %190 are BMO(Q0 )—martmgales by the
same argument as in Lemma 3.4 of Becherer [5]. Since u is an integer-valued
random measure and D is bounded away from —land oo, L = D % ﬁQéﬂ has
jumps bounded away from —1 and oo, and (L)y = fo I |D (e)]2 v (ds, de)
is bounded since so is v@0 ([0, T] x E) Therefore, Lisa BMO (QO ) martin-
gale and £(L) is a QF-martingale which satisfies condition (J) by Shimbo
(cited in Protter [49] on p. 142 in the second remark after Theorem III.45)
and Proposition 6 of Doléans-Dade and Meyer [17]. O

We can now recover Theorem 4.4 of Becherer [5], which we formulate as a
proposition. It can here be proved like Proposition 3.25, applying Lemma 3.29
instead of Lemma 3.24 and using that the minimal local martingale measure
P satisfies Ritog(P).

Proposition 3.30. Consider the above specialisation of the model and as-
sume that H 1is bounded. Then the indifference value process h is the first
component of the unique orthogonal solution (I';1, L) of (3.51), (3.52) with
bounded T and square-integrable Q¥ -martingales L and fwdS. Moreover, L
and [ dS are BMO(QOE) -martingales.



Chapter 4

Convexity bounds for BSDE
solutions

Proving new results for Brownian BSDEs with a particular quadratic gener-
ator, we derive in this chapter bounds for the indifference value in a multi-
dimensional Brownian model.

4.1 Introduction

Backward stochastic differential equations (BSDEs) play an important role
in mathematical finance; see El Karoui et al. [26] for an early overview. Ex-
istence and uniqueness results are well known both for Lipschitz and for
quadratic drivers; see Kobylanski [42]. In this chapter, we study a particular
class of quadratic BSDEs of the form

T T
FS:H—/ (f(A,,ZT+ocT)+XT)dr+/ Z.dB,, 0<s<T, (4.1)

where f(A,, Z, + «,.) = %(Zr + a,.)’A7N(Z,. + ) and the processes x, a, A
take values in R, R™ and the set 8™ of symmetric strictly positive definite
matrices, respectively. Since there is no general formula for the solution I' of
(4.1), we want to find bounds on I' that can be computed more explicitly. To
that end, we first show that f(A, z) is jointly convex, deduce that I' is jointly
concave in (H, A, «,x), and then prove convexity bounds via three different
routes, as follows.

In general, a BSDE is based on a probability space, a filtration and a
probability measure. By changing in (4.1) each of these ingredients in a
suitable way, we obtain other BSDEs whose solutions are upper bounds for
I' due to concavity. Finding bounds for these changed BSDEs or solving

83
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them is easier than for the original (4.1), because they are driven by a lower-
dimensional Brownian motion or, in some sense, their matrix-valued process
A is more regular.

We start by changing the probability measure. Our first main result, The-
orem 4.5, characterises I' as the essential infimum and supremum of certain
conditional expectations. In particular, it gives upper bounds for I', which
depend on the maximal eigenvalue of A. This shows that A is the crucial
factor in finding good bounds, or even an explicit formula for I'. The latter
is easy if A = ¢l for some constant ¢, and we prove in Corollary 4.6 that the
converse holds as well. As a consequence, we then focus on improving the
form of A by projecting and/or symmetrising the BSDE (4.1).

For the projection, we change the filtration. The solution I' of (4.1) relates
to the filtration F? generated by B = (E, ﬁ),, and our second main result,
Theorem 4.7, gives an upper bound for I' in terms of the solution I' to the
BSDE (4.1) obtained by projecting (4.1) onto FZ. The projected BSDE (4.1)
is in general easier to solve and the maximal eigenvalue of A is lower because
the dimension 7 of B is smaller.

Finally, we change the probability space. We work on Wiener space and
study how symmetrisation operations via orthogonal transformations there
affect the BSDE (4.1). Our third main result, Theorem 4.11, gives an explicit
upper bound for I' in terms of the symmetrised parameters (H, A, cr, x)5¥™.
The proof combines Theorem 4.5 with a result showing that, due to concav-
ity, averaging the probability space over a set of orthogonal transformations
increases the solution of (4.1).

This chapter is structured as follows. We lay out preliminaries and prove
the basic concavity property in Section 4.2.1. All our main results for the
BSDE (4.1) have analogues in terms of solutions to partial differential equa-
tions (PDEs), which actually provided the original motivation and inspiration;
see for instance Alvino et al. [1]. Section 4.2.2 discusses these connections in
some more detail, and Section 4.3 contains the main results explained above.
In Section 4.4, we briefly recall the concept of exponential utility indifference
valuation for a contingent claim H in an incomplete financial market. It
is well known that the corresponding dynamic value process V¥, or rather
= _%y log(—VH), satisfies a quadratic BSDE; see for instance Hu et al. [37].
But since this BSDE is not of the form (4.1), we still have to do some work
in Section 4.5 before we can apply our main results. We also discuss there
in a concrete example why the symmetrisation techniques may, but need not
lead to better bounds for I'. Finally, the Appendix contains some proofs and
auxiliary results.
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4.2 A quadratic convex BSDE

This section serves as preparation for the main results. We first introduce
notation and show some properties of quadratic BSDEs in Section 4.2.1, and
then motivate in Section 4.2.2 the BSDE results of Section 4.3 by presenting
their PDE analogues.

4.2.1 Preliminaries

We work on a finite time interval [0, 7| for a fixed 7" > 0 and a filtered proba-
bility space (Q, F.F = (Fs)o<s<T, P), where F = Fr and F is the augmented
filtration generated by an n-dimensional Brownian motion B. Unless specified
differently, all notions depending on a filtered probability space refer in Sec-
tions 4.2 and 4.3 to (Q, F,F, P), and t € [0,T)] is fized. For (n x n)-matrices,
we denote by 8™ the set of symmetric strictly positive definite ones, by GL(n)
and O(n) the invertible respectively orthogonal ones, and by I the identity.
For a diagonalisable matrix A, we write spec(A) for the spectrum (the set
of eigenvalues) and tr(A) for the trace of A. We shall use several times that
standard operations from linear algebra can be done in a measurable way.
This includes eigenvalues, eigenvectors and diagonalisation; see Corollary 4
of Azoff [3]. Finally, we denote by E(N), :=exp(N, — 2(N),), 0 < s < T,
the stochastic exponential of a continuous semimartingale N.

Let us consider the BSDE
T T
I, = H—/ (f(Ar,ZT—kozr) +Xr) dr+/ Z.dB,, 0<s<T, (4.2)
where the function f: 8" x R" — R is given by
1
f(A, z):= 52’14_12 for (A,2z) € 8" x R". (4.3)

The terminal value H is (usually) in L, the process A is S"-valued and
predictable with eigenvalues uniformly bounded away from zero and infinity,
and «, y are R"-, R-valued uniformly bounded predictable processes. A
(generalised) solution of (4.2) is a pair (I, Z) satisfying (4.2), where I is a real-
valued (not necessarily) bounded continuous semimartingale and Z is an R"-
valued predictable process with fOT |Z,|?> ds < oo almost surely. To emphasise
the dependence on H, A, o and Y, we write (F(H, A a,x), Z(H,A, a,X))
for a solution of (4.2), and we sometimes call I'(H, A, «, x) alone a solution
of (4.2).

Remark 4.1. For ease of exposition, we formulate and prove all our results
for bounded data H, A, a, y. Extensions to unbounded settings with expo-
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nential moment conditions are partly possible; this is discussed in more detail
in Remark 4.12. O

Lemma 4.2. There exists a unique solution (', Z) of (4.2), and [ ZdB is a
BMO-martingale.

Proof. Existence follows from Theorem 2.3 of Kobylanski [42], and uniqueness
and the BM O-property from Proposition 7 and Theorem 8 of Mania and
Schweizer [44]. O

In Lemma 4.21 in the Appendix, we show that f is jointly convex. This
is the basis for the following result.

Proposition 4.3. The solution T'(H, A, o, x) of (4.2) is jointly concave in
(H, A, a, x).

Remark 4.4. It is BSDE folklore that convexity of the generator implies (un-
der some assumptions) that the solution is concave; see for instance Propo-
sition 3.5 of El Karoui et al. [26], where the generator is fairly general, but
must satisfy a Lipschitz condition in Z, and in I',. We need the variant in
Proposition 4.3 with a specific quadratic generator for our later results. ¢

Proof of Proposition 4.5. Let u € [0,1], H* € L*®, let A" be predictable
S"-valued with eigenvalues bounded away from zero and infinity and let
bounded predictable o be R™-valued and x* be R-valued, ¢ = 1,2. We set
H3 := pH' + (1 — p) H?, define A3, o3, x® analogously and denote by (I}, Z%),
i = 1,2,3, the solutions of (4.2) corresponding to (H’, A’,a’,x"). By Lem-
ma 4.2, each of these is unique and [ Z'dB are BMO-martingales. Since
plh+ (1 — )% = pH* + (1 — p)H? = H?, (4.2) and Lemma 4.21 yield
[ — (uls + (1= pls)

T
= [ FALZ ol (L= (02,22 4 ) = (AL 23 4 oY) dr
’ T
- [ Wzt -z~ 23) s,
TS
> [Pz (1= 022+ ad) - (AL 23 4 ad) dr
T
- [ Wzt -z - 23) s,

T
= —/ (nZ) + (1 — )22 — Z2) (dB, — Kk, dr), 0<s<T, (4.4)
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with k1= (A% (uZ'+(1—p) Z*+ Z3+203). Since the eigenvalues of A® are
bounded away from zero and o? is bounded, [ xdB is a BMO-martingale.
By Theorem 3.6 of Kazamaki [40] and the BMO(P)-property of [ Z'dB,
the process [(uZ' + (1 — p)Z? — Z%) (dB — kdr) is thus also a BMO(P)-
martingale for the probability measure P given by % =£& ( [k dB)T. Taking
(ﬁ,fs)—conditional expectations in (4.4) yields T — (uI'} 4+ (1 — p)I'Z) > 0
for any s € [0, 7], which concludes the proof since the I'* are continuous. [J

The basic and well-known case is when o« = 0, x = 0 and A = ¢! for a
fixed ¢ > 0. The BSDE (4.2) then simplifies to

T T
1 1
FS:H—/ 2—]ZT]2dr+/ ZTdBr:FO—clogS(/—ZdB) L 0<s<T.
s C ¢ s

S

Due to Ito’s formula, its explicit solution is
[y = —clog Elexp(—H/c)|Fs], 0<s<T (4.5)

because [ ZdB is a BMO-martingale by Lemma 4.2, and hence 5(f %Z dB)
is a martingale by Theorem 2.3 of Kazamaki [40].

4.2.2 DMotivation for the convexity results

Before we state and prove in Section 4.3 convexity results for the solution of
the BSDE (4.2), we explain the basic ideas using PDEs. Since we only want
to provide motivation, we look at the results exclusively for time 0 and ig-
nore here all technical issues like existence of smooth solutions, interchanging
expectation and differential, etc.

Assume in (4.2) that «, x and A are all deterministic and H = g(Br) for
a smooth function g : R — R. In this Markovian setting, one can derive from
[t6’s formula that the solution (', Z) of (4.2) satisfies

s =u(s,By), Zs=—Vu(s,Bs) forse]l0,T],
where u : [0, 7] x R" — R solves the PDE

%u(s, x)+ %Axu(s, z) — f(A(s), a(s) — Vyu(s,z)) — x(s) =0,

w(T,z) =g(x) forsel0,T)and z € R"

(4.6)

Each of our three main results yields an upper bound for I'. We look in the
following as illustration at the PDE analogue of the symmetrisation result in
Theorem 4.11. The other BSDE theorems have similar PDE analogues. For
ease of notation, we take «, y, A all constant.
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Symmetrisation inequalities play an important role in the theory of linear
parabolic PDEs; see e.g. Alvino et al. [1] and the references therein. They
show that in some sense, the solution of a symmetrised PDE dominates the
symmetrised solution of the original PDE. Theorem 4.11 below can be viewed
as an analogue of these results for nonlinear parabolic PDEs. To explain the
connection, let Perm C O(n) be the group of permutations of length n, where
we identify permutations with orthogonal matrices. We define

1 / m 1 / m 1
Asym:m Z O'AO, o = Z Oa, ¢% = Z (goO).

" O€Perm " O€Perm " O€Perm

Let @ : [0,7] x R™ — R solve the symmetrised PDE

1
gﬂ(s,x) + §Axﬂ(s, x) — f(Asym, ™ — V. 4(s, :v)) —x =0,

Os (4.7)
(T, x) = g™ () for s € [0,T) and x € R".
Then Proposition 4.10 below tells us that
@(0,0) > u(0,0). (4.8)

We justify this here by a PDE comparison argument. For O € Perm, we have
Vozu(s,0x) = OV, u(s, Ox), Aozu(s, Ox) = Au(s,Ox) and, from (4.3),

f(A, o = OV, u(s, Ox)) = f(O'AO,O'a — Vu(s, Ox)).

Due to (4.6), the symmetrised function u(s, z) := & 3 o cperm t(s, Ox) solves

0 1 1

T “Adi(s,r)—— Y f(O'MO,0'a -V =
85u(8’ T) + 5 LU(s, ) o Oepermf(O 0,0« 2u(s, Ox)) —x =0,
(T, z) = g™ (z) for s€[0,T) and v € R™. (4.9)

By Lemma 4.21 in the Appendix, f is jointly convex, which yields

1
o Z f(O'AO,0'a — V,u(s,0x)) > f(A™ ™™ — V, (s, z)).
O€Perm
Since w(0,0) = u(0,0), we obtain (4.8) by comparing (4.7) and (4.9). Now
fix ¢ > 0. One can check that the solution @ of

9 ~ 1 ~ 1 Sym ~ 2 —
gu(s,x) + §Awu(s, T) — %}a — V(s z)|" = x =0,

(T, z) = ¢™™(x) fors€[0,T) and v € R"

(4.10)
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satisfies

T 1 T
4(0,0) = —clog E exp(—gsym(BT) +/ oSy dBS) — / xds. (4.11)
0 0

To compare (4.7) with (4.10), we assume that A = diag(A'!,... A™) is of
diagonal form and set ¢ := supep 7y » tr(As) (if A is time-dependent). Then
AS™ = Ltr(A)I since A is diagonal, and hence

1
>
~ 2
We thus expect by comparing (4.7) and (4.10) that @(0,0) < @(0,0), which
gives via (4.8) and (4.11) an explicit upper bound for the solution of the
original PDE (4.6). Theorem 4.11 makes this statement precise and provides
a proof in a general BSDE setting.

Sym

f(ASym,ozSym—x) |a —x‘z for z € R".

4.3 Convexity results for quadratic BSDEs

This section contains our three main results. We study how the solution of
the BSDE (4.2) is affected if we change the probability measure, shrink the
filtration, or symmetrise the probability space.

