A Parabolic Integro-differential Equation Arising from Thermoelastic Contact^∗

W. Allegretto Department of Mathematics University of Alberta Edmonton, Alberta T6G 2G1 Canada

John R. Cannon Department of Mathematics University of Central Florida Orlando, Florida 32816 and Yanping Lin Department of Mathematics University of Alberta Edmonton, Alberta T6G 2G1 Canada

Abbreviated Title: A Parabolic Integro-Differential Equation

∗ This work is supported in part by NSF and NSERC ( Canada ).

AMS(MOS) subject classification : 35L65, 45K05, 65M10. Keywords: Parabolic, integro-differential, non-local, thermoelastic contact.

Abstract. In this paper we consider a class of integro-differential equations of parabolic type arising in the study of a quasi-static thermoelastic contact problem involving a critical parameter α. For α < 1, the problem is first transformed into an equivalent standard parabolic equation with non-local and non-linear boundary conditions. Then the existence, uniqueness and continuous dependence of the solution upon the data are demonstrated via solution representation techniques and the maximum principle. Finally the asymptotic behavior of the solution as t → ∞ is examined, and we show that the non-local term has no impact on the asymptotic behavior for α < 1. The paper concludes with some remarks on the case α > 1.

1. Introduction.

This paper is devoted to the study of the following ” mildly ” nonlinear parabolic integro-differential equation: Find u(x, t) such that u_t − u_{xx} = α d dt max {∫_1 0 udx, 0 } + f, in Q_T = (0, 1) × J, (1.1)

where J = (0, T ) with 0 < T ≤ ∞ and α is a parameter, and subject to Dirichlet or Neumann or mixed boundary conditions. Our motivation for studying this problem comes from [1, 13], where the above model is derived in the study of a one-dimensional quasi-static thermoelastic contact problem due to the decoupling of the temperature and stress. A simple version of (1.1) is also derived in [11], where prepore-rock pressure distribution is considered. On the questions of existence, uniqueness, and continuous dependence of the solution upon the data, Shi and his coauthors [1, 2, 3, 13, 14] recently have made substantial progress. Basically speaking, 0 < α < 1, which is crucial for their arguments, is assumed in almost all their work, and the existence of strong and weak solutions is proved via various techniques including abstract functional analysis theory. The relaxation of the parameter to α < 1 had been made by Xie [15], where a different approach than that used in [1, 2, 3, 13, 14] was taken, but with smooth data. Another approach using monotonic operator theory has also appeared in [4], where 0 < α < 1 is assumed, and the existence of periodic solutions is shown. For numerical solutions of the above problems, there are two published papers. The authors of [14] considered a Crank-Nicolson scheme and only gave a proof of convergence without the rate of convergence being determined. The backward finite element Euler method was studied and the optimal rate of convergence was proved in [4]. In [16] Zhou considered the quasi-static contact problem on the unit disk in polar coordinates with uniformity in θ, which results in a singular parabolic non-linear integro-differential equation, u_t − ( u_{rr} + 1 r u_r ) = a_0 d dt { a_1

∫_1 0 ru(r, t)dr, a_2 ∫_1 0 ru(r, t)dr − g } (1.2)

where a_0, a_1, a_2 and g are constants related to the physical parameters. The existence of the solution is demonstrated under the weak formulation with very restrictive assumptions on the parameters a_0, a_1 and a_2. It should be pointed out that the methods used in [1, 2, 13, 14, 15, 16] are all one-dimensional and can not be generalized easily to higher dimensions.

In this paper we shall give a systematic study of the above problem under Dirichlet, Neumann or mixed ( so-called Barber’s heat exchange ) conditions. Our approach is very simple. We employ the solution representation and the maximum principle. However, the results, which include singular and incompatible data, are very general. All previous work mentioned above will turn out to be special cases of our results. In addition our methods are valid in higher dimensions. Our approach, despite its simplicity, allows us to see the essential features of this type of nonlocal problem and its difficulties. Some remarks comparing our results with earlier work will be given throughout the paper.

We now provide some physical background for the problem studied in this paper. First, let us assume that the elastic body under consideration is homogeneous and isotropic, with the reference configuration being the unit disk. After ignoring the inertia effect in the system, which is usually the case when the acceleration of the system is sufficiently slow, one can write the field equations in the quasi-static approximation of linearized thermoelasticity as λ ∂ ∂x_i ∂u_k ∂x_k + ν ( ∂ ∂x_j ∂u_i ∂x_j + ∂ ∂x_j ∂u_j ∂x_i ) = β ∂θ ∂x_i (1.3) and qΔθ = ρs ∂θ ∂t + βc ∂^2u_i ∂t∂x_i , i = 1, 2. (1.4) Here the summation convention is used with U = (u_1, u_2) denoting the displacement and θ denoting the temperature. The parameters λ and ν are Lame constants, β is the interaction constant, q, ρ, s and c denote, the heat conductivity, the density, the specific heat and the absolute reference temperature respectively. After employing the decoupling arguments using complex variables given in [12], we can find that the temperature θ satisfies the following heat equation ∂θ ∂t − AΔθ = B d dt ∫ Ω K(x, y, t)θ(y, t)dy (1.5) where A = q ρs + ββ^∗c/2 , B = − ββ^∗c 2ρs + ββ^∗c , β^∗ = β λ + 2ν Ω is the unit disk and the K(x, y, t) is the kernel. Problem (1.5) is a similar problem to (1.1) or (1.2) in 2-dimensions without the contact, and it can also be derived in the study of pore pressure rocks [11]. An existence theorem was given in [12] with homogeneous Dirichlet data under the assumption that B is small. In fact the more general non-linear version in n-dimensions of (1.5) with general Dirichlet or mixed nonlinear boundary conditions has been studied [9] under the assumption that μ = B is not an eigenvalue of the integral equation μ ∫ Ω K(x, y, t)V (y, t)dy = V (x, t), t ∈ J, x ∈ Ω. (1.6) A finite difference scheme, the rate of convergence and some numerical results using the real physical data of the above problem (1.5) are analyzed in [10]. Next when there are some contacts at the boundaries, the displacement satisfies the nonlocal equation (1.1) in one-dimension and (1.2) in the unit disk respectively. The detailed derivation of these equations can be found in [1, 10].

This paper is organized as follows: In Section 2, problems equivalent to (1.1) or (1.2) are derived and more general non-local boundary value problems are formulated in n-dimensions. In Section 3 the existence, uniqueness and continuous dependence of the solution upon the data are demonstrated. For problem (1.1) the behavior of the solution as t → ∞ is studied in Section 4. Results for α > 1 are presented in Section 5.

2. Equivalent Problems

First let us consider the problem of finding u = u(x, t) such that u_t − u_{xx} = α d dt max{

∫_1 0 udx, 0} + f in Q_T , (2.1) u(0, t) = g_1(t), u(1, t) = g_2(t), 0 < t < T, (2.2) u(x, 0) = u_0(x), 0 < x < 1, (2.3)

where Q_T = (0, 1) × (0, T ), T > 0, f, g_1, g_2 and u_0 are known functions.

