A financial market with interacting investors:
does an equilibrium exist?

Christoph Frei* Goncgalo dos Reis
Dept. of Math. and Stat. Sciences Technische Universitdt Berlin
University of Alberta Institut fir Mathematik
Edmonton AB T6G 2G1 Str. des 17. Juni 136 - 10623 Berlin
Canada Germany
cfrei@ualberta.ca dosreis@math.tu-berlin.de

This version: February 7, 2011
(Mathematics and Financial Economics 4 (2011), 161-182)

Abstract

While trading on a financial market, the agents we consider take the
performance of their peers into account. By maximizing individual
utility subject to investment constraints, the agents may ruin each
other even unintentionally so that no equilibrium can exist. How-
ever, when the agents are willing to waive little expected utility, an
approximated equilibrium can be established. The study of the asso-
ciated backward stochastic differential equation (BSDE) reveals the
mathematical reason for the absence of an equilibrium. Presenting an
illustrative counterexample, we explain why such multidimensional
quadratic BSDEs may not have solutions despite bounded terminal
conditions and in contrast to the one-dimensional case.
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1 Introduction

Assuming you have invested in a fund, are you satisfied with the fund man-
ager if she achieved a performance of 4% in the last year? You may say
that the answer depends mainly on two factors: the risk the manager has
taken and the development of the markets in the last year. In mathematical
finance, the frequently used approach of maximizing expected utility from
terminal wealth incorporates simultaneously the performance and the risk
related to a trading strategy. However, the relative performance compared
to an index or other investors is typically not taken into account, although
benchmarking may even be part of human nature and is important for a fund
manager who needs to keep the fund competitive. The goal of this paper is
to study the impacts of integrating relative-performance considerations into
the framework of utility maximization.

The model we consider consists of n agents who can trade in the same
market subject to some individual restrictions. Each agent measures her
preferences by an exponential utility function and chooses a trading strategy
that maximizes the expected utility of a weighted sum consisting of three
components: an individual claim, the absolute performance and the relative
performance compared to the other n — 1 agents. The question is whether
there exists a Nash equilibrium in the sense that there are individual optimal
strategies simultaneously for all agents. We make the usual assumption that
the financial market is big enough so that the trading of our investors does
not affect the price of the assets.

A model similar to ours has been recently studied in the PhD thesis of
Espinosa [7] but in the absence of individual claims and with assets modeled
as [t0 processes with deterministic coefficients. These assumptions crucially
simplify the analysis and enable Espinosa [7] to show a nice existence re-
sult for a Nash equilibrium, which will also be presented in the forthcoming
paper [§] by Espinosa and Touzi. Additionally, they study the form of a
Nash equilibrium, while our focus is on existence questions in a more gen-
eral setting and interpretations as well as possible alternatives in the absence
of a Nash equilibrium. We obtain existence and uniqueness in a stochastic
framework if all agents are faced with the same trading restrictions. Under
different investment constraints, however, an agent may ruin another one
by solely maximizing her individual utility. Different investment possibilities
may allow an agent to follow a risky and beneficial strategy, and thereby neg-
atively affect another agent who benchmarks her own strategy against the
less restricted one. The bankruptcy of the agents can be avoided if agents
with more investment possibilities are showing solidarity and willingness to
waive some expected utility. This leads to the existence of an approximated



equilibrium, in the sense that there exists an e-equilibrium for every € > 0.
In an e-equilibrium, every agent uses a strategy whose outcome is at most
e away from that of the individual best response. Behind this well-known
concept stands the idea that agents may not care about very small improve-
ments. Our setting brings up the additional aspect of solidarity: by accepting
a small deduction from the optimum, an agent can help to save the others
from failure. Applying freely to our model Adam Smith’s most famous cita-
tion'| we could say that maximizing individual utilities sometimes leads to
an equilibrium. But when one agent can dominate another because of less
trading restrictions, the invisible hand of the market has to be accompanied
with solidarity to guarantee an acceptable outcome for every agent.

This financial interpretation goes along with an interesting mathematical
basis, which is due to the correspondence between an equilibrium of the in-
vestment problem and a solution of a certain backward stochastic differential
equation (BSDE). BSDEs provide a genuine stochastic approach to control
problems which typically find their analytic analogues in the convex duality
theory and the Hamilton-Jacobi-Bellman formalism. A BSDE is of the form

AY; = f(t,Y;, Zy) dt + Z,dW,, 0<t<T, Yy=E§,

where given are a d-dimensional Brownian motion W, an n-dimensional ran-
dom variable £ and a generator function f. A solution (Y, Z) consists of an
n-dimensional semimartingale Y and an (nxd)-dimensional control process Z
predictable with respect to the filtration generated by W.

Existence and uniqueness results have first been shown for BSDEs with
generators f satisfying a Lipschitz condition; see for example Pardoux and
Peng [15]. However, BSDEs related to mathematical finance, as in our sit-
uation, typically involve generators f which are quadratic in the control
variable. For such cases, Kobylanski [14] proved existence, uniqueness and
comparison results when ¢ is bounded and Y is one-dimensional (n = 1).
Her results were generalized by Briand and Hu [I] and Delbaen et al. [4] to
BSDEs with unbounded terminal conditions. While Kobylanski’s proof can-
not be generalized to n > 1, Tevzadze [20] presents an alternative derivation
of Kobylanski’s results via a fix point argument. This yields as a byproduct
an existence and uniqueness result also for n > 1 if the generator f is spe-
cific (purely quadratic) and & is sufficiently small (the L*-norm of £ needs
to be tiny). The result is in line with the mantra that partial differential
equations (PDEs) can often be solved for sufficiently small data or on a suf-
ficiently small time interval, although the known existence and uniqueness

1“By pursuing his own interest he frequently promotes that of the society more effectually
than when he really intends to promote it.” Adam Smith in The Wealth of Nations (1776).



results cover only some types of PDEs. This idea is also reflected in the re-
cent paper by Zitkovié [21], who shows existence and uniqueness of stochastic
equilibria on a sufficiently small time interval, where each agent maximizes
the expected utility of her terminal wealth in a class of incomplete markets.
For a multidimensional quadratic BSDE (i.e., n > 1 and f is quadratic in the
control variable) like that related to our problem, no general existence and
uniqueness results are known, even when ¢ is bounded. On the other hand,
no explicit counterexample is available so far to the best of our knowledge.

The paper is structured as follows. The short Section [2| presents an il-
lustrative counterexample which is easy to understand and shows that —
and why — general multidimensional quadratic BSDEs do not have solutions.
This gives a mathematical flavor for the absence of an equilibrium in the fi-
nancial model presented in Section [3| because we establish there a relation
between existence of equilibria under regularity conditions and solutions to
such a BSDE. Sections group the arguments and results explained above
on the (non-)existence of an equilibrium based on different types of trading
restrictions for the agents. Finally, Section [7| concludes, and the Appendix
contains some proofs and auxiliary results.

