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Abstract

We study the exponential utility indifference value h for a contingent
claim H in an incomplete market driven by two Brownian motions.
The claim H depends on a nontradable asset variably correlated with
the traded asset available for hedging. We provide an explicit se-
quence that converges to h, complementing the structural results for h
known from the literature. Our study is based on a convergence result
for quadratic backward stochastic differential equations. This conver-
gence result, which we prove in a general continuous filtration under
weak conditions, also yields that the indifference value in a setting with
trading constraints enjoys a continuity property in the constraints.
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1 Introduction

An important task of mathematical finance is the valuation of contingent
claims. In incomplete markets, this is often done via utility indifference. The
indifference value h; for a contingent claim H at time ¢ makes an investor
indifferent, in terms of maximal expected utility, between not buying H
and buying H for the amount h;. We explain this definition in more detail



in Sections [ and [4.I, where we use an exponential utility function. An
overview of various aspects of indifference valuation with a long literature
list is provided by the recently published book [4] edited by Carmona.

In a basic model, the financial market consists of a risk-free bank account
and a stock S driven by a Brownian motion W. The contingent claim H to
be valued via exponential utility indifference depends on another Brownian
motion Y, which has instantaneous correlation p with W. If p is deterministic
and constant in time, an explicit formula for the indifference value h; is
available from Tehranchi [14] or Chapter 4 of Carmona [4]. However, the
situation is different for general p. With stochastic and/or time-dependent p,
one knows for h; only bounds and a structural formula where one parameter
is not explicitly determined; see Frei and Schweizer [5]. In view of this lack
of explicit results for h;, the goal of this paper is to give an explicit sequence
that converges to h;.

Our starting point to study this problem with general p is the known
characterisation of (h:)o<:<r via a backward stochastic differential equation
(BSDE), which we present in Lemma [1.1] We deduce that if p is piecewise
constant in time, we can obtain an explicit formula for h; in the same way as
for constant p, just by considering iteratively the BSDE on intervals where p is
constant. For general p, the idea is to approximate p pointwise by a sequence
(p")nen of piecewise constant processes and to replace p by p" in the BSDE
so that the solutions have an explicit form. These solutions then converge to
(a transform of) h; by a convergence result for quadratic BSDEs, which we
prove in a general continuous filtration to guarantee a broad framework for
applications. We thus have an explicitly known sequence which converges
to hy. The only point left is whether we can approximate p pointwise by a
sequence (p™)nen of piecewise constant processes. We show that the above
approximation of p and thus that of h; work in a general way for every
deterministic p except for “pathological examples”. For stochastic p, we
prove that the approximation of h; is possible if p has left-continuous paths.

The paper is structured as follows. Motivated by the above approxima-
tion problem, we state in Section [2f convergence results for quadratic BSDEs
in a general continuous filtration. Section [3| gives a first application of these
results. We show that the indifference value in a general continuous filtration
with trading constraints enjoys a continuity property in the constraints. The
results on the indifference valuation in a Brownian setting are contained in
Section 4l We lay out the model and prove some preliminary results in Sec-
tion .1} We then study in Section [4.2] the approximation of the indifference
value h; by applying the convergence results of Section[2] Section shows a
continuity property of h; in the correlation p. Finally, the Appendix contains
the proofs of the convergence results of Section



2 Convergence results

The financial applications in the subsequent sections are based on conver-
gence results for quadratic BSDEs in the setting of Morlais [I3]. We first
recall this framework and then state the main convergence theorem.

We work on a finite time interval [0,7] for a fixed T > 0, and we
fiz t €[0,T] throughout this section. Let (Q,F,F = (Fs)o<s<t,P) be a
filtered probability space satisfying the usual assumptions with F = Fr.
We assume that F s continuous, i.e., all local martingales are continuous.
We fix an R%valued local martingale M = (M,)o<s<r and take a nonde-
creasing and bounded process D (e.g., D = arctan(z;l:l(Mj )) ) such that
d(M) = mm’dD for an R¥?-valued predictable process m.

Let us consider, for 0 < s < T, the BSDE

Fs = H+/Tf(r7 Zr) dDT+§(<N>T_<N>S)_/T Zrer_(NT_Ns>7 (21)

where f : Q x [0,7] x R* — R is P x B(R%)-measurable (P denotes the
o-field of all predictable sets on Q x [0,7] and B(R?) is the Borel o-field
on Rd), £ € R is a constant and H is a bounded random variable. A so-
lution of is a triple (I', Z, N) satisfying (2.1)), where T' is a real-valued
bounded continuous semimartingale, Z is an R%valued predictable process
with EUOT |msZ,|? dDS} < oo and N is a real-valued square-integrable mar-
tingale null at 0 and strongly orthogonal to M.

Theorem 2.1. Let (", ", H") =12, be a sequence of P x B(R?)-meas-
urable real-valued mappings, constants, and random variables bounded uni-
formly in L*°, such that

(i) there exist a nonnegative predictable k' with H fOT K} dDSHLw < oo and
a constant c¢' such that

£ (s,2)| < KL+ ctmgz|® for all s €[0,T], z € R (2.2)
andn=1,...,00;

(ii) there exist a nonnegative predictable k* with || fOT [K2[2dD;|| . < o0
and a constant ¢® such that

|f7(s,2") = [(s,2%)| < (K2 + [me2"| + [ms2®|) (21 — 2%)|
forall s €[0,T], 21,22 € R andn =1, ..., 00;

(11i) lim, . 5" = [, lim, o H" = H*™ a.s. and for (P®D)-almost all
(w, 8) € [t,T], lim, 00 f(s,2)(w) = f2(s,2)(w) for all z € R4
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Then there are unique solutions (I', Z™, N™) to the BSDE with param-

eters (f™, ", H™) forn=1,...,00, and T'} converges to I'{° a.s. as n — oo,

n—oo

T
lim E{/ imy(Z)—ZF)PdDs| =0, lim E[(N"—N*)r—(N"—N*),] = 0.
n—oo t

Moreover, sup [T —I'°| — 0 asn — oo in probability and in LP, p € [1,00).
s€lt,T)

In the above theorem, we assumed only weak conditions for the conver-
gence of the input data (f", 8", H" )1, - In particular, we imposed only
pointwise convergence of (f™),—1, ., which will be significant for the later
applications. The price to be paid is that the solutions of the BSDE converge
only in some weak sense. However, in the main application in Section [4] the
generators (f"),—1,. . of the BSDE have a specific form, and for this case,
the following result states stronger convergence properties. The proofs of
Theorem and of the next corollary are presented in the Appendix.

Corollary 2.2. Suppose in addition to the assumptions of Theorem[2.1] that
(iv) H"™ converges to H> in L*™ as n — oo;

(v) there exist sequences (a™)nen and (@")nen of deterministic functions
which converge to 1 uniformly on [t,T] (up to a (P®D)-nullset) such
that f™* = g"i+6”7 Jor everyn =1,..., 00, where f, f satisfy
with f" replaced by f, f.