The methods used in [1, 2, 13, 14, 15] basically treat the first term on the right hand side of (2.1) as a perturbation of u_t, and thus, |α| < 1 is needed in most cases. Our approach is entirely different and based upon a transformation into an equivalent heat equation with nonlocal boundary conditions. Thus all results for the heat equation can be used with some careful treatment of the boundary conditions.

Let u be a solution of (2.1) and let v(x, t) = u(x, t) − α max{ ∫_1 0 u(x, t)dx, 0}, (2.4) then v satisfies the heat equation v_t = v_{xx} + f. In order to find out the corresponding initial and boundary conditions for v, it is necessary to express u in terms of v. This leads us to consider the following functional equation: Given ψ ∈ L^2(0, 1) and α ∈ R, find ϕ ∈ L^2(0, 1) such that

ϕ(x) = ψ(x) + α max{

∫_1 0 ϕ(x)dx, 0}. (2.5)

Lemma 2.1. Assume that α < 1 and ψ ∈ L^2(0, 1). Then the functional equation (2.5) has a unique solution ϕ ∈ L^2(0, 1) given by

ϕ = ψ + α 1 − α max{

∫_1 0 ψ(x)dx, 0}. (2.6)

Proof: If

∫_1 0 ϕdx > 0 then we find that

∫_1 0 ψdx = (1−α) ∫_1

0 ϕdx which implies

∫_1 0 ψdx > 0 provided that α < 1 and

ϕ = ψ + α 1 − α ∫_1 0 ψ(x)dx. On the other hand if

∫_1

0 ϕdx ≤ 0 then ϕ = ψ and

∫_1

0 ψdx ≤ 0. Hence

∫_1

0 ϕdx > 0 if and only if

∫_1

0 ψdx > 0, and then, ϕ given by (2.6) is the unique solution of (2.5). Q.E.D. Lemma 2.2. Assume that α > 1 and ψ ∈ L^2(0, 1). Then we have the following: (I) The necessary condition for (2.5) to be solvable is that

∫_1

0 ψ ≤ 0; (II) If

∫_1

0 ψdx = 0 then ϕ = ψ is the only solution; (III) If

∫_1

0 ψdx < 0, then there are two solutions: (A): ϕ = ψ with

∫_1 0 ϕdx < 0; (B): ϕ = ψ +^α_{1−α}

∫_1

0 ψ(x)dx with

∫_1 0 ϕdx > 0. Proof: (I) If ϕ ∈ L^2(0, 1) exists, then it is easy to see that

∫_1 0 ψdx = ∫_1 0 ϕdx − α max{ ∫_1 0 ϕdx, 0} = (1 − α)

∫_1 0 ϕdx, if ∫_1 0 ϕdx > 0, ∫_1 0 ϕdx, if ∫_1 0 ϕdx ≤ 0, is less or equal to zero since α > 1.

(II) If

∫_1

0 ψdx = 0, then

∫_1 0 ϕdx = α max{ ∫_1

0 ϕdx, 0} which is not possible for

∫_1 0 ϕdx ≠ 0, and thus

∫_1

0 ϕdx = 0 and ϕ = ψ. (III) If

∫_1

0 ψdx < 0, then both ϕ = ψ and ϕ = ψ + α 1 − α ∫_1 0 ψdx are (the only) solutions. The former means that

∫_1

0 ϕdx < 0 and the latter means that

∫_1 0 ϕdx > 0. Q.E.D.

Lemma 2.3. Assume that α = 1 and ψ ∈ L^2(0, 1). Then we have the following: (I) If

∫_1

0 ψdx > 0, then there is no solution for (2.5). (II) If

∫_1

0 ψdx < 0, then ϕ = ψ is the only solution for (2.5). (III) If

∫_1

0 ψdx = 0, then ϕ = ψ + C, for any constant C ≥ 0, is a solution of (2.5). Proof: (I) follows immediately from Lemma 2.2. (II) If

∫_1

0 ψdx < 0, then

∫_1 0 ϕdx − max{

∫_1

0 ϕdx, 0} < 0, which is possible only if

∫_1

0 ϕdx < 0, that is, ϕ = ψ; (III) If

∫_1

0 ψdx = 0, then we have

∫_1 0 ϕdx = max{ ∫_1

0 ϕdx, 0}, which implies that solutions exist and are: ϕ = ψ if

∫_1

0 ϕdx = 0; ϕ = ψ +

∫_1 0 ϕdx if ∫_1

0 ϕdx > 0. Hence the solution is ϕ = ψ + C for some constant which is related to ϕ by C =

∫_1

0 ϕdx ≥ 0. Q.E.D.

An application of Lemma 2.1 then yields:

Theorem 2.1. For α < 1, problem (2.1)-(2.3) is equivalent to the problem v_t = v_{xx} + f, in Q_T , (2.7) v(0, t) + α 1 − α max{

∫_1 0 vdx, 0} = g_1, 0 < t < T, (2.8) v(1, t) + α 1 − α max{

∫_1 0 vdx, 0} = g_2, 0 < t < T, (2.9) v(x, 0) = u_0(x) − α max{

∫_1 0 u_0(x)dx, 0}. (2.10) Here u and v are related by (2.4).

Note that if the boundary conditions of (2.2) are replaced by α_ku_x(k, t) + β_ku(k, t) = g_k(t), k = 0, 1, 0 < t < T, (2.11) where α_k, β_k are constants with α^2_k + β^2_k ≠ 0, k = 0, 1, then problem (2.1), (2.11) and (2.3) with α < 1 is equivalent to problem (2.7), (2.10) and α_kv_x(k, t) + β_k { v(k, t) + α 1 − α max{

∫_1 0 vdx, 0} } = g_k(t) (2.12) for k = 0, 1, 0 < t < T .

Next, we consider the problem (1.2) and first convert (1.2) into Cartesian coordinates u_t − Δu = a_0 2π d dt max { a_1 ∫ Ω udx, a_2 ∫ Ω udx − 2πg(t) } , (2.13) u(x, t) = h(t), on ∂Ω × (0, T ), (2.14) u(x, 0) = u_0(x), x ∈ Ω. (2.15) where Ω is the unit disk in R^2.

CASE I: If a = a_1 = a_2, then (2.13) becomes u_t − Δu = a_0 a 2π d dt ∫ Ω udx + a_0 d dt max {−g(t), 0} , (2.16) which is the special case studied in [8]. CASE II: If a_1 ≠ a_2, then let u(x, t) = θ(x, t) + λ2πg(t), (2.17) where λ is a constant to be determined. Multiplying (2.17) by a_1, integrating over Ω, and repeating with a_2, we find that a_1 ∫ Ω udx = a_1 ∫ Ω θdx + a_1λ2πg(t), a_2 ∫ Ω udx − 2πg(t) = a_2 ∫ Ω θdx + (a_2λ − 1)2πg(t). Choosing λ = 1/(a_2 − a_1), it follows that θ satisfies θ_t − Δθ = a_0 2π d dt max { a_1 ∫ Ω θdx, a_2 ∫ Ω θdx } + a_3g^′(t), (2.18) where a_3 = (a_0a_1 − 2π)/(a_2 − a_1) .