2 An illustrative BSDE counterexample

After some preparation, we give a counterexample to the existence of solu-
tions of multidimensional quadratic BSDEs. Throughout the paper, we fix
T > 0 and d,n € N and work on a canonical Wiener space (2, F,P) carrying
a d-dimensional Brownian motion W = (W', ... W) restricted to the time
interval [0, T]. We denote by F = (F;)o<i<r its augmented natural filtration
and assume F = Fp. For an equivalent probability measure QQ, we define:

e the space 8 of bounded predictable processes;

e thespace H}, 4(Q) of (nxd)-dimensional predictable processes (Z;)o<¢<r

normed by ||ZHH'¢’L (@ = EQ UOT trace(ZtZtT) dt} 1/2;

e the space BMO(Q) of square-integrable martingales M with My = 0
and satisfying

1M Br00) = sup || EQ[(M)r — (M) | F]|| . < o0,

where the supremum is taken over all stopping times 7 valued in [0, 7.
In the case Q = IP, we usually omit the symbol P. A solution of a BSDE

dY;ﬁ = f(tay;fa Zt) dt + Zt de 0 S t S T, YT = 57 (21)
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with given n-dimensional random variable £ and generator function f is a
pair (Y, Z) satisfying with a semimartingale Y and Z € H%,d-

The counterexample, for which we take d = 1 (dimension of W), consists
of the two-dimensional (n = 2) BSDE

dy;}! = z! dw, 0<t<T, Yp=¢ (22

1

where the terminal condition ¢ € L* is given. There is an explicit solution
for the first component, which does not depend on the second. The generator
of the second component depends quadratically on the control variables of
both the first and the second dimension of the BSDE. For some choices of the
terminal condition, the second component explodes, leading to insolvability.

Theorem 2.1. For some £ € L™, the BSDE , has no solution.
Proof. From ({2.2)), it follows that Y is explicitly given by Y;! = E[£|F;] and

Z' is uniquely defined via Ito’s representation theorem through

T T
ng[5]+/0 71 aw,, E[/ |zg|2dt]<oo.

We now use Z! in (2.3, which implies

]EleXp (/OT |Zt1|2dt)} = eXP(YOQ)E[é’ (/ 7? dW)J < exp(¥Y)

since the stochastic exponential &( f Z%dW) is a positive supermartingale.
This gives Y = oo if E[exp( fOT |Z}|>dt)] = oo, and the result follows by
setting £ = fOT (AW, € L*> for ( given in Lemma|A.1|in the Appendix. [

The underlying mathematical reason presented in Lemma is that
there exists a bounded martingale whose quadratic variation has an infinite
exponential moment. Since the generator in depends quadratically on
both Z! and Z2, this leads to explosion. Economically speaking, if Y; and
Y5 in and describe the wealth development of two agents, then
the first agent’s wealth remains bounded, but its fluctuation can destroy the
second agent’s wealth so that the second agent collapses. This rough idea
will be developed later in Section [5]

Remarks. 1) Our counterexample shows that dimensions matter in stochas-
tics. This issue of dimensionality has already been pointed out by Emery [6].

b}



While the stochastic exponential of any bounded continuous martingale is
a true martingale, he gave an example of a bounded continuous matrix-
valued martingale whose stochastic exponential is not a true martingale.
Both Emery [6] and our counterexample show that integrability properties
of stochastic processes may crucially depend on the dimension, although
Emery [6] and our counterexample are in completely different settings.

2) Because of the form of the terminal condition, our BSDE counterexam-
ple is not Markovian, and thus has no analogue in terms of PDEs. However,
its behavior is in some sense similar to the well-known phenomenon of finite-
time gradient blow-up in PDEs. Chang et al. [2] (also presented as Theorem
I11.6.14 in Struwe’s book [19]) consider mappings u from the closed unit disk
in R? into the unit sphere in R? which satisfy

Ju

5 = Au+ |Vul®u,  u(0,2) = ug(z), ult, ')‘am = Up|,pe- (2.4)
They show that for some smooth and bounded boundary condition ug, the
solution of (2.4]) blows up in finite time, i.e., the maximal existence interval
[0,7") has a finite 7. While both the setting and the form of this example
are different from ours, the underlying spirit is to some extent related: the
dimensionality and the appearance of |Vu|* (corresponding to |Z}|* + 5| Z2|?
in 2.3) play crucial roles for the explosion. O

3 Model setup and preliminaries

After we have seen that multidimensional quadratic BSDEs need not have
solutions, we study a financial problem, its link to existence issues for such
BSDEs and how altering the problem can lead to solvability. We start
in this section by introducing the problem formulation and then group in
Sections dHA the results based on different types of trading restrictions for
the agents.

The financial market we consider consists of a risk-free bank account
yielding zero interest and m traded risky assets S = (S7);=1, _, with dy-
namics

d
dS{ = Sjpddt+Y " Slofawl, 0<t<T, §§>0, j=1,....m;
k=1

the drift vector u = (u?);j=1,.m as well as the lines of the volatility matrix

o = (07%);=1, m, are predictable and uniformly bounded. We assume that o
k=1,....d
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has full rank and that there exists a constant C' such that

1
C|B)? > BTo0' B> 6]5]2 a.e. on §2 x [0,77] for all 5 € R™.

The market price of risk 6 := o7 (UUT)AM is then also uniformly bounded
and W := W + J 0dt is a Brownian motion under the probability measure P
given by 45 = E(— [0dW),.

We consider n agents. Any agent ¢ can trade in S subject to some per-
sonal restrictions and has to pay (or is endowed with) a claim F; € L* at
time 7. This means that agent ¢ uses some self-financing trading strategy

mt = (7, ..., 7™) valued in A;, where A; is a closed and convex subset of
R™. We denote by P/ the projection onto A;oy, i.e., P/(z) := argmin |z — 2|
z€ Aot

for x € R?. If agent i starts with zero initial capital, her wealth at time ¢
related to a strategy m is given by

; t 2l gl _ o .
X[ = E —=dS5? = mios dWs.
t SJ s s

Any agent ¢ measures her preferences by an exponential utility function
Ui(xz) = —exp(—nx), x € R, for a fixed n; > 0. Instead of maximizing
the classical expected utility E[U;(XX — F;)], agent i takes also the relative
performance into consideration and maximizes over 7 the value

Vs E[@-((l CF (- LX) - F)]
i

:]E[Ui<X§i—n)jlzX§,3j—Fi>] (3.1)

J#i

for a fixed \; € [0, 1] and given the other agents j # i use strategies 7/. The
set A; of admissible strategies for agent ¢ is given by

A; = {7’ R™-valued, predict. | 7 € A;j ae. on Qx[0,T), X" e BMO(I@’)}

We set A := A; x---xA,. Because we assume that each agent maximizes her
expected utility without cooperating with the other agents, we are interested
in Nash equilibria.

