A NONLOCAL PARABOLIC SYSTEM In LINEAR THERMOELASTICITY

Yanping Lin Department of Mathematics University of Alberta Edmonton, Alberta T6G 2G1 Canada Email: ylin@hilbert.math.ualberta.ca

Abstract A system of parabolic integro-differential equations arising in

the study of thermoelastic contact of two rods is considered. The questions of existence, uniqueness and continuous dependence of the solution upon the data are demonstrated via the theoretical potential solution representation technique and theory of Volterra equations of second kind. An application to linear thermoelasticity is also given.

Keywords: Parabolic, integro-differential, non-local, thermoelastic con-

tact.

AMS(MOS) subject classification:35K50, 73C25, 73J05.

1. Introduction

In this paper we consider the following parabolic system of finding U = (u^1(x, t), u^2(x, t)) such that

u^1_t − c_1u^1_{xx} = b_1 l_1 d dt max {I(U), 0} , in Q^1_T = (0, l_1) × J, (1.1)

u^2_t − c_2u^2_{xx} = b_2 1 − l_2 d dt max {I(U), 0} , in Q^2_T = (l_2, 1) × J, (1.2)

u^1(x, 0) = ϕ_1(x), 0 < x < l_1, (1.3) u^2(x, 0) = ϕ_2(x), l_2 < x < 1, (1.4) μ_1u^1_x(0, t) + ν_1u^1(0, t) = f_1(t), 0 < t < T, (1.5) 1 μ_2u^2_x(1, t) + ν_2u^2(1, t) = f_2(t), 0 < t < T, (1.6) k_1u^1_x(l_1, t) = k_2u^2_x(l_2, t), 0 < t < T, (1.7) −k_1u^1_x(l_1, t) = k(u^1(l_1, t) − u^2(l_2, t)), 0 < t < T, (1.8)

where the integral operator I(·) is defined by

I(U) = a_1 ∫_{l1} 0 u^1(x, t)dx + a_2 ∫_1 l2 u^2(x, t)dx + g(t), 0 < t < T, (1.9) and c_i > 0, a_i > 0, k_i > 0, b_i, μ_i, ν_i μ^2_i + ν^2_i ≠ 0, (i = 1, 2) and k are constants related to the physical parameters, f_i(t), ϕ_i(x), (i = 1, 2) and g(t) are known functions, and 0 < l_1 ≤ l_2 < 1, J = (0, T ) for T > 0.

This system of equations is derived in [2, 6] in the study of quasi-static thermoelastic contact of two rods due to the decoupling of the temperatures and displacements. Under some appropriate assumptions on the data (smooth) and the physical constants (small), the authors of [2] shown that the unique global strong solution U = (u^1, u^2) exist in Sobolev space W^{2,1}(Q^1_T )× W^{2,1}(Q^2_T ). A simple version of nonlocal parabolic integro-differential equation modelling the thermoelastic contact of one rod at one end has been received a considerable attention recently. We refer the readers to [1, 7, 12, 14] for mathematical modelling and the well-posedness of the problems using variational formulations, [3, 5, 6] for numerical approximations by finite difference and finite element, [5] for using monotonic operator theory approach and treating periodic solutions, [14] for using a priori estimates and Sobolev embedding inequalities, [4] for using solution representation technique via an equivalent nonlocal reformulation. although the techniques employed in [4] are elementary, the results obtained there are more general than those in [1, 5, 7, 12, 14]. That is, all results except the periodic solutions in [1, 5, 7, 12, 14] are special cases of [4]. In addition, the results of [4] can not be improved with respect to the conditions imposed upon the critical physical constants. See [4] for details. A similar nonlocal boundary value problem was considered in [5, 7, 10, 11].

In this paper we follows the idea in [4] to study the problem (1.1)- (1.8). First problem (1.1)-(1.8) is transformed into an equivalent system of parabolic equations with nonlocal and nonlinear boundary conditions, and then the existence, uniqueness and continuous dependence of the solutions upon the data are proved for the equivalent system using classical solution representation technique and theory of Volterra equations of second kind with weakly singular kernels. The well-posedness of system (1.1)-(1.8) thus follows from the equivalence of the two systems.

Some remarks are as follows: First the system (1.1)-(1.8) has been studied in [2]. The method employed there requires that f_i(t) ∈ C^1(0, T ), i = 1, 2, ϕ_1(x) ∈ C^1(0, l_1), ϕ_2 ∈ C^1(l_2, 1) and some compatibility conditions at t = 0, which in fact is due to the weak formulation and analysis in W^{2,1}(Q^1_T ) × W^{2,1}(Q^2_T ). Second our results in this paper not only take those of [2] as a special case, but also allow the non-smooth data, ie, f_i, ϕ_i, i = 1, 2, can be piecewise continuous functions or even f_i can be singular at t = 0. Moreover our results are optimal with respect to the parameters a_i, b_i, and c_i, i = 1, 2.