If we let W = θ − a_0 2π max { a_1 ∫ Ω θdx, a_2 ∫ Ω θdx } . (2.19) we conclude that W satisfies W_t − ΔW = a_3 g^′(t). (2.20) In order to find the corresponding boundary condition that W satisfies, we need the following lemma.

Lemma 2.4. Assume that a_1 ≠ a_2, a_0 a_1 < 2 and a_0 a_2 < 2. Then for given W ∈ L^2(Ω), the unique solution of the functional equation (2.19) is given by θ = W + F ( ∫ Ω W dx) (2.21) where F = F_+ if a_1 > a_2 and F = F_− if a_1 < a_2, and F_+(p) = a_0 a_1 π(2 − a_0 a_1) max {p, 0} − a_0 a_2 π(2 − a_0 a_2) max {−p, 0} , (2.22) F_−(p) = a_0 a_2 π(2 − a_0 a_2) max {p, 0} − a_0 a_1 π(2 − a_0 a_1) max {−p, 0} .

Proof: Assume that a_1 > a_2. First, if a_1 ∫ Ω θdx > a_2 ∫ Ω θdx, then we have (a_1 − a_2) ∫ Ω θdx > 0, which implies ∫ Ω θdx > 0. It follows from (2.19) that ∫ Ω W dx = { 1 − a_0 a_1 2 } ∫ Ω θdx > 0 if a_0a_1 < 2, and then

θ = W + a_0 a_1 π(2 − a_0 a_1) ∫ Ω W dx. (2.23) Similarily, if a_1 ∫ Ω θdx ≤ a_2 ∫ Ω θdx, we have (a_1 − a_2) ∫ Ω θdx ≤ 0, and then ∫ Ω θdx ≤ 0. Thus, we find by integrating (2.19) over Ω that ∫ Ω W dx = { 1 − a_0a_2 2 } ∫ Ω θdx ≤ 0 if a_0a_2 < 2, and then

θ = W + a_0 a_2 π(2 − a_0 a_2) ∫ Ω W dx. (2.24) Hence, ∫ Ω θdx > 0 if and only if ∫ Ω W dx > 0, and the case a_1 > a_2 of Lemma 2.4 follows from (2.23) and (2.24). The case a_1 < a_2 can be proved in the same way. Q.E.D.

The above analysis thus shows:

Theorem 2.2. Assume that a_1 ≠ a_2, a_0 a_1 < 2 and a_0 a_2 < 2. Then problem (2.13)- (2.15) is equivalent to the following problem:

W_t − ΔW = a_3g^′(t), (2.25) W (x, 0) = θ_0 − a_0 2π max{a_1 ∫ Ω θ_0dx, a_2 ∫ Ω θ_0dx}, x ∈ Ω, (2.26) W (x, t) + F ( ∫ Ω W dx) + 2πg(t) a_2 − a_1

= h(t), on ∂Ω × (0, T ), (2.27)

where

θ_0(x) = u_0(x) − 2πg(0) a_2 − a_1 x ∈ Ω. (2.28)

and u and W are related through (2.17) and (2.19).

Remark: If the boundary condition (2.14) is replaced by μ ∂u ∂r (1, t) + νu(1, t) = h(t), 0 < t < T, (2.29)

where r = |x|, μ and ν are two constant with μ^2 + ν^2 ≠ 0, then under the assumptions of Theorem (2.2), (2.27) becomes μ ∂W ∂n + ν { W + F ( ∫ Ω W dx) + 2πg(t) a_2 − a_1 } = h(t), on ∂Ω × (0, T ), (2.30)

where n is the outer normal direction on ∂Ω.

In summary, under our assumptions problem (2.7)-(2.11) or (2.25)-(2.27) are special cases of the following nonlocal parabolic boundary value problems: Find U = U(x, t) such that

U_t + AU = G, in Q_T , (2.31) U(x, 0) = U_0(x), x ∈ Ω, (2.32) μ ∂U ∂n + ν { U(x, t) + H( ∫ Ω Udx) } = h on ∂Ω × (0, T ), (2.33)

where Ω ∈ R^d d ≥ 1, G, h, U_0, H are known functions, and H is Lipschitz continuous, μ and ν are constants with ν ≠ 0 if μ = 0, and A = − d∑ i,j=1 a_{ij} ∂^2 ∂x_i∂x_i + d∑ i=1 b_i ∂ ∂x_i + cI such that

C_0|ξ|^2 ≤ d∑ i,j=1 a_{ij}ξ_iξ_j ≤ C_1|ξ|^2, ξ ∈ R^d for some positive constants C_0 and C_1, and a_{ij}, b_i and c are known smooth functions. Remark: If H = 0 then (2.31)-(2.33) is the standard linear parabolic problem for which existence, uniqueness and continuous dependence upon the data are well-known [7, 8].

3. Existence and Uniqueness

In this section we briefly consider the questions of existence, uniqueness and continuous dependence of the solution of (2.31)-(2.33) upon the data, and then treat problem (2.1)-(2.3) and (2.13)-(2.15) as special cases with a result concerning the smoothness of the solutions. Existence follows from arguments in [6] as the following theorem shows.

Theorem 3.1. Assume that a_{ij}, b_i, c, h, G, U_0 are smooth, H is continuous with |H(p)− H(q)| ≤ L|p − q| for some L > 0 and p, q ∈ R, and the compatibility conditions are satisfied at ∂Ω × {0}. Then the problem (2.31)-(2.33) has a unique solution U ∈ C(Q_T ) which depends continuously upon the data.

Proof: First let us consider the case ν = 1 and μ = 0. Let U^0 = U_0(x) and {U^k}, k = 1, 2, · · · be defined by

U^k_t + AU^k = f in Q_T (3.1) U^k + H( ∫ Ω U^{k−1}dx) = h on ∂Ω × (0, T ), (3.2) U^k(x, 0) = U_0(x), x ∈ Ω. (3.3)

It follows from the standard theory for parabolic equations [7, 8] that {U^k} is well-defined in C(Q_T ). Let z^k = U^k − U^{k−1}. We find from [6, p. 520] that z^k can be estimated by | | | ∫ Ω z^kdx | | | (t) ≤ σ(T )L sup_{0<s<T} | | | ∫ Ω z^{k−1}dx | | | (s), (3.4)

where σ(t) ≥ 0 is a continuous function at t = 0 with σ(0) = 0, independent of z^k. Thus, if T is small enough, { ∫ Ω U^kdx} is a Cauchy sequence in C([0, T ]), and it follows from the continuous dependence property for parabolic equations [7, 8] that {U^k} is also Cauchy in C(Q_T ). Hence, there exists U such that U^k → U ∈ C(Q_T ) uniformly as k → ∞, and U satisfies (2.31)-(2.33) in Q_T and the initial and boundary conditions. Estimate (3.4) also indicates that the solution depends continuously upon the data. The case for μ ≠ 0 can be proved in the same way. Uniqueness once again follows by the contraction argument for small T , and global existence follows by the independence of σ on the data. The other case can be shown in a similar way. Q.E.D.