Definition 3.1. In this setting, a strategy # € A is a Nash equilibrium if
for every i, VI > Vftﬂr#% for all ™ € A;.



The classical problem of maximizing E[U;(X™ — F})] has been studied by
Hu et al. [12] in the same setting, but with not necessarily convex A;. They
give in Theorem 7 a BSDE characterization for the optimal strategy and the
maximal expected utility. Although their definition of admissibility slightly
differs from ours (class (D)- instead of BM O-condition), their Theorem 7 still
holds under our definition in the case A\; = 0 for all 7, which can be seen from
its proof and which we later use several times. Our choice of admissibility
allows for both regaining the assertion of Hu et al. [I12] in the case A\; = 0 for
all 2 and deriving in Lemma a BSDE characterization for general \;. By
Theorem 3.6 of Kazamaki [13], the condition X™ € BMO (If”) is equivalent
to [ 7o dW € BMO(P) because 6 is bounded.

In contrast to optimizing E[U;(XF — F})], we maximize E[U;( X5 — F})]
with £ = Z#i X= + F,. Since F; is unbounded and depends on the

n—1
other agents’ strategies, the study is more involved. This problem of agents

concerning the relative performance has also been considered in the PhD
thesis of Espinosa [7] and will be presented in Espinosa and Touzi [§]. In a
simpler setting where o and 6 are deterministic and without claims F;, Es-
pinosa [7] proved the existence of a Nash equilibrium and gave a characteri-
zation of it in his Theorem 4.41. Its proof contains a BSDE characterization
similar to Lemma below. In our stochastic model, a counterexample in
Section [5| will show that there need not exist a Nash equilibrium and only a
notion weaker than a Nash equilibrium might be satisfied.

The following result, which relates a Nash equilibrium to a BSDE, is an
analogue to Theorem 7 of Hu et al. [I2]. However, one has here no uniqueness
and existence result for the BSDE. In fact, the counterexample in Section
shows that existence does not hold in general. Another difference to Hu et
al. [12] is that we have the BSDE characterization only for equilibria within
a certain regularity class. This regularity condition is needed to use the
powerful tool of BM O-martingales. On the other hand, it is not essential for
the counterexample, as we will see in the proof of Theorem [5.1} This means
that we have a non-existence result for Nash equilibria without imposing
an additional regularity condition. We recall the reverse Holder inequality
R,(Q). For p > 1, an equivalent probability measure Q and an adapted
positive process M, we say

M satisfies R,(Q) <= 3C s.t. esssup Eq[(Myp/M,)P|F ] <C. (3.2)

T stop. time

Lemma 3.2. There is a one-to-one correspondence between the following:
(i) a Nash equilibrium 7 € A such that for any i, there exists p > 1 with

E[Ui (X{,E _ 1 ZX;J) ‘]—"} satisfies R,(PP); (3.3)
i

n —

8



(i) a solution (Y, Z) with [ ZdW € BMO of the multidimensional BSDE

. 0,2 n,
dYtz — (’ t| _ 77_

2 . N
) dt + Zi di,

A 1 ) . 1
Zi+ —0, - Pg(zg + —et)
i i

. \; T o1 - :
YT:n—lz/ Pf(ZZ+f9t)th+F2, i=1,...,n. (34)
j#i 0 i

The relation is given by #'o = P'(Z" + nié’) and V* = —exp(n;Yy).

Proof. Assume (i) holds and fix i. One can show by dynamic programming
similarly to Lemma 4.25 of Espinosa [7] that for any 7¢ € A;, M™ given by

) 7'ri )\’L ~ 5
M = e "X esssupE {Ui (X; — X - > X7 - F) ‘ft] (3.5)

has a continuous version which is a supermartingale and a martingale for

7' = @', This uses that for any 7*, 7" € A and stopping time 7, we have
7150 + 7117 € Ai. A variant of Ito’s representation theorem implies

. L . o o i
M™ = Mg 5(/ 7 dW) for Z With/ | Zi|" dt < o0 as. and M§ < 0.
0
Theorem 3.3 of Kazamaki [I3] yields [Z?dW € BMO because of (3.3)

and the boundedness of F;. We set Z% := %Zi + #lo, which again satisfies
[ Z*dW € BMO because " € A;. For any ©* € A;, we obtain

M™ =exp(mX™ —mX™)M™ = M7 N™ B™, where

N™ ;:5<m/(zi—7ria)dw>,
2
m 3 i l i 2
B .exp(2/(‘Z +7h9 o )dt).

The P-supermartingale property of M ™ implies that M m / N™ = Mg’iB”i is

2 . 1 .
— ‘Zl + —0 —7'o
i

a Q™ -supermartingale where % = N%i, using that N™ is a P-martingale

by Theorem 2.3 of Kazamaki [I3]. Because B™ is a continuous Q™ -sub-
martingale and of finite variation, it is nondecreasing, i.e., for any 7* € A;
|Z¢ — %0 —rlo| > |Z¢ + %9 — #t'o| a.e. Hence, we get #'o = P'(Z' + %9),
using that a strategy 7' satisfying 7o = P*(Z' + iG) can be chosen pre-
dictable by Lemma 11 of Hu et al. [12]. Weset Y := .- log(—M™ exp(n,X™))
and obtain for dY;' the expression in after a straightforward calculation.

9



Moreover, |D implies YZ = 2i 3 oy fOT #1o, AW, + F;. Since this holds for
any 4, we have 7'c = Pl(Z’ + nl@) for all 7 and 1) follows.

Suppose (ii) holds, define 7 by 7o = P7(Z7+ %9) for all j and fix 7. Like
in Lemma 12 of Hu et al. [I2], we obtain [ P*(Z" + ni@) dW € BMO so that

#t € A;. For 7' € A;, we set Rv™ = — exp(—m(X”i — Yi)), which satisfies

R = - e € (i [(2 -0 dw)
: 1 a 1 2
_ ’ZZ 60— P’(ZZ + —9)] dt).
i

Xexp( /’Z1+ Q—WU
T

We deduce that R“*" is a martingale and V= — cxp(nin) For any e A,,
R*™ is a supermartingale and we have V;* = R;™ > E[R;T } v A7 g

In the specific case where all F; = 0 and p as well as o are deterministic,
one can construct a solution to the BSDE (3.4)) by choosing a deterministic Z

with 21 = 2050 PI(27 4+ 10) for all i if ), < 1. This is possible
because for II7_; A; < 1, the mapping ¢ defined by

z s pl(2) = 7 (29 (3.6)

J#z

is invertible by Lemma 4.42 of Espinosa [7], who also shows that ¢~
Lipschitz-continuous uniformly in ¢. Since [ ZdW isin BMO for this deter-
ministic Z, the strategy 7 satlsfymg o = P! (Z’ + 9) is a Nash equilibrium
by Lemma n and even fulfills . Hence, we regaln the form of a Nash
equilibrium stated in Theorem 4. 41 of Espinosa [7], whose assumptions are
F; = 0 and deterministic p and o. In the following, we give a brief alternative
derivation which does not use BSDEs.