Definition 1.1: A pair (u^1, u^2) is said to be a solution of problem (1.1)-(1.8) if u^i ∈ C^2(Q^i_T ) ∩ L^∞(Q^i_T ), (i = 1, 2), and satisfy (1.1)-(1.2), and initial and boundary conditions almost everywhere.

Remark: If the data is non-smooth, say piecewise continuous or f_i(t) = O(t^{−α}) at t = 0, i = 1 or 2, then solutions u^1 and u^2 are allowed to have similar jumps or singularities at the boundaries.

This paper is organized in the following way. In section 2 some necessary results are given which are used throughout this paper. In section 3 problem (1.1)-(1.8) is transformed into an equivalent system of parabolic equations with nonlocal boundary conditions, then the problem of well-posedness are considered. Application to thermoelastic contact of two rods is given in section 4, which suggests that the solutions of equations in [2] for thermoelastic contact of two rods always exist and are unique for all physical parameters.

Finally our method in this paper can also be applied in principle to study the thermoelastic contact of two discs subject to axially symmetric temperature fields and displacements. Since the decoupling procedure and analysis are much more complicated the complete mathematical analysis will be given in a separate paper.

2. Preliminaries

In this section we list several classical results from [3, 8, 9] which are used throughout this paper.

Let K(x, t) be the heat kernel [3] defined by

K(x, t) = 1 √ 2πt exp { − x^2 4t } , t > 0 (2.1) and θ-function [3] be defined by θ(x, t) = ∞∑ n=−∞ K(x + 2n, t), t > 0. Let ϕ ∈ C[0, 1] and V (x, t, ϕ) = ∫_1 0 [θ(x + ξ, t) + θ(x − ξ, t)]ϕ(ξ)dξ. (2.2) Then V (x, t, ϕ) solves [3] V_t = V_{xx}, 0 < x < 1, t > 0, (2.3) V (x, 0) = ϕ(x), 0 < x < 1, V_x(0, t) = V_x(1, t) = 0, t > 0.

Lemma 2.1. Let u be the solution of u_t = u_{xx}, 0 < x < 1, t > 0, (2.4) u(x, 0) = ϕ(x), 0 < x < 1, u(0, t) = f(t), u_x(1, t) = g(t), t > 0, where f, g, ∈ C[0, T ] and ϕ ∈ C[0, 1]. Then u can u = V (x, t, ϕ) − 2 ∫_t 0 ∂K ∂x (x, t − s)ψ_1(s)ds (2.5) +2 ∫_t 0 K(x − 1, t − s)ψ_2(s)ds, where ψ_1 and ψ_2 in C[0, T ] are the unique solutions of Volterra system f(t) = V (0, t, ϕ) + ψ_1(t) + 2 ∫_t 0 K(−1, t − s)ψ_2(s)ds, (2.6) g(t) = 2 ∫_t 0 ∂^2K ∂x^2 (1, t − s)ψ_1(s)ds + ψ_2(t), (2.7) where V (x, t, ϕ) is defined in (2.2).

Proof: See [3]. Q.E.D. Remark: (i) If f and g are piecewise continuous and bounded, then Lemma 2.1 is still valid with ψ_i(t), i = 1, 2 being piecewise continuous and bounded.

(ii) If f and g have singularity f(t) = g(t) = O(t^{−α}) at t = 0 with 0 < α < 1, then the solutions ψ_i(t), i = 1, 2, have the same singularity at t = 0. (iii) If f, g ∈ L^1(0, T ), then ψ_i(t) ∈ L^1(0, T ), i = 1, 2 and solution u in (2.5) will be in L^1((0, 1) × (0, T )).

Corollary 2.1. Under assumption of Lemma 2.1. If u solves for 0 < l < 1, u_t = cu_{xx}, 0 < x < l, t > 0, u(x, 0) = ϕ(x), 0 < x < l, u(0, t) = f(t), u_x(l, t) = g(t), t > 0. where c > 0 . Then u can be represented by u = V^1(x, t, ϕ, c, l) − 2 ∫_t 0 ∂K ∂x ( x l , c l^2 (t − s)) c l ψ_1(s)ds (2.8) + 2 ∫_t 0 K( x − l l , c l^2 (t − s)) c l^2 ψ_2(s)ds where ψ_1 and ψ_2 in C[0, T ) are the unique solutions of Volterra system

f(t) = V^1(0, t, ϕ, c, l) + ψ_1(t) + 2 ∫_t 0 K(−1, c l^2 (t − s)) c l^2 ψ_2(s)ds, (2.9) lg(t) = −2c ∫_t 0 ∂^2K ∂x^2 (1, c l^2

(t − s))ψ_1(s)ds + ψ_2(t), (2.10)

where V^1(x, t, ϕ, c, l) = 1 l ∫_l 0 { θ( x + ξ l , c l^2 t) + θ( x − ξ l , c l^2 t) } ϕ(ξ)dξ. Proof: Let y = x/l and τ = ct/l^2, then it follows from a simple calculation that u_τ = u_{yy} , 0 < y < 1, τ > 0, u(y, 0) = ϕ(ly), 0 < y < 1, u(0, τ) = f( l^2 c τ), u_y(1, τ) = lg( l^2 c τ), τ > 0. Then, Corollary follows from Lemma 2.1. Q.E.D.