Remark: If the data is not compatible at t = 0, Theorem 3.1 still holds with the solution u now in the space C(Q_T ) ∩ L^∞(Q_T ).

We can now state our results for problem (2.1)-(2.3) and (2.13)(2.15).

Theorem 3.2. Let the assumptions of Theorem 2.1 hold and suppose further that let f, g_1, g_2 and u_0 are continuous and compatible at t = 0, and that f ∈ C^{r,r/2}(Q̄_T ) (0 < r < 1). Then problem (2.1)-(2.3) has a unique solution which depends continuously upon the data.

Proof: It follows from Theorem 3.1 that v, the solution of (2.7)-(2.10) exists and is unique which implies that u defined by (2.4) is also a unique solution for (2.1)-(2.3). Q.E.D.

Theorem 3.3. Assume that a_1 = a_2 and a_0a_1 ≠ 2, or that the assumptions of Theorem 2.2 hold, and f, h and u_0 are Holder continuous and compatible at t = 0, Then problem (2.13)-(2.15) has a unique solution which depends continuously upon the data. Proof: First we show our result for CASE I. if a_1 = a_2 and a_0a_1 ≠ 2 then λ = a_0a_1 is not an eigenvalue of λ 2π ∫ Ω K(x, y)ψ(y)dy = ψ(x) x ∈ Ω with K(x, y) = 1, thus Theorem 2.2 of [9] implies that the solution of (2.13)-(2.15) exists and is continuously dependent upon the data. CASE II, which involves the assumptions of Theorem 2.2, follows from Lemma 2.4 and Theorem 3.1. Q.E.D. Remark: Zou in [16] showed the following: If a_0, a_1 and a_2 in (1.2) satisfy

a^1_0(a^2_1 + a^2 − a_1a_2) < 8 3 then the solution of (2.13)-(2.15) exists, and is unique provided in addition that a_0 2 ( 1 + max{a^2_1, (a_2 − a_1)^2, a^2} ) < 1.

We observe that our assumptions on a_0, a_1 and a_2 in Theorem 3.3 are much weaker than Zou’s, and in addition these constants need not be small. The main reason is, as stated earlier, that we do not treat the nonlocal term on the right hand side of (1.1) or (1.2) as a perturbation of u_t.

Consider next the following axially symmetric thermoelastic contact problem: find (u, θ) such that ( 1 r (ru)_r)_r = aθ_r, in (0, 1) × (0, T ), θ_{rr} + 1 r θ_r = cθ_t + d r (ru)_{tr}, in (0, 1) × (0, T ), θ_r(0, t) = 0, 0 < t < T, θ(1, 0) = 0 or θ_r(1, t) = −kθ(1, t), 0 < t < T, θ(r, 0) = ϕ(r), 0 < x < 1, u(0, t) = 0, 0 < t < T, u(1, t) ≤ g, 0 < t < T, u_r(1, t) + λ λ + 2μ u(1, t) − aθ(1, t) ≤, 0 < t < T, (u(1, t) − g) { u_r(1, t) + λ λ + 2μ u(1, t) − aθ(1, t) } = 0, 0 < t < T, where T > 0, a, d, c, β, λ, μ are positive physical constants, u denotes the displacement and θ denotes the temperature. After decoupling the variables as in [16], we find that θ satisfies (1.2) with a_0, a_1 and a_2 defined as follows: a_0 = 2d c + da , a_1 = a − β λ + μ , a_2 = a It is easy to see that the inequalities a_0a_1 < 2 and a_0a_2 < 2, are always satisfied regardless of the parameter values. Thus, by Theorem 3.2, the above problem always has a unique solution.

Theorem 3.4— Regularity. For the solution of (2.1)-(2.3) or (2.13)-(2.15), (i) if f ∈ C^∞(Q_T ) then u(x, t) ∈ C^∞(Ω) for any 0 < t < T and for x ∈ Ω, u(x, t) ∈ C^∞ for almost every t in (0, T );

(ii) if f ∈ L^2(Q_T ), u_0 ∈ H^2(Ω) and h ∈ H^1(0, T ) (or g_1, g_2 ∈ H^1(0, T )), then u ∈ W^{2,1}(Q_T ).

Proof: (i) that u(x, t) ∈ C^∞(Ω) for any 0 < t < T , follows from Lemma 2.1—Lemma 2.4, Theorem 2.1 and Theorem 2.2 and the standard regularity theory for parabolic equations [7, 8]. (ii) It follows from (3.2) that our assumptions imply that ∫ Ω Udx ∈ H^1(0, T ) which is the optimum result even if the data is smooth due to (2.4) and (2.22). Thus the nonlocal nature of the boundary condition implies that we have at most U ∈ W^{2,1}(Q_T ) for the solutions of (2.1)-(2.3) or (2.13)-(2.15), and (ii) follows. Q.E.D. Remark: We see from Theorem 3.3 that the solution u(x, t) of (1.1) or (1.2) is almost smooth, but, in general, the higher order Sobolev norms W^{p,q}(Q_T ) with p > 2, q > 1 are not bounded.

4. Asymptotic behavior as t → ∞

In this section the asymptotic behavior of the solution of problem (2.1)-(2.3) as t → ∞ is considered. First let z = z(x) be the solution of the two-point boundary value problem

z^{′′}(x) + f^∞(x) = 0, 0 < x < 1, (4.1) z(0) = g^∞_1 , z(1) = g^∞_2 .

Then it is easy to see that z(x) is given by

z(x) = g^∞_1 + x(g^∞_2 − g^∞_1 ) + x

∫_1 0 ∫ s 0 f^∞(τ)dτds − ∫ x 0 ∫ s 0 f^∞(τ)dτds. (4.2) Let ḡ =

∫_1 0 z(x)dx = g^∞_2 + g^∞_1 2 + ∫_1 0 (s − 1 2 ) ∫ s 0 f^∞(τ)dτds. (4.3) We recall:

Lemma 4.1. Let u(x, t) be the solution of (2.1)-(2.3) with α = 0, and

lim_{t→∞} g_k(t) = g^∞_k , k = 1, 2; lim_{t→∞} f(x, t) = f^∞(x), 0 < x < 1. (4.4)

Then lim_{t→∞} u(x, t) = z(x), 0 < x < 1. Remark: Lemma 4.1 is the classical result for heat equation. It will be shown below that the non-local terms present in (2.1)-(2.3) have no impact on the asymptotic behavior of the solution as t → ∞.