4.3.1 Changing the probability measure
For any predictable « such that [ xdB is a BMO-martingale, we define

dpPr
= — B B =B 4.12
Nz 5( //{d )T, —I—/l{ds (4.12)

and note that B” is a Brownian motion under the probability measure P*.
Recalling that t € [0, 7] is fized and spec denotes the spectrum, we define

) 1
0" .= sup ||maxspec(Ay)||p~, 6" := inf ,
’ s€lt,T] | (M)l t selt,7] || max spec(A;1)|| =
T 1 T
Hf :=H — / (Xs + §/<0;AS/<¢5> ds — / (s + Agks) dBs. (4.13)
t t

For § > 0, let X% be the set of all predictable R"-valued processes & such that
[ kdB is in BMO and there exist p > 1 and a constant C' such that

T4 T p/
Ep- {exp (/ 5/1;AS/£8 ds + / Ak dBS> ff]
t t

Tq T 1/6
< CEp« {exp </ 5/‘1;/\553 ds + / Ak dBS)
t t

1

p
fT] <oo,  (4.14)
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for any stopping time 7 with values in [¢,T]. The latter condition says that
the martingale

T 1 T 1/5
Ep- [exp (/ §/£;AS/§3 ds + / Ak dBS)
t t

satisfies the reverse Hélder inequality R,(P*). Each KC? contains all bounded
predictable processes k, and (4.14) is equivalent to

.7:51, t<s<T,

Eps [exp(—HJ)P/°|F,| < CEpx[exp(—H})'?|F]" < o0, (4.15)
since H, y and « are bounded. We set K := K% N Ko,

Theorem 4.5. The solution I' of the BSDE (4.2) satisfies

', = —esssup log Epx[exp(—H /00| F]%™ (4.16)
kEK
= —essinf log Epx[exp(—H'/5;"™) FARE (4.17)
KE

and for every k € KC, there exists an Fy-measurable random variable 5f’H with
values in [0, 6] such that

I, = —log Epx[exp(—H[ /0)| 7] e (4.18)

Theorem 4.5 illustrates the importance of the process A in the BSDE
(4.2). Indeed, A determines via (4.13) the eigenvalue bounds 6™ and
hence the range of 6" in (4.18). If A = ¢ for a constant ¢, we have
omin — gmax — ¢ — 5 and (4.18) is an explicit formula for T as distorted
conditional expectation under P*. Corollary 4.6 below gives a converse: If
for any H, the solution I'; of the BSDE (4.2) is the distorted conditional
expectation under some P*, then A = ¢l for a constant c¢. Theorem 4.5 also
generalises Theorem 2.9, as we explain in Section 4.5.3. Moreover, we can
recover the bound in Proposition 2.1 of Kobylanski [42] applied to the BSDE
(4.2); indeed, for k = —A"'a € K, (4.16) yields

T 1 1/6?111)( 5tmax
Iy < —log Epx [exp(—H +/ <Xs + §O/SA;1048> ds) ft}
t
T 1 1/6?13)( 6;nax
< —log Ep« {exp(—“H*HLw — / ‘ Xs + 50/81\8’1048 ds) ft}
t Lee

T
< | H¥ e + / el + AT e[, ds,
t
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which one can also derive from Proposition 2.1 of Kobylanski [42].

From (4.16) we obtain upper bounds for I';, which depend on the maximal
eigenvalue of A. Our other two main results, Theorems 4.7 and 4.11, can
be viewed as approaches to get better bounds by reducing 6;"** (and also
changing H). In Theorem 4.7, we reduce the dimension n of the BSDE
by projecting it onto the filtration of a lower-dimensional Brownian motion,
and replacing A by its projection in principle lowers the maximal eigenvalue.
Similarly, the symmetrisation in Theorem 4.11 makes the eigenvalues more
similar and in particular reduces the maximal eigenvalue.

Proof of Theorem 4.5. We first show

max
(St

Ft S — log EPK [eXp(—th/(ﬁnaxﬂft] (419)

for any k € K. We obtain from (4.2), (4.3) and (4.12) that

T
1
I,=H— / §(Zr +ap + Nk AN Z + ap + Apky) dr

T 1 T
- / (Xr — KL, — §I€;,Ar/€r> dr +/ Z,dBr, 0<s<T. (4.20)

Define

max
615

['" .= —log Epx[exp(—H[ /6;"%)|F]

S 1 S

—l—/ (Xr + §/<:;,Amr) dr —|—/ (o + Avkp)dB,, t<s<T. (4.21)
t t

Using [t6’s representation theorem as in Lemma 1.6.7 of Karatzas and Shreve

[39] gives

Epx[exp(—H /6™)|F] = ¢" € ( / Z" dB“) (4.22)

for a constant ¢ and a predictable R™-valued Z* such that & ( f A dB") isa
Pr-martingale. Since H, x and « are bounded, (4.13) and (4.14) imply that
5( [z~ dB”) satisfies the reverse Holder inequality R,(P*) for some p > 1.
Hence [ Z"dB* is in BMO(P*) by Theorem 3.4 of Kazamaki [40], and so is
i Z%dB"* for

75 = 67" — o — Ak. (4.23)
A calculation based on (4.21) and (4.22) gives for t < s <T

K T ]' 7K 2
FS:H—/S W|Zr+ar+Arﬁr| dr

T 1 T
_ / (Xr — K0y — §/<5;AT/£T> dr + / ZrdBr, (4.24)
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and comparing (4.24) and (4.20) yields similarly as in Proposition 4.3 that
I’y <TY. This is (4.19).

Now set & := —A"Y(Z + «) with Z from (4.20). Then [4#dB € BMO
since « is bounded, [ ZdB € BMO and A™' is bounded. Moreover, Hf is
Fi-measurable; hence & satisfies (4.15) and thus (4.14) for any 6 > 0, and
so & is in K. Again using that Hf is F;-measurable plus (4.20) and (4.13)
shows that

I, = HY = —log Ep:[exp(—HF /6| F,]%F™.

Hence we have (4.16), and (4.17) is proved analogously. (4.18) now follows
by the same interpolation argument as in Theorem 2.2; exp(—H[/6™™) + 1 is
the required P"-integrable majorant for {exp(—Hy/d)|d € [§n, 6mex]}. O

We next study when I'; from (4.2) is a distorted conditional expectation
under some P*. For § > 0 and x € K, let L% be the set of random variables
H such that H} from (4.13) satisfies the reverse Holder inequality (4.15) for
some p > 1. The definition of K? implies that L> C L%* but H € L%* need
not be bounded.

Corollary 4.6. The following are equivalent:
(a) There exists a constant ¢ > 0 such that
A=cl on]t,T] (P®Leb)-a.e. (4.25)
(b) There exists a constant § € [ M| such that for all k € K° and

H € L%, there exists a generalised solution (T, Z) on [t,T] of (4.2)
such that [ ZdB is a BMO(P)-martingale and

Ty = —log Ep[exp(—H! /8)|F]°. (4.26)

(¢c) There exist a constant § € [§™" 6™%] and a process k € K° such that
for all H € L%, there exists a generalised solution (I, Z) on [t,T] of
(4.2) such that [ ZdB is a BMO(P)-martingale and (4.26) holds.

In this case, ¢ = 0.

Proof. “(b) = (c¢)” is clear. To show “(a) = (b)”, we use a similar argu-
ment as for Theorem 4.5. Take x € K and define I'® and Z* by (4.21) and
(4.23) with 0> replaced by ¢ := c. Then [ Z®dB" is again in BMO(P*) so
that [ Z%dB is in BMO(P), and like (4.24), we get

51 B 9
FZ:F’H—/—ZT’H— r+ Nk d
; t 25} ! /@} r

B 1 s
+/ (Xr — Koy — 5;@}&4@) dr — / ZrdBr, t<s<T.
t t
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Plugging in (4.25) with § = ¢ shows after some computation that (F”, Z”)
satisfies (4.2) on [t,T]. Finally, (4.26) holds for T" := I'* by construction.
To prove “(c) = (a)”, we define the predictable set

Y1 := {(w,s) €]t,T] | minspec(Ay(w)) <4}
and choose a predictable R™-valued process v such that Av = (min spec(A))v
and |v] = 1 on [¢, T]; so vs(w) is an eigenvector for the smallest eigenvalue of
As(w). Set
2 S

/T T 1
— 1T13v5d35+/ Ty, (s) = — viks ) ds
et f oo )

so that the corresponding Hy given by (4.13) satisfies

T 1 T
H = / (Xs + _K/IASHS> ds + / (OCS + ASK:S) dBS
t t

exp(—H /6) :5( / énwdm) | (4.27)

T

Hence H is in L by Theorem 3.4 of Kazamaki [40]; in fact, [ $1v,vdB" is
a BMO(P")-martingale because its integrand is bounded.

Now (4.26), (4.27) and It6’s formula, (4.13) and (4.12) give with some
calculations

Ty = —log Eps[exp(—Hy /6)|F)°

T 1 T
= H — / <Xs - '%;048 - EK;ASHS) ds — / (045 + ASHS) dB:
t t
T

T
1
+/ Ty, (s)vsdBY — — Ty, (s)ds
¢ 20 J;
T 1 T
> H — / (Xs — KL — 5%;/\5/{5) ds — / (s + Agks) ABY
t t
T T /
+/ Ty, (s)vsdBY — / 5(]11”1(5)”8) AT (L, (s)vs) ds (4.28)
¢ t
by the definition of Y;. But we also have like in (4.20) that
T 1 T
Iy=H— / <Xs — Ko — 5/1'5A5/i8> ds + / ZsdBf
t ¢
1

— / 5(25 + g 4+ Ak AN (Zg + g + Agris) ds, (4.29)
¢
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and subtracting (4.29) from (4.28), we obtain

T
0> / (]lTl(s)vs — s — Nk — Zs)
t
X (st” —A? (]lYl(s)vs + ag + Ngkg + Zs) ds). (4.30)

Like in the proof of Proposition 4.3, the right-hand side of (4.30) has zero ex-
pectation under some equivalent probability measure. Hence it must vanish,
so we must also have equality in (4.28), and this implies (P®Leb)[Y;] = 0.
Analogously, we have (P®Leb)[Y3] = 0 for

Ty := {(w,s) €]t,T] | maxspec(As(w)) >0}

This shows (4.25) with ¢ := § and also gives the last assertion. O

4.3.2 Projecting the BSDE

Let us split B = (E, E)I into B and B, an 7- and an n-dimensional (F, P)-
Brownian motion with n + n = n. What happens to the BSDE

T T
FszH—/ (f(AT,ZTqLozT)—f—XT)dr—l—/ Z.dB,, 0<s<T (4.2)

if we project it, in a way to be specified, onto the filtration generated by B?
In this section, we precisely formulate and then answer this question.
Let F = (-7:5) o<scp D€ the augmented filtration generated by B. For a

process Z, we denote its componentwise optional (P-)projection onto F by Z°
(if it exists). It is— by definition — the unique F-optional process satisfying
7° = E[ZT‘.T:T] for every F-stopping time 7.
To compare (4.2) with a BSDE driven by B, write a = (@, &)’ and denote
by A the upper-left @ x 7 components of A. A solution, for s € [0, 7], of
~ — T 1, - I rvo\—1/5 T o)
I, = E[H|F7] - / (52 +@) () (2 +ap) +x¢) dr +/ 7,dB,
) T (4.31)
is a pair (f, Z ) satisfying (4.31), where I is a real-valued bounded continuous
(F, P) -semimartingale and Z is an R™-valued F-predictable process such that

fOT |Zs ?ds < oo almost surely. Note that X := (7)0 = (X?) for X = a, A.

Theorem 4.7. The BSDE (4.31) has a unique solution (f, Z) It satisfies
I° < T, where (I, Z) is the solution of (4.2).
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Theorem 4.7 is a Jensen-type inequality for quadratic BSDEs. For a
simple illustration, take m =n =1 and A = cl, a =0, x = 0. In this case,
the solution of (4.2) has I'g = —clog Elexp(—H/c)] by (4.5), and analogously,
Iy = —clog E [exp(—— [H ‘.7-" T] )} .Solg < I, follows here also directly from
Jensen’s inequality.

Proof of Theorem 4.7. Asin Lemma 4.2, (4.31) has a unique solution (f, Z),
and [ ZdB € BMO(F, P). Fix s € [0, 7] and condition (4.2) on F, to get

TTS] —EU Z,.dB, _5}
0
(4.32)
Note next that x° exists since x is bounded by assumption. We claim that

E{/ X dr
0

and because F is generated by B, it is by Itd’s representation theorem enough
to show that

E{/Osxrdr/osﬁngq} :E{/Osxgdr/osﬁqdﬁq] (4.34)

for any F-predictable 3 such that [ dB is bounded. By Fubini’s theorem,

E{/gsxrdr/osﬁngq} :/OSE{XT/OSquEq] dr, (4.35)

and conditioning on F, for r € [0, s] yields

E{xr /Osﬁqdﬁq} {xr / ﬁqu} [xi /Osﬁqdﬁq},

which implies (4.34) by using (4.35) once for y and once for x° instead of .
So we have (4.33), and using f > 0, we analogously obtain

E[L,|F,] = F0+E[/s(f(Ar,Zr+ar) + xr) dr
0

7"5} :/ X, dr, (4.33)
0

E[/Osf(A,,,ZT—l—ozT)dr

?s} :/Os(f(A,Z+a))jdr. (4.36)

To simplify the term EUOS Z, dBA.TS} in (4.32), we use the optional projec-
tion of Z. However, we cannot use the classical optional projection because
Z is in general neither bounded nor nonnegative. We define Z° instead by

o [ (ZY -y 2P <o
T 0 otherwise,
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where Z* = ((ZY)*,...,(Z™*)". Then Z° is F-optional and |Z|° < oo
(P®Leb)-a.e. since Tonelli’s theorem and [ ZdB € BMO(F, P) by Lemma

4.2 give
T T T
/ E[Z|7] dr—/ EHZA]dr—E{/ |Z,| dr| < occ.
0 0 0
Write Z = (7,&), and Z° = (70,20),. We then have
s T
E{ / Z,dB, ;—:S} = / Z.dB,; (4.37)
0 s

indeed, using E[Z,|F,| = Z. P-as. for Leb-a.a. € [0, s] and the isometry
property of the stochastic integral, we obtain similarly to (4.34) that

E{/OSZTdBT/Osﬁqu]} :E[/Osﬁ;zdr] :E[/DsiidR/Osﬁquq}

for any F-predictable 3 such that [ BdB is bounded, and this implies (4.37)
by It6’s representation theorem. Combining (4.32), (4.33), (4.36) and (4.37)
thus yields

B[ = B[] - [ (A Z @)+ xe) drt / 704, (4.39)

s

Due to Lemma 4.21 in the Appendix, the function f is jointly convex.
Identifying (A, z) in 8™ x R™ with a vector in ]Rn(n;l)*”, we view [ as a

function on such vectors and then apply Jensen’s inequality to obtain for any
F-stopping time 7 that

(f(AZ +a))! = E[f(Ar, Zy + ar)|Fr] 2 F(AZ Z7 + o)1 70 oo

Thus the optional selection theorem and |Z|° < oo (P®Leb)-a.e. yield
(f(A,Z+a)” > (A Z°+ a®) L zj0co0 = f(A, Z° 4+ a°) (4.39)

(P®Leb)-a.e. A simple calculation (see Remark 4.8 below) shows that

1

f(A 2) = %Z/AIZ > %E’(z)_ z (4.40)

for any A € S" and z = (%,2)’ € R", with A denoting the upper-left m x 7
components of A. In view of (4.38), we obtain from (4.39) and (4.40) that

T
Bl 7 < B[] - [ (32 +@) (@) (7 +ay) +x) dr

T_ —
+/ Z.dB,.
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Hence (4.31) implies
T
E[L,|F] - T, < - / N2 - 2) B)NZ+ 2+ ) dr
ST B ] B
+/ (Z, - Z,)dB,.

We know that [ ZdB is in BMO(F, P), and so is [ Z°dB because [ ZdB
is in BMO(F, P). Like in the proof of Proposition 4.3, we deduce that
E[FS‘7S] <T, for s € [0,T], and this concludes the proof because I, T
and hence I'? are continuous. O]

Remark 4.8. 1) As the proof shows, we do not need for Theorem 4.7 that the

generator of the BSDE (4.2) is purely quadratic like f in (4.3). We only need

that it is jointly convex, satisfies a quadratic growth condition and dominates

the generator of the projected BSDE (4.31). In particular, Theorem 4.7 also

applies for a generator f of the form f (A, z) = %E’E‘lz with Z and A as in

(4.40). This will later be used in the applications to indifference valuation.
2) In linear algebra, the shorted operator sh : 8™ — S™ is defined by

11 4120 A22\—1( 412y Al AR
sh(A) := A" — A< (A*) (A7) for A= < (A12) A2 > e S
One can check that (A")™! = sh(A™!) and verify by completion of squares
that

Z'sh(A)Z = min ((z’, Z)A (

z€R™

)) for ze R® and A € S™.