Remark. In this remark, we fix ¢« and assume F; = 0 and that p and o are
deterministic. Supposing 7/ € A; for j # i are deterministic, we obtain from
(3.1) for any (possibly stochastic) 7t € A; that

T
_szr :EI@’ [exp(/ < Zﬂ-to-t 7717Tt0't+9t> dV[/t):|e L[ 102 at
0 n_]_
zE@,[é’(/(n_1Z7Tja—nl7ra+«9>dW>T
1
Xexp(ﬁ/ n—lzﬂtat nﬂrtat+9t
0

10



and hence

_Viszp{g</<” Zwa—mﬂaw)dw)}
n—14 T
J#i
2 T . 1 2 1 [T
xexp(%/{) ‘n—l;ﬂiat—i_ﬁet_ﬂ-zat dt—§/0‘ ‘9t|2dt),

where o = P'(25 Y, mlo + ni@) Thus we have

n—1

2 1 T
dt — —/ |0t|2dt).
2 0

This shows the existence of a Nash equilibrium 7 € A given by

4 4 1 1
o = P* (gpfl”(—Q, ce —9))
T Tn
N\ . 71 1 1
= P - Pl (=0,...,—0 —0
(n—lz (90 (771’ 1 >)+m)
J#i
DY p 1 4
:P’(n_lzﬂ]ajLEQ), 1=1,...,n,

where o~ denotes the i-th component of the inverse of ¢ given in (3.6)). ¢

v n?/T‘ A i+ Lg _ 5
su "= —exp| — E o —0, —mo
p Vv p 2 J, n—lj# 1 0¢ 77it 10t

mieA;

While we do not need the BSDE formulation in the presence of deter-
ministic parameters, it is helpful in the general case. The multidimensional
BSDE (3.4)) is coupled via its terminal condition. By using the mapping ¢
defined in (3.6), we can rewrite as

A0y = = 2o (G) = Piler (@) dt+ G, 0<t<T

) 1 T R 1 T
PZTZFHL—/ edeS——/ |0,|% ds, i=1,...,n, (3.7)
i Jo 2n; Jo

)

where (* ;= goi(Z1 + nil@, AL n%@) and

Ai Ci( i L ] L[ I L
n—lj# 0 Ui M Jo 2n; Jo
(3.8)

Because ¢! is Lipschitz-continuous, (3.7)) shows that we are dealing with a
multidimensional quadratic BSDE.

=Y/~

11



In the following remark, we briefly mention two articles related to other
financial applications of multidimensional quadratic BSDEs.

Remark. El Karoui and Hamadéne [5] consider certain games with two
players. In a Markovian framework, they give a characterization for an equi-
librium in terms of a solution of a multidimensional quadratic BSDE. For
their setting, the coupling of that BSDE is weak, namely it is assumed that
the i-th entry of the driver f is dominated by C(1 + |2%|?) for some positive
constant C'. However, no existence result for such a BSDE is provided.
Cheridito et al. [3] follow in the footsteps of Horst et al. [II] to solve
a problem of valuing a derivative in an incomplete market by equilibrium
considerations. In Horst et al. [I1], the problem can be solved in a one-
dimensional framework, since the derivative is assumed to complete the mar-
ket. Cheridito et al. [3] do not impose this condition, which makes the
analysis much more involved. The authors solve the problem in a discrete
framework, but close their work with considerations on the continuous case.
The latter leads to a fully coupled multidimensional quadratic BSDE, whose
solvability is unknown. O

4 Agents having the same trading constraints

In a situation where all agents are faced with the same trading constraints
given by a linear subspace of R?, there exists a unique Nash equilibrium #
and we can give a BSDE characterization for & similarly to Hu et al. [12].

Proposition 4.1. Assume that A; = A are the same linear subspace for all
i=1,...,n and II"_;\; < 1, and set P = P'. Then fori = 1,...,n, the
decoupled BSDFEs

) 0,2 i
dF;:<‘ a s

G+ 20— PG+ =)

2 . N .
)M+GM%,F%=E(4D

have a unique solution (I, () € §> XH%,d' There is a unique Nash equilibrium
7€ A. It is given by V' (7)o, = Pi(() + %@), where the linear mapping 1
is defined by z v+ i(2) 1= z' — A > 7. Moreover, VF = —exp(n;Ty).

Proposition shows that the agents’ maximal expected utility is the
same as in the case without interaction. However, the optimal strategies are
different. Since all agents have the same constraints, an agent can completely
hedge against the others agents’ behavior. This implies that the optimal
strategy accounts for the others agents’ behavior, while the maximal expected
utility is unaltered compared to the situation without interdependencies.

12



Proof of Proposition[{.1 Because A; = A is a linear space and 1 is invert-

ible due to II" \; < 1, we have 7 € A <= ¢(m) € A. This implies

SUD,icA, V;Wi’fr#i = sup,c 4, E[U; (X} — F;)] for all #7 € A;. Applying Theo-

rem 7 of Hu et al. [12] to the latter optimization problem yields the result. [

Remarks. 1) The proof shows as well that there exists no 7 € A with
V™ > V7 for some i and Vi > Vf for all j,

which means that 7 from Proposition [4.1]is also a Pareto optimum.
2) The BSDEs ({4.1)) correspond to (3.4)). Indeed, define (Y, Z) by

1 1 1 1
(Gt bt —0) =2+ b 2+ —8,),
m n m n
A, 1 .
Y =T+ Z/P(Zﬂ+—e)dw,
n—1 por nj

with the invertible linear mapping ¢, given by (3.6). Because of A; = A for
all 4, == > P(Z] + %(%) is in 0y A, and we obtain
J

| -1
G+ —0— PG +—0,)
Yo 7

1 A ' 1
G+ —0 + E Pt(Zg + —Gt)

7; n—1%4— 1

J#i J

sl )

J#i
Zi+ =0, - Pt<Zt + —et)
Ua i

X 1
_B(Cz+;0t+

Therefore, the BSDEs (4.1]) are equivalent to (3.4)). O

We now give an easy counterexample for the case \; = 1 where the BSDE
has no solution. We take n = 2 (number of agents), d = 1 (dimension
of W), e =1,0 =1, Ay = Ay = R (no constraints), 7, = 1, = 1 and
A1 = A2 = 1 (only the relative performance matters). The BSDE (3.4]) equals