The main result of this section is as follows.

Theorem 4.1. Let assumptions (4.4) hold and in addition suppose that one of the following is valid:

(i) ḡ ≤ 0, −∞ < α < 1, (ii) ḡ > 0, −∞ < α ≤ 1/2,

(iii) ḡ > 0, 1/2 < α < 1, and g_t ∈ L^2(0, ∞) for some p > 1, where g is defined in (4.13) below. Then the solution u(x, t) of (2.1)-(2.3) has the following property: lim_{t→∞} u(x, t) = z(x), (4.5) where z(x) is given in (4.2).

Proof: Since problem (2.1)-(2.3) is equivalent to problem (2.7)-(2.10), we consider the asymptotic behavior of the solution v(x, t) of (2.7)-(2.10) as t → ∞ instead of that of the solution u(x, t) of (2.1)-(2.3) directly. It will be shown below that for α < 1 in (2.7)-(2.10), the asymptotic value of v(x, t) not only depends upon (4.4) but also upon the sign of (4.3) which in fact takes the non-local nature into consideration. Specifically, it follows from Lemma 4.2 below that lim_{t→∞} v(x, t) = z(x) + 0 if ḡ ≤ 0, −αḡ if ḡ > 0. and lim_{t→∞} max{

∫_1 0 v(x, t)dx, 0} = 0 if ḡ ≤ 0, (1 − α)ḡ if ḡ > 0.

Thus, we find that (4.5) follows from u = v + α 1 − α max{

∫_1 0 vdx , 0}. Hence, the proof hinges upon Lemma 4.2 and Lemma 4.3 to which we turn next. Q.E.D.

Let the solution v of (2.7)-(2.10) be decomposed into v = w(x, t) + w^1(x, t), where w^1 satisfies w^1_t − w^1_{xx} = f in Q_∞, (4.6) w^1(0, t) = g_1(t), w^1(1, t) = g_2(t), t > 0, (4.7) w^1(x, 0) = u_0(x) − α max{

∫_1 0 u_0(x)dx, 0} (4.8) and w satisfies w_t − w_{xx} = 0 in Q_∞, (4.9) w(0, t) + α 1 − α max{

∫_1 0 wdx + g(t), 0} = 0, t > 0, (4.10) w(1, t) + α 1 − α max{

∫_1 0 wdx + g(t), 0} = 0, t > 0, (4.11) w(x, 0) = 0, 0 < x < 1, (4.12)

where g(t) = ∫_1 0 w^1(x, t)dx, t > 0. (4.13) It follows from Lemma 4.1 that

lim_{t→∞} w^1(x, t) = z(x), 0 < x < 1, lim_{t→∞} g(t) = ḡ. where z(x) and ḡ are given in (4.2) and (4.3).

We now see that it is sufficient to consider the asymptotic behavior of the solution of problem (4.9)-(4.12).

Lemma 4.2. Under the assumptions stated in Theorem 4.1, the solution w(x, t) of problem (4.9)-(4.12) satisfies

lim_{t→∞} w(x, t) = 0 if ḡ ≤ 0, −αḡ if ḡ > 0. (4.14)

Proof: The proof will be divided into several cases. Q.E.D. Case 1: Assume that 0 < α < 1 and ḡ < 0.

In this case we find that 1 > β = α/(1 − α) > 0 and w(x, t) ≤ 0 by the maximum principle. Thus, it follows from the assumption ḡ < 0 that there exists T_0 > 0 such that g(t) < 0 for all t ≥ T_0, and then w(0, t) = w(1, t) = 0 for t ≥ T_0 in (4.10)-(4.11). Hence, (4.14) is valid.

Case 2: Assume that 0 < α < 1 and ḡ = 0.

In this case it is easy to see from the non-positiveness of w that 0 ≥ w(0, t) = w(1, t) ≥ −β|g(t)| for all t > 0, which in turn implies that lim_{t→∞} w(0, t) = w(1, t) = 0 due to lim_{t→∞} g(t) = ḡ = 0. Thus lim_{t→∞} w(x, t) = 0 .

Case 3: Assume that α < 0 and ḡ ≤ 0.

In this case we find that 1 > β = −α/(1 − α) > 0 and w(x, t) ≥ 0 by the maximum principle. From the assumption we find that for any ϵ, 0 < ϵ < 1, there exists T_0 > 0 such that g(t) < [(1 − β)/β]ϵ for t > T_0, and consequently w satisfies the boundary condition:

w(0, t) = w(1, t) = β max{

∫_1 0 w(x, t)dx + g(t), 0} (4.15) ≤ β ∫_1 0 w(x, t)dx + (1 − β)ϵ, t ≥ T_0. Let λ > 0 and μ > 0 be constants and let

V (x, t) = 2W_0(1 − μ(x − 1/2)^2) exp{−λ(t − T_0)} (4.16)

where W_0 = max_{0≤x≤1} |w(x, T_0)|.

It is easy to verify that there exists μ = μ_0 > 0 small, ( e.g., 0 < μ_0 < min(1/2, 1 − β) ), such that V (0, t) = V (1, t) > β

∫_1

0 V (x, t)dx and V (x, T_0) > W_0. For this μ_0 it is also easy to show that V_t − V_{xx} > 0 for 0 < x < 1 and t > T_0 if λ = λ_0, 0 < λ_0 < 2μ_0. Therefore it follows by letting Z = ϵ + V (x, t) − w(x, t) that

Z_t − Z_{xx} > 0, 0 < x < 1, t > T_0 (4.17) Z(0, t) = Z(1, t) > β ∫_1 0 Z(x, t)dx , t > T_0 (4.18) Z(x, T_0) > 0, 0 < x < 1. (4.19)

An application of the maximum principle implies that Z(x, t) ≥ 0 for all t > T_0. Thus, w ≤ ϵ + V (x, t) for t > T_0. Hence we have 0 ≤ lim_{t→∞}w(x, t) ≤ ϵ. Since ϵ can be chosen to be arbitrary small we find that lim_{t→∞} w(x, t) = 0. Case 4: Assume that α < 0 and ḡ > 0.

In this case there exists T_0 > 0 such that g(t) > 0 for t > T_0, therefore we observe that for t ≥ T_0, w(0, t) = w(1, t) = β ∫_1 0 w(x, t)dx + βg(t), 0 < β = −α 1 − α < 1.

Let w = w̄ − αḡ. We obtain from a simple calculation that w̄_t = w̄_{xx}, 0 < x < 1, t > T_0, w̄(0, t) = w̄(1, t) = β

∫_1 0 w̄(x, t)dx + β(g(t) − ḡ), t > T_0 w̄(x, T_0) = w(x, T_0) + αḡ, 0 < x < 1.

From the proof of Case 3, it follows that lim_{t→∞} w̄(x, t) = 0 as a consequence of lim_{t→∞}(g(t)− ḡ) = 0. Therefore lim_{t→∞} w(x, t) = −αḡ. Case 5: Assume that 0 < α < 1/2 and ḡ > 0.

