Math 201—Assignment 1 Solutions

Section 2.2:

12. z‘{ijzl—‘lﬂz
dzx v
- 3vdu _dx_
1-412 =z
3vdv
£ 1—4v2_]'u|m|

Substituting 1 — 4v® = w we easily get
-3/8ln|w|=In|z|+ ¢
or taking the exponent of each side
1 — 40 = ez
where ¢ = e > (. We can rewrite it as
1—4v* = kg%
where k is an arbitrary nonzero constant.
Section 2.3:
10. The standard form becomes

dy Y 4
s o et B
dz T

() = 22)

or
p(z) = z*
Then d
E{m’y] =z
ry=z""4+C

or
y=-=23>+Cz?
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14 The integrating factor is given by:

10.

W) =L

and after integration we find that p(z) = z®. Multiply the standard
form of the equation by p to obtain

(Py) = =2z + 2° + 42°
Integrating both sides we get
Py=2%/6-225+1' +C

or
y=2'/6 -2¢*/5+z+Cz™®

Section 2.4:

(2z + y)dz + (z — 2y)dy = M(z,y)dz + N(z,y)dy =0
In order to check the exactness of the equation we compute

oM _ _oN
& - B

and it follows that the equation is exact.

Fz,y) = [ M(z,y)dz+ 9(y) = 2* + 2y + 9(y)

o =2+d6) = N@y) =2 -2

Then it follows that g'(y) = —2y or g(y) = —y* The solution to the
equation is given by

F(z,y)=2*+zy—y*=C

where C' is a constant to be determined from the initial condition.
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18

OF8zr = ye™ - 1/y
and after integration
F(z,y) = € —z/y + g(y) (1)
Differentiating with respect to y we get
OF /3y = ae™ + 3y + 4 1)
On the other hand we need that
OF |8y = ze™ + z/y?

and therefore g’(y) = 0. Thus we can choose g(y) = 0 because any
constant can be absorbed in the right hand side constant of the solution
which we easily obtain from (1) to be:

Since we want y(1) = 1 it follows that
T
and then the solution of the initial-value problem (IVP) is given by

IS |
y

Review problems:

The equation is of the type: Glar + by) with a = 2, b = 1. We
substitute v = 2z 4 v to obtain:

and therefore the equation becomes

%={v—]]ﬁ+2

3



which is a separable equation. Then

dv
o e e e e
(v=12+2
which after one integration yields
1 v—1
—arctan —— =z + ¢
V2 e

or

v=V2tan(v2z +¢), c=+2¢q
Substituting v = 2z + y we get

y=1-2z+ v2tan(v2z + ¢)

20 The equation is of a Bernoulli type with n = —2. Therefore we substi-
tute v = y* which yields

dy _ . jp —2dY

BV
The equation transforms into

dv 1y
= (Lt aE -2
1/3y~2— + 2 = —46y

or (substituting ¥° = v)

dv 3

I il E'U' = —120

which is a linear equation. p(z) = 6 and multiplying by it we get
L7 S
E-é[ﬁl‘ v] = —126
which after one integration gives
v=—12/5¢* + ¢/6°
y=-12/56*" 4 ¢, /6
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28 Some elementary algebra (as shown in p. 77 of the textbook) shows
that the substitution z = u — 2,y = v — 3 reduces the equation to the
homegenecus one:

dv e
du wu+uv
Therefore we substitute v/u = w which yields
E:‘ =t dw
udu w2 du
Then
dwu e 1—w
du . 14w

After some elementary calculations we obtain

il 4:!‘.'t.u—ﬁ
1— 2w — w? T u

Integrating once both sides we get

1 d;
2P —Inlu|+ec
P

where p = (w+ 1)%. After computing the integral we get
~-1/2In|(w+1)* -2/ =In|u| +c
or after taking the exponent of both sides
(w+1)? —2= Au™2

After substituting back w,u and v and some elementary algebra we
obtain

(y+3P+2(z+2)(y+3) —(z+2P7=A



Math 201—Assignment 2 Solutions

Section 2.6:

16.

The equation can be put in the form

dy y{f ¥ )
da*_;:(Inm+l'

This is a homogeneous equation and we need Lo substitute u = y/r.
Then the equation in terms of u reads

d
ﬂ‘i—z +u=u(lnu+1).