1 R T .
ay;! = §dt+ ZHdw,, Y} = / (Z2 4 1)dW,,
0

1 . T .
dy;? = §dt + Z2 AW, Vi = / (Z} 4+ 1) dwv,.
0

13



By combining these equations, we obtain

T T . T R
§+/ Ztlth:/ (ZZ +1)dW, — Yy
0 0

. T T .
:WT—YOI—§+/ (Z}+1)dW, — Y{.
0
This implies R
2Wr =T + Yy + Yy,

which is a contradiction, because the right-hand side is stochastic while the
left-hand side is deterministic. One can interpret this example as follows:
Both agents care only about the relative wealth. Since the market price of
risk 6 is nonzero, there is some risk inherent in the model and each agent
wants to hedge against this risk. For any given strategy 72 € A, of agent 2,
the optimal strategy of agent 1is a' = 724+ 60 = 72 + 1 € A;. Analogously,
72 = 7' +1 € A, is the best response of agent 2 to any given strategy
!t € A; of agent 1. By trying to hedge, the first agent transfers the risk to
the second agent, who then transfers it back to the first. Because of \; =1,
no agent reduces the risk, but instead each agent iteratively passes the buck
to the other. In the end, both agents break down so that there is no Nash
equilibrium. This counterexample can also be interpreted in the context of
copycat hedge funds, which try to imitate the strategy of a successful hedge
fund. If a hedge fund copies the strategy of another fund which itself mimics
the former fund, then no equilibrium can exist because the interdependence
mutually amplifies the strategies.

5 Agents with ordered trading constraints

This section deals with a situation where some agents have more trading
possibilities than others. Throughout this section, we assume II7 A\, < 1
and that A; are linear subspaces of R? satisfying

Ay DA DDA,

We start with a counterexample for the case where two agents have different
constraints. The first agent copes with a bounded claim F} by choosing a
suitable hedging strategy. However, the second agent is affected by the first
agent’s hedging strategy, which makes the second agent break down.

Theorem 5.1. There exists a counterexample with n = 2, linear spaces
A1 D As and M)Ay < 1 where there is no Nash equilibrium.

14



Proof. We take d = 2 (dimension of W), o = (2 x 2)-identity matrix, 6 = 0,
Ay = {(z,z)|z € R}, Ay ={(0,0)}, m =2/(7?+ 1) (this choice will later
simplify computations; 7 denotes here the number 3.141 ... and not a strat-
egy), n2 = 1, Iy = 0, F} to be chosen later and A\; = Ay = 1/2. We obtain
for the corresponding BSDE that

1

Vie—oor—
¥y 2(m2 4+ 1)

ZPt = ZPP P At + ZH AW, Y =R, (5.1)

1 1 [T
dY? = 3|2} dt + Z2dW,, Vi = / (Z2 + ZM) AW+ W), (5.2)
0

The first component does not depend on the second, and has for any

bounded F; a unique solution (Y*,Z') with [Z'dW € BMO. This so-

lution is plugged in to solve for the second component. Similarly to

the counterexample presented in Section [2| we construct an Fy such that

Y? explodes. The difference to the first counterexample is that has a

quadratic generator and depends on Z! via a dW- and not a dt-integral.
We set F| := (7% + 1) logg(deWl)T for ¢ from Lemma with

T
1og5(/<dwl> € 8> and E{exp(W2i_1/o G de)} =o0. (5.3)

The BSDE (j5.1)) has the explicit solution

Y= (%4 1)10g5</CdW1>, ZW = (r? +1)¢, ZM* =0.

From ([5.2) and (5.3)), it follows that

2 ]. T 1.1 7T2 + ]. T
eYo :]E[exp(Z/ Z d(Wt1+Wt2)>} EE{exp( 1 / Ctthl)} = 00
0 0
(5.4)

by conditioning on the o-field generated by W and using Jensen’s inequality.
Therefore, the coupled BSDE , has no solution and there is no
Nash equilibrium satisfying by Lemma To see that there exists no
Nash equilibrium at all (even without 3.3), we note that a candidate Nash
equilibrium 7 € A must satisfy 42 = 0 (trading constraints of agent 2) and
7l = %(1, 1) (optimality for agent 1, using #2 = 0 and Theorem 7 of
[12]). But this gives V57 = E[Us (s f; L(ZM' + Z1%) AW+ WP))] = —

by . O]

The trading constraints in the counterexample might look restrictive,
but it is possible to generalize the counterexample to higher-dimensional W,
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while giving the agents more trading possibilities. For d > 2, one can de-
duce an analogous counterexample with A; = {(z, x,y1,...,ya_3)|7,y; € R},
Ay = {(0,0,y1,...,y4-3)|y; € R}; in that case, Y? satisfies

1

v} =~ (|22 + [ 22°[) dt + Z; aw,

d T
eY02 ) [eXp <Y7§ _ Z / Zthi thi>:| > E[exp(E[Y:,ﬂQ])] )
=3 /0

where G denotes the o-field generated by W' and W?2.

Theorem shows that having A; as ordered linear spaces is not enough
to guarantee the existence of a Nash equilibrium. Even if the first agent does
not concern the relative performance, her choice of a hedging strategy for F
may bankrupt the other agents. While the first agent can hedge against all
other strategies, her strategy may negatively influence the other agents and
ruin them. Assuming that the first agent wants to avoid the ruin of the other
agents, she might be willing to reduce her wealth a little bit. Continuing this
idea for the other agents, we come to the following relaxation of a Nash
equilibrium.

Definition 5.2. We say that there exists an additively approximated equi-
librium if for every e > 0, there is (7', ... ") € A such that for any 1,

Vi +e> Viﬂi’ﬁé’#i for all ' € A,. (5.5)

A multiplicatively approximated equilibrium ezists if for every e > 0, there
is (7Y, ..., 7%") € A such that for any i,

SREIF

(1—eVF >vr" for all 7 € A;. (5.6)

Note that we use (1—¢) and not (1+e¢) in (5.6), because V; is negative. In
the literature, there exists the notion of e-equilibrium, which corresponds to
the situation where holds for a fixed € > 0, instead of all € > 0. Given
the existence of a Nash equilibrium, calculating such a fixed e-approximation
instead of the true Nash equilibrium can be more efficient and easier to
implement; see for example Hémon et al. [I0]. However, an e-equilibrium
need not be close to a Nash equilibrium; see Section 3.4.7 of Shoham and
Leyton-Brown [I8]. In our case, there may not even exist a Nash equilibrium
as shown in Theorem |5.1] while there is always an approximated equilibrium
by the next result. This seeming weakness of the notion of e-equilibrium is in
fact an advantage in our situation, because we aim here to find approximated
equilibria themselves, rather than a convergence to Nash equilibria. There are
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several reasons why agents can be satisfied with a less-than-optimal strategy.
Radner [16], who has popularized the notion of e-equilibrium, mentions that
a nearly optimal strategy can be less costly than a best response.