[ISEERN]

The inequality (4.40) follows immediately. O

4.3.3 Symmetrising the BSDE

This section establishes our third main result, Theorem 4.11, giving an explicit
upper bound for the solution I" of (4.2). We first study how the BSDE (4.2) is
affected by orthogonal transformations on the underlying probability space.
To have some structure, we work on Wiener space, i.e., take Q := C([0, T, R")
with the Borel o-field F and Wiener measure P so that the coordinate process
B is a P-Brownian motion. Recall that ¢ € [0,T] is fized.

For an orthogonal (n x n)-matrix, v € O(n), we define the mapping
Uy : C([0,T],R") — C([0,T],R") by applying u from time ¢ on, i.e.,

Uilg)(s) = { 7 s <t g gec(o, TR,

() +u(g(s) —g(®)) if s>t
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Then B":=U;o B is an R"-valued (F, P)-Brownian motion since u is or-
thogonal. The following result says that if one transforms by U; the driver
and the terminal value of a BSDE, the solution of the new BSDE is the
Us-transformation of the original solution. This is very intuitive and anal-
ogous to orthogonally transforming the variables in a second-order PDE;
compare Section 4.2.2. The reason why this also works for BSDEs is that
BoU;, =U,o B= B" i.e., Brownian motion and the transformation U, com-
mute on Wiener space.

Lemma 4.9. Let u € O(n) and assume that the BSDE
T T
r,—H _/ F,(T,, Z,)dr +/ Z,dB,, 0<s<T (4.41)

for a general F-predictable F : R"™ — R has a unique solution (T, Z) (in the
sense of Section 4.2.1). Then (I' o Uy, Z o Uy) is the unique solution of

T T
FszHoUt—/ (FoUt)T(FT,ZT)dr+/ Z,dB*, 0<s<T. (4.42)

In particular, the solution (I' o Uy, Z o U;) of (4.42) coincides on [0,t] with
the solution (U, Z) of (4.41).

Proof. Let (I, Z) be the solution of (4.41) and define T for 0 < s < T by
I, =Ty + / (Fol,), (T, oU, Z,oUy)dr — / (Z,oU,)dB"
0 0
= FO —+ (/ FT‘ (FT7 Zr) d"") (@) Ut — / (ZT o Ut) dB:J (443)
0 0

In Lemma 4.22 in the Appendix, we prove that, as one expects,

/(Z o U;)dB" = (/ ZdB) o U,. (4.44)

This gives by (4.41) that I' = I' o U; and thus (I' o Uy, Z o U}) solves (4.42).
Uniqueness for (4.42) follows since U, is bijective; indeed, if (F,Z) solves
(4.42), then (4.43) and (4.44) imply that (Do U, Zo U ") solves (4.41)

whose unique solution is (I', Z). O

The next proposition states that averaging in w over a set of orthogonal
transformations increases the solution of (4.2).
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Proposition 4.10. Take a finite subset O of O(n) with cardinality |O| and set

ZHoUt, : |O|Zu (Ao Up)u

uEO ueO
|O|Zu (o Uy), = |@’ZXOUt
ue® ueO

Then the solutions (I, Z) of (4.2) and (FO, ZO), for0<s<T, of

T T
fS:HO_/ (f(AO Zy + af )+XT)d7‘+/ Z,dB, (4.45)

satisfy Ty < T'© almost surely.

Proof. By Lemma 4.2, (4.2) and (4.45) have unique solutions. For u € O,
we denote by (I'*, Z") the solution of (4.2) corresponding to the parameters
(H o Uy, v/ (Ao Upu,u' (o Uy), x 0 Ut). The concavity from Proposition 4.3
gives 'Y = F(HO A, O,Xo) |(19| Y weo I, and so it is enough to show
'y =Ty for every u € O. Fix u € O. Applying Lemma 4.9 to (4.2) yields
that the solution of the U;-transformed BSDE is (F Z) =T ol Zoly).

Setting Z := «'Z and using Z dB = Z dB* and, due to (4.3),
f(AoUy, Z+4+ao Uy) = f(u' (Ao Up)u, Z+u(ao U)),

we obtain that the U;-transformed BSDE is, for t < s < T', equivalent to

T T
[, = HOUt—/ (f(u'(AOUt)ru, Zr+u’(aOUt)r)+(XOUt)r> dr—i—/ Z,.dB,.

But this is (4.2) with the parameters (H oUp, v (Ao Upu,u(aoUy), x 0 Ut).
SoT* =T =ToU on [t,T] and thus I'* = T';, since o U; =T on [0,¢]. O

The idea to exploit Proposition 4.10 is now that choosing a “good” set
O yields with (4.45) an easier BSDE than the original one in (4.2), so that
an upper bound for the solution (I', Z) of (4.2) becomes more explicit. By
Theorem 4.5, the upper bound for I' is increasing in the maximal eigenvalue,
max spec(A). Assume for the moment that A is deterministic. If we first
apply Proposition 4.10 to (4.2) and then Theorem 4.5 to (4.45), we obtain an
upper bound depending on max spec(‘ o] Yowcot Au). A simple calculation
shows that for any matrix A € 8" and finite subset O of O(n),

1 1
- tr(A) < maxspec <@ Z u'Au) < maxspec(A4), (4.46)
ueO
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and so we obtain a smaller distortion power §;** by averaging over O. On
the other hand, however, averaging H, o and xy may worsen the bound on T',
and an example in Section 4.5.3 shows how these two effects interact. The
best lower bound for maxspec(A) that we can obtain by averaging over O
is Ltr(A) by (4.46), and if A is diagonal, this is attained for O = Perm,
the symmetric group of permutations of length n. (We identify permutations
with corresponding orthogonal matrices and use

1 tr(A
|Perm)| ueljgm u'Au = 1"51 >I for any diagonal matrix A,)

The idea to choose O = Perm leads us to the next result.

77777

define

n

1 1 g

Sym . o Z H o Uy, d; := sup ||— max (AP o Uyl
s u€Perm s€[t,T] n j=1 ueterm Le
1 1

0% = 3T o U)X i= 3T x ol
n u€Perm TL. u€Perm

Then the solution (', Z) of (4.2) satisfies
T T =
I, < —dilogE exp(—HSym—i— / Y™ dB, + / Xiymds) Fi|. (4.47)
t t

Proof. By choosing O := Perm, we obtain from Proposition 4.10 a first upper
bound Ty < T9, where T'? solves the BSDE (4.45) with O := Perm. We now
apply Theorem 4.5 to I'® with x = 0, which gives

ft]

— T T %
I'y < —dylog B | exp (—Hsym +/ o™ 4B, +/ Sy ds)
t t

1 /
max spec (H Z u'(Ag o Ut)u)

" u€Perm

with

<d,
Loo

0y := sup
s€(t,T)

since A is diagonal. Thus (4.47) follows from Jensen’s inequality. O

The assumption that A is diagonal is less restrictive than it looks. We can
always rewrite (4.2) to another BSDE of the same type with diagonal A by
changing o and B. In fact, there exist a predictable O(n)-valued process O
and a predictable diagonal matrix D such that A = O'DO. If we now define
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an (F, P)-Brownian motion by dB® = O dB, a direct calculation shows that
if (I', Z) solves (4.2) with parameters (H, A, a, x), then (I';OZ) solves (4.2)
with parameters (H, D, O, x) and with B replaced by B. This reduces the
problem to the case of a diagonal matrix A, but we then have to symmetrise
with respect to B and not B. For this, H, a and xy must be measurable for
the filtration F© generated by B?, which can be smaller than F. This limi-
tation does not come up if A is deterministic, since then so is O and hence
FO = F. In Section 4.5, we relate the BSDE (4.2) to an optimisation problem
where the matrix A is a transform of the correlation matrix of certain price
processes. In applications, such matrices are often assumed to be determinis-
tic. Similarly, things typically become less restrictive in a Markovian setting
because one can often do everything in the filtration of the factor process.

Remark 4.12. One can generalise Theorems 4.7 and 4.11 to the case where
H, a and y are unbounded, but |H| and fOT(]aS]2 +|xs]) ds have exponential
moments of all order. We sketch the procedure for such a generalisation. One
first uses Corollary 6 of Briand and Hu [12] for the existence of a generalised
solution (I', Z) of (4.2) and its uniqueness in a suitable class. Then one sets
H' == H"Nj—H™ Aj,j€N, defines o and x?/ analogously, and applies
Theorems 4.7 and 4.11 when H, o and y are replaced by H?, o/ and x?. By
taking limits in a suitable sense and applying Proposition 7 of Briand and
Hu [12], one can deduce generalised versions of Theorems 4.7 and 4.11. We
do not know whether Theorem 4.5 can also be formulated for unbounded H,
a and Yy, because the above generalisation procedure does not work there.
One cannot weaken in the above way the assumption that the eigenvalues
of A are bounded away from zero, since this condition is needed to apply the
results of Briand and Hu [12]. However, one can get rid of the restriction that
the eigenvalues of A are bounded away from infinity. Theorems 4.5 and 4.11
can be formulated without this assumption similarly to Theorem 3.12. If the
componentwise optional projection of A, whose eigenvalues are not bounded
away from infinity, exists (P®Leb)-a.e., one can prove Theorem 4.7 in the
same way as in Section 4.3.2. O

4.4 Exponential utility indifference valuation

This section recalls the financial concept of indifference valuation, in prepa-
ration for applying the convexity results from Section 4.3.

We work on a finite time interval [0,7] for a fixed T > 0, and we fix
t € [0,7]. On a complete probability space (£2,G, P), we have independent
Brownian motions W and W+ with values in R™ and R". We denote by
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G = (Gs)o<s<7 the P-augmented filtration generated by (W, W+) and assume
G = Gr. Moreover, we suppose there is an R"-valued (G, P)-Brownian motion
Y such that

dY, = RydW, + /I — R,R. AW}, 0<s<T (4.48)

for a G-predictable (n x m)-matrix R describing correlations between W
and Y. We assume that all eigenvalues of RR' are bounded away from one
uniformly on © x [0, 77, i.e., there exists ¢ € [0,1) with

max spec(RR') < ¢ (P®Leb)-a.e. on Q x [0, T]. (4.49)

For a fixed v > 0, the §™-valued process

1 /\—1
A= ;(I — RR)) (4.50)

is well defined, G-predictable and satisfies spec(A) C [1 ;} . In the nota-

77 v(1-0)
tion of Section 4.3, this implies that §™™(A) > 1/7.
Our financial market consists of a risk-free bank account yielding zero

-----

dS] = Siplds+ ) SlolFdWs, 0<s<T, S§>0, j=1,...,m
k=1

..........

are G-predictable. We assume that o is invertible, A := o~y is bounded
(uniformly in w and s) and that there exists a constant C' such that

CpRp>Bod'p > éﬁ'ﬂ on 2 x [0,7] for all § € R™.
(In other words, o is uniformly both bounded and elliptic.) The processes
W::W—i-/)\ds and SA/::Y—i-/R)\ds (4.51)
are Brownian motions under the minimal martingale measure P given by

g :zé’(—/)\dW)T. (4.52)

Let H be a bounded Gr-measurable random variable, interpreted as a con-
tingent claim or payoff due at time 7. To value H, we assume that our
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investor has an exponential utility function U(z) = —exp(—vyz), z € R, for a
fixed v > 0. He starts at time ¢ with bounded G;-measurable initial capital
z; and runs a self-financing strategy m = (75)t<s<r so that his wealth at time
selt,T]is

X :$t+/t ZEdSﬁ:xt—i_/t W;erWr,
j=1 ="

where 7/ represents the amount invested in S7, j = 1,...,m. The set A,
of admissible strategies on [t,T] consists of all G-predictable R"-valued pro-
cesses m = (7)i<s<r which satisfy ftT |Ts|? ds < oo a.s. and are such that

exp(—yXft’”),t <s<T, isof class (D) on (2, Gr,G, P).
We define V# (and analogously V) by

V! (x,) = esssup Ep[U(X7"™ + H)|G,]

TEAL

T
=e "™ esssup Ep [— exp (—’y/ o dW, — ’yH)
¢

TEAs

gt} (4.53)

so that V/(z;) is the maximal expected utility the investor can achieve by
starting at time ¢ with initial capital x;, using some admissible strategy m,
and receiving H at time T'. For ease of notation, we write

V(@) = eV (0) = e

Viewed over time, VH = (VtH ) o<i<r 18 then the dynamic value process for
the stochastic control problem associated to exponential utility maximisation.
Compared to (2.6) and (3.2) in Chapters 2 and 3, we have changed the sign
of H in the definition (4.53) of V,#(x;). This is done only for notational
convenience to avoid later additional minus signs. For the same reason, we
next consider the indifference buyer value and not the seller value. This is no
restriction since the seller value of H equals minus the buyer value of —H.
The time t indifference (buyer) value hy(x;) for H is implicitly defined by

V() = V! (xt - ht(l't))-

This says that the investor is indifferent between solely trading with initial
capital x;, versus trading with reduced initial capital z; — hy(x;) but receiving
H at T. Our goal is to find bounds for hs(x;). By (4.53),

1 Vo
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does not depend on x;, but directly on V7 and V°. We consider here V,°
as fixed via the financial market, and our focus lies on finding H-dependent
bounds for V# from the optimisation problem (4.53). An overview of the
literature on exponential utility indifference valuation in Brownian settings
can be found in Section 2.4.2.

4.5 Valuation bounds from convexity

In this section, we consider the same setup as in Section 4.4. In order to
apply the convexity results from Section 4.3, we want to associate V7 to a
quadratic convex BSDE of the form (4.2). We start with the following result
which follows directly from Theorem 7 and Proposition 9 of Hu et al. [37].

Lemma 4.13. The BSDE

r :H—/T<1\Z "~ 2/ —iu |2> dr+/TZ dw, +/TZ dW:- (4.55)
S ) 2 T ro\r 2,}/ T T T T T .

for s € [0, T] has a unique solution (f, Z, Z) such that (Z, Z) is (R™ x R™)-
valued and G-predictable with Ep [fOT(|ZAS‘2 + }23’2) ds} <oo and T is G-

predictable and bounded. Furthermore, we have VH = — exp(—’yfT) for any
G-stopping time T.

Unfortunately, we cannot (yet) apply the results from Section 4.3 to the
BSDE (4.55), because its generator is quadratic in Z, but only linear in Z. In
contrast, the generator of (4.2) is quadratic in the full vector Z = (Z, 2)/ The
next sections present three different approaches to circumvent this problem.
In Section 4.5.1, we simply add a term e|2‘2 to the generator of (4.55) and
study the limit as € tends to zero. Section 4.5.2 exploits the fact, pointed out
in Remark 4.8, that one can apply the projection result in Theorem 4.7 to
a BSDE with a more general generator. In a third approach, we impose in
Section 4.5.3 measurability assumptions on the claim H and the coefficients
of the asset S and then use symmetrisation arguments.

Lemma 4.13 also shows that the dynamic value process V¥ has a contin-
uous version. In the sequel, we always use this version of V.