This is a separable equation and the separated form is

du _rIJ.'
whhu z°

After one integration we obtain
Inha|ul=In|z|+ ¢
and taking the exponents of both sides
In ju] = er.
This vields

y = xe™,
We [first divide by y* and obtain

| dy

i

Note that while dividing by y we presume that y Z 0 buty =0 is a
golution to the initial equation which will not be a solution to the new
equation. Therefore, we have to keep it in mind. We further substitute
¥y~ = u and after some simple caleulus (du/dr = =2y dy/dr) obtain
d

E; + 2 = —2e*,

2z



10.

18.

This is a linear equation and the integrating factor is u(x) = ¢**. Mul-
tiplying the equation with it we obtain

d

E{cmu} = —2¢%

and integrating once, and substituting back u =y~

-2 1., oy
v o= 2(3 + e
So the solutions are y'z = —-%fzﬂ" + e~ and g = 0.

Section 4.2:

. The auxiliarv equation is 2 — 5r + 6 = 0. Use the quadratic formula

to find rootsat r=2and r =3, s0
Y(T) = c16* + 3™

The auxiliary equation 4r® — 4r + 1 has a repeated root at r = 1/2, so
() = (&1 + epz) &*/*

The auxiliary equation has a repeated root at v = 3, so the general

solution is
y(z) = (1 + epx) €™

The condition y(0) = 2 fixes ¢; = 2. Naw

¥(z) = (3o + ¢z + 3ep2) €

V(0)=3c;+ea=06+0c
The condition y'(0) = 25/3 fixes £5 = 7/3 so the particular solution is

yz) = (2 + %:r) e

Section 4.3:



6. The anxiliary equation r* — 4r + 7 =0 has roots r = 2 £ 4+4/3, s0
i

y(z) = ™ (n1 08 V3 4 co5in \«'@r)

10. The suxiliary equation v + 4r + 8 = 0 has rools r = —2 % 24, 50

plz) = e > (¢ cos 2o + ¢z 8in 2x)

28. The sdliary equations for b= 5.4, 2 are
P2ehr4+4=0 12 +dr+4d=0, P+ +4=0
with roots
ri=—l.m=—4; r=ra=-% r=-1+4 1,,-'?3}’5,?'1 = —1— H,-'TE!]?I;
This hnplies the general solutions
4=

y(z) = ae™ e, ylz) = e~ Ftepre™,  ylz) =e "o cos(v3x)+ea sin(V3z))

Imposing the initial conditions we obtain for the constants ¢, ¢; (in
each of the cases considered above):

a=43a=-1/3a=la=20=Le=3""



Math 201 — Solutions to Assignment 3

1. (Sec. 4.4 (18)) Find a particular solution to: y" + dy = Bsin 3¢,

Solution: The auxillary equation to the associated homogeneous equation is +% + 4 = 0,
So r =42 Then

Y = 1 cos 2t + cg sin 2£.

Then a particular solution hes the form

Up = At cos 20 + Bisin 2t
andd

Yy = Acos 21 — 241 8in 2t + B sin 2f 4+ 2B{ cos 2t
= (A + 2B1) cos2t + (B — 2At) sin 2t

y;;' =2Bcos2t — 2(A 4+ 288} sin 2 — 2Asin 2 + 2(B — 2A1) cos 2t
Substituting into the differential equation, we obtain

(4B — 4Al)cos 2t + (—4A — 4Bt)sin 2t + 4Af cos 2t + 4Bisin 2t = 8sin 2t

= 4B cos 2 — 44 sin X = B&in 28,
Equating the coefficients of like terms:
E=0 and -44=8 = A=-2
Hencs,
yplt) = —2tcos 2.
2. (Sec. 4.4 (22)) Find a particulor solution to z"(t) — 22'(f) + =(t) = 24¢%¢".

Solution: The auxillary equation isr® —2r+1=0 == (r—1)*=0. Sor=1,1. Then

U = c1e' + eofet. So a partienlar solution has the form

7y = 2 At? + Bt + C)e' = (At + B + C%)e*



and

x), = (4AL* + 3B1? 4+ 2Ct)e* + (At* + Bl + C1%)e!
xh = (1241% + 6B1 + 2C)e" + (4487 + 3B1* + 2Ct)e*

+ (4A1* 4+ 3Bt? 4 2C1)e" + (At* + Bt® + Ct?)e.
Then the d.e. hecomes
{At* 4 (8A + B)t? + (124 4+ 6B + C)t* + (6B + 40)t + 2C} et

—2(A 4+ (44 + B)® + (3B + O + 2C10)e

+({A 4 Bt* 4 C1P)et = 241%e".