In this case, the maximum principle implies that w(x, t) ≤ 0. First we show that there exists T_0 > 0 such that S(t) =

∫_1

0 w(x, t)dx + g(t) > 0 for t ≥ T_0. Now, for 0 < ϵ small, there exists T_1 > 0 such that g(t) < ḡ + ϵ, for t ≥ T_1. We therefore conclude that 0 ≥ w(0, t) = w(1, t) ≥ −^α_{1−α}(ḡ + ϵ) for t > T_1 which implies via comparison with the decay of a bounded solution of the heat equation with constant boundary conditions that 0 ≥ lim_{t→∞} max_{0<x<1} w(x, t) ≥ lim_{t→∞} min_{0<x<1} w(x, t) ≥ − α 1 − α (ḡ + ϵ) and then, we have

lim_{t→∞}(

∫_1 0 w(x, t)dx + g(t)) ≥ − α 1 − α (ḡ + ϵ) + ḡ ≥ − α 1 − α ϵ + ḡ(1 − α 1 − α ), which shows the existence of T_0 for ϵ small enough since ḡ > 0 and α < 1/2.

Let w = w̄ − αḡ and note that a simple calculation yields:

w̄_t = w̄_{xx}, 0 < x < 1, t > T_0, (4.20) w̄(0, t) + β ∫_1 0 w̄(x, t)dx = βG(t), t > T_0, (4.21) w̄(1, t) + β ∫_1 0 w̄(x, t)dx = βG(t), t > T_0, (4.22) w̄(x, T_0) = w(x, T_0) + αḡ, 0 < x < 1. (4.23)

where β = α/(1 − α) > 0 and lim_{t→∞} G(t) = (ḡ − g(t)) = 0.

Now we show that w̄ → 0 as t → ∞ if 0 < β ≤ 1. First, if w̄(0, t) = w̄(1, t) → 0 as t → ∞, then we are done. Second, if w̄(0, t) = w̄(1, t) is eventually positive or negative, then

∫_1

0 w̄dx will be eventually positive or negative, which is a contradiction to w̄(0, t) + β

∫_1

0 w̄dx → 0 as t → ∞. Finally, suppose w̄(0, t) = w̄(1, t) is oscillatory as t → ∞. We know that w̄ is bounded since u is bounded, which in turn indicates that there exist {T^+_j } and {T^−_j }, and w^+ ≥ 0 and w^− ≤ 0 such that w̄(0, T^+_j ) → w^+ = lim_{t→∞}w̄(0, t) and w̄(0, T^−_j ) → w^− = lim_{t→∞}w̄(0, t), and w^+ − w^− > 0. Also we find that w^− ≤ lim_{t→∞} min_{0<x<1} w̄ ≤ lim_{t→∞} max_{0<x<1} w̄(x, t) ≤ w^+ due to the maximum principle. In addition, we see by taking limits that w^+ + βw^− ≤ w^+ + β lim_{j→∞}

∫_1 0 w̄(x, T^+_j )dx = 0 and w^− + βw^+ ≥ w^− + β lim_{j→∞}

∫_1 0 w̄(x, T^−_j )dx = 0. We conclude that (1−β)(w^+ −w^−) ≤ 0 so that β ≥ 1, which contradicts the assumption 0 < α < 1/2. This completes the proof of Case 5. Q.E.D. Case 6: 1/2 ≤ α < 1 ( i.e. β ≥ 1) and ḡ > 0.

Let the solution u of (2.1)-(2.3) be decomposed into u = Z(x, t) + Z^1(x, t), where Z^1 satisfies Z^1_t − Z^1_{xx} = f in Q_∞, (4.21) Z^1(0, t) = g_1(t), Z^1(1, t) = g_2(t), t > 0, (4.22) Z^1(x, 0) = u_0(x), x ∈ (0, 1), (4.23) and Z_t − Z_{xx} = α d dt max{

∫_1 0 Zdx + G(t), 0} in Q_∞, (4.24) Z(0, t) = Z(1, t) = 0, t > 0, (4.25) Z(x, 0) = 0, 0 < x < 1, (4.26) where G(t) = ∫_1 0 Z^1(x, t)dx, t > 0, (4.27) and G(t) → ḡ > 0 as t → ∞ and G_t ∈ L^2(0, ∞) by our assumptions on the data and (4.6)-(4.8) and (4.13) .

Now multiplying (4.24) by Z_t and integrating on (0, 1), it follows easily that

∫_1 0 Z^2_t dx + 1 2 d dt ∫_1 0 Z^2_xds = α d dt max{

∫_1 0 Zdx + G(t), 0} ∫_1 0 Z_tdx ≤ α| ∫_1 0 Z_tdx|^2 + α|G_t| | ∫_1 0 G_tdx| ≤ 1 + α^2 1 + α | ∫_1 0 w_tdx|^2 +

(1 + α)α^2 4(1 − α) |G_t|^2, Since

∫_1 0 Z^2_t dx − 1 + α^2 1 + α | ∫_1 0 Z_tdx|^2 is equivalent to the ||Z_t||^2_L2_{(0,1)} norm due to 0 < α < 1, we have by integration that ∫ t 0 ∫_1 0 Z^2_t dxds + ∫_1 0 Z^2_xdx ≤ C ∫ t 0 |G_t|^2ds t ≥ 0. Thus, F (t) = α d dt max{

∫_1 0 Zdx + G(t), 0} ∈ L^2(0, ∞, L^2(0, 1)). Now multiplying (4.24) by Z and integrating on (0, 1), it follows that

1 2 d dt ||Z||^2 + ||Z_x||^2 ≤ ||F (t)|| ||w||, where || · || denotes the norm on L^2(0, 1).

We find from Poincare’s inequality that d dt ||Z|| + λ_0||Z|| ≤ ||F (t)||, where λ_0 = π^2. Therefore we see that ||Z(t)|| ≤ e^{−λ0t} { ||Z(T_0)|| + ∫ t T0 ||F (s)||e^{λ0 s}ds }

≤ e^{−λ0t}||Z(T_0)|| + ||F ||_L2_{(T0,t)} ( 1 − e^{−2λ0(t−T0)} 2λ_0

)_1/_2 , and then lim_{t→∞} ||Z(t)|| ≤ ||F ||_L2_{(T0,∞)} → 0 as T_0 → ∞. Hence ||Z|| → 0 as t → ∞, which in turn implies that

∫_1 0 udx → ḡ as t → ∞. But it follows from transformation (2.4) that

∫_1 0 vdx → (1 − α)ḡ as t → ∞, and then by the decomposition (4.6)-(4.13) that

∫_1 0 wdx → −αḡ as t → ∞. As a consequence we find from (4.10)-(4.11) that w(0, t) = w(1, t) → −α 1 − α (1 − α)ḡ = −αḡ as t → ∞. Hence, we have w(x, t) → −αḡ as t → ∞. Therefore the proof of Case 6 is complete. Q.E.D.