4.5.1 e-regularising the BSDE and changing the mea-
sure
In this approach, we add a term e|2‘2 to the generator of (4.55) to bring it to

the form of (4.2). In some sense, this makes the BSDE (4.55) more regular.
We first study how the solution of the changed BSDE behaves as € ™\ 0.
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Lemma 4.14. For each fixed € > 0, the BSDE
§ T . . . 1
- H— / (212 + e 2 = (Zyn = o= IAl?) dr
s N2 27

T T
+/ A dWT+/ ZEdWE, 0<s<T, (4.56)

S

has a unique solution (f‘ﬁ, A Ze) (in the sense of Lemma 4.13). The solution
I to (4.55) satisfies

I'y =esssuply =limI} a.s.
e>0 N0

Lemma 4.14 is a variation of Proposition 3.1 of El Karoui et al. [26], which
gives a similar conclusion for BSDEs with a Lipschitz-continuous generator.

Proof. Lemma 4.2 gives for each € > 0 a unique solution (f‘e, Ze, Ze) of (4.56)

with bounded T, and both [ Z¢dW and [ Z¢dW* are in BMO(G, P). As
in the proof of Proposition 4.3, one can show that I'* < I' and that |F€‘

is bounded by ||H || g~ + %H fOT [As|?ds]| o, uniformly in e. Applying It6’s
formula to exp (f‘e) then yields like in the proof of Proposition 7 of Mania

and Schweizer [44] that the BMO(G, P)-norms of [ Z¢dW and [ Z¢dW™* are
bounded uniformly in e. By Theorem 3.6 of Kazamaki [40], the BMO (G, Pe)—

norm of [ Z¢dW is thus bounded uniformly in ¢, where

dpe o ¥ S 1
L ._5( [raw+d [z zyaw )T.

We now obtain from (4.55) and (4.56) by conditioning on G, under P¢ that

/ZEdW

and this converges almost surely to 0 for € \, 0. [

2

Y

T
0<I,—I%=eEp V | Z¢]” ds
t BMO(G,Pe¢)

g;| <e

To apply the change of measure result in Theorem 4.5, we use notations
analogous to Section 4.3.1, whose B corresponds to (W, W+). Let us set

1 (T !
~HE = 7H+§/ (X + (1N = [5s]7) ds—el/ (ks — As) AW,
t t

dQ" B
1P .—5( /ndW)T.
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Note that K = K™ is here a set of R™-valued processes. The next result
follows fairly directly from Lemma 4.14 and Theorem 4.5, but spelling out
all details is rather tedious and gives no new insights; hence we only outline
the argument. We apply Theorem 4.5 to (4.56) with € := %, B:= (W, WY,
n:=m++n,

~ 1/ el] 0 . ~ (A 1 1
A:i=— mxm = —A Y= —— 4+ — 2,
gl ( N ) - < 0 ) X <2ve i 27>|A|

This gives o™ ([\) = 1/7, and now we obtain from Lemma 4.14 and (4.17)
in Theorem 4.5 for K := K™ x K™ the following result.

Proposition 4.15. We have

[y = —essinf essinf log Egx[exp(—vH;")|G]Y". (4.57)

€€]0,1] kek(m)

By picking arbitrary x € K™ and e € ]0,1], the representation (4.57)
allows us to get lower bounds for I';, and hence also for VH by Lemma 4.13.
Note that Q" is a martingale measure for S only for x = A. In that case, Q"
equals the minimal martingale measure P, and we get from (4.57) that

3 1 /T 1/
I'' > —log Ep {exp (—'yH - 5/ |)\S’2 ds) Qt] :
t

4.5.2 Projecting onto incompleteness

This short section exploits the projection result from Section 4.3.2 to give
an upper bound for V{!. For any process Z, we denote by FZ = (fSZ)0<s<T
the P-augmented filtration generated by Z. In this section, Z° stands for the
optional projection of Z onto the filtration FW™ under the minimal martingale
measure ]5, ie., 22 =Ep [ZT‘}T/L] for any IFWL—stopping time 7.

Proposition 4.16. For any s € [0,T], VH satisfies
o L ey
(log(—V*™))? > log Ep [exp(—Ep [yH|F}] - 5/ (|)\|2)Tdr) ‘ffw}.
Proof. Using (4.51), we can rewrite (4.55) in the form
. Ty 1 T T
to=t— [ (Y2 - P ar+ [z [ zeaw:
S f)/ S

S

By Remark 4.8, we have I'° < T’ where (f, Z) solves the BSDE

= Wt T Y5 12 1 2\0 r_ n
T, = Ep[H|F) }—/ (312 5 (I )T>dr—i—/ Z,dW;

s



4.5. Valuation bounds from convexity 107

for 0 < s <T. A direct calculation shows similarly to (4.5) that

_ 1 1" 0

I'y=——logEp {eXp (—Elg [7H|]—"¥VL] —5/ (|)\|2) dr) ‘FSWL}, 0<s<T,
8 s "

which concludes the proof since V# = — exp(—fylv“) by Lemma 4.13. O]

Proposition 4.16 gives an upper bound for V¥ and thus also for hg, but
these bounds are rather rough. In the next section, we show how additional
measurability assumptions can be exploited to derive other bounds via the
symmetrisation result of Section 4.3.3.

4.5.3 Symmetrising a nontradable claim

Recall that F? = (.7:52 ) o<scp denotes the P-augmented filtration generated
by a process Z. We recall W and Y from (4.48) and write for brevity

W = Ws)o<s<r for FV, Y= (Vs)o<s<r for FY, Y = ()Ais)ogng for FY .

If R\ is Y-predictable, then Y from (4.51) is Y-adapted and hence Y Cv.
In general, however, none of the above three filtrations contains any other.
We study two cases which were introduced in Section 2.4.1 in a setting with
one-dimensional W and Y.

Cases. We consider one of the following two situations:

(I) H e L*(Yr, P), X is Y-predictable, and R is Y-predictable.

(I) H € L™ (J>T, P), A is FS’Y—predictable, and X is W-predictable.

Each case reflects a situation where the payoff H is driven by Y (or }7),
whereas hedging can only be done in S which is imperfectly correlated with
Y (or Y) Direct hedging in the underlying of H may be impossible for two
basic reasons: In case (I), its driver is not traded at all (e.g., a volatility or a
consumer price index), whereas in case (II), it is traded in principle but not
tradable for our investor, due to legal, liquidity, practicability, cost or other
reasons. We refer to Section 2.4.1 for a thorough explanation and motivation
of the assumptions in cases (I) and (II).

We focus in this section on case (I) and first relate V¥ to a BSDE of the
form (4.2). A similar result for case (II) is given in Proposition 4.23 in the
Appendix. Recall from (4.50) that A := (I — RR)~'.

1
¥
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Proposition 4.17. In case (1), the BSDE
-1 / 1 2 g
r,—H— 2 2N 7, — ZRAT—2—|)\T\>dr+ Z,dY,  (4.58)
g s

for 0 < s < T has a unique solution (', Z) where I is a real-valued bounded
continuous (Y, P)-semimartingale and Z is an R™-valued Y-predictable pro-
cess such that fOT |Z|? ds < oo almost surely. Moreover, Vi = —exp(—~T).

Proposition 4.17 shows in particular that V# is Y-adapted in case (I).
This generalises Remark 3.3 of Ankirchner et al. [2] who made the same
observation in a Markovian setting. It also shows that the distortion power
0" in Theorem 2.9 can be chosen Y-adapted.

Proof. The BSDE (4.58) can be brought into the form (4.2) by defining
B=Y, F:=Y, y:== ——X< I+ R’AR))\ and a:= —AR\,  (4.59)

and so (4.58) has a unique solution (I', Z) by Lemma 4.2. Using (4.48) then
shows that (F,R/Z, VI — RR’Z) solves (4.55), and

T T
Ep [/ (Z!R,R.Z, + Z(I — R,R.)Z,) ds] — Ep [/ 17,2 ds
0 0

< o0,

since [ ZdY € BMO(Y, P) by Lemma 4.2. Moreover, V# = — exp(—I") by
uniqueness for (4.55). For later use, note that plugging (4.59) into (4.13) gives

1 [T 1 [r
H=H+ —/ |\s|? ds — —/ (Ii/sAS/is — (RS)\S)’AS(RS)\S)) ds
2y Jy 2/
T
—/ Ag(ks — Rs\g) dYs. (4.60)
t

]

The key point for rewriting the description of V# from (4.55) in Lemma
4.13 to (4.58) in Proposition 4.17 is that the latter BSDE has the form (4.2);
and this reformulation, by working in the filtration FY instead of G = F(W-W ™),
is possible thanks to the measurability conditions imposed by case (I). We
could now apply to (4.58) all the results of Section 4.3, but we focus here on
symmetrisation via Theorem 4.11. However, we also briefly mention in the
next remarks some consequences of the probability change via Theorem 4.5
and the projection via Theorem 4.7.
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Remark 4.18. 1) Theorem 4.5 applied to the BSDE (4.58) generalises The-
orem 2.9, which corresponds to the choice Kk = RA. In that case, H; from
(4.60) simplifies to H{" = H + 5= ftT |\s|?ds, PF* is the projection onto Y
of the minimal martingale measure P in (4.52), and 51 from Theorem 2.9 is
linked to 67 from Theorem 4.5 via o = ~6FH  The freedom in The-
orem 4.5 of choosing  arbitrarily allows one to obtain other bounds. Note
from (4.60) that k = R\ is special because only with this choice, H;* has no
dY-integral in addition to H. So the minimality of P in the original sense
corresponds to the minimality of H/* in the sense that it only differs from H
by the terminal value of a finite variation process.

2) Theorem 3.12 is the general semimartingale analogue of Theorem 4.5
applied to (4.58), with slightly different assumptions.

3) Proposition 4.17 starts with an optimisation problem in a financial
market and relates this to the solution of a BSDE. In the opposite direction,
one could also start with a BSDE and link its solution to an optimisation
problem in an artificially constructed financial market. For the BSDE (4.2)
with fixed (H, A, «, x) as in Section 4.2.1, we can define

v = sup || maxspec(A;l)||LOo +1, R:=/I—- lA—l, A= —R A,
s€t,T) Y

- T IR

o= H+/ Xo ds + —/ Xs(—1+ R;A3R8>Asds, m = n.
t 2./ Y

If we construct with these parameters a model as in Section 4.4, then Propo-

sition 4.17 yields I'; = —% log(—V;H).

4) Theorem 4.7 gives an upper bound for the solution of (4.58) in terms
of a solution to a projected, lower-dimensional BSDE. Combining this with
the above remark shows that projecting the optimisation problem relates to
constructing a lower-dimensional artificial market. O

Applying Theorem 4.5 to the BSDE (4.58) yields bounds for V;# which
depend directly on the claim H. If we also use symmetrisation via Theorem
4.11, we obtain bounds depending on a symmetrisation of H.

For any Y-predictable S"-valued process A, there exist a Y-predictable O
valued in O(n) and a Y-predictable diagonal matrix D = diag(D",..., D"™)
with A = O'DO. For a bounded Y-predictable process x, we define a process
V&0 null at 0 by dY*0 = O(dY + kds), and we set Y=O = (Yr0)
= FY™°,

0<s<T
For the next result, we work on Wiener space with coordinate
process Y*© and use the notations of Sections 4.3.1 and 4.3.3 with B := Y"*¢
and x, o given by (4.59).
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Proposition 4.19. Write A = O'DO and fix a bounded Y-predictable pro-
cess k. In case (I), assume that D is Y5O -predictable and HF in (4.60) is
VO measurable, and set Hf™™ = L > wepem Hi 0 Uy Then we have

VH < —Ep« [exp(—Hf’Sym/dt) \yf’o}”df a.s., (4.61)
where
1 & g
d; = — D7 o U,
v s a2 s (P e U

Proof. By Proposition 4.17, VH = —exp(—1T;) where (T, Z) solves (4.58).
If (F, Z) solves for 0 < s < T the BSDE

- 1 (7T N N T -
Iy=H — - / (0,2,)'D;1(0,Z,) dr + / (0.2,) dy;°, (4.62)
combining (4.62), (4.60) and (4.58) on [0,T] shows Z = Z — A(k — R)) and

tV- tv-
I’:f—%/ (IA*/v = (k = RN)A(k + RX)) ds+/ Ak — RN dY
t t
so that in particular I, = T;,. Now we apply Theorem 4.11 to the BSDE
(4.62) and obtain (4.61) from (4.47), except for one detail: The payoff H}
from (4.60) is not bounded, as Theorem 4.11 requires. But a closer look
shows that H/ differs from a bounded payoff only by j;T As(ks — RsAs) dYs,
and since this Y-integrand is bounded, the arguments from Theorem 4.11 still
go through. O

If we choose k = R in Proposition 4.19, the random variable H/ in (4.60)
simplifies to /" = H + 5= j;T |As|? ds and the resulting upper bound

Vi < —Bplexp(—H™™ /d,) | VMO as,

can be written under the minimal martingale measure P from (4.52). In
general, the bound of Proposition 4.19 differs from the upper bound in The-
orem 4.5 in two respects. On the one hand, the expectation in (4.61) is dis-
torted by d; which depends on the average eigenvalue of (the permuted) D,
whereas 0;"** from Theorem 4.5 reflects the maximal eigenvalue of D. We
have d; < 6" and in the multidimensional case n > 1, there can be a big
difference between d; and 6;*** so that the bound of Proposition 4.19 may
significantly improve that of Theorem 4.5. But on the other hand, the bound
of Proposition 4.19 depends on the symmetrised claim H;"*™ instead of HF,
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which may make it worse. It depends on the concrete situation which of the
two impacts is stronger and whether Proposition 4.19 or Theorem 4.5 gives
the better bound. For n = 1, the bounds coincide.

In practice, the claim H often has symmetry properties (e.g., if it is the
sum of individual assets); then H; SY™ does not differ much from HY, and the
bounds of Proposition 4.19 can be much better than those from Theorem 4.5.
We illustrate the above discussion in the next simple example.

Example 4.20. Take m = dim W =1 and n = dim Y = 2. We assume that
instantaneous correlations between W and Y are given by R = (p!, p?)’ for
two constants p', p*> € |—1,1[ with 0 # |p'|? + |p?|* < 1. By (4.50), we have

1 1 1—[pl2  _plp2 -1
A=tu-rmy =2 (2PN 8L
ot v\ -t 1-1p%

which can be written as A = O’ DO for

1/1 0 1 2 —p!
D:_<0 X ) andO:—<p1 ’5).
v =TT P=1p?]? VI P2\ Peop

We assume that A = £ is constant, and we consider a claim of the form
H = q'Y} + ¢*°Y}# = ¢'Yr for a constant ¢ = (¢*, ¢*)’ € R*\{0}. In this simple
setting, V' can be explicitly determined. Indeed, writing H = ¢'Y; + fth dYs,
plugging this into (4.60) and choosing x = A~!q + R\ leads to

1
Hf =4V, + §(A2/7 —2AR'q — ¢ A "q) (T — 1),

and because this is Y;-measurable, we get V! = —exp(—yH}). But note
that this works only because H is of the special form H = fOT qdY and ¢, R
and A\ are deterministic.