This leads to
1241%e" + 6B8te’ + 2Cet = 2417,

124 =24 = A=2: 68=0 = B=0 20=0= C=0.
Then
(L) = 246",
3. (Sec. 4.4 (32)) Determine the form of a particular solution for
Yy =y =12y = 2teH,
Solution: The auxillary equation is1? —r—12 = (r—4)(r+3) = 0. Sor =4. —=3. Then

vn = c16* + cze™™, Then a particular solution has the form
yp = A% + Bt® + Ct' + Dt* + Et* + Ft + G)e™ .
4. (Sec. 4.5 (2(b))) Given that y;(t) = 1sin 2t is a solution to y" + 2y + dy = cos 24

and thal ya(1) = %—% is o solution to y" +2y'+ 4y = i, use the Superposilion principle
to find solution to y” + 2y' + 4y = 2t — Scos 2.

Solution: By the Superposition principle,

ylt) = =3y (t) + 2u2(t)

1 i 1 b 1 t
. — & ¥ —— = =4 L 7 D
1(451112)-1-2(4 H) 4~¢m2t 3

o |



5. (Sec. 4.5 (18)) Find a general solution to y” — 2y’ — Jy = 31* — 5.
Solution: The auxillary equalion is r* —2r—3=(r=3){(r+1) =0. Sor =3, =1. Then

yr(t) = c1™ + cae™".

For a particular solution, we have
yp = At + Bt + C == 3, =24t + B = y, =24
Substituting into the differential equation,

94 — 44t — 2B —3A2 - 3Bt —-3C =3 -5
— A 4 (~4A - 3B)t + (2A - 2B - 3C) = 4* -5

= —34=3, -44-3B=0, 2A-2B-3C=-5
4 1
Aog . B =
i e e
Therefore,
4 1
yplt) = ~t* + Ef- T 7
and the general solubion is

yit) = e’ + cge™t — £ 4 %a‘. + é

6. (Sec. 4.5 (26)) Find the solution to the inifial value problem:

YAy =21, y(0) =4, y'(0) =6,

Solution: The auxillary equation is r* + 9= 0. So r = £3i and
iy = ¢y oos 3t + g 8in 31
Mow fnd a parlicular solubion:

gp= A = ¥, = 0=y,



Putting into the d.e., we obtain
el — 0 =t A — 5,

S0 the general solution is
y(t) = cq cos 3t + cpsin 3 4+ 3.
Then

y' (1) = =3y sin 3t + 3C7 cos 3t
y0)=4 = +d=4 = =1
y(0)=6 = dca=0 = 2=2

y(t) = cos 3t + 2sin 3t + 3.

7. (Sec. 4.5 (28)) Same as #26 evocpt: y' +y' — 12y =¢" + e —1, y(0) =1,
¥ (0) = 3.

Solution: 2 4+r—12={r+4)(r—=3)=0 = r=-4,3 Soy = eye~ 4 4 epe®. Now
[or g

yp = Ae' + Be* 1O

y, = A 1 2Be™

y;: = Ae* + 4Be*
Substituting into the d.e.,

Aet 4 4Be™ + Aet +2Be?t — 124" — 1286 — 120 =¢' + ¥ — 1

— A -GS O =t e =]

i
:‘-1_4:1 e A=__
: 10
1
- f = ] Al B — ——
65 ; 5
1
-120 = — e g L
: ; 12
= _l{.t i 2t + 1
=Ty B 13
and the general solution is
1l : 1
= cre™ 4 + s SR 582? I

10 G 12



o

Differentiating, we get

1 i
Y = —dere™ 4 3ege - me‘ - EER.
Using the initial values,
1 1 1 7l
H{U}—E‘I-l'-l’:g'—m—g-l-ﬁulm}‘f:]_-f-ﬂz—ﬁ—n
1 1 103

N0} = —dp B e —4r d0g = ——,
y' (0} 1 + Jdeo 03 3 = —do; +30 30

Solving the 2 equations simultanecusly, we obtain

c —-1— and ¢ *I
ST g

Hence, the solution is

g T 1 1 1
j.f“-]l = EEE 44 Eﬁm = Tﬁt‘.:— E(f.hn{- E

8. (Sec. 4.6 (12)) Find a general solution to y" + y =tant +e* — 1.