Then we have supge U5 — 50| — 0 in L™ as n — oo and there even exists
a constant K > 0 such that for alln € N,

sup [I'y —I'%°|
s€[t,T]

< K(lla"® = 1l =pep) + [a* = 1| z=reb)
LOO

+ 18" = B+ [ H" = H*| ). (2.3)
Further, [ Z"dM — [ Z*°dM and N™ — N*° on [t,T] in BMO asn — .

In the literature on BSDEs, convergence results are also called stability
results. The main differences between Theorem 2.8 of Kobylanski [9] and
our Theorem are the following: Kobylanski [9] works in a Brownian set-
ting and imposes locally uniform convergence on the generators, whereas our
Theorem is stated in a general continuous filtration and for generators
(f™)n=1....00 that converge only pointwise. Moreover, the generators in Koby-
lanski’s Theorem 2.8 can unlike ours also depend on I'”, and the a.s. conver-
gence of sup e,y |15 —T'5°| is proved. Another convergence result in a Brown-
ian setting is Proposition 7 of Briand and Hu [3], which gives convergence of
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the moments of exp (sup,ey, 7 |[T% — I'>|) and (ftT |z — Z%°|? d3)1/2 for un-
bounded terminal conditions if the generators are convex. (That result needs
a minor amendment as explained in Section 7 of Mocha and Westray [12].)

For a general continuous filtration, a convergence result for an exponen-
tial transformation of the BSDE ([2.1)) is available from Lemma 3.3 and Re-
mark 3.4 of Morlais [I3]. Lemma 3.3 serves in [I3] as an auxiliary result
to show existence of a solution to (2.1) with a more general generator f
which can also depend on I'. The proof of the existence result first estab-
lishes a one-to-one correspondence between solutions to and those to
a simpler BSDE which results from an exponential transformation of the
original BSDE. Lemma 3.3 is then used in proving existence of a solution to
the simpler BSDE. Due to the one-to-one correspondence between solutions
to the original and to the simpler BSDEs, Lemma 3.3 gives also a conver-
gence result for the original BSDE, as Morlais remarks. In particular, its
application to (2.1)) needs that exp(8™H™) and a certain transform of f™ are
nondecreasing in n, and it yields E [sup g 7y [e7T% — T[] — 0, which is
equivalent to supycy, 71 [I's — I5°] — 0 in L' for 8> # 0; the equivalence can
be shown using

min{exaeny - y| < |e$ - ey| < max{e‘”,ey}\a: - y‘a xr,y € R>

and that I'" is uniformly bounded in n = 1,...,00 by Lemma 3.1 of Mor-
lais [I3]. In contrast to Morlais [I3], who proves existence and uniqueness
of solutions to , we focus on convergence questions and work in the
proof of Theorem directly with the BSDE instead of doing first an
exponential transformation.

For the applications, three ingredients of our stability result are essential:

e f™ are not necessarily monotonic in n;
e f" converge only pointwise;
e we obtain a.s.-convergence of I'}.

These three crucial points are also the reason why we cannot apply the sta-
bility results of the recent papers by Barrieu and El Karoui [2] or Mocha and
Westray [12], who give existence and uniqueness results in a continuous fil-
tration and with unbounded terminal conditions. Theorem 3.6 of [2] imposes
that f™ are monotonic in n and converge locally uniformly, whereas Theorem
2.7 of [12] uses different types of convergence for f™ and I'™ (Convergence in
probability of the integral ftT |f™(s, Z2°) — f°(s, Z2°)| dDs and convergence
of exponential moments of sup gy, 7 [I's — I'>°). While our technique does
not allow for I'-dependence of the generators as in [2] and [12], it is the
only one which meets the above three points and hence is suitable for the
applications in mathematical finance presented in Sections [3] and [4]
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3 Indifference valuation with convergent con-
straints

We apply the convergence results in two different financial contexts. While
both applications deal with indifference valuation, the underlying settings are
different. In this section, we consider an investor facing trading constraints
in the same fairly general framework as in the previous section. For the main
application of Theorem [2.1] we restrict in Section [4] our study to a Brownian
model and derive there results independently from this section.

We now work within the framework of Section 2] with a continuous fil-
tration F. Recall that M is a local martingale and d(M) = mm'dD. We
suppose that almost surely, the matrix my is invertible for every s € [0, T7.
The financial market consists of a risk-free bank account yielding zero interest
and d risky assets whose price process S = (Ss)o<s<r is given by

; d

d;} = dM!? +;Agd<Mj,Mi>s, 0<s<T,S,>0 forj=1,...,d,
where A is a predictable process which satisfies H fOT Im |2 stH reo < 00,
i.e., the mean-variance tradeoff process is bounded. Let H be a bounded
random variable, interpreted as a contingent claim or payoff due at time T,
and let C' C R% be a closed set with 0 € C. We assume that our investor has
an exponential utility function U(z) = — exp(—vyz), € R, for a fixed v > 0.
Starting at time ¢ with bounded F;-measurable capital z;, she runs a self-
financing strategy m = (7)i<s<r valued in C' such that her wealth at time

s € [t,T]is X" =a+ [] Z;l:l g—f dS7, where 7/ represents the amount
invested in S7, j = 1,...,d. The set AY of C-admissible strategies on [t,T]
consists of all predictable R%valued processes m = (7s)t<s<r which satisfy
a.s., ms € C for all s € [t,T], E[ftT im,my|>dD,] < oo and are such that

exp(—yX?™), t < s < T, is of class (D). We define V;""“(z,) by
VM (2,) = esssup E[U(X50™ + H)|F]
TEAY
= e "esssup B [— exp(—'yX%7r — fyH) ‘]—}} (3.1)

TEAY

so that VtH’C(a:t) is the maximal expected utility the investor can achieve by
starting at time ¢ with initial capital x;, using some C'-admissible strategy ,
and receiving H at time 7. For ease of notation, we write

V1 @) = e VO (0) = e v (3.2)



Viewed over time ¢, V¢ is then the dynamic value process for the stochastic
control problem associated to exponential utility maximisation.
The time ¢ indifference (buyer) value hi"C(z,) for H is implicitly de-
fined by
VP ) = VI (e — b (). (3.3)

This says that the investor is indifferent between solely trading with initial

capital z;, versus trading with initial capital =, — hy" ’C(xt) but receiving H

at T. By (3.2),

0.
t

1
€ ) = 11 = Liog
t

(3.4)

does not depend on z;.
The following proposition can be seen as a kind of continuity result for
V7 and h"C in (H,C). Its proof is based on Theorem .