Corollary 2.2. Under assumption of Lemma 2.1. If u solves for 0 < l < 1, u_t = cu_{xx}, l < x < 1, t > 0, u(x, 0) = ϕ(x), l < x < 1, u_x(l, t) = f(t), u(1, t) = g(t), t > 0, where c > 0 . Then u can be represented by u = V^2(x, t, ϕ, c, l) − 2 ∫_t 0 K( x − l 1 − l , c (1 − l)^2 (t − s)) c (1 − l)^2 ψ_1(s)ds +2 ∫_t 0 ∂K ∂x ( x − l 1 − l − 1, c (1 − l)^2 (t − s)) c 1 − l ψ_2(s)ds, (2.11)

where ψ_1 and ψ_2 in C[0, T ) are the unique solutions of Volterra system

(1 − l)f(t) = ψ_1(t) + 2c ∫_t 0 ∂^2K ∂x^2 (−1, c (1 − l)^2

(t − s))ψ_2(s)ds,(2.12)

g(t) = V^2(1, t, ϕ, c, l) + ψ_2(t) (2.13) −2 ∫_t 0 K(1, c l^2 (t − s)) c (1 − l)^2 ψ_1(s)ds where V^2(x, t, ϕ, c, l) = 1 1 − l ∫_1 l { θ( x + ξ − 2l 1 − l , c (1 − l)^2 t) + θ( x − ξ 1 − l , c (1 − l)^2 t) } ϕ(ξ)dξ. Proof: Let y = (x − l)/(1 − l) and τ = ct/l^2. The rest of proof is similar to the proof of Corollary 2.1. Q.E.D.

Lemma 2.2. Let G(t) = (g_1(t), · · ·, g_N (t))^T , H(t) = (h_1(t), · · ·, h_N (t))^T ∈ (L^1(0, T ))^N , M(t) = (m_{ij}(t)), A(t) = (a_{i,j} (t)) and B(t) = (b_{i,j}(t)) are N ×N matrices such that for some C_a, C_b, C_M > 0 ||A(t)|| = max_{1≤i,j≤N} |a_{i,j} (t)| ≤ C_at^{−α}, ||M(t)|| = max_{1≤i,j≤N} |m_{i,j} (t)| ≤ C_M , (2.14) ||B(t)|| = max_{1≤i,j≤N} |b_{i,j} (t)| ≤ C_bt^{−α}, 0 < α < 1, t > 0. (2.15)

Then the following Volterra system

Y (t) = G(t) + ∫_t 0 A(t − s)Y (s)ds (2.16) +M max{H(t) + ∫_t 0 B(t − s)Y (s)ds, 0}, t > 0 has a unique solution Y (t) ∈ (L^1(0, T ))^N . Here max{Ψ, 0} = (max{ψ_1, 0}, · · ·, max{ψ_N , 0})^T for any vector Ψ ∈ R^N . If Y_i(t) are two solutions with the data G_i and H_i, i = 1, 2, then there exists a positive constant C = C(C_a, C_b, C_M , α, T ) > 0 such that ∫_T 0 ||Y_1 − Y_2||dt ≤ C ∫_T 0 {||G_1 − G_2|| + ||H_1 − H_2||} dt, (2.17) where ||·|| is the vector norm, ||ψ|| = ∑ i=1,N |ψ1|, associated with the matrix

norm (2.14)-(2.15).

Proof: Let Y (t) ∈ (L^1(0, T ))^N . We define mapping S : (L^1(0, T ))^N → (L^1(0, T ))^N , SY = G(t) + ∫_t 0 A(t − s)Y (s)ds + M max{H(t) + ∫_t 0 B(t − s)Y (s)ds, 0}. Then it follows that for any X(t), Y (t) ∈ (L^1(0, T ))^N , ∫_T 0 ||(SX − SY )(t)||dt ≤ ∫_T 0 || ∫_t 0 A(t − s)(X(s) − Y (s))ds||dt + C_M ∫_T 0 || ∫_t 0 B(t − s)(X(s) − Y (s))ds||dt ≤ (C_a + C_bC_M )T^{1−α} 1 − α ∫_T 0 ||X(t) − Y (t)||dt. Here, the change of order of integration was used. It is easy to see that the mapping S is a contraction when T is small, which in turn implies that the local solution exists and is unique for small T . As the smallness of T is dependent upon C_a, C_b, C_M and α only we find from the standard bootstrap argument that (2.16) has unique solution in (L^1(0, T ))^N for any T > 0.