Although V;# is explicitly known here, we next also compare the bounds
from Theorem 4.5 and Proposition 4.19 for the special choice Kk = R\. We
choose this k since it does not depend on H and also has nice consequences,
as explained after Proposition 4.19; and we compute the bounds despite their
non-optimality since they are explicit and illustrative. Applying Theorem 4.5
for Kk = RA to the BSDE (4.58) gives with an easy computation for the
indifference value in (4.54) the upper bound

ho < —log Epralexp(—H /35)]0"

=3 (=1 =10°P) (' + |*1*) = TA(g'p" + ¢*p*),  (4.63)
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where 6™ = maxspec(A) = W. To apply Proposition 4.19 with

k= R\, we have to symmetrise with respect to YA = OY, + ORMs,
0 < s <T. The symmetrised claim is

masym L1 o vomno L1 o, (VN9 11, 22
H, = 5@, )0V + 5(¢,¢7)0 (o) —TXNg p +qp°)
T
1, N
= (@ + @) (7)) + (7)) = TAd'p' + ),
where
(5)-o(3)- i (72558)
q2 q2 |p1‘2 + |p2’2 plql + p2q2 )
and so Proposition 4.19 and (4.54) yield

ho < —log Epra [exp(—Hé?”\’Sym/do)}do

T 112 212 (@' +¢)? 11 2 92
=——(1=[p]" = [p7 —TXq'p +q°p°),
3 PP

where dy = 3 tr(A) = %. Due to the symmetry of the model, we

can interchange p' and p? and, simultaneously, ¢' and ¢?. This leads to

ho < =TXg'p" +¢°p*) =T (1= [p']> = |0*) (4.64)
2 2
y max{(pl(ql _ q2) +p2(q1 + q2)) 7 (,02((]2 _ ql) + ,01((]1 + qz)) }
22 =o' = 1p*P) (o' * + 1p?12) ’

which is a better bound for hy than (4.63) if and only if

2 2
max{ (p'(¢" — ¢°) + P*(¢" + ¢*)", (P*(* — ¢') + p'(¢" + ¢*) "}
(' +1¢?P) 2 = [p']> = 1) (o' P + [p?[?)

We assume without loss of generality that ¢' # 0. Then ¢*> = cq' for some

¢ € R, and a calculation shows that (4.65) is equivalent to

1<

(4.65)

(0".7") & (D gy (e YUD g (=, ~¢")) N (B (eh, —e ) UD g (~¢* 7)),

% V2 V2
(4.66)
+ 1+c in) . .
where c* = W and D e8 (z) denotes the closed disk of radius 1 / V2

centered at z € R?. Note that |c”|* + |¢"|*> = 1/2 so that the centers of
all four disks in (4.66) lie on a circle of radius 1/v/2 centered at the origin.
Figure 4.1 below shows in green the area on which (4.66) holds and in red
its complement in the unit disk. In the green area, the symmetrised bound
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c =1 c =3

-1 -1

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 4.1: Graphical visualisation of (4.66) for ¢ = 1 (left panel) and ¢ = 3 (right panel)
with p' on the horizontal and p? on the vertical axis. We have ¢~ = 0, ¢t = 1/v/2 (left
panel) and ¢~ = —1/v/10, ¢t = 2/4/10 (right panel).

(4.64) is better than (4.63), and vice versa in the red area. The green area
amounts to 2/m ~ 63.66 % of the total surface of the unit disk. In principle,
the bigger |p!|?+|p?|? is and the nearer (p', p?) is to one of the points (¢, ¢*),
(—c™,—c"), (¢*,—c7) or (—c*,¢7), the more likely it is that (p!, p?) is in the
green area and the symmetrised bound is better. This reflects the idea that if
H is more symmetric with respect to Y€ and the eigenvalues of A differ a
lot, then making everything symmetric will achieve more than only squeezing
the eigenvalues together. O

4.6 Appendix: Auxiliary results

Lemma 4.21. The function f(A,z) = %z’A_lz in (4.3) is jointly conver.
Proof. 1t is enough to show that, for fixed z,y € R" and A, F € §",
YA 4y Py > (2 +y)(A+F) 2 +y). (4.67)
We first note that there is C' € GL(n) such that C’AC' = I and D := C"FC
is diagonal. Indeed, A = U'U for some U € GL(n), and (U"Y)YFU™! is
symmetric; so there exists V € O(n) with V/(U™'YFU'V diagonal, and
C := U~V will do. Thus (4.67) is equivalent to
2P+ 9Dy > 2+ 9T+ D) (2 +7), 2:=C"2 and §:=C",
or, with D = diag(D", ..., D"™), to
" . . g " 2
9Py /o) > S E T
S+ /) = 30 T

Jj=1 J=1
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But the last relation is true because for j = 1,...,n, we have
‘ . - o gil2 |5 Dii — 7 [/ Dii|?
(|2J|2+|g]|2/DJJ)_|Z + 9| _ | y/ } > 0.

14+ Dii 14 Dii

Lemma 4.22. In the setting of Section 4.3.3, we have

(/ ZdB) olU, = /(Z o U,) dB". (4.68)

for any predictable process Z on Wiener space with fOT |Z,?ds < o0 a.s.

Proof. By It0’s representation theorem, any local martingale is of the form
¢+ [ BdB for a constant ¢ and a predictable process  with fOT 852 ds < o0
a.s. Therefore, (4.68) is equivalent to

<</Zd3) OUt,/ﬁdB> = </(ZoUt)dB“,/ﬁdB> (4.69)

for any predictable 5 with fOT |8s]? ds < oo a.s. To prove (4.69), we note first
that P o U, ' = P by the invariance of Wiener measure under orthogonal
transformations, and thus

E[XoU;] = E[X] forall X € L' (4.70)

This implies that the (local) martingale property is invariant under U, i.e.,
for an adapted integrable process M, we have

M is a (local) martingale <= M o U; is a (local) martingale.  (4.71)

Indeed, if 7 is a stopping time and M., ,. is a martingale, then 7 o U; is a
stopping time and we have for any s € [0, 7] and A € F, that
BIM o UnynrLa] = E[(Mory o) 0 U] = E[M L)
- E[MT/\s]lUtfl(A)] - E[(M o Ut)’r/\s]lA}
by (4.70), using also that U; ' (A) € F,. This gives “==" in (4.71), and “<="

follows by symmetry.
We are now ready to prove (4.69). Its left-hand side equals

<</ZdB) oUt’/ﬁdB> :/d<</ZdB) OUtaB>ﬁ, (4.72)
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and by (4.71) we have

<</ZdB)oUt, > << ZdB)oUt,((]l[[O,t]]IjL]l]]t,T]]u1)B)0Ut>
</ZdB ]1[[Ot]]I+]l]]tT]]u 1>B> OUt

tvV-
/ Z'ds + (/ Z’(ul)’ds> oU,.
0 t

Since ([ Z'(u™') ds) o Uy = [(Z o U;)'uds, we obtain from (4.72) that

<(/ZdB) ° Ut’/ﬁd3> = /(]ll[o,tﬂZ'ﬁ+ Ly71(Z 0 Up)'up) ds
= </(ZoUt)dB“,/gdB>,

which shows (4.69) and concludes the proof. O

The following result is the analogue of Proposition 4.17 for case (II).

Proposition 4.23. Under the assumptions of case (II) in Section 4.5.3 with
the additional requirement that R is Y-predictable, the BSDE

T
I's=H— / A7, dr—i—/ Z,dY,, 0<s<T (4.73)
has a unique solution (I';Z) where T' is a real-valued bounded continuous

(Y, P) -semimartingale and Z is an R™-valued Y—predictable process such that
fOT |Z|* ds < oo almost surely. Moreover, for any s € [0,T],

1 T
VH = —exp (—fyFs - §Eﬁ {/ A2 dr Wsl) a.s. (4.74)

Proof. This follows the same idea as Proposition 4.17, using additionally that
the mean-variance tradeoff fOT |A.|>dr is in case (II) attainable by trading in

S. In more detail, we replace P in Section 4.2 by P and set
B::Y, F::Y, a:=0 and x:=0

to bring (4.73) into the form (4.2). By Lemma 4.2, (4.73) has a unique
solution (T, Z), and [ ZdY is in BMO(Y, P). Since R is bounded, [ ZdY
is a (G, P) martlngale and because I' is bounded, we obtain from (4.73) that

Ep[i fo 'A;'Zds] < oo, which implies Ep[fo 1 Z[>ds] < oo due to (4.49).
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To deal with the term involving A, we use [t0’s representation theorem as in

Lemma 1.6.7 of Karatzas and Shreve [39] and obtain a W-predictable process
. T

n = (ns)os<r With Ep[ [ [ns|*ds] < oo and

1 T ) 1 T ) T .
— Ag ds:—E[/ Ag ds}%—/ ns AW
2ﬁy/0| Pds=5-Ep| [ A 0

1 T T T
=—Fp [/ |A\s|? ds} +/ MeAs ds+/ ns dWs.  (4.75)
2y 0 0 0

Here we use that A is W-predictable in case (IT), recalling that W =F". As
A is bounded, [ndW is in BMO(G, P) and so [ndW is in BMO(G, P) by
Theorem 3.6 of Kazamaki [40]. For the solution (I", Z) of (4.73), we set

1

T
(T.2,2) = <r+ —Fp U 1A ds

2y
. 1 T S
dl'y =dI'y + —d(Ep {/ |/\T|2dr Ws} — / |)\r|2dr)
27y 0 0

1
= AT+ oA ds e Wy — oA ds
B

W] ,—n+ RZ, I — RR’Z>

and calculate

. R 1 A )
- (%‘Zs‘z_Z;/\S_2_|)\g|2) dS—ZSdVVS—ZSdV[/'SL7 OSSST
Y
b (.48), (451 and (475). Honce (1, 7,7) sobves (1.55) and e alo v

T
Ep [/ ((ns + R.Z) (ns + R.Zs) + Z(I — R,R,) Z,) ds}
0

T T
< 3FEp {/ |ZS|2ds] +2Ep [/ 15| ds} < 00.
0 0

Finally, (4.74) follows from the uniqueness of solutions to (4.55). O



Chapter 5

A convergence result for BSDEs

This chapter yields an explicitly computable sequence that converges to the
indifference value in a two-dimensional Brownian model with stochastic cor-
relation.

5.1 Introduction

In a basic model, the financial market consists of a risk-free bank account
and a stock S driven by a Brownian motion W. The contingent claim H to
be valued via exponential utility indifference depends on another Brownian
motion Y, which has instantaneous correlation p with W. If p is determin-
istic and constant in time, an explicit formula for the indifference value h; is
available from Tehranchi [56]. However, for general (stochastic and/or time-
dependent) p, only bounds and a structurally explicit but not an explicit
formula® for h, are known; see Chapter 2.

Our starting point to study this problem with general p is the well-known
characterisation of (h;)o<t<r via a backward stochastic differential equation
(BSDE). We deduce that if p is piecewise constant in time, we can obtain an
explicit formula for h; in the same way as for constant p, just by considering
iteratively the BSDE on intervals where p is constant. For general p, the idea
is to approximate p pointwise by a sequence (p"),en of piecewise constant
processes and to replace p by p™ in the BSDE so that the solutions have an
explicit form. These solutions then converge to (a transform of) h; by a con-
vergence result for quadratic BSDEs, which we prove in a general continuous
filtration. We thus have an explicitly known sequence which converges to h;.

3 Recall that according to the footnote 1 on page 6, a structurally explicit formula is defined
as a formula which is explicit in principle, but, unlike an explicit formula, some parameters
are not directly given in terms of the input parameters of the model.

117



118 Chapter 5. A convergence result for BSDEs

The only point left is whether we can approximate p pointwise by a se-
quence (p"),en of piecewise constant processes. To handle this issue, we first
restrict our study to the case where p is deterministic. We show that the
above approximation of p and thus that of h; work in a general way if p is
Riemann integrable. A bounded real-valued function is Riemann integrable
if and only if it is Lebesgue-almost everywhere continuous, which is satisfied
for every correlation function in practice, except for “pathological examples”.
We also give such a counterexample where the approximation of h; indeed
fails. For general stochastic p, we prove that the approximation of h; works
if p has left-continuous paths.

This chapter is structured as follows. In Section 5.2, we state convergence
results for quadratic BSDEs in a general continuous filtration. Section 5.3
gives a first application of these results. We show that the indifference value
in a general continuous filtration with trading constraints enjoys a continuity
property in the constraints. The results on the indifference valuation in a
Brownian setting are contained in Section 5.4. We lay out the model and
prove some preliminary results in Section 5.4.1. We then study in Section 5.4.2
the approximation of the indifference value h; by applying the convergence
results of Section 5.2. Section 5.4.3 shows a continuity property of h; in the
correlation p. Finally, the Appendix contains the proofs of the convergence
results of Section 5.2.

5.2 Convergence results

The financial applications in the subsequent sections are based on convergence
results for quadratic BSDEs in the setting of Morlais [46]. We first recall this
framework and then state the main convergence theorem.

We work on a finite time interval [0,7] for a fixed T" > 0, and we
fix t €[0,T] throughout this section. Let (Q,F,F = (Fy)o<s<r, P) be a
filtered probability space satisfying the usual assumptions with F = Frp.
We assume that [ is continuous, i.e., all local martingales are continuous.
We fix an R%valued local martingale M = (M,)o<s<r and take a nonde-
creasing and bounded process D (e.g., D = arctan(ijl<Mj ))) such that
d({M) = mm’dD for an R™?-valued predictable process m.

Let us consider, for 0 < s < T, the BSDE

T T
[, = H—i—/ f(r,Z,) dDT—i—g((N}T—(N)s)—/ Z,.dM,—(Ny—Ny), (5.1)
where f : Q x [0,7] x R — R is P x B(R%)-measurable (P denotes the

o-field of all predictable sets on Q x [0,7T] and B(R?) is the Borel o-field
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on Rd), G € R is a constant and H is a bounded random variable. A so-
lution of (5.1) is a triple (I', Z, N) satisfying (5.1), where I' is a real-valued
bounded continuous semimartingale, Z is an R%valued predictable process
with B[ fOT ImyZ,|>dD,] < oo and N is a real-valued square-integrable mar-
tingale null at 0 and strongly orthogonal to M.

Theorem 5.1. Let (f™, 3", H") =12, .0 be a sequence of P x B(R?)-measur-
able real-valued mappings, constants, and random variables uniformly bounded
m L, such that

(i) there exist a nonnegative predictable k' with H fOT K} stHLoo < 0o and
a constant ¢' such that

1f"(5,2)| < KL+ ctmgz|® for all s €[0,T], z € R (5.2)
andn=1,...,00;

(ii) there exist a nonnegative predictable x* with || fOT k22 dD;|| . < o0 and
a constant ¢* such that

|f7(s,2") = (s, 2%)| < (K2 + [me2'| + [me2®|) [ ms (2 = 2%)|
forall s €[0,T], 21,22 € R andn=1,...,00;

(111) lim, o " = [, lim, .. H" = H* a.s. and for (P®D)-almost all
(w,8) € [t,T], lim, oo (s, 2)(w) = f2(s,2)(w) for all z € R

Then there exist unique solutions (I, Z"™, N™) to the BSDE (5.1) with pa-
rameters (f™, 0" H"™) forn = 1,...,00, and T} converges to T'¢° a.s. as
n — o00. Moreover, supsey 71 |I's — 5% — 0 as n — oo in probability and in
LP, 1 <p<oo.

The proofs of Theorem 5.1 and of the next corollary are presented in the
Appendix.

Corollary 5.2. Suppose in addition to the assumptions of Theorem 5.1 that
(iv) H™ converges to H>® in L> as n — oo;

(v) there exist sequences (a")nen and (@")nen of deterministic functions
which converge to 1 uniformly on [t,T] (up to a (P®D)-nullset) such
that f™ = Q”i—l—ﬁ”? for everyn = 1,..., 00, where f, f satisfy (5.2)
with f" replaced by f, f.
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Then we have sup,e 1 [T — T'5°| — 0 in L™ as n — oo and there even ezists
a constant K > 0 such that for all n € N,

sup [I'y —I'Y%|
s€(t,T]

Lo

+ 16" = X1+ |H" — H®|| ). (5.3)
Further, [ Z"dM — [ Z*dM and N* — N on [t,T] in BMO asn — cc.