Proposition 3.1. Let H", n = 1,2,...,00, be uniformly bounded random
variables with lim,_,.o H" = H* a.s., and let C™, n=1,2,...,00, be closed
subsets of R? which contain zero and are such that (P®D)-a.e.,

lim inf |m(y —2)| = inf |m(y — 2z or all z € RY. 3.5
Jim inf |m{y —2)| = inf |m(y—2)| f (3.5)
Then lim,,_, VtHn’Cn = V;HOO’COO and lim,,_,~ hfn’cn = htHOOCOO a.s., and
there exist continuous versions VA" and h7"C" n=1,..., 00, such that

lim sup |VSHn’Cn — VSHOO’COO‘ = 0 in probab. and in LP, 1 <p < o0,
=0 s¢[t,T]

lim sup ‘hfn’cn — hfm’cm‘ =0 in probab. and in LP, 1 <p < co. (3.6)

n—o0 SE[t,T}

Proof. Fixn € {1,...,00}. By Theorem 4.1 of Morlais [13], there is a version
VH"SC" guch that VH"C" = —exp(yI™), where ('™, Z") is the solution of
(2.1) with 8 :=~, H replaced by —H™ and with generator f™ given by

f*(s,2z) := inf (%‘ms (y —z— %M)

yeCn

2 1
) — (a2 (1A = -

for s € [0,7] and z € R%. Remarks 2.3 and 2.4 of Morlais [13] and (3.5]) imply
that the assumptions (i)—(iii) of Theorem [2.1| are satisfied, which yields

lim I'} =I}°as. and lim sup |[I',—I'Y°| = 0in probab. and in LP. (3.7)

n—o0 n—oo SE[t,T]



. . H"™,C™ BT N N[ He ,C*®
Therefore, we obtain lim,, E/c" =~ Chinnﬁoo —elt = —% i, tcn_ VQHOO oo
a.s. and analogously lim,, .., V;© =V~ a.s., solim, .o h, =~ =h;

a.s. by (3.4]). Because we have

sup |hy % —hg > = — sup |log —=—= —log ——=
sE[t,T] | Y selt,T] VO ¢ VH ¢
1 0 cm
<= sup |log —io| + sup [["— T
7 selt,T) VO C s€t,T]

we obtain (3.6) from (3.7) and its analogue with (H™, C™) replaced by (0, C™).

. n oo
We also have 1imy, . SUp ¢ 7y |evF5 — e =

sup |e7s —e?| < (7 sup ) sup [I'"—T"%°| (3.8)
s€[t,T) n=1,...,00 s€[t,T] Lo ) selt,T)
and I'" is uniformly bounded by Lemma 3.1 of Morlais [I3]. This concludes

the proof because V"¢" = —exp(yI'™) for a version VA", O

Remark 3.2. 1) The condition can be rephrased as follows: Define a
time-dependent random inner product (-, ), by (z,y),, := 'm'my for z,y
in R? and denote by d,, the induced metric, i.e., dp,(z,y) == (x — y, 2 — Y)m
for z,y € R% Then (-,-),, is the standard scalar product on R? after a basis
transformation by m™'. Defining d,,(x, C) := inf,cc d,,(x,y) for a closed set
C C R4, the condition (3.5 is equivalent to lim,, e dyn(x, C") = d,y(x, C™)
for all z € R%. This means that the sets (C"),cy are Wijsman convergent to
C* with respect to the metric d,,. Beer [I] gives a survey on Wijsman con-
vergence, which is a weaker notion than convergence in the Hausdorff metric.

2) We have used an exponential utility function U(z) = — exp(—vyz),
x € R, for a fixed v > 0. By applying Theorems 4.4 and 4.7 of Mor-
lais [I3], analogous results can be derived for the value process related to
power utility U(x) = z7/7v, x > 0, for a fixed v € ]0, 1], and to logarithmic
utility U(z) = logz, x > 0, when there is no claim, i.e., H = 0. <&

4 Indifference valuation in a Brownian set-
ting

We now apply the convergence Theorem to the indifference valuation in a
Brownian setting with variable correlation. We first introduce in Section
the model and explain the problem. We then apply Theorem in Sections
and to give convergence results for the indifference value and the
dynamic value process.



4.1 Model setup and preliminary results

We work on a finite time interval [0,7] for a fixed T > 0, and we fix
t € [0,T] throughout this section. On a complete filtered probability space
(Q, G,G = (Gs)o<s<r, P), we have two independent one-dimensional (G, P)-
Brownian motions Y and Y+. We denote by Y = (Vs )o<s<7 the P-augmented
filtration generated by Y. Let W be a (G, P)-Brownian motion with instan-
taneous correlation p to Y so that

AW, = p,dY, + /1 —p2dY}, 0<s<T. (4.1)

Our financial market consists of a risk-free bank account yielding zero
interest and a traded risky asset S with dynamics

dSs = Sspusds + Ssos dW,, 0< s < T, Sy > 0;
the drift y and the (positive) volatility o are G-predictable. We set A := £
and assume that fOT A2 ds is bounded. The processes

W::W+/)\ds and )A/::Y%—/p/\ds

are Brownian motions under the minimal martingale measure P given by

dp T 1T,
1P .—8(—/)\dW)T.— exp(—/0 ASdWS—§/0 )xsds). (4.2)

In contrast to Section [3| the investor here can trade in S without constraints.
He starts at time ¢ with bounded G;-measurable capital z; and runs a self-
financing strategy m = (7;):<s<r so that his wealth at time s € [t, T is

X — gy 4 / o ds, =z, + / 0, dW,, (4.3)
t r t

where 7 represents the amount invested in S. For a bounded random vari-
able H, we define V7 (z;) like V;""“(z,) in (3.1) with G, instead of F, and
AY replaced by A; which consists of all G-predictable real-valued processes
7 = () ¢<s<7 Which satisfy ftT 7202 ds < oo a.s. and are such that

exp(—yXIt7), t < s < T, is of class (D) on (2,Gr, G, P). (4.4)

The dynamic value process VH and the indifference value ki’ are defined
analogously to (3.2)) and (3.3)). From (3.4)), we see that once we can calculate
VH and V2, we also know hil. So our focus lies on studying V.
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We always impose without further mention the standing assumption that
H € L*(Yr, P) and A\, p are Y-predictable. (4.5)

This reflects a situation where the payoff H is driven by Y, whereas hedging
can only be done in S which is in general imperfectly correlated with Y.
We refer to Sections 4.1 and 4.2 of Frei and Schweizer [5] for an overview of
the related literature and a thorough explanation of the standing assump-
tion , which corresponds to case (I) in [5]. (For case (II) in [5], results
analogous to those in Section [£.2] can be derived if p is predictable for the
filtration generated by Y/)

The standing assumption (4.5)) allows us to give a BSDE characterisation
for VI in the Y-filtration. This BSDE is a special case of the BSDE ({2.1]).

Lemma 4.1. The BSDE

2

T 1 A T
Fs =H — / (5’7(1 - pE)Zf - err/\r - 2_T> dr + / Zr dYr (46)
s Y s

for 0 < s <T has a unique solution (I, Z) where I is a real-valued bounded
continuous (Y, P)-semimartingale and Z is a Y-predictable process such that
Ep UOT Z? ds} < 00. Moreover, there exists a continuous version VH (which
we always use in the sequel) such that V1 = —exp(—qT), and its optimal
strategy denoted by 7* is given by 7 = 27 + %

Lemma [4.1] is essentially known. In particular, Proposition 5.5 of Frei
et al. [6] gives a multidimensional version. However, two assumptions of
that proposition are not satisfied in our setting; firstly, G is not necessarily
generated by W and a Brownian motion orthogonal to W, and secondly, |p|
is not bounded away from 1. Instead of adapting the proof of Proposition 5.5
of Frei et al. [6], we give the complete argument in the following.