Now if Y_i are solutions for the data G_i and H_i, i = 1, 2. Then it is easy to see that ∫_T 0 ||Y_1 − Y_2||dt ≤ ∫_T 0 {||G_1 − G_2|| + C_M ||H_1 − H_2||} dt

+ (C_a + C_bC_M )T^{1−α} 1 − α ∫_T 0 ||Y_1 − Y_2||dt. This implies that (2.17) is true for small T > 0. The standard bootstrap argument (finite many steps) shows (2.17) is also true for any T > 0. Q.E.D.

3. Existence and uniqueness

Following [4] we transform problem (1.1)-(1.8) into an equivalent system of parabolic equations with nonlocal and nonlinear boundary conditions.

Let W = (w^1(x, t), w^2(x, t)) be defined by w^i(x, t) = u^i(x, t) − b_i L_i max{I(U), 0}, i = 1, 2, (3.1) where U = (u^1, u^2) is the solution of (1.1)-(1.8) and L_1 = l_1 and L_2 = 1 − l_2. Thus w^i satisfies w^i_t − w^i_{xx} = 0 in Q^i_T , (i = 1, 2). In order to obtain the corresponding boundary conditions for W = (w^1, w^2), it is necessary to express u^i in terms of w^i, i = 1, 2.

Lemma 3.1. Assume that Q = 1 − a_1b_1 − a_2b_2 > 0. Then u^i(x, t) = w^i(x, t) + b_i L_iQ max{I(W ), 0}, i = 1, 2, (3.2) is the unique inverse of (3.1).

Proof: If I(U) > 0, then (3.1) becomes w^i(x, t) = u^i(x, t) − b_i L_i I(U), i = 1, 2. (3.3) It follows from applying operator I(·) of (1.9) on (3.3) that I(W ) = I(U) − (a_1b_1 + a_2b_2)I(U) = QI(U), which implies that I(U) > 0 if and only if I(W ) > 0 (3.4) provided that Q = 1 − a_1b_1 − a_2b_2 > 0. Hence the formula (3.2) is the inverse of (3.1). Q.E.D.

We are now ready to state the following equivalence result.

Theroem 3.1. If Q = 1 − a_1b_1 − a_2b_2 > 0, then problem (1.1)-(1.8) is equivalent to the problem of finding W = (w^1, w^2) such that

w^1_t − c_1w^1_{xx} = 0, in Q^1_T = (0, l_1) × J, (3.5) w^2_t − c_2w^2_{xx} = 0, in Q^2_T = (l_2, 1) × J, (3.6)

w^1(x, 0) = ϕ_1(x) − b_1 L_1 max{I(Φ), 0}, 0 < x < l_1, (3.7)

w^2(x, 0) = ϕ_2(x) − b_2 L_2 max{I(Φ), 0}, l_2 < x < 1, (3.8)

μ_1w^1_x(0, t) + ν_1 { w^1(0, t) + b_1 QL_1 max{I(W ), 0} } = f_1(t), (3.9)

μ_2w^2_x(1, t) + ν_2 { w^2(1, t) + b_2 QL_2 max{I(W ), 0} } = f_2(t), (3.10)

k_1w^1_x(l_1, t) = k { w^2(l_2, t) − w^1(l_1, t) + ( b_2 L_2Q − b_1 L_1Q )W^∗ } , (3.11)

k_2u^1_x(l_2, t) = k { w^2(l_2, t) − w^1(l_1, t) + ( b_2 L_2Q − b_1 L_1Q )W^∗ } , (3.12)

where Φ = (ϕ_1, ϕ_2) and W^∗ = max{I(W ), 0}.

Proof: See Lemma 3.1. Q.E.D.

Theorem 3.2. Assume that Q = 1 − a_1b_1 − a_2b_2 > 0 and f_i(t), ϕ_i(x), i = 1, 2, and g(t) are continuous and bounded. Then the unique solution W = (w^1, w^2) of (3.5)-(3.12) exists and is continuously dependent upon the data. That is, if w^i_j are the solutions for the data f^j_i , ϕ^j_i , g^j , i, j = 1, 2, then there exists a positive constant C > 0, independent of the data, such that ∫_T 0 {∫_{l1} 0 |w^1 (x, t) − w^1_2(x, t)|dx + ∫_1 l2 |w^2_1(x, t) − w^2(x, t)|dx } dt

≤ C {_2 ∑ i=1 ∫_T 0 |f^1_i (t) − f^2_i (t)|dt + ∫_T 0 |g^1(t) − g^2(t)|dt (3.13)

+ ∫_{l1} 0 |ϕ^1(x) − ϕ^2_1(x)|dx +

∫_1 l2 |ϕ^1_2(x) − ϕ^2(x)|dx } .