In the literature on BSDESs, convergence results are also called stability
results. The main differences between Theorem 2.8 of Kobylanski [42] and
our Theorem 5.1 are the following: Kobylanski [42] works in a Brownian set-
ting and imposes locally uniform convergence on the generators, whereas our
Theorem 5.1 is stated in a general continuous filtration and for generators
(f")n=1,. 0o that converge only pointwise. Moreover, the generators in Koby-
lanski’s Theorem 2.8 can unlike ours also depend on I'”, and there is also an
L*(P®Leb)-convergence result for (Z™),—1.. , which is, however, less strong
than the BM O-convergence in Corollary 5.2. Another convergence result in a
Brownian setting is Proposition 7 of Briand and Hu [12], which gives conver-
gence of the moments of exp (Supse[tﬂ T —I'%°|) and (ftT |Z7 — Z2°|* ds) 12
for unbounded terminal conditions if the generators are convex.

For a general continuous filtration, a convergence result for an exponen-
tial transformation of the BSDE (5.1) is available from Lemma 3.3 and Re-
mark 3.4 of Morlais [46]. Lemma 3.3 serves in [46] as an auxiliary result to
show existence of a solution to (5.1) with a more general generator f which
can also depend on I'. The proof of the existence result first establishes a
one-to-one correspondence between solutions to (5.1) and those to a sim-
pler BSDE which results from an exponential transformation of the original
BSDE. Lemma 3.3 is then used in proving existence of a solution to the sim-
pler BSDE. Due to the one-to-one correspondence between solutions to the
original and to the simpler BSDEs, Lemma 3.3 gives also a convergence result
for the original BSDE, as Morlais remarks. In particular, its application to
(5.1) needs that exp(8"H") and a certain transform of f™ are nondecreasing
in n, and it yields F [supse[tﬂ |e7"T8 — &P T — 0, which is equivalent to
SUPsery 15 — 5% — 0in L' for 3 # 0; the equivalence can be shown using

min{e”, e’ }Hx — y| < e — | < max{e”, e}z —y|, z,y €R,

and that I' is uniformly bounded in n = 1,...,00 by Lemma 3.1 of Mor-
lais [46]. In contrast to Morlais [46], who proves existence and uniqueness of
solutions to (5.1), we focus on convergence questions and work in the proof of
Theorem 5.1 directly with the BSDE (5.1) instead of doing first an exponential
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transformation. Standard BSDE comparison techniques and the application
of BMO-theory enable us to prove in the Appendix the a.s. convergence of
I'} under weak assumptions.

5.3 Indifference valuation under convergent
constraints

Before we restrict our study to a Brownian setting, we give in this section a
first application of Theorem 5.1 in a financial context. We work within the
framework of Section 5.2 with a continuous filtration F. Recall that M is a
local martingale and d(M) = mm/dD. We suppose that almost surely, the
matrix my is invertible for every s € [0,7]. The financial market consists of
a risk-free bank account yielding zero interest and d risky assets whose price
process S = (Ss)o<s<r 18 given by

dsi
S

d
=dMI+ Y N d(M MY, 0<s<T, §>0 forj=1,....d

i=1

where \ is a predictable process which satisfies H fOT |m$)\5|2dDSH 1o < 00,
i.e., the mean-variance tradeoff process is bounded. Let H be a bounded
random variable, interpreted as a contingent claim or payoff due at time T,
and let C' C R% be a closed set with 0 € C. We assume that our investor
has an exponential utility function U(z) = —exp(—yz), =z € R, for a fixed
~v > 0. Starting at time ¢ with bounded F;-measurable capital x;, she runs a
self-financing strategy m = (7;);<s<7 valued in C so that her wealth at time

s € [t,T] is XI™ =z + [ Z;lzl g—iidSZ, where 7/ represents the amount
invested in S7, j = 1,...,d. The set A of C-admissible strategies on [t, T]
consists of all predictable R?valued processes 7 = (7s)t<s<r which satisfy
a.s.,, ms € C for all s € [t,T], E[ftT Im,ms|>dD,] < oo and are such that

exp(—yX#7™), t < s < T, is of class (D). We define V;""“(z,) by
VY (2,) == esssup B [U(X7™ + H)|F]
T€AY

= e esssup B[ eXp(—WX%7r —H) ‘f.t} (5.4)

TeAY

so that V;H’C(xt) is the maximal expected utility the investor can achieve by
starting at time ¢ with initial capital x;, using some C-admissible strategy m,
and receiving H at time T'. For ease of notation, we write

‘/tH,C(It> — e—’YJUt‘/tH’C(O) = e_’ywt‘/;H’C. (55)
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Viewed over time ¢, V¢ is then the dynamic value process for the stochastic

control problem associated to exponential utility maximisation.
The time t indifference (buyer) value hi"(z,) for H is implicitly de-
fined by
V() = Vi (= " (). (5.6)

This says that the investor is indifferent between solely trading with initial
capital z;, versus trading with initial capital z, — h;’ C(xt) but receiving H

at T. By (5.5),

0,C
‘/;7

H,C
Vi

1
h () = by = S log (5.7)
does not depend on z;.
The following proposition can be seen as a kind of continuity result for
V"% and h"C in (H,C).

Proposition 5.3. Let H", n = 1,2,...,00, be uniformly bounded random
variables with lim,, . H" = H*™ a.s., and let C", n =1,2,...,00, be closed
subsets of R? which contain zero and are such that (P®D)-a.e.,

lim inf |m(y — 2)| = inf |m(y —2)| for all z € RY. (5.8)
n—oo yeCn yeCoe
Then lim,,_. VtHn’Cn = VtHOO’COO and lim,, hfn’cn = hfm’cm a.s., and
there exist continuous versions V" and ho"C" n=1,... 00, such that

lim sup |V$Hn’Cn — VSHOO’COO‘ = 0 in probab. and in LP, 1 <p < oo,
=00 selt, T

lim sup ‘hfn’cn - hfoo’coo‘ = 0 in probab. and in LP, 1 <p < oo. (5.9)
=00 e (t, T
Proof. Fixn € {1,...,00}. By Theorem 4.1 of Morlais [46], there is a version
VH"C" such that V™" = — exp(yI™), where (I'™, Z™) is the solution of (5.1)
with 8 :=~, H replaced by —H" and with generator f" given by

1

S)\S 2
3 Imd

f*(s,2z) := inf (%‘ms (y — 7 — %)\s)

yeCn

) - ey omar

for s € [0, 7] and 2z € R?. Remarks 2.3 and 2.4 of Morlais [46] and (5.8) imply
that the assumptions (i)—(iii) of Theorem 5.1 are satisfied, which yields

lim I'} =} as. and lim sup |I';—I';°| = 0in probab. and in L. (5.10)

n—oo 00 selft T

_tE — Hx O

H™.C"
‘/t | H™C™ tH‘X’ ce
h/t ) — h/t )

= lim,_,o —e"* =
0,cm 0,c%
=V

Therefore, we obtain lim,,_,

a.s. and analogously lim,, .V a.s., so lim,,_,
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a.s. by (5.7). Because we have

| HTL CTL HOO COO 1 O’Cn VHn7C/n
sup |h) Y —h > = — sup |log—=—= —log —S——=
s€[t,T) ° ° Y selt,T) Ve V=
< 1 1 30707L + ’Fn Foo|
< — sup |log ——= sup |I'V —TI'%7,
Y selt,T) yoC s€[t,T]

we obtain (5.9) from (5.10) and its analogue with (H™,C™) replaced by
(0,C™). We also have lim,, oo Sup,ep; 7 ’e”r ¢ — e = 0 in probab. and
in LP, since

sup  sup ||

n oo
sup |e'7rs — s
n=1,...,00 s€[t,T]

s€t,T)

> sup Iy — T
LOO

< yexp (7 .
selt,

and I'" is uniformly bounded by Lemma 3.1 of Morlais [46]. This concludes
the proof because V™" = —exp(yI'™) for a version VA", O

Remark 5.4. 1) The condition (5.8) can be rephrased as follows. Define a
time-dependent random inner product (-, -),, by (x,y)n, := 'm'my for z,y
in R? and denote by d,, the induced metric, i.e., d,,(z,y) == (x — ¥, 7 — Y)m
for z,y € R% Then (-,),, is the standard scalar product on R? after a basis
transformation by m~'. Defining d,,(z, C) := inf ec dn(z,y) for a closed set
C C RY, the condition (5.8) is equivalent to lim,, ., dy (2, C") = d,,(x, C™)
for all z € R%. This means that the sets (C™),en are Wijsman convergent to
C> with respect to the metric d,,. A survey on Wijsman convergence, which
is a weaker notion than convergence in the Hausdorff metric, is provided by
Beer [6].

2) We have used an exponential utility function U(z) = — exp(—vyx),
z € R, for a fixed v > 0. By applying Theorems 4.4 and 4.7 of Morlais [46],
analogous results can be derived for the value process related to power util-
ity U(x) =2"/y, > 0, for a fixed v € ]0,1], and to logarithmic utility
U(z) =logz, x > 0, when there is no claim, i.e., H = 0. O

5.4 Indifference valuation in a Brownian set-
ting

We now apply the convergence Theorem 5.1 to the indifference valuation in a
Brownian setting with variable correlation. We first introduce in Section 5.4.1
the model and explain the problem. We then apply Theorem 5.1 in Sections
5.4.2 and 5.4.3 to give convergence results for the indifference value and the
dynamic value process.
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5.4.1 Model setup and preliminary results

We work on a finite time interval [0,7] for a fixed T > 0, and we fix
t € [0,T] throughout this section. On a complete filtered probability space
(Q, G,G = (Gs)o<s<r, P), we have two independent one-dimensional (G, P)-
Brownian motions Y and Y+. We denote by Y = (Vs)o<s<r the P-augmented
filtration generated by Y. Let W be a (G, P)-Brownian motion with instan-
taneous correlation p to Y so that

dW, = p,dY, + /1 — p2dY:, 0<s<T. (5.11)

Our financial market consists of a risk-free bank account yielding zero
interest and a traded risky asset S with dynamics

dS; = Ssusds + SsosdW,, 0<s<T, Sy > 0;

the drift 4 and the (positive) volatility o are G-predictable. We set A := £
and assume that fOT A2ds is bounded. The processes

W::W+/)\ds and ?::Y+/pAds

are Brownian motions under the minimal martingale measure P given by

dp T 1 [T,
_ef_ — exp — - . 12
Nz 8( /)xdW)T exp( /0 As AW 2/0 AL ds) (5.12)

In contrast to Section 5.3, the investor here can trade in .S without constraints.
He starts at time ¢ with bounded G;-measurable capital x; and runs a self-
financing strategy m = (7s)i<s<7 so that his wealth at time s € [t,T] is

X5 = g, +/ g ds, = x, +/ w0, AW, (5.13)
t T t

where 7 represents the amount invested in S. For a bounded random vari-
able H, we define Vi (z,) like V;""“(2,) in (5.4) with G, instead of F, and
A€ replaced by A; which consists of all G-predictable real-valued processes
7 = (7s)i<s<r which satisfy ftT 7202 ds < 0o a.s. and are such that

exp(—yXt™), t <s <T, is of class (D) on (Q2,Gr, G, P). (5.14)

The dynamic value process V¥ and the indifference value h” are defined
analogously to (5.5) and (5.6). From (5.7), we see that once we can calculate
V7 and V)2, we also know h{7. So our focus lies on studying V7.
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We always impose without further mention the standing assumption that
H € L*®(Yr, P) and A, p are Y-predictable. (5.15)

This reflects a situation where the payoff H is driven by Y, whereas hedging
can only be done in S which is in general imperfectly correlated with Y.
We refer to Section 2.4.1 for a thorough explanation and motivation of the
standing assumption (5.15), which corresponds to case (I). (For case (II),
results analogous to those in Section 5.4.2 can be derived if p is predictable
for the filtration generated by 17)

We next state a BSDE characterisation for V.

Lemma 5.5. The BSDE
)\2 T
I,=H— / y(1—p2)Z2 — mW—i) dr~|—/ Z.dy,  (5.16)
for 0 < s < T has a unique solution (', Z) where I' is a real-valued bounded
continuous (Y, P)-semimartingale and Z is a Y-predictable process such that
Ep UOT Z? ds] < 00. Moreover, there erists a continuous version VH (which
we always use in the sequel) such that V¥ = — exp(—T).

Lemma 5.5 is essentially well known. In particular, Proposition 4.17 gives
a multidimensional version. However, two assumptions of that proposition are
not satisfied in our setting; G is not necessarily generated by W and a Brown-
ian motion orthogonal to W, and |p| is not bounded away from 1. Instead of
adapting the proof of Proposition 4.17, we give the complete argument.

Proof of Lemma 5.5. Existence and uniqueness of a solution (I', Z) of (5.16)
follow from Theorem 5.1 with F :=Y, M := —Y and

2
f(s,2) = —%7(1 — P22+ z2pshs + ;—fy for s € [0,7] and z € R.
(Since any Y-martingale orthogonal to Y is constant, we can choose in (5.1)
s eR arbitrarily.) Moreover, Proposition 7 of Mania and Schweizer [44] and
its proof yield that [ ZdY is in both BMO(Y, P) and BMO(G, P).

To establish the result, it remains to show V;# = —exp(—~I;). A simple
calculation based on (5.13) and (5.16) yields for 7 € A; that

E(fyZdY—f’wde)s

exp(—VXg’ﬂ) = exp(7s — 7T%) E(f vZdY — fwra dW)
t

1 S
X exp (5/ (YorZyp + Ay — y7,0,)? dr) (5.17)
t

E([~ZaAY — [ymodW),

> Iy —~I , <
2 el =7 t)S(ffyZdY—fwde)t
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Therefore, if [ 7o dW € BMO(G, P), we obtain
Ep [exp(—vX%7r —vH)|G,] > exp(—T), (5.18)

since the stochastic exponential of a continuous BM O-martingale is a true
martingale by Theorem 2.3 of Kazamaki [40]. By a localisation argument and
(5.14), we have (5.18) for every 7™ € A;, which implies VI < —exp(—~T}).
Equality in (5.18) holds for 7 = 7% := 27 + %U Since exp(—yX%"™") is by
(5.17) the product of a bounded process and a (G, P)-martingale, it is of
class (D) on (Q,Gr, G, P); hence 7 € A; and VI = —exp(—~T). O

Although V# is given in terms of the solution of (5.16), there is no com-
putable formula available for V;¥ unless p is deterministic and constant in
time. While the methods in Chapters 2 and 4 give bounds for V;* | we approx-
imate in the subsequent sections V;¥ by approaching p by piecewise constant
processes. Let us denote by = the set of all processes ¢ of the form

q=q'Liy + qu]l]]rj,l,fj]], fort=m<n<---<7,=T,
j=1

where 7; is a Y-stopping time and ¢’ is a Yr,_,-measurable random variable

.....

Proposition 5.6. Let q be a bounded Y-predictable process. The BSDE

2

T 1 A T
e — - / (57(1 — A2 — Zip A, — 2—) dr +/ Z1dy,  (5.19)
s Y s

for 0 < s <T has a unique solution (I'', Z9) (in the sense of Lemma 5.5).

1
1—|qT[2
yt )

(5.20)

77777

_ 1— n—22
1—|gn—1)2 lg |

1—|gn—1]2
y 1*\117”2 y la ! .
Tn—1 Tn—2

- |,
e =Ep

Ep [Ep [eﬁ(l—lq"IQ)

where H := —yH — %ftT Ads.
2) If |q| > |p| (P®Leb)-almost everywhere, then VH < —exp(—~T).
3) If lq] < |p| (P®Leb)-almost everywhere, then VI > — exp(—~T').

If p itself is in =, Proposition 5.6 gives explicit formulas for V7 and h by
choosing ¢ = p and using (5.7). For general p, the idea is to find a sequence
(¢")nen in Z which converges pointwise to p. The solutions T'¢" of (5.19) with
q = ¢" have the explicit form (5.20) and converge a.s. to the solution I'; = I'Y
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of (5.16) by Theorem 5.1. We thus obtain an explicitly known sequence
converging a.s. to V1. The only open point, which we treat in Section 5.4.2,
is whether we can find a sequence (¢"),en in = which converges pointwise to p.