Proof of Lemma[{.1 Existence and uniqueness of a solution (', Z) of (4.6))
follow from Theorem [2.1] with F :=Y, M := —Y and

2

1 A
f(s,z):= —57(1 — P22+ z2pshs + 2—8 for s € [0, 7] and z € R.
Y

(Since any Y-martingale orthogonal to Y is constant, we can choose in 1)
B eR arbitrarily.) Moreover, Proposition 7 of Mania and Schweizer [I1] and
its proof yield that [ ZdY is in both BMO(Y, P) and BMO(G, P).
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To establish the result, it remains to show V; = —exp(—7T;). A simple
calculation based on (4.3) and (4.6)) yields for 7 € A; that

S(vadY—fwde)s

exp(—’ng’W) = eXp(’yFs - /Vrt) g(f ,YZ dy — f,yﬂ-o- dW)
t

1 S
X exp (5/ (YorZe + A — ymr0,)? dr) (4.7)
t

E([~ZaAY — [ymodW),

> Iy, —~T , t<
z exp(y 7 t)S(f'yZdY—fwde)t

Therefore, if [ 7o dW € BMO(G, P), we obtain
Ep [exp(—yX%7r —vH)|G] > exp(—9T), (4.8)

since the stochastic exponential of a continuous BM O-martingale is a true
martingale by Theorem 2.3 of Kazamaki [7]. By a localisation argument
and (4.4)), we have (4.8)) for every T € A, Wthh implies V1 < —exp(—~T).
Equality in holds for T=n"=27 +2A o Since exp( v X (O ) is by 1'
the product of a bounded process and a (G, P)-martingale, it is of class (D)
on (Q,Gr, G, P); hence * € A; and V! = —exp(—T}). O

Although V# is given in terms of the solution of , there is no fully ex-
plicit formula available for V,// unless p is deterministic and constant in time.
While the methods in Frei and Schweizer [5] and Frei et al. [6] give bounds
for V1| we approximate in the subsequent sections V,! by approaching p by
piecewise constant processes.

Definition 4.2. We denote by = the set of all processes q of the form

q= C]l]l{m} + Z qj]]-]]ijl,Tj]]a fO?" t=1<n<--<7,=T,
j=1
where 7; is a Y-stopping time and ¢ is a Y-, _,-measurable random variable
valued in |—1,1[. We call (¢, 7;);j=1...n a characterising sequence of g.

,,,,,

Proposition 4.3. Let q be a bounded Y-predictable process. The BSDE

/\2 T
—H- / — )|z - ngTAr—2—f“> dr+/ Z9dy,  (4.9)
Y ;

for 0 < s <T has a unique solution (I'', Z9) (in the sense of Lemmal[{.1]).
1) If ¢ € E with characterising sequence (¢7,7;)j=1,. n, then

.....

1_|qn72|2

1=lqn T2
Vi, .

yt] )
(4.10)

1-|g" 12

y 1—q™[2
Tn—1

S -
e =FEp

Ep [Eﬁ [eﬁ(lf\q”P)
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where H := —yH — %ftT A2 ds.
2) If lq] > |p| (P®Leb)-almost everywhere, then VH < —exp(—1T7).
3) If lq] < |p| (P®Leb)-almost everywhere, then VH > —exp(—~T9).

If p itself is in =, Proposition [4.3| gives explicit formulas for V;¥ and hi by
choosing ¢ = p and using . For general p, the idea is to find a sequence
(¢")nen in Z which converges pointwise to p. The solutions an of with
q = ¢" have the explicit form (4.10]) and converge a.s. to the solution T’y = T}
of by Theorem . We thus obtain an explicitly known sequence con-
verging a.s. to V. The only open point, which we treat in Section , is
whether we can find a sequence (¢"),en in = which converges pointwise to p.

Note that the right-hand side of is not the value of V;* in a model
with correlation q instead of p. Comparing with , we see that only
the p in front of |Z|? is replaced by g; the p in the term linear in Z is kept.
This implies that the measure used in the iterated expectations in (4.10))
is P, defined in . It does not depend on ¢—a property desired for the
above-mentioned approximation of V1| since we prefer to take always the
same explicitly known measure in calculating the conditional expectations.
If we replace p in by q, the solution of the BSDE is linked to the value of
V. when p is replaced by ¢. In Section , we deduce from this a continuity
property of V;# in p.

Parts 2) and 3) of Proposition [4.3|can be seen as a monotonicity property
of V1. However, since p still appears in , we cannot simply say that V2
is monotonic in |p|. This has already been pointed out in Section 5 of Frei and
Schweizer [5] by saying that V; is monotonic in |p| only when the measure P
from (4.2)), which depends via W on p, is kept fixed. Proposition 3 of Frei and
Schweizer [5] gives a result analogous to parts 2) and 3) of Proposition
when |¢g| and |p| can be separated by a constant. Proposition |4.3shows that
this additional assumption is superfluous and generalises Proposition 3 of [5].

Proof of Proposition[4.5 Like in the proof of Lemma , has a unique
solution (I'?, Z%) and [ Z9dY € BMO(Y, P). Theorem 3.6 of Kazamaki [7]
yields [ZdY, [Z9dY € BMO(Y, P) for the solution (I', Z) of (4.6, and
as a consequence, their stochastic exponentials are true martingales.

To prove 1), we fix j € {1,...,n} and write , for 7;_1 < s <7; as

1 Tj 1 . Tj Tj R
rg:rgﬁa /\fdr—§7(1—|q3|2)/ |Zg|2dr+/ Z1dy,,
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which implies

. ‘ 7 N | : i
O o (s P [zt g op2 [ zipar)
Tj—1

j— Tj-1

_ 12\ g - |qj|2 KRN
= exp( (1= | )re - =50 [ xar).
Tj—1

j—

Taking (yT]._l, P) -conditional expectations and logarithms yields

1 1 [%
¢ - - N _~Te = 2
= RSP log Ep [exp( 7, 5 /T._1 AL d?")

J

1—|q?|?

]

Using this argument iteratively for j =n,..., 1 results in (4.10)).
To prove 2), we subtract (4.6]) from (4.9)), which gives

1

T T
ML= g0 [ (= IZE - =iz ar+ [ (222,

1" r -
> 50 [ a=d0zE -1z ar+ [ (2 2,

T
—/ (20— Z,) (dY, — K, dr),  0<s<T, (4.11)

with k= 27(1 — p*)(Z% + Z). The BMO(Y, ﬁ)—property of deY and
[ Z7dY implies that [ xdY is in BMO(Y, P), and by Theorem 3.6 of Kaza-
maki [7], the process [(Z7— Z) (df/ — kdr) is thus also a BMO(Y, P’)-
martingale for the probability measure P’ given by ‘i—g =& ( i /idY)T.
Taking (ys,p')—conditional expectations in @ yields I'Y > T'y for any
s € [0, 7], which gives V¥ = — exp(—T) < —exp(—+T) by Lemma[4.1]and
the continuity of I" and I'?. The proof of 3) goes analogously to 2). O

4.2 Approximating the indifference value

As explained after Proposition , the question whether V;# is the a.s. limit
of an explicitly known sequence boils down to whether it is possible to find
a sequence (¢")nen in Z which converges pointwise to p. In Section we
show that this is possible in a general way for every deterministic p except for
“pathological examples”. We then give in Section such a counterexam-
ple where the approximation of V;¥ indeed fails. Section m presents the
approximation of V;* for general (stochastic) p with left-continuous paths.
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4.2.1 Deterministic correlation

The approximation of p with piecewise constant processes is reminiscent of
the construction of the Riemann integral. We recall that a bounded function
g:[t,T] — R is called Riemann integrable if there exists J € R such that for
every € > 0, there exists 6 > 0 such that

=Ygl - 1) <
j=1
for every partition (to, ..., t,) of [t,T] with max;<;<,(t;—t;_1) < ¢ and every

choice of s; € [tj_1,1;].
The following result, which is shown on page 29 of Lebesgue [10], is known
as Lebesgue’s theorem.