Proof: We only give the proof for the case of μ_1 = μ_2 = 0 and ν_1 = ν_2 = 1, the other cases can be shown in the exact same fashion [3].

We seek the solutions w^i, i = 1, 2, of (3.5)-(3.12) in the following form:

w^1 = V^1(x, t, ϕ_1, c_1, l_1) − 2 ∫_t 0 ∂K ∂x ( x l_1 , c_1 l^2_1 (t − s)) c_1 l_1 ψ_1(s)ds (3.14) + 2 ∫_t 0 K( x − l_1 l_1 , c_1 l^2_1 (t − s)) c_1 l^2_1 ψ_2(s)ds and w^2 = V^1(x, t, ϕ_2, c_2, l_2) − 2 ∫_t 0 K( x − l_2 1 − l_2 , c_2 (1 − l_2)^2 (t − s)) c_2 (1 − l_2)^2 ψ_3(s)ds (3.15) +2 ∫_t 0 ∂K ∂x ( x − l_2 1 − l_2 − 1, c_2 (1 − l_2)^2 (t − s)) c_2 1 − l_2 ψ_4(s)ds, where ψ_i, i = 1, 2, 3, 4 are unique solutions of the following Volterra system

f_1(t) = V^1(0, t, ϕ_1, c_1, l_1) + ψ_1(t) + b_1 L_1Q max{I^∗(Ψ), 0} +2 ∫_t 0 K(−1, c_1 l^2_1 (t − s)) c_1 l^2_1 ψ_2(s)ds (3.16)

l_1k k_1

J^∗(ψ) = −2c_1 ∫_t 0 ∂^2K ∂x^2 (1, c_1 l^2_1

(t − s))ψ_1(s)ds + ψ_2(s), (3.17)

(1 − l_2)k

k_2

J^∗(Ψ) = 2c_2 ∫_t 0 ∂^2K ∂x^2 (−1, c_2 (1 − l_2)^2

(t − s))ψ_4(s)ds, (3.18)

+ψ_3(t)

f_2(t) = V^2(1, t, ϕ_2, c_2, l_2) + b_2 L_2Q max{I^∗(Ψ), 0} (3.19) −2 ∫_t 0 K(1, c_2 (1 − l_2)^2 (t − s)) c_2 (1 − l_2)^2 ψ_3(s)ds, where Ψ = (ψ_1, ψ_2, ψ_3, ψ_4) and J^∗(Ψ) is given by

J^∗(Ψ) = { V^2(l_2, t, ϕ_2, c_2, l_2) − 2 ∫_t 0 K(0, c_2 (1 − l_2)^2 (t − s)) c_2 (1 − l_2)^2 ψ_3(s)ds +2 ∫_t 0 ∂K ∂x (−1, c_2 (1 − l_2)^2 (t − s)) c_2 1 − l_2 ψ_4(s)ds } (3.20)

− { V^1(l_1, t, ϕ_1, c_1, l_1) − 2 ∫_t 0 ∂K ∂x (1, c_1 l^2_1 (t − s)) c_1 l_1 ψ_1(s)ds +2 ∫_t 0 K(0, c_1 l^2_1 (t − s)) c_1 l^2_1 ψ_2(s)ds } + { b_2 L_2Q − b_1 L_1Q } max{I^∗(Ψ), 0}, and where I^∗(Ψ) is given by

I^∗(Ψ)

= a_1 ∫_{l1} 0 { V^1(x, t, ϕ_1, c_1, l_1) + 2 ∫_t 0 K( x − l_1 l_1 , c_1 l^2_1 (t − s)) c_1 l^2_1 ψ_2(s)ds } dx −2c_1a_1 ∫_t 0 { K(1, c_1 l^2_1 (t − s)) − K(0, c_1 l^2_1 (t − s)) } ψ_1(s)ds (3.21)

+a_2

∫_1 l2 { V^2(x, t, ϕ_2, c_1, l_2) + g(t) − 2 ∫_t 0 K( x − l_2 1 − l_2 − 1, c_2 (1 − l_2)^2 (t − s)) c_2 (1 − l_2)^2 ψ_3(s)ds } dx +2c_2a_2 ∫_t 0 { K(−1, c_2 (1 − l_2)^2 (t − s)) − K(0, c_2 (1 − l_2)^2 (t − s)) } ψ_4(s)ds. In the following we first show that Volterra system (3.16)-(3.21) possesses a unique solution Ψ. For this purpose, we rewrite system (3.16)-(3.21) into the form of (2.16). Thus we see from (3.16) that