To see the reasons in our setting, let us briefly come back to the counterex-
ample of Theorem The wealth process corresponding to a best strategy
is generally unbounded, which may ruin another agent. If each agent re-
stricts her strategies to those with bounded wealth processes, this problem
does not occur, and we will see that such bounded wealth processes can be
used to construct an approximated equilibrium. So motivating the notion
of an approximated Nash equilibrium can be done by justifying why agents
may restrict themselves to bounded wealth processes. Apart from individ-
ual reasons and legal restrictions (public attempt to stabilize the system by
introducing bounds), we can relate the notion of approximated equilibrium
to the aspect of solidarity. If the more powerful agents are willing to deviate
little from the expected utility associated to the best response, then the other
agents do not break down and they can even find themselves nearly optimal
strategies in the sense of Definition [5.2 The motive can be either “true” soli-
darity or the hidden agenda to keep a weak agent in the competition enabling
an easy benchmarking in future periods. Because Definition [5.2| imposes on
and to hold for every e > 0, the agents do not need to agree on a
particular € and each agent can choose individually a (sequence of) e.

Theorem 5.3. There exists an additively as well as multiplicatively approz-
imated equilibrium.

Because of its length, we present the constructive proof of Theorem 5.3
in the Appendix, but give here a brief outline. The main idea is that for
agent 7, only the strategies of agents 1, ...,7—1 really matter because she can
hedge the other strategies. Therefore, one starts to consider the first agent’s
optimization problem when the strategies of all other agents are zero, and
constructs an auxiliary strategy which leads to a deviation of at most € > 0
from the optimum and whose wealth process is bounded. Then one builds an
auxiliary strategy for the second agent taking into account the first agent’s
strategy. To keep “almost” optimality for the first agent, her strategy has to
be updated. One iteratively continues with the third until the n-th agent.
One could slightly adapt the proof to show the existence of an approximated
equilibrium such that additionally the strategy for agent n is optimal, i.e.,
and hold for + = n also with e = 0. The underlying reason is
that agent n cannot negatively affect the other agents because her strategy
is hedgeable by the others. The following result says more about convergence
of approximated equilibria in the case of two agents.

17



Corollary 5.4. Assume n = 2 and let (ex)ren be a strictly positive se-
quence with limg_ ... €, = 0, and let for each k, 7% € A be an approxi-
mated equilibrium constructed as in the Appendiz (proof of Theorem with
e replaced by € ). Suppose that there exists a Nash equilibrium 7 € A with
HX%*’1 where

1
}BMol(I@’) < dna o’

HXﬁ_*,l

|BM01(J?>) = sgp H Es [!Xr_ﬁ*’l _ Xf*’l

F|

‘Loo

with the supremum taken over all stopping times T valued in [0, T]. Then we

have limy,_,oo V7 = V7 fori=1,2.

The proof of Corollary [5.4 which is based on the convergence of the
BSDEs related to V;** | is contained in the Appendix.

6 A glimpse of general trading constraints

We conclude by some results for general closed, convex sets A; without impos-
ing any restrictions on the relations of the A;. For this very general situation,
we give in Section [6.1]another relaxation of a Nash equilibrium and discuss in
Section briefly the situation where the risky assets S are, in some sense,
close to being martingales.

6.1 Sequentially delayed equilibria

We first introduce a further relaxation of a Nash equilibrium.

Definition 6.1. We say that there exists a sequentially delayed equilibrium
if for any strictly positive sequence (ex)ken with limg oo € = 0, there is
(7F)ren C A such that for any k € N andi=1,...,n,

Fhii pk—1j7i xt kL

Vi

f +e, >V, forall ™ € A;, (6.1)

where we set 7° = 0.

Roughly speaking, (6.1)) says that #%¢ is “almost” optimal (up to €) for
agent i when the other agents use the delayed strategies #%~17% Defini-
tion would correspond to if A¥=197% were replaced by #%/7*. In
a way, the concept of sequentially delayed equilibria is opposed to that of
trembling-hand perfect equilibria. That notion, which has been introduced
by Selten [17], is a refinement of a Nash equilibrium. Roughly speaking, a

18



trembling-hand perfect equilibrium is robust against small deviations (“trem-
bling hand”). In contrast, a sequentially delayed equilibrium is a weaker no-
tion than that of a Nash equilibrium and gives a way of approaching a status
which can be acceptable for all agents. The idea behind Definition [6.1]is that
the delay makes the problem easier to handle and in the limit & — oo, it
does not matter whether one has #*~%97% or #%97% in (6.1). Before making
this statement precise in Corollary we give an existence result.

Proposition 6.2. For any family (A;)i=1..n of closed sets, there ezists a
sequentially delayed equilibrium.

Proof. Let (ex)ken be a strictly positive sequence with lim;Hoo e = 0. We
construct iteratively a sequence (7*),en C A satisfying . Fix k € N and
i€ {l,...,n}, set #° = 0 and assume that for any j € {1, n}, XA
bounded. By Theorem 7 of Hu et al. [12], there exists p € A, such that

i ~k—1,77#1
sup V77
meA;

k—1,j#1

— VPR
We define a sequence of stopping times by
= inf {¢ € [0,7] such that |X}| > ¢} AT, (€N

and set p O .= ﬁ]l]]o Te]] € A such that Xé’fé) = Xff’e. Using that the ran-

-1

D X is bounded, the a.s.-converging sequence

(U; (Xp — F,— 2 Z#Z AR g ]))jeN is uniformly integrable by the same ar-
gument as above Therefore, we have

lim Vp(lerk*l,#i — lim E |:Ui (Xr?(l) . )\i : Tklj>:| Vp k=1 J#l.
/”L —

l—00 {— o0

J#
Choose L € N such that
Vp(L)’ﬁ_k*—l,j;éz Vp ﬂ_k 1,57#1 ¢
i — €k,
and set 7% := p(I). By construction, {) is satisfied and X{,ﬂm is bounded.
The proof follows from iteratively using the above procedure. O

Corollary 6.3. Let (7%)ren C A satisfy (6.1 (.) Fix v and assume that
there exists 7r°° c A with fo A]”th — fo AOOZth a.s., and that both
Ul(X%H“ i Z#ZX“ ) andU( T Z#ZX” ) ke N are uniformly
integrable. Then V7™ > V™™ * for all © € A; with bounded Xz

Proof. Fix * € A; with bounded X7 m' . Using the uniform integrability, we
obtain both limg_, V”Z L V’r ”m 7 and limy oo ka“’lfrk’#z = V7.