Lemma 4.4. A bounded function g : [t,T| — R is Riemann integrable if and
only if it is Lebesgue-almost everywhere continuous on [t,T].

We now come to the convergence result for V,7 and its optimal strategy 7*
when p is deterministic.

Theorem 4.5. Assume that p is deterministic, Riemann integrable and val-
ued in |—1,1[, and recall H=—H — % tT A2ds. Then for every sequence
(G- .1}, )nen of partitions of [t, T] with limy,_, (maxi<j<p, (17 —7_1)) =0
and every choice of s7 € [t 1, t7] (the dependence of s? on n is omitted for
notational reasons),

_ 2
Pobn—2

2
1=P -1
Ln—2

2
1=Pen—1

—E.]--- Vi |
P -1

Ep {EP [eﬁ(l_pie"‘) Vo

yt] 412

converges to V;H a.s. Suppose o is uniformly bounded away from zero, and
denote by (Fqn,Zq”) the solution of with ¢ = ¢" = Z?ll psilym )

J—=17j
for anyn € N. Then lim Ep [ftT s 7" 4 As —7T;|2d8} = 0, where 7 is the

n—00 os 8 79
optimiser for V7. If (Un)nen = (15, - - ., ] Jnen is a sequence of partitions of
[t, T] with v, C vy, n € N, and lim, o (maxi<j<p, (7 — 7_1)) = 0, then
1-p2 1
) 1-p2 4 g &M T
—E-l-- B | eH=p ) 1= 1, Sl "
Ep Ep |:EP [e o Ve Y, Vi
with ppj := infsepn | m [ps| (o7 pny == SUDefn | g1 |ps|) is a nondecreasing

(or nonincreasing) sequence which converges to VI a.s.

14



Proof. Fix n € N and let (T'"", Z7") be the solution of the BSDE (4.9) with
q = q” = 2?;1 psilyn 4. By 1) of Proposition — exp(—’yF?n) equals
, and we show that this converges to V; a.s. Because p is Riemann
mtegrable Lemma [4.4] yields lim, . |¢"| = |ps| for a.a. s € [t,T]. From
Lemma and Theorem 1| follows that — exp( ’yF ) converges to V7 a.s.
and also the convergence result for the optimiser 7* for V, is implied.

The last part of Theorem follows analogously, with ¢" replaced by
Zﬁ’;l PrjLyen_ 4n), using additionally parts 2) and 3) of Proposition . O

Let us mention two straightforward generalisations of Theorem [4.5 The
convergence still works if p itself is not Riemann integrable, but p equals
Lebesgue-almost everywhere a Riemann integrable function p. One simply
replaces p by pin T heorem and uses V1 = — exp(—7I"}) = — exp(—7I7Y)
a.s. for the solutions (I'”, Z?) and (I'?, Z?) of the BSDE (4.9) with ¢ = p and
q = p, respectively. An example for such a pair of p and p is p = %]l(@m[t,ﬂ
and p = 0.

In the first part of Theorem [£.5] one can easily get rid of the restriction
that p is valued in ]—1, 1[. To this end, one replaces |psi| by |psi| A (1 —1/n)
in (4.12), and uses for the proof that Z 1 psil A (L= 1/n)ln 4 con-
verges pointwise to |p| since the Correlatlon p is valued in [—1,1]. The
same procedure works for the last part of Theorem [£.5 but the sequence
of iterated expectations with p,, ; 1= SUDgefrn i) lps| A (1 —1/n) instead of

Prj = SUDgepn | gn |ps| is no longer nonincreasing.
Further comments on Theorem [£.5] are given in the next remark.

Remark 4.6. 1) One can show that the a.s. convergence of to V2
holds uniformly with respect to the partitions. In more detail, we denote by
a;(A™, §™) the random variable given by the iterated conditional expectation
in , where the pair (A", 5") = ((tg,...,t}),(s',...,s™)) is called a
tagged partition of [¢t,T] with mesh |A™|. The first part of Theorem
yields lim,, o a;(A", 5) = V;H a.s. In the Appendix, we sketch the proof of
the more general result

lim esssup |at(A,§') -V =0 as, (4.13)
N0 (AF):|A|<e

where the essential supremum is taken over all tagged partitions (A, ) of
[t,T] with mesh |A| < e.

2) For ¢ valued in [—1, 1], the generator of is concave in Z2, and we
can apply to (—I'?, Z%) the convergence result of Briand and Hu [3]. (Since
the generators are uniformly bounded by a quadratic function, the minor
amendment to that convergence result mentioned in Section 7 of Mocha and
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Westray [12] is here not necessary.) Recall (I'7",Z7") from the proof of
Theorem and let (I', Z) be the solution of (4.6). Proposition 7 of [3]
implies that, for every p > 1,

p T ) p/2
exp( sup ‘Fq - I }) (/ ]Zg” — ZS} ds>
s€t,T) t

If o is uniformly bounded away from zero, this yields similarly to Theorem
that, for every p > 1, lim,,_, EP[(L bs 7" 4 As 7r§‘2ds)p/2] =0. <

os S 'ycr

lim Ep =0.

n—oo

Under a slightly more restrictive assumption on p, we can prove a stronger
convergence result than Theorem

Proposition 4.7. Assume that p is deterministic and the one-sided limits
lim, »5 pr for all s € |t,T| and lim,~ p, for all s € [t, T exist. Then there ea-

ist partitions (. ...t} Jnen of [t, T] with lim, . (maxy<j<q, (£7 —t7_1)) =0
such that for every chozce of s € [t 1, 7], (b")nen given forr € [t? L by

1% 4 P =2 1—p

A s°n 1— - s

b:} = _Eﬁ "‘Ep {Eﬁ [eH(l—Pign) yt? 71] 1%, yt? 21 Potn—1 yr] J
satisfies lim || sup |b7 — V| H = 0. For o uniformly bounded away from

n—=0llselt, 1]
[f pqu 7r‘ dsg] =0, where
n—00 1o Lo (P)

the supremum is taken over all G-stopping times T valued in [t,T], and
(07", Z7") is the solution of with g = q" :== 3", psilyn_ 4m) forn € N.