G_1 = f_1(t) − V^1(0, t, ϕ_1, c_1, l_1), b_{22} =

2a_1c_1

l^2_1 ∫_{l1} 0 K( x − l_1 l_1 , c_1 l^2_1 t)dx, a_{11} = 0, a_{12} = −2c_1 l^2_1 K(−1, c_1 l^2_1 t), a_{13} = a_{14} = 0, M_{11} = − b_1 L_1Q , b_{11} = −2a_1c_1 { K(1, c_1 l^2_1 t) − K(0, c_1 l^2_1 t) } , b_{33} = −

2a_2c_2 (1 − l_2)^2

∫_1 l2 K( x − l_2 1 − l_2 − 1, c_2 (1 − l_2)^2 t)dx, b_{44} = 2a_2c_2 { K(−1, c_2 (1 − l_2)^2 t) − K(0, c_2 (1 − l_2)^2 t) } , H^∗ = a_1

∫_l2_1 0 V^1(x, t, ϕ_1, c_1, l_1)dx + a_2

∫_1 l2 V^2(x, t, ϕ_2, c_2, l_2)dx + g(t),

and similarly from (3.17)-(3.21) that

G_2 = l_1k k_1 { V^2(l_2, t, ϕ_2, c_2, l_2) − V^1(l_1, t, ϕ_1, c_1, l_1) } , a_{21} =

2c_1k k_1 ∂K ∂x (1, c_1 l^2_1 t) + 2c_1

∂^2K ∂x^2 (1, c_1 l^2_1 t), a_{22} = −2kc_1 k_1l_1 K(0, c_1 l^2_1 t) a_{23} =

−2l_1kc_2 k_1(1 − l_2)^2 K(0, c_2 (1 − l_1)^2 t), a_{32} =

−2c_1(1 − l_2)k k_2l^2_1 K(0, c_1 l^2_1 t), G_3 =

(1 − l_2)k

k_2 { V^2(l_2, t, ϕ_2, c_2, l_2) − V^1(l_1, t, ϕ_1, c_1, l_1) } , a_{31} =

2c_1k(1 − l_2) k_2l_1 ∂K ∂x (1, c_1 l^2_1 t), a_{24} =

2kl_1c_2 k_1(1 − l_2) ∂K ∂x (−1, c_2 (l − l_2)^2 t), a_{33} = −2c_2k k_2(1 − l_2) K(0, c_2 (1 − l_2)^2 t), a_{34} = −2c_2

∂^2K ∂x^2 (−1, c_2 (1 − l_2) t) +

2c_2k k_2 ∂K ∂x (−1, c_2 (1 − l_2)^2 t), G_4 = f_2(t) − V^2(1, t, ϕ_2, c_2, l_2), M_{44} = −b_2 L_2Q

a_{41} = a_{42} = a_{44} = 0, a_{43} =

2c_2 (1 − l_2)^2 K(1, c_2 (1 − l_2)^2 t), M_{22} = l_1k k_1 { b_2 L_2Q − b_1 L_1Q } , M_{33} =

(1 − l_2)k

k_2 { b_2 L_2Q − b_1 L_1Q } , .

Then Volterra system of (3.16)-(3.21) can be written in the form of (2.16) with A = (a_{ij}), G = (G_1, G_2, G_3, G_4)^T , B = diag(b_{11}, b_{22}, b_{33}, b_{44}), H = (H^∗, H^∗, H^∗, H^∗)^T and M = diag(M_{11}, M_{22}, M_{33}, M_{44}) defined above. It is clear from the heat potential estimates of K(x, t) and θ(x, t) [3, 8, 9] that the matrices A, B and M satisfy assumption (2.14)-(2.15) for some C_a, C_b, C_M > 0 with α = 1/2, and H, G ∈ (L^1(0, T ))^4. Therefore Lemma 2.2 implies that Volterra system (3.16)-(3.21) has a unique solution Ψ ∈ (L^1(0, T ))^4.

Now substitute the solution Ψ of Volterra system (3.16)-(3.21) into (3.14)- (3.15), we see easily from [3], Corollary 2.1 and Corollary 2.2 that w^i, i = 1, 2, given in (3.14)-(3.15) are the solutions of (3.5)-(3.12). On the other hand it follows from Corollary 2.1 and Corollary 2.2 that any solutions of (3.5)-(3.12) can be represented by (3.14)-(3.15) with Ψ satisfying (3.16)-(3.21), thus the existence and uniqueness of the solution for problem (3.5)-(3.12) are also proved.

For the continuous dependence of the solution upon the data we have from the estimates for the heat potentials K(x, t) and θ(x, t) [3], Lemma 2.2 and (3.16)-(3.21) that if ψ^j_m(t) are the solutions for the data f^j_i , ϕ^j_i , g^j , i, j = 1, 2, m = 1, 2, 3, 4, then there exists a positive constant C > 0, independent of the data, such that 4∑ i=1 ∫_T 0 |ψ^1_i (t) − ψ^2_i (t)|dt

≤ C {_2 ∑ i=1 ∫_T 0 |f^1_i (t) − f^2_i (t)|dt + ∫_T 0 |g^1(t) − g^2(t)|dt

+ ∫_{l1} 0 |ϕ^1(x) − ϕ^2_1(x)|dx +

∫_1 l2 |ϕ^1_2(x) − ϕ^2(x)|dx } , which in turn implies from (3.14)-(3.15) that the solution of (3.5)-(3.12) satisfies (3.13). Q.E.D.