Note that the right-hand side of (5.20) is not the value of V;¥ in a model
with correlation ¢ instead of p. Comparing (5.19) with (5.16), we see that
only the p in front of | Z|? is replaced by ¢; the p in the term linear in Z is kept.
This implies that the measure used in the iterated expectations in (5.20) is
]5, which does not depend on ¢— a property desired for the above-mentioned
approximation of V;¥ | since we prefer to take always the same explicitly known
measure in calculating the conditional expectations. If we replace p in (5.19)
by ¢, the solution of the BSDE is linked to the value of V,7 when p is replaced
by ¢. In Section 5.4.3, we deduce from this a continuity property of V, in p.

Parts 2) and 3) of Proposition 5.6 can be seen as a monotonicity property
of V. However, since p still appears in (5.19), we cannot simply say that V,/
is monotonic in |p|. This has already been pointed out in Section 2.5 by say-
ing that V,* is monotonic in |p| only when the measure P from (5.12), which
depends via W on p, is kept fixed. Proposition 2.14 gives a result analogous to
parts 2) and 3) of Proposition 5.6 when |¢| and |p| can be separated by a con-
stant. Proposition 5.6 shows that this additional assumption is superfluous
and thus generalises Proposition 2.14 as announced in Remark 2.15.

Proof of Proposition 5.6. Like in the proof of Lemma 5.5, (5.19) has a unique
solution (I'?, Z%) and [ Z?dY € BMO(Y, P). Theorem 3.6 of Kazamaki [40]
yields de}A/, [ z4 dY € BMO(Y, P) for the solution (I', Z) of (5.16), and
as a consequence, their stochastic exponentials are true martingales.

To prove 1), we fix j € {1,...,n} and write (5.19), for 7;_1 < s < 7; as

1 Tj 1 . Tj Tj "
=T 4o [ - 10 [z [ zza,

which implies

. . Tj

j—

_ J12\Tg 1_|qj|2 K
= exp _7<1_‘q,)FTJ_T )\rdr :

Taking (yTj_l, ]5) -conditional expectations and logarithms yields

1 1 (7 1=la’?
M = logk; [exp (—yrg — —/ A2 dr) ’yT]._l]
= (1 = [¢7]?) r 72/

j—

~ 1 . Ti
zah, — - lpy [ 1zipar)
1
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Using this argument iteratively for j = n,... 1 results in (5.20).
To prove 2), we subtract (5.16) from (5.19), which gives

1 T T N
-5y [ (- IZE - - @z ar s [z 2,
1 g 2 2 2 g ¥
257 (1=p) (12> = 1Z{P) dr + | (28— Z,)dY,
- S ) S
= / (28— Z,) (dY, — k. dr), 0<s<T, (5.21)

with x := 1y(1 — p?)(Z% + Z). The BMO(Y, P)-property of [ ZdY and
[z dY implies that [ #dY isin BMO (Y, 15), and by Theorem 3.6 of Kaza-
maki [40], the process [(Z7— 2) (dY — kdr) is thus also a BMO(Y, ]5’)—
martingale for the probability measure P’ given by i—lz =& ( [ & dY)T. Tak-
ing (s, P’ )-conditional expectations in (5.21) yields 'Y > I, for any s € [0, T7,
which gives V# = —exp(—~I") < — exp(—9T7) by Lemma 5.5 and the conti-
nuity of I' and I'?. The proof of 3) goes analogously to 2). O

5.4.2 Approximating the indifference value

As explained after Proposition 5.6, the question whether V;# is the a.s. limit
of an explicitly known sequence boils down to whether it is possible to find a
sequence (¢")nen in Z which converges pointwise to p. We start with the case
where p is deterministic, give afterwards a counterexample to the possibility
of approximating V;*, and conclude with a result for general (stochastic) p.

Deterministic correlation

The approximation of p with piecewise constant processes is reminiscent of
the construction of the Riemann integral. We recall that a bounded function
g:[t,T] — R is called Riemann integrable if there exists J € R such that for
every € > 0, there exists 6 > 0 such that

J = Zg(sj)(tj —tj1)| <e

for every partition (o, ...,t,) of [t,T] with max;<;<,(t; —t;_1) < ¢ and every
choice of s; € [tj_1,1;].

The following result, which is shown on page 29 of Lebesgue [43], is known
as Lebesgue’s theorem.
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Lemma 5.7. A bounded function g : [t,T] — R is Riemann integrable if and
only if it is Lebesque-almost everywhere continuous on [t,T].

We now come to the convergence result for V,/ when p is deterministic.

Theorem 5.8. Assume that p is deterministic, Riemann integrable and val-
ued in |—1,1[, and recall H = —vH — % tT A2ds. Then for every sequence
(5, .-t} Jnen of partitions of [t,T] with lim, . (max;<j<q, (87 —7_1)) =0
and every choice of s’ € [t}_,,t}] (the dependence of s’ on n is omitted for
notational reasons),

1=p%, 1 L2 o
_Ep e Eﬁ EP e stn yt7n_1 stn yt;n—z .. yt (522)
converges to VI a.s. If (Vy)nen = (3, .., 1} Jnen is a sequence of partitions
of [t,T] with vy C Vns1, n €N, and limy, .o (maxy<j<p, (87 — 7)) = 0, then
_ 2 I*Piyen_g 1
H(1-p2 ;) 112’;“_1 P 1 o
_Eﬁ . e Eﬁ EP |:e n,ln yt?'n_l] n,ln yt?n_Q . yt
with pnj = infsepn ny|ps| (or pny = SUDgefen | o) lps|) is a nondecreasing

(or nonincreasing) sequence which converges to V2 a.s.

Proof. Fix n € N and let (I'"", Z7") be the solution of the BSDE (5.19) with
qg=q" = 2521 psilyn_ 4m). By 1) of Proposition 5.6, —exp(—yF?n) equals
(5.22), and we show that this converges to VI a.s. Because p is Riemann
integrable, Lemma 5.7 yields lim, . |¢}]| = |ps| for a.a. s € [t,T]. From
Theorem 5.1 and Lemma 5.5 follows that — exp(—vfgn) converges to VI a.s.

The second part of Theorem 5.8 follows analogously, with ¢ replaced by
Z§i1 pn,ilyen | 4n), using additionally parts 2) and 3) of Proposition 5.6. [

Let us mention two straightforward generalisations of Theorem 5.8. The
convergence still works if p itself is not Riemann integrable, but p equals
Lebesgue-almost everywhere a Riemann integrable function p. One simply
replaces p by p in Theorem 5.8, and uses VI = —exp(—~I'f) = — exp(—ny)
a.s. for the solutions (I'”, Z?) and (I'?, Z?) of the BSDE (5.19) with ¢ = p and
q = p, respectively. An example for such a pair of p and p is p = %]h@m[t,:r]
and p = 0.

In the first part of Theorem 5.8, one can easily get rid of the restriction
that p is valued in |—1, 1[. To this end, one replaces |psi| by |psi| A (1 —1/n)
in (5.22), and uses for the proof that Z?’Zl lpsi| A (1 = 1/n)Lym  4n) con-
verges pointwise to |p| since the correlation p is valued in [—1,1]. The



130 Chapter 5. A convergence result for BSDEs

same procedure works for the second part of Theorem 5.8, but the sequence
of iterated expectations with p, ; := SUDgefin | pn) |ps| A (1 —1/n) instead of
Pn.j 7= SUDgepn | n) |ps| is no longer nonincreasing.

Further comments on Theorem 5.8 are given in the next remark.

Remark 5.9. 1) One can show that the a.s. convergence of (5.22) to V;#
holds uniformly with respect to the partitions. In more detail, we denote by
g¢:(A™, §™) the random variable given by the iterated conditional expectation
in (5.22), where the pair (A", 5™) = ((t3,...,t}),(s',...,s™)) is called a
tagged partition of [t,T] with mesh |A™|. The first part of Theorem 5.8
yields lim,, . g:(A", ") = V;H a.s. In the Appendix, we sketch the proof of
the more general result

lim esssup [g:(A,5)— V| =0 as, (5.23)
N0 (A8):|A|<e

where the essential supremum is taken over all tagged partitions (A, 3) of
[t,T] with mesh |A| < e.

2) For ¢ valued in [—1, 1], the generator of (5.19) is concave in Z¢, and we
can apply to (—I'%, Z7) the convergence result of Briand and Hu [12]. Recall
(09", Z9") from the proof of Theorem 5.8, and let (I, Z) be the solution of
(5.16). Proposition 7 of [12] yields for every p > 1 that

P T ) p/2
exp( sup |T9" — Fs‘) + (/ 28" — Z,] ds) ] =0. (5.24)
se(t,T] t

From the proof of Lemma 5.5, we have that the optimiser 7* for V7 is given
by 7 = 27 + % If o is uniformly bounded away from zero, (5.24) implies

for every p > 1 that lim,_ Ep [(ftT g—ngn + 7’\7 — 7r§|2 ds)p/z} =0.

3) Assume that p is deterministic and the one-sided limits lim, -, p, for
all s € |t,T] and lim,~ ; p, for all s € [t,T'] exist. This condition is a bit more
restrictive than the assumption of Theorem 5.8. Fix n € N and define by

lim Ep

n—o0

Ps 7’\1%?_1 Pr

ty :==t, t;:=inf {s > 17

>1/n}AT, jeN,

a partition of [t,T], noting that there is ¢, € N such that ¢} =T by a com-
pactness argument. For every s/ € ]t}ll, t;‘[, q" = 2?1:1 Psi ]l}t?_pt?] converges
to pin L>(Leb, [t,T]) as n — oo. For this uniform convergence, Corollary 5.2

yields convergence results in addition to that from Theorem 5.8. O
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A counterexample

We have seen that V;¥ is the a.s. limit of an explicitly known sequence if
p equals almost everywhere a Riemann integrable function. In particular,
the choice of a nondecreasing sequence of partitions in Theorem 5.8 allows
us to approximate V, from above and below. We give here an example of
a correlation process which is not almost everywhere equal to a Riemann
integrable function and where indeed the approximations of V7 in the sense
of Theorem 5.8 from above and below are not possible.

We take for simplicity t = 0, T =1,y =1, p = 0 and ¢ = 1. Let
C C [0,1] be the “fat” Cantor set with Lebesgue measure 1/2. This set,
which is also known as Smith-Volterra-Cantor set, is constructed iteratively
as follows: Start by removing |3/8,5/8[ from the interval [0,1]; in the n-th
step, remove subintervals of width 1/22" from the middle of each of the 2"~}
intervals. If we continue like this, C' consists of all points in [0, 1] that are
never removed. Because C' is the complement of a countable union of open
intervals, it is Borel measurable. Moreover, it is well known that C' is nowhere
dense, yet has Lebesgue measure 1/2. We assume that the correlation p is
given by p = 31crp,1/2) + 3Lcenpijen) and H := Y. Since Y; is not bounded,
we have to adjust slightly the definition of admissible strategies: Instead of
(5.14), we impose on 7 € Ay that (exp(—X?™ — Yl))o<s<T is of class (D).
(Alternatively, one could approximate Y; by bounded random variables like
in the example in Section 2.5.) We claim that

sup T§ <—-15/32 < —log(—V;) = -7/16 < —13/32 < inf T,

q€E,|q|<p q€E;|ql=p
where I'? is the solution of (5.19). This means that p cannot be approximated
by piecewise constant processes from above and below such that the corre-
sponding values converge to V7. We first show VT = —exp(7/16). For any
7 € Ay with bounded fOT 72 ds, we have

Ep|U(X}™+ H)] = —Ep {eXp(— /01 s AW — Ylﬂ

! 1
:—Ep{exp(—/ 7rde5—Y1—§</7rdW+Y>
0 1

+%/01((ws+p3>2+1 ) dé’ﬂ

g_Ep{exp(_/olwdeS—Yl—%</ndw+y>l)}
xexp(%/ol(l—Pz)ds)v
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which implies

Ep[U(X)™ + H)] < —exp (% /01(1 ) ds) = —exp(7/16)  (5.25)

since Leb(C'N[0,1/2]) = Leb(C*N|1/2,1]) = 1/4. Equality in (5.25) holds for
m = —p € Ap. Because of the class (D) condition on (exp(—=X2™ — V1)) _ .
for any 7 € Ay, we obtain V# = —exp(7/16) by a localisation argument. To
Prove SuPgez |q1<p I't > —15/32, we note that ¢ € Z, |¢| < p implies ¢ =0 on
[0,1/2] since C' does not contain any nontrivial intervals. By 3) of Proposi-
tion 5.6 with p replaced by p := ply; /91 = %]100011/2,1], we have

sup I'§ < T,

g€, |q|<p

and a calculation similar to (5.25) shows I’ = —15/32, using that by Lemma
5.5, — eXp(—F 8) equals Vi with p replaced by p. Similarly, we obtain

inf I¢>TH=-13/32,

q€E,|q|>p

where p := pljo1/9 + %]1]1/2,1] = %]100[0,1/2] + %]1}1/2,1}~

Stochastic correlation

When p is stochastic, we cannot approximate V! from above and below like
in Theorem 5.8. However, we still have a convergence result for VI if p is
left-continuous.

Theorem 5.10. Assume that p is on |t,T] left-continuous and valued in
]=1,1[. Then for every sequence (t = 7§ < --- < 70 = T)pen of [t,T]-valued

Y-stopping times with lim,,_, (maxlgjgn(TJn — Tf_l)) =0 as.,
1— p?_

H(l p n 32:71 2 p%:[:n 3 1jp%
~Bp |+ Ep|Eple v e [ ] (5:26)

converges to V2 a.s

Proof. Fix n € N and let (I'"", Z9") be the solution of the BSDE (5.19)
with ¢ = ¢" := 2?;1 pro Ajen | g, which is Y-predictable. By 1) of Propo-
sition 5.6, —exp(—’yffn) equals (5.26). We have lim,, ., ¢*(w) = ps(w) for
a.a. (w,s) € [t,T] by the left-continuity of p, and from Theorem 5.1 and
Lemma 5.5 it follows that — exp(—yP?n) converges to V,I a.s. O]
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In the same way as Theorem 5.8, one can slightly generalise Theorem 5.10
to the case where p equals (P®Leb)-a.e. a (P®Leb)-a.e. left-continuous pro-
cess, and one can get rid of the assumption that p is valued in |—1, 1].

Remark 5.11. The assumption from Section 5.4.1 that fOT A2 ds is bounded
can be slightly weakened. Theorem 5.10 still holds if [ AdW € BMO(G, P)
< 0. (5.27)

and .
Ep {exp(/ (1+ pP)A? dr) gs}
S Lo®

By the John-Nirenberg inequality (see Theorem 2.2 of Kazamaki [40]), (5.27)
is satisfied if, for example, the BMOy(G, P)-norm of [AdW is less than
1/4/2. In the Appendix, we sketch the proof of this slight generalisation of
Theorem 5.10. O

sup
$€[0,7T

5.4.3 Continuity of the value process in the correlation

This short section exploits the convergence Theorem 5.1 to show a continuity
property of V in p.
Let us introduce more precise notations by writing (5.11) as

AW,(p) = psdYs + /1 = p2dY;, 0<s<T

for a G-predictable process p denoting the instantaneous correlation between
the (G, P)-Brownian motions W(p) and Y so that W = W(p). We replace
in all definitions W by W (p) and write W (), V¥ (p), etc. VH(p) is then the
dynamic value process for a stochastic control problem when the correlation
between the underlying Brownian motions W (p) and Y is p. Note that if we
change p, only W (p) and all expressions depending on it will change. This is
reasonable; clearly H and Y should not be affected.