The assertion follows from (6.1]). ]
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6.2 Models close to the martingale case

In the martingale case, where S'is a P-martingale, 6 is zero. Then the strategy
7 = 0 is a Nash equilibrium by Jensen’s inequality if F; = 0 for all . The
idea behind the following result is that we still can find a Nash equilibrium
if we are not exactly in the martingale case, but in some sense, close to it.

Proposition 6.4. Assume II? | \; < 1, that every A; contains zero and that
for any i there exists a constant ¢; such that

T I
E+— thWt— ‘(9,5] dt — G
i Jo 21m; Jo

for some sufficiently small e; > 0 depending on (0;)j=1,..n, (Aj)j=1,..n and
n. Then the BSDE | has a unique solution (T, C) with sufficiently small
sup, ||T'y — ¢||p= and CdWHBMO(P . Defining 7tjo, = Pf((p;l’z((t)) for ¢
given in (@, 7 is a Nash equilibrium.

LOO

Proof. We first show existence and uniqueness of a solution of (3.7)) by apply-
ing Proposition 1 of Tevzadze [20]. To this end, we verify that the generator
is purely quadratic, i.e., there exists C' such that for all a,b € R™*¢,

e (@) = P (e @) [P = o ®) = P @) | < C(lal + ol a bl
. (6.3)
Setting a = got_l’z(a) and b = ¢; "*(b) and using 0 € A;, we have that
la—Pi@P b P ()]
<|a—P’ |+ [b= P ®)]) |l — P@)] - o PB)|

(Ial + [e])]a — b + Fi(@) - P/ (0)]
< 2(la +|b|)]a — b].

By Lemma 4.42 of Espinosa [7], ¢ is invertible and ¢! is Lipschitz-continuous
with a constant L depending on (A;);=1.. ., and n. Therefore, we obtain
a — 5| < Lla — b| as well as |a| < L|a| and |l~7‘ < L|b| using »~1(0) = 0.
This yields with C' := 2L?. Proposition 1 of Tevzadze [20] now gives
existence and uniqueness of a solution (T, () of under the assumption
. Setting Z' = ¢~ 1(() — %9 and defining Y via , the pair (Y, Z)
solves the BSDE . Since [ ¢dW € BMO(P) and 6 is bounded, [¢dW
is in BMO(P) and so is [ Z dW because ¢! is Lipschitz-continuous. Hence,
the assertion follows from Lemma [3.2] O
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7 Conclusion

This paper introduces a model for a financial market where agents maximize
expected utility by considering both the absolute and the relative perfor-
mance compared to their peers. In the case where all agents have the same
trading restrictions or in a model with deterministic coefficients, the existence
of an equilibrium is guaranteed. However, when some agents have more in-
vestment possibilities than others, their trading strategies may negatively
affect the weaker agents and thus only a relaxation of a Nash equilibrium
can be established. This reveals that relative-performance considerations in
a financial market may lead the system to collapse, which can be avoided if
the stronger agents show solidarity.

The results are based on the study of the related multidimensional BSDE,
making the message twofold. In addition to the financial meaning, the BSDE
counterexample shows boundaries of BSDE theory in a multidimensional
framework. This dual message also exemplifies the close relationship and
interplay between mathematics and financial economics.
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Appendix

A.1 Auxiliary results
Lemma A.1. There exists € H}, with

/gdwl € S™ and E[exp(/TKtht)] = 0.
0

Proof. The following construction is inspired by the proof of Lemma 2.7 of
Kazamaki [13]. Define

t
1
M, = dwl, telo,T Al
t A \/T,—_S s [ ) ( )
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so that (M;)o<t<y is a continuous martingale on [0, u| for every u < T. We
set 7= inf{t > 0: [M;| > 1} and ¢ = 55771 (t) so that | [ ¢dW'| is
bounded by ;7. It remains to show that ]E[exp(fOT |¢¢|*dt)] = co. For this,
we define an auxiliary function h : [0,00) — [0,T) by h(t) := T(1 —e™"),
which fulfills

h(t) 1 T
ds=log—=t, te€l0 .
/0v T _ s S OgT—h(t) ) [,OO)

We set By := M), 0 <t < oo, implying that (By)o<icoo 15 an (Fr))o<t<oo-
Brownian motion. The random variable h™(7) is the (Fp))o<t<co-Stopping
time when B first leaves [—1, 1]. From Lemma 1.3 of Kazamaki [13], it follows
that E[exp(%zhfl(T))} = —L for all a € [0,7/2). Therefore, we obtain

cos(a)

oo [ 1o ar)] < E[ew(5 [ )| < Bleo(Fao)]

2
1
= lim E[exp(—a h_1(7)>] = lim = 00.
o )2 2 a/ /2 cos(a) 0

The result is unchanged if one replaces in the definition (A.1)) of M the
function s \/% by another continuous function g : [0,7) — R which

satisfies fOT lg(s)]>ds = oo and f(f lg(s)|*ds < oo for every t € [0,T). For
any given ¢ € H},; with [ (dW!' € §, there exists a constant ¢ such that
E [exp(c fOT |¢¢|*dt)] < oo by the John-Nirenberg inequality (Theorem 2.2 of
Kazamaki [13]). Lemma shows conversely that for any fixed constant c,
there exists ¢ € H? ; with [ (dW' € 8> and E [exp(c fOT |¢e|?dt)] = oo.

Lemma A.2. There exists ¢ € H}, with

2 T
1og5(/cdwl) €S8™ and E[exp(w jl/ Qde)} ~ .
0

Proof. Similarly to (A.1), we define M, = [, 7= dW/ for ¢t € [0,T) and

set 7 := inf {t >0 : ‘Mt — %logTL_t| > 1} and ( = \/%]lﬁoﬂ](t). Be-
cause we have (M), = fot L ds=log - for t € [0,T), log&( [ (dW?) is
bounded, and 7 is the first time that £(M) leaves [1/e,e]. We recall the
function h : [0,00) — [0,T) given by h(t) := T(1 — e™*), which is the in-
verse of t — log % We set B, := M), 0 < t < 00, so that (By)o<t<oo
is an (Fp())o<t<oo-Brownian motion. The random variable h~'(7) is the
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(Fh(t))o<t<o-stopping time when the drifted (Fj))o<t<co-Brownian motion
(B — t/2)0<t<oo first leaves [—1,1]. Lemma 1.3 of Kazamaki [I3] implies

Eq [exp (O‘;h—l(ﬂﬂ _ Cosl(a) for all a € [0, 7/2),

where 92 = 5(%B)h71(ﬂ =E&(3M)_. For 8 > (7% +1)/8, we obtain
T B 1 1
Ep {exp (B i T4 dt)} =[Eq [—5(%]\4)7 exp(ﬁh (T))}
1 _ 1
=Eq {W eXp<5h ) - g{M)- }

> e 12E, [exp(@ _ é) h%))} = 0

and hence

Eelexp(26M,)] = Es [5<M>zﬂ exp (5 = dt)}

T—1t
2o fon(o [ )]
. T —
so that Ep [exp(’rz+1 fOT GdW}H)] = Ep [exp(”ilef)} = 0. o

A.2 Proofs of Theorem [5.3| and Corollary |5.4
Proof of Theorem[5.3 Fix € > 0 to show (5.5) and (5.6). We assume € < 1

without loss of generality.