Proof. Fix n € N and define by

ps — lim p,

n
rtl

thi=t, tp=inf{s>t,

>1m}AT jeN,

a partition of [¢, T, noting that there is £, € N such that ¢j =T by a com-
pactness argument. For every s/ € |7 JaRP ][ q" = Z?;l Psi ]I]t?,l,t?] converges
to p in L*>°(Leb, [t,T]) as n — oco. Except for the point mentioned next, the

remainder of the proof goes like in Theorem [4.5] using Corollary [2.2] instead
of Theorem [2 and add1t10nally the idea of . Corollary 2.2 n only yields

‘Ep b Zq — T ‘ ds
Lo (P)
is taken over all Y stoppmg times 7. But the proof of Corollary [2.2] shows
be Zq — 7 } ds|G ] =0 in
Le=(P)

this situation, where the supremum is taken over all G-stopping times 7. [

lim sup Y, = 0, where the supremum

n— O

that we also have lim supHE [

n—oo T
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4.2.2 A counterexample

We have seen in Theorem that V# is the a.s. limit of an explicitly known
sequence if p equals almost everywhere a Riemann integrable function. In
particular, the choice of a nondecreasing sequence of partitions in Theo-
rem allows us to approximate V;¥ from above and below. We give here
an example of a correlation process which is not almost everywhere equal to
a Riemann integrable function and where indeed the approximations of V2
in the sense of Theorem from above and below are not possible.

We take for simplicity ¢t = 0, T' =1, v =1, p = 0 and ¢ = 1. Let
C C[0,1] be the “fat” Cantor set with Lebesgue measure 1/2. This set,
which is also known as Smith-Volterra-Cantor set, is constructed iteratively
as follows: Start by removing |3/8,5/8[ from the interval [0, 1]; in the n-th
step, remove subintervals of width 1/22" from the middle of each of the 2!
intervals. If we continue like this, C' consists of all points in [0, 1] that are
never removed. Because C' is the complement of a countable union of open
intervals, it is Borel measurable. Moreover, it is well known that C'is nowhere
dense, yet has Lebesgue measure 1/2. We assume that the correlation p is
given by p = %100[071/2] + %]lCﬂﬂ]l/Z,l] and H := Y. Since Y7 is not bounded,
we have to adjust slightly the definition of admissible strategies: Instead of
, we impose on 7 € Ay that (exp(—X>" — Yl))o<s<T is of class (D).
(Alternatively, one could approximate Y; by bounded random variables like
in the example in Section 5 of Frei and Schweizer [5].) We claim that

sup I'f < —15/32 < —log(—V{") = -7/16 < —13/32 < inf T§,

q€5,|q|<p q€E,[q|=2p
where I'? is the solution of . This means that p cannot be approximated
by piecewise constant processes from above and below such that the corre-
sponding values converge to V. We first show V! = —exp(7/16). For any
m € Ay with bounded fOT 72 ds, we have

Ep[U(X{"+ H)] = —Ep {eXp (— /Olws AW, — Y1>]

! 1
:—Ep[exp(—/ Wdes—Yl—§</7TdW+Y>
0 1

3 [ e1-)as)]

g_Ep[exp(_/olwsdws_yl_%</ﬂdw+y>1)]
Xexp(% / o) ds) (4.14)
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and hence

Ep[U(X)™+ H)] < —exp (% /01(1 —p2) ds) = —exp(7/16)  (4.15)

since Leb(CN[0,1/2]) = Leb(C®NJ1/2,1]) = 1/4. Equality in (4.15)) holds for
m = —p € Ag. Because of the class (D) condition on (exp(—=X2™ —Y7)) _ .
for any 7 € Ay, we obtain V¥ = — exp(7/16) by a localisation argument. To
Prove SuPgez |41<p 't > —15/32, we note that ¢ € Z, |g| < p implies ¢ = 0 on
[0,1/2] since C' does not contain any nontrivial intervals. By 3) of Proposi-
tion with p replaced by p := plji /0,1 = %]1000}1/2,1}, we have

sup T <Th,
g€, |q|<p

and a calculation similar to 1D shows Fg = —15/32, using that by Lemma
— exp(—FS) equals ViI! with p replaced by p. Similarly, we obtain

inf ¢ >TH=-13/32,

q€E,|q|>p
where p := pljg1/9 + %]1]1/2,1} = %]10m[0,1/2] + %1]1/2,1]-

4.2.3 Stochastic correlation

When p is stochastic, we cannot approximate V;# from above and below like
in Theorem . However, we still have a convergence result for V2 if p is
left-continuous.

Theorem 4.8. Assume that p is on [t,T] left-continuous and valued in
|=1,1[. Then for every sequence (t = 75 < --- < 77 = T)pen of [t, T]-valued
Y-stopping times with limy, . (maxy<j<q, (77 — 711)) = 0 a.s.,

1

. yt] (4.16)

H(lfpin )

_EP EP[EP[Q lp—1

converges to V2 a.s. Suppose o is uniformly bounded away from zero, and
denote by (Fqn, an) the solution of with ¢ = ¢" := Z?’;l prr 1]1]].,-;17177.71]]

- i
for any n € N. Then lim Ep [ftT ZT 4 2e 7T;|2d8i| = 0, where ™ 1is
n—oQ

S YOs

Ps
Os

the optimiser for V;H.
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Proof. Fix n € N and let (I'"",Z9") be the solution of the BSDE (4.9)
with ¢ = ¢" := Zf’;l prr Ajrn | o, which is Y-predictable. By 1) of Propo-

j—1

sition , — exp(—”yfgn) equals 1) We have lim,,_,, ¢%(w) = ps(w) for
a.a. (w,s) € [t,T] by the left-continuity of p, and the result follows from
Lemma [£.1] and Theorem 2.1 O

In the same way as Theorem [4.5] one can slightly generalise Theorem
to the case where p equals (P®Leb)-a.e. a (P®Leb)-a.e. left-continuous pro-
cess, and one can get rid of the assumption that p is valued in |—1, 1].

Remark 4.9. The assumption from Section 4.1 that fOT A2ds is bounded
can be slightly weakened. Theorem [4.8]still holds if [ AdW € BMO(G, P)
< 0. (4.17)

and .
Ep {exp (/ (1+p2)A2 dr) gs}
S Lo

By the John-Nirenberg inequality (see Theorem 2.2 of Kazamaki [7]), (4.17)
is satisfied if, for example, the BMOs(G, P)-norm of [ AdW is less than
1/4/2. In the Appendix, we sketch the proof of this slight generalisation of
Theorem 4.8 &

sup
s€[0,T7]

4.3 Continuity of the value process in the correlation

This short section exploits the convergence Theorem to show a continuity
property of V in p.
Let us introduce more precise notations by writing (4.1)) as

AW, (p) = psdY, + /1 — p2dY, 0<s<T

for a G-predictable process p denoting the instantaneous correlation between
the (G, P)-Brownian motions W () and Y so that W = W (p). We replace
in all definitions W by W () and write W (), VZ (), etc. VH(p) is then the
dynamic value process for a stochastic control problem when the correlation
between the underlying Brownian motions W (p) and Y is p. Note that if we
change p, only W(p) and all expressions depending on it will change. This
is reasonable; clearly H and Y should not be affected.