Seolution: The auxillary equation is r?4+1=0. Then r = +i. So Yp =cpcost + casint.
Using variation of parameters, we set y, = v;cost 4+ vasint where vy and 15 are functions

to be determined using the equations

(1) (cost)v] + (sint)y =0

{2) —(sint)vy + (cost)ul =tant + ¥ — 1,

From eqn (1) v = —(sint)vy/ cost. Substituting this into (2) results in

2
sin®1
- vl + (cost)vh = tant + €™ — 1

1
e
(sin2 t + cos® f

5 =tanf+ ™ — 1
o )uz anf+ €

vh = cost(tant + ™ — 1)
iy a -
= Sinté + e sl —cost

vy = f{siui + ¢* cost — cost) df.



We integrate the second expression using integration by parts twice:
f e copt dt = e* sint — 3 f e sin f dt
= ¢ gint — 3( — &M cost + Hfﬁgf ccrsfr}f)
= eM{sint + Jeost) — Qfﬁ'“msf. ddt
10 [ e™ copt dt = ¥ (sint + Jcost)
/ e cont dt = %ﬁrm (sint + 3 cos ),
vy = —cosl —sint + %Earﬂsmﬂ + deost).

We now solve for 1. We have

af ST
sin- i 4

S f;'

gipd + sind,

v Hiﬂ&{' t+ e cost — cos i)
) = = — T ot — cos ) = —
: cos cosf

Ther

o 2
sn” ¢ ==
e f tne it = f(ﬁert — o) dl
005t cost

=In|sect + tant| —sind,

f e* sin tdi = %e:“{ dsint —cost) by intn by parts

f:;in felt = — cost.

Then putling them all logether we gel

1
v) = sint — In|sect + lan ] — -l-ﬁe"*(

Jsind —eost) — cosi,
Since y, = (cost)vy + (sint)va, (afler cleaning up) we ohtain

1
Yo = Tafjm' —1—(cost)In|sect+ tant|.

Then the general solution is

1
y(t) = cycont 4+ canint + ﬁﬂm — 1~ {cost)in|sect+ tant|.



9. (Sec. 4.6 (18)) Find a general solution to y" — Gy + 9y =174,

Solution: The auxillary equation and the roots are: 72 —6r+9=(r—3)*=0, r=13,3.

So yp, = c1e™ + epte®. g, is of the form y, = v1€™ + wte®. We solve

(1) eMtel + el = 0

(2) BBty (o LB = 0

Do the operation (2) — 3 % (1) to get

Chel e e e —%-
From eqn (1),
Myl 41t =0 = ==t = u = %
Therefore,
e %63¢ e %te:“ e ri_ﬂ& <4 %ﬁﬂf % %e;"

and the peneral solution is

: 1
y =16 + cote™ + EEM'



Math 201 — Solutions to Assignment 4

1. (Sec. 4.6 (10)) Find a general solution to: y" + 4y +4y = e *Int.
Solution: The auxillary equation is r> 4+ dr +4 = (r +2)* =0. Sor = -2, —2. Then

2t —2t

yn = 18" ot + cgte” and  y, =vie* +ugte”* (variation of parameters).
We solve the equations

(1) et e Tl )

(2) —2e~Hyl £ e~ He Tt = Int.
From eqn (1), v} = —tv). From eqn (2),

2tvh + (1 - 2t)vh =Int = v =Int

=}U2=f]]1tdt=tlnt—t

(using integration by parts with u = Int, du = }dt, dv = dt, v =t). Using (1) again, we

obtain

v] = —tint
s ftl ol tzlnt—lftdt
L =g 2
E 1 5
- —Elnt+ Et (u=Int, dv=tdt, u=(1/t)dt, v=1"/2),
7 1a\ o —2t
Yp = —Elut+1t e =+ (tlnt — f)te

1 3
. e
=g (zlnt 4),

and the general solution is

y(t) = cre™ + cote™ +t7e (% Int — g)



2. (Sec. 4.6 (14)) Find a general solution to y"(0) + y(f) = sec® 8.

Solution: The auxillary equation isr24+1=0 = r = 4i. So yp = c; cos0 + casind.
So a particular solution has the form y, = v, cos# + vesin#. We have

(1) (cos @)v} + (sinf)vy = 0
(2) —(sin 8)v] + (cos #)vy = sec® 4.
Then eqn (1) gives

- sin@ ,
" cosfl ¥

and using eqn (2)

in2 @
= vy + (cos 8)vy = sec® §

This leads to
_ sinf 9 sinf
e T cos36’
gin # du

W= pc =,[F (u=cosf)
'“-_2 1 ]
ot
1

Up = —Esecﬂﬂmsﬂ+sinﬂta.nﬂ = —%s&cﬂ-l—sinﬂt.auﬂ,
and the general solution is

1
y=cycosf + cosintl - 5 sec# + sin f tan f.