Remark: In Theorem 4.1 it is assumed for our analysis that g(t) in (4.13) has some extra properties when 1/2 ≤ α < 1. Our conjecture is that this extra assumption is not necessary.

5. The case α > 1

If we consider problem (2.1)-(2.3) for the case α > 1, then as noted in Lemma 2.2, the earlier procedures fail since the map (2.5) is not invertible. Some results can nevertheless be obtained by considering problem (2.1)-(2.3) directly. Specifically suppose first that f, g_1, g_2 and u_0 are negative. In this case we note that any solution of u_t − u_{xx} = f, 0 < x < 1, t > 0, (5.1) u(0, t) = g_1(t), u(1, t) = g_2(t), t > 0, (5.2) u(x, 0) = u_0(x), 0 < x < 1, (5.3)

is negative by the maximum principle, and thus it is also a solution of (2.1)-(2.3). It is the only continuous solution since u_0(x) < 0 implies

∫_1 0 udx < 0 for all t small, and thus for all t > 0 by the maximum principle as f, g_1, g_2 < 0. These simple arguments also show that the asymptotic behavior as t → ∞ of u is the same as for the local heat equations (5.1)-(5.3) in this case.

However, quite different behavior can also be exhibited for α > 1. To see this, consider again (2.1)-(2.3) with now f = g_1 = g_2 = 0, and u_0(x) > 0 such that

∫_1 0 u^2_0dx < α(

∫_1 0 u_0dx)^2. (5.4)

Notice that this is possible for some u_0(x) and α > 1. Consider now the auxilliary problem:

v_t − v_{xx} = 0, 0 < x < 1, t > 0, (5.5) v(x, t) + α 1 − α ∫_1 0 vdx = 0, t > 0, x = 0, 1, (5.6) v(x, 0) = u_0 − α

∫_1 0 u_0dx, 0 < x < 1. (5.7)

By the earlier existence result in Section 3 this problem has a solution, and if we can show that

∫_1 0 vdx < 0 for all t > 0, then u(x, t) = v(x, t) + α 1 − α ∫_1 0 vdx (5.8) will yield a solution of (2.1)-(2.3). By arguments somewhat anologous to those given in Section 4, we have that (∫_1 0 v^2dx ) t = v_x|^1_0, (5.9) (1 2 ∫_1 0 vdx ) t + ∫_1 0 (v_x)^2dx = vv_x|^1_0. (5.10)

Hence we find using the boundary condition (5.6) and (5.9)-(5.10) that ( 1 2 ∫_1 0 v^2dx + α 2(1 − α) ( ∫_1 0 vdx)^2 ) t + ∫_1 0 v^2_xdx = 0. (5.11)

We conclude by Lemma 5.1 below and (5.4), via an integration on t and simple calculations, that for some η_0 > 0,

η_0 ∫ t 0 ∫_1 0 v^2dx + ( 1 2 ∫_1 0 v^2dx + α 2(1 − α) ( ∫_1 0 vdx)^2 )

≤ ( 1 2 ∫_1 0 v^2(x, 0)dx + α 2(1 − α) ( ∫_1 0 v(x, 0)dx)^2 ) (5.12) ≤ 1 2 (∫_1 0 u^2_0dx − α(

∫_1 0 u_0dx)^2 ) = −δ_0 < 0,

and, in particular, that 1 2 ∫_1 0 v^2(x, t)dx + δ_0 ≤ α 2(α − 1) ( ∫_1 0 v(x, t)dx)^2. (5.13)

Since

∫_1 0 v(x, 0)dx = (1 − α) ∫_1

0 u_0dx < 0, we conclude by (5.13) that

∫_1 0 vdx ≤ −δ_1 < 0 for all t > 0 and for some constant δ_1 > 0. We have thus formulated a solution for (2.1)-(2.3) via the transformation given in (5.8). Note, however, that now we have δ^2_1 ≤ (

∫_1

0 vdx)^2 ≤

∫_1

0 v^2dx and thus, ( 1 2 + d_1t)δ_1 + δ_0 ≤ α 2(1 − α) ( ∫_1 0 vdx)^2 (5.14)

We conclude that

∫_1

0 vdx → −∞ and consequently, that (2.1)-(2.3) has a solution with

∫_1

0 udx → ∞ as t → ∞, while the associated local problem (5.1)-(5.3) has a solution which tends to zero as t → ∞. This indicates that the asymptotic behavior can be very different from the results obtained for α < 1 in Section 4. We therefore have proved the following result:

Theorem 5.1: Assume that u_0 > 0 and α > 1 satisfy (5.4) and f = g_1 = g_2 = 0. Then problem (2.1)-(2.3) has a solution u such that u > 0 for all t > 0 and

∫_1 0 udx → ∞ as t → ∞. Proof: The proof of Theorem 5.1 will be complete once we show:

Lemma 5.1: There exists η_0 > 0 such that

∫_1 0 v^2_xdx ≥ η_0 ∫_1 0 v^2dx, v ∈ H, (5.15) where the space H is defined by H = { f ∈ H^1(0, 1)|f(0) = f(1) = β

∫_1 0 f(x)dx, β ≠ 1 } . Proof: Assume that (5.15) is not true, then there exists a sequence {f_n} ⊂ H such that

∫_1 0 f^2_n = 1,

∫_1 0 (f_n)^2_xdx → 0, n → ∞ which implies that there exists M > 0 such that

∫_1 0 f^2_n + (f_n)^2_xdx ≤ M, n = 1, 2, · · ·.

and f ∈ H such that

f_n → f, weakly inH^1(0, 1), strongly in L^2(0, 1), a.e. in (0, 1). Since

∫_1

0 f^2_ndx = 1, we have

∫_1

0 f^2dx = 1. But, f_n(x) = f_n(0) + ∫ x 0 (f_n)_xdx = β

∫_1 0 f_ndx + ∫ x 0 (f_n)_xdx, and we have by taking the limit that f(x) = β

∫_1

0 fdx for all x ∈ [0, 1], which indicates that f is a constant and (1 − β)f = 0, and thus, f = 0 because β ≠ 1. This contradicts

∫_1

0 f^2dx = 1. Q.E.D.

Finally, we observe that it is possible to give examples of problems with no solution at all. Consider the following problem with the second boundary data and α > 1. u_t − u_{xx} = α d dt max{

∫_1 0 udx, 0} + f in Q_T , (5.16) u_x(0, t) = g_1(t), u_x(1, t) = g_2(t), 0 < t < T, (5.17) u(x, 0) = u_0(x), 0 < x < 1, (5.18) Theorem 5.2: Let S(t) be defined by S(t) = ∫ t 0 (g_2 − g_1)ds + ∫ t 0 ∫_1 0 fdxds + ∫_1 0 u_0dx − α max { ∫_1 0 u_0dx, 0}. (5.19) (i) If S(0) = 0 or

∫_1

0 u_0dx = 0, and S(t) > 0 for t > 0, then problem (5.16)-(5.18) has no solution; (ii) If S(t) > 0 for t ≥ t_0 > 0, then problem (5.16)-(5.18) has no global solution.