Proposition 4.10. Let (p")nen be a sequence of Y-predictable [—1, 1]-valued
processes which converge pointwise to p on [t,T]. Then V7 (p™) converges to
V=V (p) P-a.s. as n — 0o. Moreover, sup, ¢ \VIH(p) = VH| =0 as
n — 0o in P-probability and in LP(P), 1 < p < co.
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Proof. This follows from Lemma [£.1and Theorem 2.1} using additionally the
same argument as in (3.8]) to show the second statement. O

Proposition [4.10| can be generalised to a multidimensional setting where
W and Y are stochastically correlated multidimensional Brownian motions.
But we give no details since this provides no essential new insights.

A Appendix: Proofs of the convergence re-
sults

Proof of Theorem[2.1. By Theorems 2.5 and 2.6 of Morlais [I3], there ex-
ist unique solutions (I'", Z"™, N™) to with parameters (f", 5", H") for
n=1,...,00. Moreover, Lemma 3.1 of Morlais [I3] implies that I'"" and the
BMO(P)-norms of [ Z™dM and N™ are bounded uniformly inn =1,. .., cc.
(Theorems 2.5, 2.6 and Lemma 3.1 of [13] do not use the assumption in Sec-
tion 2.1 of [I3] that a.s., the matrix mgym/, is invertible for every s € [0, T.)
We now subtract with parameters (f°°, 5%, H*) from that with
parameters (f", 5", H") for a fixed n € N to obtain, for 0 < s < T,

L1 (A1)
2 (0= ) - B vy - ) - [ age -,

which implies

rp -1 = S () - () = [ (2 - 2 (@, - dn).g))

T ﬁn
- / (d(N” — N%), = S d(N" = N, N+ N°°>T>
’ T
YHY - H® / (f*(r, Z2) — f(r, 2)) dD,, (A.2)

where ¢" is defined for 0 < s < T by

n

gri={  ImZi=Z)P

U ZO) PP (822) (gm . gooyif (27 — Z2°)| £ 0,
otherwise.

Due to the assumption (ii) of the theorem, [ ¢"dM is in BMO(P) and its
BMO(P)-norm is uniformly bounded since the BMO(P)-norm of [ Z™dM
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is bounded uniformly in n = 1,..., 0o0. Therefore, taking conditional expec-
tations in (A.2) under the probability measure Q™ given by

d n n
@ o [ S o)

T
yields

v [ (P 2) — < (r. Z)) D,

Because the convergent sequence (8"),—1....~ is bounded, the BAM O(P)-norm
of M™ := Jg"dM + %H(N” + N°°), which equals the stochastic logarithm of
the P-density process of )", is uniformly bounded in n = 1,...,00. There-
fore, Theorem 3.6 of Kazamaki [7] and continuity in s of Egn[(N*)r|Fs] and
(N°°)s imply

fs] . (A.3)

sup  sup Egn[(N*)r — (N)4|F] < 00, (A.4)

n=1,...,00 s€[0,T] Lee(P)
and hence
lim ~ sup #EQH[W%T—(N%SVS] =0 in L™(P). (A.5)
N30 5¢0,T]

Since the BMO(P)-norm of M™ is uniformly bounded in n, there exist by
Theorem 3.1 of Kazamaki [7] p > 1 and a constant C,, both independent
of n, such that foralln=1,...,00

<5(M")T)l/<p—1> FS] _E, [(i((z\é?iy/(p_l)

E(M™),
Recall the constant ¢! from the assumption (i) of the theorem and set
o 1
o 2pct|| [ Zo dAM || Bps000) T 1

EQn _FS

<0, (A6)

(A7)

Applying ar < e** — 1 for x € R, the Holder inequality (with exponents p
and p/(p — 1)) and 1} yields

T
Eg- [ [ 1wz - .z b,

s

7]

rn 1/ T 1/
-~ l-E|Q’ﬂ [(5(]% )T) p(E(M )S> p(eang|fn(T7Z$o)_foo(Tvz7?o)|dDr _ 1> fs:|
« 5<Mn)s E(Mn)T
1 B o0 00 (s 700 1/
< a|C'p|(10—1)/pEP [(eafsT\f (r,Z22)=f>(r,22°)|dDy _ 1>p ]:S} p‘ (A.8)
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By the assumption (i), we have

n o0 oo oo p
<ea fsT ‘f (T7Zr )_f (Tvzr )‘dDr _ 1)

T
< exp (pa/ |f”(r, 7)) — f(r, Zfo)‘ dDT)

T T
/ kL dD, ) exp <2pcla / Im,. Z2°|? dDr) :
0 L (P) 0

Using the definition (A.7) of «a, the last expression is P-integrable by the
John-Nirenberg inequality; see Theorem 2.2 of Kazamaki [7]. Therefore,
dominated convergence and ({A.8]) imply that for s € [t, T],

< exp <2pa

T
lim Eqn U |7 (r, Z2°) — °(r, 22%)| D,

n—oo

Similarly to (A.8), we obtain

]-“S}—O Pas.  (A9)

Equ[|H" — H*[|F,] < |G|/ Bp | ("1~ 1)”| F,] T a0

which again converges P-a.s. to zero by dominated convergence. Therefore,

(A.3), (A.5) and (A.9) give lim, oo [T? — '] = 0 P-a.s. for every s € [¢,T].
We now prove supe, 7y |1’y —I's°| converges in P-probability to zero. From
(A.8)) and the martingale maximum inequality we obtain that, for any € > 0,

T
1
€"P | sup Egn U | F(r, Z2°) — £(r, Z2°)| dD, ]:S] > 2|0, |P- /P
s€[t,T] s o
= GPP[ sup Br [(eaff |f7(r,22°) = f(r,22°) | dDr _ 1>p fs} h > J
s€ft,T)
< EpP{ sup Ep [(eaftT|f”(r,Z$°)ff°°(r,Z;>0)\dDr B 1>p‘./___s} > ep}
s€ft,T)

which converges to zero as n — oo by dominated convergence. Analogously,

we obtain from (A.10) that

epP[ sup Egn [|[H" — H*||F.] > |Cp|<P—1>/Pe} < Ep Ke‘H"—H""‘ - 1)p],
s€(t,T]
(A.12)

which also converges to zero as n — oo by dominated convergence. All in

all, (A.3), (A.5), (A.11) and (A.12) show that supge, o [I's — I's°| converges
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in P-probability to zero, and also convergence in LP(P), 1 < p < oo, follows
since I'" is bounded uniformly in n.
To prove the convergence statements for Z" and N", we apply Ito’s for-

mula between ¢ and 7', and use (A.1]) to obtain
(H" — H*)* — (I} =)

_ /tTg(rg _ )20 — Z)dM, + /tT2(F? —TR) (N — N%),
- (I - T (8 N, — AN,
- [ 2T ) - 26 7))
+ /tT(|ms(zg — ZZ)PdDs + d(N™ — N%),),

which implies by taking expectations that

wo[ [ (22— 2P an - aov - v,
< Ep[(H" = H®)’] + E[(I} = I7°)?]