Proposition 5.12. Let (p")nen be a sequence of Y-predictable [—1, 1]-valued
processes which converge pointwise to p on [t,T]. Then V;H(p") converges to
VA =VH(p) P-a.s. as n — oo. Moreover, sup,ci, 1 |V (p") = V| — 0 as
n — oo in P-probability and in LP(P), 1 < p < co.

Proof. This follows from Lemma 5.5 and Theorem 5.1, using additionally the
same argument as in the last part of the proof of Proposition 5.3 to show the
second statement. O

Proposition 5.12 can be generalised to a multidimensional setting where
W and Y are stochastically correlated multidimensional Brownian motions.
But we give no details since this provides no essential new insights.
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5.5 Appendix: Proofs of the convergence re-
sults

Proof of Theorem 5.1. By Theorems 2.5 and 2.6 of Morlais [46], there ex-
ist unique solutions (I'*, Z™, N™) to (5.1) with parameters (f™, 3", H") for
n=1,...,00. Moreover, Lemma 3.1 of Morlais [46] implies that I'" and the
BMO(P)-norms of [ Z™dM and N™ are bounded uniformly inn =1,..., co.
(Theorems 2.5, 2.6 and Lemma 3.1 of [46] do not use the assumption in Sec-
tion 2.1 of [46] that a.s., the matrix mym/, is invertible for every s € [0,7].)
We now subtract (5.1) with parameters (f>°, 5%, H*) from that with
parameters (f", 5", H") for a fixed n € N to obtain, for 0 < s < T,

Iy —Is

T T
— H" — H* +/ (f*(r, Z1) = £(r, Z%)) dD, —/ (27 — Z°)dM,

(= ) = 2R (v = v - [ ae - ),
= @(W% = (N®)) = / (Zr = Z°) (dM, — d(M),g}")

T 671
Y HY - H® / (d(N” — N%), = S d(N" - N, N+ N°°>T>

T
+/ (f™(r, Z°) — [*(r,Z7)) dD,, (5.28)
where ¢" is defined for 0 < s <T' by
g im { PRttt o - 2tz - 200 £0

[m(Zp—2g°)|? '
otherwise.

Due to the assumption (ii) of the theorem, [¢"dM is in BMO(P) and its
BMO(P)-norm is uniformly bounded since the BMO(P)-norm of [ Z™dM

is bounded uniformly in n = 1,...,00. Therefore, taking conditional expec-
tations in (5.28) under the probability measure Q" given by

dQ" g

= "dM + —(N"™ + N*° 2

i 5(/901 v ))T (5.29)

yields
n oo __ 671 — ﬁoo ) oo n o
M{-T¢ = ——FEqg [(N®)p — (N®)s|Fs] + Egn[H" — H®|F,]

v [ (6. 20 - 0z an,

J—"S} . (5.30)
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Because the convergent sequence (8"),=1... is bounded, the BMO(P)-norm
of M™ := [g"dM + 8 (N” + N°°), which equals the stochastic logarithm of
the P-density process of Q", is uniformly bounded in n = 1,...,00. There-
fore, Theorem 3.6 of Kazamaki [40] and continuity in s of Egn[(N*)p|F]
and (N°°), imply

sup  sup Egn[(N)p — (N)4|F] < 00, (5.31)

n=1,...,00 s€[0,T L (P)
and hence
lim sup |——=—FEqg:[(N®)y — (N*),|F]| =0 in L*(P). (5.32)
N0 5¢0,T] 2

Since the BMO(P)-norm of M™ is uniformly bounded in 7, there exist by
Theorem 3.1 of Kazamaki [40] p > 1 and a constant C,, which both do not
depend on n, such that for alln =1,..., 00

Egn [(i((]j\éz))j)l/@—n fs] s [(i((g:))f)p/@—l)

Recall the constant ¢! from the assumption (i) of the theorem and set

F.| <C, (5.33)

1

. (5.34)
2pcl|| [ Z dM||BM02 p 1

Using ax < e** — 1 for x € R, the Hélder inequality and (5.33) yields

T
Boe| [ 17n2%) = 12029 4D |

Vil 1/ “rn 1/
< ll?Qn |:(—5(]\? >T) p(—g(]\? )S) p(eafsTUm(r,Z?o)f°°(r,Z$°)|dDr _ 1)
~ a g(]\/[n) S(M")
1

p

7]

F } " (5.35)

< |:< af lf7(r,Z22°) = f>°(r, Z2°)| dDy 1) i
- a

By the assumption (i), we have

n o0 oo oo p
(ea fST ‘f (Tvzr )7f (T,ZT )‘dDr _ 1)

T
<ew(pa [ |02 - 2 2] an, )

T T
/ kLdD, ) exp <2pcloz / |m,. Z2°|? dDT) ,
0 Lee(P) 0

< exp (2pa




136 Chapter 5. A convergence result for BSDEs

and the last expression is P-integrable by the definition (5.34) of o and the
John-Nirenberg inequality; see Theorem 2.2 of Kazamaki [40]. Therefore,
dominated convergence and (5.35) imply that for s € [t, T,

T
i B | [ 170, 2%) = ¥ 20 4D,

n—oo

.7:3} =0 P-as. (5.36)
Similarly to (5.35), we obtain

EQn “Hn . Hoons} < |Cp|(P_1)/pEp [(e'Hn_Hoo| — 1)p .’FS} 1/p, (537)

which again converges P-a.s. to zero by dominated convergence. Therefore,
(5.30), (5.32) and (5.36) give lim,, . |I'" — I'°| = 0 P-a.s. for every s € [t, T.

We obtain from (5.35) and the maximum inequality for martingales that,
for any € > 0,

T
1

e’P| sup Egn [/ |f”(r7 Z>°) — f*(r, ZT?O)’ dD, ]-“S] > _|Op|(zn—1)/p6

SE[t,T] S «
< epP|: sup Ep [(eafsT|f"(7",Z$°)—f°°(r,Z,?°)\dDr _ 1>p Jq:'si| 1/p > €:|
o s€(t,T] -
< epp{ sup Ep [(eaftTIf"(T,Z$°)—f°°(ﬂz7?°)\dDr _ 1)%.—4 > ep}
N s€t,T] -
< Ep [(ea RN, 229) = £ (12| 4D, _ 1)? (5.38)

which converges to zero as n — oo by dominated convergence. Analogously,
we obtain from (5.37) that

EPP[ u Equ[|H" — H*||F] = |0p|(p_1)/p6] < Ep [(e‘HH_HOO‘ - 1)p],
selt,T

(5.39)
which also converges to zero as n — oo by dominated convergence. All in
all, (5.30), (5.32), (5.38) and (5.39) show that sup,c;, 7 [Ty — I's°| converges
in P-probability to zero, and also convergence in LP(P), 1 < p < oo, follows
since ' is bounded uniformly in n. O

Remark 5.13. To prove (5.36), one can also apply directly the energy in-
equalities instead of using the John-Nirenberg inequality. In fact, taking ¢/ € N
with ¢ > p, we obtain from (5.33) and the Holder inequality that

T
Boo| [ 117022 - 5<( 2% aD,

S

’)

T ‘ 1/¢
§|Opy<P1>/pEPK / | f(r, Z2°) — foo(r,Zfo)‘dDr) ]—“S} . (5.40)
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By the assumption (i), we have
T ¢
([ 1oz = 0.z ap, )
T T ¢
< <2/ nidDr+2c1/ |erT°°|2dDT)
0 0
L / T =y ] J
([ ) o),
j=0 J 0 T

which is P-integrable since || fOT krdDy | (py < 00 and

Ep{</Z°°dM>]J < j! /Z‘X’dM

by the energy inequalities; see the corollary to Theorem 4 of Kikuchi [41].
Dominated convergence and (5.40) now imply (5.36). O

27
<oo, j€N
BMOs(P)

Proof of Corollary 5.2. To show (5.3), it is by (5.30) and (5.31) enough to
prove the existence of a constant K > 0 such that

T
sup Egn [/ \f*(r, 23°) = f>(r, 22°)| D, ]:S}
s€[t,T) s
< K(|la" = 1|z~pep) + @ = 1l|z~pen)), n € N.
But the assumption (v) implies
T
sup Egn { / |f(r, Z°) = f>(r, Z7°)| dD, ]—“s}
s€[t,T) s
T
S Hgn — 1”L°°(P®D) Sl[lp] EQn |:/ ’i(r, Z7?O)| dDr JTS:|
selt, T s

T
+ [|a" — 1| (pep) sup Egn [/ |f(7", Z;’O)‘ dD,

s€t,T)

f5:|7

and the conditional expectations are bounded in L*°(P) uniformly in n € N
and s € [t,T] by an argument similar to (5.31). So (5.3) is established, and
since its right-hand side converges to zero by the assumptions (iii)—(v), we
have supye 71 [Ty — T'°] — 0 in L(P).

To show that [ Z"dM — [ Z°°dM and N" — N> on [t,T] in BMO(P),
we apply It6’s formula between a stopping time 7 valued in [¢,7] and T, and
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use (5.28) to obtain
exp(H HO") —exp(I'? —T°)
(2 = Z2) (M, — d(M).g2)

ﬁn

~N®), — QN — N N N°°>S>

(7765, 22) = (5, 22)) AD. + (5" = 5%) AN>),)

wl»—\\\
\

T (Imy(27 — Z2°)[2AD, + d(N™ — N*),)
so that
T
Eon U I (jmg (20 — Z2) P dD, + d(N™ — N*°),) ﬁ}
= 2Bqn [exp(H" — H®) — exp(I" — )| F,]
T
— 2Egn U oI (f1(s, 22°) — f=(s, 22°)) dD ffl
' T n o0
# (5%  )Ege| [e av |

for Q™ defined by (5.29). Using |e* — Y| < max{e®,eV}z — y| for z,y € R
and that I' — I is bounded uniformly in n, there is a constant k such that

T
Egn {/ Ims(Z" — Z2°)|? dD,

‘r:| +EQ”[<Nn_NOO>T_<Nn_NOO>T‘fT]

< R|[H" = H®||(p) + k|| sup |I7 =T

s€[t,T]

Lo (P)
T
#hEge| [ 15706.22) - 106,22 aD.| 7,
+E|6% — 5" Egn [(N*)r — (N%),|F7].
— 0 and

Similarly to the first claim, this implies
fT]

[(N" = N*®)g — (N" = N*®)| 7]

sup
.

T
‘EQn {/ Ims(Z" — Z2°)|? dD,

—0 asn— oo,
Le=(Qm)

and then [Z"dM — [Z*dM and N* — N* on [t,T] in BMO(P) as
n — oo by Theorem 3.6 of Kazamaki [40]. O
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Sketch of the proof of (5.23) in Remark 5.9.1. To check (5.23), one first de-
duces from Lemma 5.7 that lim o sup(A7§)2|A|<e}q7(nA’g) — pr‘ = 0 for Leb-a.a.
r € [t,T], where one sets ¢(4%) = Z?Zl psilye;_y ;) for any tagged partition
(A,5) = ((to, ..., te), (s',...,s"). Then one slightly generalises Theorem 5.1
in the sense that this uniform convergence of ¢/*) in (A, 5') implies that the
corresponding solutions Ff(A’g) of (5.19) converge a.s. to I'} = —% log(—V,")
uniformly in (A, 5). In fact, one needs only to generalise (5.36), which goes
similarly to (5.35) by dominated convergence. Now one deduces (5.23) from

lim esssup
N0 (A7) |Al<e

1 1
—og(—i(4, ) + ~ log (V")

= lim esssup
N0 (AZ):|Al<e

5 1
i 4 —log(—VtH)’ =0 as.
g

similarly to the last part of the proof of Proposition 5.3, using that —g,(4, §)
is bounded away from zero by e~ Il#lle) uniformly in (A, 5). ]

Sketch of the proof of Remark 5.11. From Proposition 3 of Briand and Hu
[12] and Proposition 7 and Theorem 8 of Mania and Schweizer [44], one
deduces that for a [—1, 1]-valued Y-predictable process ¢, the BSDE (5.19)
still has a unique solution (I'?, Z9) where I'? is a real-valued bounded con-
tinuous (Y, P)-semimartingale and Z? is a Y-predictable process such that
Ep UOT\Z;I\QdS} < 00. Furthermore, [Z?dY is in both BMO(Y, P) and
BMO(G, P), and the BMO-norms are bounded uniformly with respect to
the [—1,1]-valued q. Now one can proceed like in Lemma 5.5 and Propo-
sition 5.6 to obtain V# = —exp(—4I*) and (5.20). The argument is fin-
ished by applying Theorem 5.1, using that, under the assumption of uniform
boundedness of the BMO(F, P)-norms of [ Z™dM and N™, the convergence
result can also be shown if in the assumptions (i) and (ii), one only has
T 1 Iy 212
sup.. HEPUT K st’fT] ||LOO < oo and sup. HEPUT |2 dDS|.7-"T} HLOO < 00
instead of || fOT krdDsl| .. < ocand || fOT k22 dD;||, .. < oo, where the supre-
ma are taken over all F-stopping times 7. O
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In the subsequent list, the numbers before the colons refer to the chapters;
the numbers following the colons refer to the pages.

Ay, AP sets of admissible trading strategies  2:12, 3:40, 4:103,
5:121 and 124

a.a., a.s., a.e. almost all, almost sure(ly), almost everywhere

B P-Brownian motion  4:85

B(R?) Borel o-field on R4

BMO space of martingales with bounded mean oscillation

D nondecreasing process with d(M) =mm’dD 5:118

E(N) stochastic exponential of a semimartingale N

F? = (F7)yejeq P-augmented filtration generated by a process Z

- 2:11, 4:106

(f,B,H) input components of the BSDE (5.1)  5:118

FER(H) fundamental entropy representation of H  3:41

FER*(H) FFER(H) with additional integrability properties — 3:42

GL(n) set of invertible (n x n)-matrices  4:85

H contingent claim  1:1, 2:12, 3:39, 4:102, 5:121

Dy indifference value for H at time ¢ € [0,7] 1:2, 2:13,
3:40, 4:103, 5:122 and 124

(H, A, a, ) input components of the BSDE (4.2)  4:85

1 identity matrix = 2:34, 4:85

I(Q|P) relative entropy of () with respect to P 3:40
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Sn

(SC)
spec(A)

condition (J)  3:50

set of processes satisfying a condition depending on ¢ > 0
4:89

process associated with an FER(H) (NH nf kl) 3:42
space of random variables with a finite moment of order
p € [1,00)

space of bounded random variables

set of predictable S-integrable processes
Lebesgue measure on ([0, 77, B[0,T1)

3:39

components of an FER(H) 3:41

set of orthogonal (n x n)-matrices  4:85

minimal (local) martingale measure  2:12, 3:43, 4:102,
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probability measure associated with an

FER(H) (N7 nH K)  3:42

. . dPy _ _ exp(vH) .
probability measure given by A = Frlexp( ] 3:39
predictable o-field on €2 x [0,7]  3:80, 5:118

sets of absolutely and equivalent sigma-martingale

measures with finite entropy relative to Py 3:40
symmetric group of permutations of length n 4:100
minimal H-entropy sigma-martingale measure  3:40

instantaneous correlation matrix between W and Y 2:33,
4:102

reverse Holder inequalities  3:50
right-continuous with left limits

price of the traded asset(s) at time t € [0,7] 1:1, 2:11,
3:39, 4:102, 5:121 and 124

set of symmetric strictly positive definite (n x n)-matrices
4:85

structure condition  3:42

spectrum (set of eigenvalues) of a diagonalisable
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Ul(x) exponential utility function evaluated at x € R,
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VA () value of an exponential utility maximisation problem
1:1, 2:12, 3:39, 4:103, 5:121 and 124
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A instantaneous Sharpe ratio of the traded asset S  2:11,
3:42, 4:102, 5:124
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