Proof: Assume that a solution u exists, then v by (2.4) must satisfy v_t − v_{xx} = f in Q_T , (5.20) v_x(0, t) = g_1(t), v_x(1, t) = g_2(t), 0 < t < T, (5.21) v(x, 0) = u_0(x) − α max {

∫_1 0 u_0dx, 0}, 0 < x < 1. (5.22) An integration of (5.20) on (0, 1) × (0, t), then shows that for all t ≥ 0, S(t) = ∫_1 0 vdx = ∫_1 0 udx − α max{ ∫_1 0 udx, 0} = (1 − α)

∫_1 0 udx, if ∫_1 0 udx > 0, ∫_1 0 udx, if ∫_1 0 udx ≤ 0, is less or equal to zero since α > 1. This contradiction proves the results. Q.E.D.

Theorem 5.3: Assume that the data in (5.19) is such that S(t) ≤ 0. Then (i) if

∫_1

0 u_0dx > 0, then u = v +^α_{1−α}

∫_1

0 vdx is a solution for (5.16)-(5.18), where v is the solution of (5.20)-(5.22),

(ii) if

∫_1

0 u_0dx < 0, then u = v is a solution for (5.16)-(5.18), where v is the solution of (5.20)-(5.22).

(iii) if

∫_1

0 u_0dx = 0, then both u = v +^α_{1−α}

∫_1

0 vdx and u = v are solutions for (5.16)- (5.18).

Proof: (i) If

∫_1

0 u_0dx > 0, then the solution v of (5.20)-(5.22) satisfies

∫_1 0 v(x, 0)dx = (1 − α)

∫_1

0 u_0dx < 0, so that u = v +^α_{1−α}

∫_1

0 vdx is the inverse of (2.4) by Lemma 2.2, and satisfies (2.16)-(2.18) with

∫_1

0 udx ≥ 0. (ii) If

∫_1

0 u_0dx < 0, then Lemma 2.2 and initial data matching implies that u = v is a solution for (2.16)-(2.18). (iii) if

∫_1

0 u_0dx = 0, then Lemma 2.2 indicates that both u = v and u = v +^α_{1−α}

∫_1

0 vdx are solutions for (5.16)-(5.18). The former is such that

∫_1

0 udx ≤ 0, while for the latter we conclude that

∫_1

0 udx ≥ 0 . Q.E.D.

Remark: (a) The solution in cases (i) and (ii) of Theorem 5.3 is unique as long as S(t) < 0; (b) If

∫_1

0 u_0dx = 0, then the two solutions in (iii) of Theorem 5.3 are the only two solutions if S(t) < 0 for t > 0 ; (c) If S(t) ≤ 0, but the zeros of S(t) are finite, say, 0 ≤ t_0 < t_1 < · · · < t_n, then there are only 2^{n+1} solutions if

∫_1

0 u_0dx = 0 and 2^{n+1} − 1 solutions if

∫_1

0 u_0dx ≠ 0 since we can choose any one of the solutions in each sub-interval (t_i, t_{i+1}) as a consequence of the identity:

∫_1 0 v(x, t_i)dx = ∫_1

0 u(x, t_i)dx = 0 for any i. Notice that at t_i we must have

∫_1 0 v(x, t_i)dx = ( ∫_1

0 v(x_i, t_i)dx)_t = 0 since S(t) ≤ 0, and S(t_i) = 0 implies that t_i are maximum points; (d) if S(t) has infinitely many discrete zeros, then problem (5.16)-(5.18) has infinitely many solutions.

Clearly existence and uniqueness for problem (2.1)-(2.3) with α > 1 are more comlex questions than the discussions given above for problem (2.16)-(2.18). We conjecture that results similar to Theorem 5.3 hold, but these remain open questions.

References

1. K. Andrews, P. Shi, M. Shillor and S. Wright, Thermoelastic contact with barber’s heat exchange condition, Appl. Math. Opt., Vol. 28 (1993) 11-48.

2. K. Andrews, P. Shi, M. Shillor and S. Wright, A parabolic system modelling the thermoelastic contact of two rods, Quart. Appl. Math., Vol. LIII (1993) 53-68.

3. L. Bragg and P. Shi, Some non-classical heat problems associated with thermoelasticity, Partial Differential Equations with Real Analysis, Research Notes in Mathematics, Vol. 263, 169-186, Longman, London, 1993.

4. M. Copetti and C. Elliott, A one-dimensional quasi-static contact problem in linear thermoelasticity, Euro. J. Appl. Math., Vol. 4 (1993) 151-174.

5. W. A. Day, A decreasing property of solutions of a parabolic equation with applications to thermoelasiticiy, Quart. Appl. Math., Vol. 41 (1983) 468-475.

6. Keng Deng, Comparison principle for some nonlocal problems, Quart. Appl.

Math., 50 (1992) 517-522.

7. A Friedman, Partial Differential Equations of Parabolic Type, Prentice-Hall, Inc.

1964.

8. O. A. Ladyzenskaja, V. A. Solonnikov and N. N. Uralécva, Linear and Quasi-linear Equations of Parabolic Type, A.M.S. Tran. Math. Mono., 23,

9. Y. Lin and R. Tait, On a class of nonlocal parabolic boundary value problems, Inter. J. Eng. Sci., Vol. 32 (1994) 395-407.

10. Y. Lin and R. Tait, Finite difference approximations for a class of nonlocal parabolic boundary value problems, J. Comp. Appl. Math., Vol. 47 (1993) 335-350.

11. J. R. Rice and M. P. Cleary, Some basic stress diffusion solutions for fluid-saturated porous media with compressible constituents, Rev. Geophys. Space Phys. Vol. 14 91976) 227-241.

12. P. Shi and Y. Xu, Decoupling of the quasistatic system of the thermoelasticity on the unit disk, J. Elasticity, Vol 31 (1993) 209-218.

13. P. Shi and M. Shillor, Uniqueness and stability of the solution to a thermoelastic contact problem, European J. Appl. Math., Vol. 1 (1990) 3171-387.

14. P. Shi, M. Shillor and X. Zou, Numerical solutions to one-dimensional problems of thermoelastic contact, Comp. Math. Appl. Vol. 22 (1991) 65-78.

15. W. Xie, A class of nonlinear parabolic integro-differential equations, Diff. Int.

Eqs., Vol. 6 (1993) 627-642.

16. X. Zhu, Existence and uniqueness of a solution to a singular thermoelastic contact problem, Appl. Anal., Vol. 51 (1993) 139-153.

Email Addresses:

W. Allegretto: retl@retl.math.ualberta.ca J. R. Cannon: jcannon@pegasus.cc.ucf.edu Y. Lin: ylin@hilbert.math.ualberta.ca