20| s 02 = T (15 = (N70) + 31 () = (N)0)

seft,T

T
2By { sup |7 — I / £ (s, 22) — (s, 2°)] dDS] . (A.13)
t

s€[t,T)

Because (H™)p=1.. . and (I'?) =1~ are a.s.-convergent bounded sequences,
we have lim,,_,o Ep[(H” — H°°)2] = 0 and lim,,_,~ Ep[(I’f — Ffo)z] =0 by
dominated convergence. Holder’s inequality and the assumption (i) of the
theorem imply

T 2
B sup |17 =] [ 17766, 22) - 206,240
t

s€(t,T)

T 2
< Ep { sup I — rgﬂ Ep K/ (268 + cHmZ0 P + M m, Z2P) st> ] :
t

s€(t,T)

This converges to zero since sup,e(, 7 [T =I'2°| = 0 in L?(P) and the second
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term is bounded uniformly in n, which can be seen as follows: We have

T 2
Ep [(/ (26% + Hms Z0 PP + M me Z32 ) st) }
t

T 2 2 2
ng{3</ 2n;st) +3|cll2</Z"dM> +3|cl|2</Z°°dM> }
t T T

and this is bounded uniformly in n because || fOT ks dDy| Lep) < OO the
BMO(P)-norms of [ Z™dM are uniformly bounded and we can take j = 2
in the energy inequalities

/ Z"dM

o (o)

see the corollary to Theorem 4 of Kikuchi [§]. Analogously, the term

2j
<oo, jeEN; (A.14)
BMO,(P)

Ep [ sup |7 = T|(18"[((N™) — (N"),) + |B¥|((N*) 7 — (N°°>t))]

s€[t,T)

converges to zero. By ({A.13)), we obtain that

T
lim Ep V (Ims(Z7 = Z2°)2dD, + d(N" — NOO)S)] —0,
t

n—oo

which concludes the proof. O

Remark A.1. To prove (A.9)), one can also apply directly the energy in-
equalities instead of using the John-Nirenberg inequality. In fact, taking
¢ € N with ¢ > p, we obtain from (A.6)) and the Holder inequality that

T
Boo| [ 117022 - 5¥(n 227 aD,

7]

T 14 1/¢
§|Cp|<P1>/pEPK/ |f”(r,Z1?°)—f°°(r,Zf°)‘dDr> ]—“S} . (A15)

By the assumption (i), we have

T )4
([ 17022 - =2,
T T 1
< (2/ midDT+2c1/ |mTZ;’O|2dDT)
0 0
4 g T l—j ] J
:242(,) (/ /{idDT) |cl|J</Z°°dM> :
=0 J 0 T
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which is P-integrable because of (A.14) and || fOT K dDr”LOO(P) < 00. Domi-
nated convergence and ({A.15) now imply (A.9). &

Proof of Corollary[2.3 To show (2.3)), it is by (A.3) and (A.4]) enough to

prove the existence of a constant K > 0 such that

T
sup Egn { / |f(r, Z°) = f(r, 22°)| dD, ]—"S}
s€t,T) s
< K (la" = le=pon) + 17" = Ui=pon),  neN.
But the assumption (v) implies
T
sup Egn { / |f(r, Z°) = f>(r, Z7°)| dD, ]—“5}
s€(t,T) s
T
S ||Qn — ]-||L°°(P®D) Sl[lp] EQn |:/ ‘i(’l", Z7C‘>O)| dDr .FS:|
se(t,T s

T
+ ||@" — 1| Lo (PeD) Sl[lp]EQn [/ |f(7", Zfo)} dD, .7-"5},
set,T s

and the conditional expectations are bounded in L*°(P) uniformly in n € N
and s € [t,T] by an argument similar to (A.4). So is established, and
since its right-hand side converges to zero by the assumptions (iii)—(v), we
have sup,ep 7 [Ty — T3] — 0in L2(P).

To show that [ Z"dM — [Z*dM, N* — N> on [t,T] in BMO(P),
we derive similarly to that, for any stopping time 7 valued in [¢, 77,

Ep {/TT(’ms(ZS — Z2)dD + d(N" — N*),)

ﬁ}
< | H™ = H®||Zoo(py + IT7 = T2 7o ()

T
(2EP [ / (s, Z0) = f(5,22%)| dD,
L= (P)

T

sup [I'y —I'7|
s€[t,T)

_|_

7]

+ Ep[IB"[((N")7 = (N")7) + [B2|((N>)r — <N°°>f)|fr}) :

Since the the BMO(P)-norms of [ Z™dM as well as N™ are bounded uni-
formly in n and supyep, 7y |[T'% — I5°] — 0 in L>(P), it follows that

=0,

Loo(P)

T
lim sup HEP {/ (Ims(Z2 — Z2°)? dDs 4+ d(N™ — N*°),)

n—o0 T

7]

and hence [Z"dM — [Z>dM and N* — N> on [t,T] in BMO(P) as
n — oo. [
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Sketch of the proof of {4.13) in Remark[{.6 1. To check (4.13), one first de-

duces from Lemma that lime o sup(A7§):|A|<E‘q£A’S) — pT‘ = 0 for Leb-a.a.
r € [t,T], where one sets ¢(4*) = Z§:1 psilye,_, ;) for any tagged partition
(A,8) = ((to, .- te), (s',...,s"). Then one slightly generalises Theorem
in the sense that this uniform convergence of ¢(*) in (A, 5') implies that the
corresponding solutions FZ(A@) of converge a.s. to I'} = —%log(—VtH )
uniformly in (A, 3§). In fact, one needs only to generalise , which goes
similarly to by dominated convergence. Now one deduces from

lim esssup
N0 (A7) |A|<e

1 1
— ;log(—at(A, ) + ;log(—VtH)‘

=lim esssup
N0 (AF):|Al<e

5 1
A —log(—\/;H)’ =0 as.
Y

similarly to the last part of the proof of Proposition using that —a;(A, )
is bounded away from zero by e~z uniformly in (A, 3). ]

Sketch of the proof of Remark[4.9. From Proposition 3 of Briand and Hu [3]
and Proposition 7 and Theorem 8 of Mania and Schweizer [I1], one de-
duces that for a [—1, 1]-valued Y-predictable process ¢, the BSDE ([4.9) still
has a unique solution (I'?, Z?) where I'? is a real-valued bounded contin-
uous (Y, P)-semimartingale and Z? is a Y-predictable process such that
Ep UOT |Z4|? ds] < co. Furthermore, [Z7dY is in both BMO(Y, P) and
BMO(G, P), and the BMO-norms are bounded uniformly with respect to
the [—1, 1]-valued ¢. Now one can proceed like in Lemma and Propo-
sition to obtain V¥ = —exp(—+I”) and (4.10). The argument is fin-
ished by applying Theorem [2.1], using that, under the assumption of uniform
boundedness of the BMO(F, P)-norms of [ Z™dM and N™, the convergence
result can also be shown if in the assumptions (i) and (ii), one only has
sup., HEP [fTT K dDS}}"T} HLOO < oo and sup, HEP UTT |k2|? dDS‘}"T} HLOO
instead of || fOT kidDs||,. < oo and HfOT\/£§|2dDSHLOO < 00, where the
suprema are taken over all F-stopping times 7. O

< o0
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