Theorem 3.3. Under the assumptions of Theorem 3.2 the problem (1.1)- (1.8) possesses a unique solution U = (u^1, u^2), which is continuously dependent upon the data. That is, if u^i_j are the solutions for the data f^j_i , ϕ^j_i , g^j , i, j = 1, 2, then there exists a positive constant C > 0, independent of the data, such that ∫_T 0 {∫_{l1} 0 |u^1(x, t) − u^1_2(x, t)|dx + ∫_1 l2 |u^2_1(x, t) − u^2(x, t)|dx } dt

≤ C {_2 ∑ i=1 ∫_T 0 |f^1_i (t) − f^2_i (t)|dt + ∫_T 0 |g^1(t) − g^2(t)|dt (3.22)

+ ∫_{l1} 0 |ϕ^1(x) − ϕ^2_1(x)|dx +

∫_1 l2 |ϕ^1_2(x) − ϕ^2(x)|dx }

Proof: The existence and uniqueness of the solutions follows from the equivalence results of Lemma 3.1 and Theorem 3.2, and continuous dependence of the solutions upon the data follows from Theorem 3.2, (3.2) and (3.13). Q.E.D.

Remark: If k in (1.8) is a function which is Lipschitz continuous, then Theorem 3.2 and Theorem 3.3 are still valid. The proofs are almost identical to the proofs given above.

4. Application

In [2] the authors consider the quasi-static thermoelastic contact of two rods of finding {u^i(x, t), θ^i(x, t)}, i = 1, 2, displacements and temperatures of two dissimilar rods, respectively, such that

θ^1_t − θ^1_{xx} = −a_1u^1_{xt} in Q^1_T = (0, l_1) × J, (4.1) u^1_{xx} = a_1θ^1_x in Q^1_T = (0, l_1) × J, (4.2) dθ^2_t − θ^2_{xx} = −a_2u^2_{xt} in Q^1_T = (l_2, 1) × J, (4.3) u^2_{xx} = a_2θ^2_x in Q^1_T = (l_2, 1) × J, (4.4) θ^1(x, 0) = ϕ_1(x), 0 < x < l_1, ; θ^2(x, 0) = ϕ_2(x), l_2 < x < 1, (4.5) θ^1(0, t) = f_1(t), θ^2(1, t) = f_2(t), 0 < t < T, (4.6) u^1(0, t) = u^2(1, t) = 0, 0 < t < T, (4.7) k_1θ^1_x(l_1, t) = k_2θ^2_x(l_2, t), 0 < t < T, (4.8) −k_1θ^1_x(0, t) = k(θ^1(l_1, t) − θ^2(l_2, t)), 0 < t < T, (4.9) and u^1(l_1, t) ≤ u^2(l_2, t) + g(t), 0 < t < T, (4.10) σ_1(l_1, t) = σ_2(l_2, t) ≤ 0, 0 < t < T, (4.11) σ_1(l_1, t) { u^2(l_2, t) + g(t) − u^1(l_1, t) } = 0, 0 < t < T, (4.12)

where σ_i(x, t) = β_i { u^i_x(x, t) − a_iθ^1(x, t) } , i = 1, 2, (4.13)

and a_i > 0, k_i > 0, β_i > 0, d > 0, k, are physical constants with g = l_2 − l_1, and f_i and ϕ_i are functions for i = 1, 2, and 0 < l_1 ≤ l_2 < 1.

After the decoupling [2, 6] of θ^i from u^i, i = 1, 2, we find that (θ^1, θ^2) satisfy system (1.1)-(1.9) with

b_1 = a_1λ (1 + a^2_1)(1 + λ)

, c_1 = 1 1 + a^2_1

, (4.14)

b_2 = a_2 (d + a^2)(1 + λ)

, c_1 = 1 d + a^2_1 , λ = β_2l_1 β_1(1 − l_2)

, (4.15)

and once θ^i, i = 1, 2, are founded, u^i, i = 1, 2, can be obtained by

u^1 = a_1 ∫_x 0 θ^1(x, t)dx − λx (1 + λ)l_1 max{I(Θ), 0}, (4.16)

u^2 = −a_2

∫_1 x θ^2(x, t)dx + 1 − x (1 + λ)(1 − l_2) max{I(Θ), 0}, (4.17) where Θ = (θ^1, θ^2) and I(·) is defined in (1.9). See [2, 6] for the detailed derivations.