1. Step: Construction of an auziliary strategy for agent 1.

We start by looking at an auxiliary problem for the first agent. By Theorem 7
of Hu et al. [12], there exists p € A; such that

sup E[U, (X} — F)] =E[U: (X} — F)].

pEAL

We define a sequence of stopping times by

7, := inf {¢ € [0, T] such that ’Xﬂ >k} AT, keN

and set p® := pljo,,1 € A; such that xr = X? . Because F} is bounded

and (Ul (ti)>0§t§T
bounded process (see the proof of Theorem 7 of Hu et al. [12]), the process

can be written as the product of a martingale and a
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(U1 (Xt’3 — Fl))o<t<T is of class (D). Hence, the sequence (U1 (ka — Fl))keN
converging almost surely is uniformly integrable and thus, we have
RONE

lim E|U (X} - F)| =E[ta(x} - 7). (A.2)

k—o00

Choose K € N such that
(K) R 1
B0 (x3" = 1)) = max {E[t: (X} — A1) — €, 5

— €

E[U: (X}~ F)] }.

For notational convenience, we set w(b1) := p) where 7(»7) stands for the
auxiliary strategy of agent ¢ in the j-th iteration.

2. Step: Construction of an auxiliary strategy for agent 2 and adaptation of
the first agent’s auxiliary strateqy.

We now construct an auxiliary strategy 7> for agent 2 in a similar way;
we simply replace 1, by 19, Uy by Us, and F} by Fy + %X&E(M), which is
bounded by construction. Because there is interdependence between agents
1 and 2, we need to adapt the strategies by setting

1 A
22) ._ (2,1) (1,2) . _(1,1) 1 (22)
m : 1_)\1)\2/(n_1>27r , T = +—n_17r
to achieve that
222 Ay _en o M an ap o M ey e,
n—1 n—1 n—1

Since Ay, A, are linear subspaces with 4; O A,, we have 72 € A, and
71'(1’2) € Al.

3. Step: Construction of an auxiliary strategy for agent v and adaptation of
the auziliary strategy of agents 1,...,1 — 1.

Like above, we construct an auxiliary strategy 7(*' for the third agent,
replacing 7, by ns, U; by Us, and F} by F;+ %(Xf«(m) +X§5<2’2)). To

A (14 A2
account for the interdependence, we set A}, := % and define
T (n-1)2
233) . 1 (3.1)
1- ()\11172 + /\3,1))\3/(71 —1)
7r(273) = 7T(272) _|_ A?’Qﬂ—(?)’g)’ 7T(173) = 7T(112) _I,_ )\3’17-(-(373)7

achieving that

A A
(33) _ 8 ((13) 23)) — -1 _ 13 ( (1,2 (2,2)
7 n—l(ﬁ +m ) ™ n—l(ﬂ +m ),
S T S CE) S B B ()
n—1 n—1
208 - M (228 169y — 702 - N e
n—1 n—1
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Continuing iteratively like this, we finally obtain strategies 70" ... 7).
(The procedure works since we can solve in each step a system of linear
equations with non-zero determinant because of the assumption II7" | \; < 1.)

4. Step: Definition of #¢ and verification of and (@

We set #%9 := 70" € A; for all j. For fixed i, we have by construction that

~€ 1,7 J,i—1 1
Vi :E[U( AR m )—F)]Zmax{az‘—ﬁl—ai},
— €

L (i— 1)
where a; := Sup]E{U( _1ZX >]

pEA;

= sup E{Ui <Xp — Tj — Fz>} = sup v RO
pEA; i mieA;
Therefore, both (5.5) and (5.6) are satisfied by this (#%1,... &"). O

Proof of Corollary[5.7 From (A.2), we obtain limy ,., V7" = V[ where
gl = 7%*’1]].]]077%] for some stopping time 7%. We study the BSDEs related to
Vi . By construction and Theorem 7 of Hu et al. [12], we have

—exp(nYy”) — e < V5 < —exp(naYy"),

where (Y®, Z*)) is the unique solution in (8>, H$ ;) of the BSDE

dY(k) _ |9t| 2
! o2y 2

k) _ )\ZX;ek,l + Fy = )\2X7_k + F5.

1o\ )
—et P2<Z( —0t>‘>dt+ka)th7
T2

Because Fy and 6 are bounded, there exist constants ¢; and ¢; (not depending
on k) such that for any stopping time v, v > AEs [Xf]:’l »] + ¢ and

E(f (m2® +0) dW), (/T ) N B )
T < 0, AW, +nodo (X7 o [ X7 | F,]) +
E([(nz® +oyaw), — NS, R (X7 B [X5 [ o)) e

so that Holder’s inequality implies for any p,¢ > 1 and some ¢3 > 0 (depend-
ing on p and ¢ but not on k or v)

E(f(mz® +6) aW),
' lg(f(mz(’“) +6) dw);

v

1 ]-"Z,])) ‘f} Uq.

< csEp [exp (qpng)\g (Xfl:’l —Ep [Xf:’
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The assumption HX’AT*'1 HBMOl(IP’) 477#/\ enables us to choose p,q > 1 with
Using HX

ﬁ.*,l iy
ap|| X # < 4772)\2 TEA. HBMo1 ”X V(B
tain from the variant of the John-Nirenberg mequahty stated in Theorem 2.1
of Kazamaki [13] that

we ob-

S, 1 Sk, 1
E; [exp(qpn X (XTI —Es XZ )‘}"} ,
v a(Xn B X 1 —4gpn2 2ol X™ || grro, )
which shows that there exists p > 1 such that &([(nZ*) + 0) dW) sat-
isfies the reverse Holder inequality R, (I@’) uniformly in k; compare 1}
This implies by Theorem 3.3 of Kazamaki [I3] that the BMO (@)—norm of
|z (®) AW is bounded uniformly in k. One can now show similarly to the

proof of Theorem 2.1 of Frei [9] that one has limg_, Yo(k) = YO(OO), where
(V) Z(>)) is the solution of the BSDE related to V5. Therefore, we

obtain limy o V5 * = — limy_,o exp (ngYO(k)) = —exp (772Y0(°°)) =V ]
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