Remark: In [2, 6], b_2 = (a_2λ)/{(d + a^2)(1 + λ)} is not correct which is in fact a typing error, and this error appeared in many places in [2] and [6]. b_2 given in (4.15) is correct.

The authors of [2] show using fixed point theorem that if the data is continuously differentiable and parameters satisfy

a^4_1 l^2_1(1 + a^2_1)^2 + a^2_1a^2k_2 k_1l^2_1(1 + a^2_1)(d + a^2) + a^2_1a^2k_1 k_2(1 − l_2)^2(1 + a^2_1)(d + a^2) + a^4_2 (1 − l_2)^2(d + a^2_1)^2 ≤ 1 2 { 1 + 1 λ }_2

, (4.18)

then, the unique solutions of (4.1)-(4.13) exist in Sobolev space W^{2,1}(Q^1_T ) × W^{2,1}(Q^2_T ). It is easy to see that (4.18) is very restrictive assumption since it requires not only a_1 and a_2 being small, but also a certain balance among l_1, l_2 and the other parameters. Moreover the smoothness condition on the data can not be relaxed in general since the solutions are sought in W^{2,1}(Q^1_T ) × W^{2,1}(Q^2_T ).

But, it is clear to see from (4.14)-(4.15) that

a_1b_1 + a_2b_2 = a^2_1 (1 + a^2_1)(1 + λ) + a^2λ (d + a^2_1)(1 + λ)

(4.19) < 1 1 + λ + λ 1 + λ

= 1.

We therefore have the following result.

Theorem 4.1. The problem (4.1)-(4.13) is well-posed. That is, the solutions (u^i, θ^i), i = 1, 2, exist, are unique and continuously dependent upon the data.

Proof: Since Q = 1−a_1b_1−a_2b_2 > 0, where a_i, b_i and λ are defined by (4.14)- (4.15). Thus Theorem 3.2, Theorem 3.3 and the equivalent Thoerem 3.1 indicate that problem (4.1)-(4.13) possesses unique solutions for all physical parameters. Moreover the solutions are continuously dependent upon the data. Q.E.D.

5. Acknowledgement

This work is supported in part by NSERC(Canada).

6. References

[1] K. Andrews, P. Shi, M. Shillor and S. Wright, Thermoelastic contact with Barber’s heat exchange condition, Appl. Math. Opt., Vol. 28 (1993) 11-48.

[2] K. Andrews, P. Shi, M. Shillor and S. Wright, A parabolic system modelling the thermoelastic contact of two rods, Qart. Appl. Math., Vol. LIII (1993) 53-68.

[3] J. Cannon, The One-Dimensional Heat Equations, Encyclopedia of Mathematics and its Applications, Vol. 23, Addison-Wesley, Menlo Park, Calif., 1984.

[4] W. Allegretto, J. Cannon and Y. Lin, A parabolic integro-differential equation arising from thermoelastic contact, preprint.

[5] M. Copetti and C. Elliott, A one-dimensional qausi-static contact problem in linear thermoelasticity, Euro. J. Appl. Math., Vol. 4 (1993) 151-174.

[6] C. Cheng and M. Shillor, Numerical solutions for the problem of thermoelastic contact of two rods, Math. Computer. Modelling, Vol. 17 (1993) 53-71.

[7] W. A. Day, A decreasing property of solutions of a parabolic equation with applications to thermoelasiticiy, Quart. Appl. Math., Vol. 41 (1983) 468-475.

[8] A Friedman, Partial Differential Equations of Parabolic Type, Prentice- Hall, Inc. 1964.

[9] O. A. Ladyzenskaja, V. A. Solonnikov and N. N. Uralecva, Linear and Quasi-linear Equations of Parabolic Type, A.M.S. Tran. Math. Mono., 23, Providence R.I. 1968.

[10] Y. Lin and R. Tait, On a class of nonlocal parabolic boundary value problems, Inter. J. Eng. Sci., Vol. 32 (1994) 395-407.

[11] Y. Lin and R. Tait, Finite difference approximations for a class of nonlocal parabolic boundary value problems, J. Comp. Appl. Math., Vol. 47 (1993) 335-350.

[12] P. Shi and M. Shillor, Uniqueness and stability of the solution to a thermoelastic contact problem, European J. Appl. Math., Vol. 1 (1990) 3171-387.

[13] P. Shi, M. Shillor and X. Zou, Numerical solutions to one-dimensional problems of thermoelastic contact, Comp. Math. Appl. Vol. 22 (1991) 65-78.

[14] W. Xie, A class of nonlinear parabolic integro-differential equations, Diff.

Int. Eqs., Vol. 6 (1993) 627-642.

[15] X. Zhu, Existence and uniqueness of a solution to a singular thermoelastic contact problem, Appl. Anal., Vol. 51 (1993) 139-153.