3. (Sec. 4.8 (2)) A 2-kg mass is attached to a spring with stiffness k = 50 N/m. The
mass is displaced 1/4{ m to the left of the equilibrium point and given a velocity of
1 m/sec to the left. Neglecting damping, find the equation of motion of the mass along
with the amplitude, period and frequency. How long after release does the mass pass
through the equilibrium position?



3

Solution: The differential equation is 2y" + 50y = 0 with y(0) = —1, ¢/(0) = —1. The
auxillary equation is r? + 25 = 0. So r = £5i. Then

y(t) = e cos 5t + cpsin 5t = y'(t) = —5e; sin 5t + 5e; cos 5t.

Using the initial conditions we obtain

e~ B s e

s 1
g 5 4 5

1
4_: ==

We can also put it in an alternate form using A = /¢ + ¢ = Vv41/20 and tany = ¢, fco =
5/4 where  is in quadrant II1, i.e., p = —7 + tan~'(5/4). Hence,

y(t) = % sin(5t + ).

Then the amplitude is +/41,/20, period is 27 /5 and frequency 5/2x.
To find the time the mass passes through the equilibrium posiiton, set y = 0, i.e.,

sin(5t + ) =0
5t — w + tan™! (;) =nw, (n isan integer)

1

= Lm—tan"(5/4) + nm) = L((n + )7 —tan1 574)

|

t= %{n‘ — tan"'(5/4)) = 0.449 (with n = 0).

4. (Sec. 4.8 (10)) A 1/4-kg mass is attached to a spring with stiffness 8§ N/m. The
damping constant for the system is 1/4 N-sec/m. If the mass is moved 1 m to the
left of equilibrium and released, what is the mazimum displacement to the right that
it will attainf

Solution: The equation is dly" + 711?’" +8y=0,ie, y"+y + 32y = 0 with y(0) = —1 and
y'(0) = 0 The auxillary equation is r2 + r + 32 = 0 where

—13+/T-128 -1+iy/127
2 % 2 '

Then

y(t) = et (r.:l cos 122Tf+ rp 8in --liﬂﬁ),



and

y'(t) = —%e‘**(c; m@t+msﬁn—f—?t)
-I-E_*l(— v 127 «le?tJr '\.-"127(:2 v 127 )

5 ¢ sin 2 2 cmTt

Using y(0) = —1 and y'(0) = 0 we obtain

1
=—1 and = ———
2 5 127
Hence the solution is

- sin
2 v 127 2

We now find y' to determine the critical points.

_.}[( ‘.l'llﬁ'? 1 : \f’m)
y=e — CO8 Ll

,zn_e_ét(_mu’lﬂt_ 1 % IETt)
¥ TR el
%5 AT 127 _1 127)
+e(251n2t2c—2t
= —%e"’:" ( - v% sin —“f?: — V127 sin —”122?1)
i R T Vi
— TE H smTt=l}
V127 2
Tt—n — t=ﬂ'——2._—'?' (ﬂ-_l]

(We can check that y is a maximum at ¢t = 27 /v/127 using the first derivative test.) So the

maximum displacement is

2x -
— &~ 7 ~ 0.755.
”(m?) SR

5. (Sec. 4.9 (4)) Determine the equation of motion for an undamped system at reso-

nance governed by

y'+y=>5cost, y(0)=0, ¢y (0)=1.

Solution: The auxillary equation is r> + 1 =0, so r = +i and y, = ¢; cost + czsint. A
particular solution is of the form:

yp = Atcost + Btsint



and

y, = Acost — Atsint + Bsint + Btcost = (A + Bt)cost + (B — At)sint
Yy = Beost — (A+ Bt)sint — Asint + (B — At)cost
= (2B — At)cost — (24 + Bt)sint
= (2B — At)cost + (—2A — Bt)sint + Atcost + Btsint = 5cost
= 2B cost — 2Asint = 5cost.
Therefore,
23=5=>B=g and —2A=0 = A=0.

Then y, = %taint and hence
. T
y(t) =cycost + czsint + §tsmt
so that

5 B
Iﬂ[t}:-—clsint+c-;oost+§sint+§tmst
Y0)=0 = =0 and y(0)=1 = =1

i =iy gtsinr. i (1 + g:) <R
6. (Sec. 7.2 (12)) Use Definition 1 to determine the Laplace transform of

e D<t<3
10={3" 1ns

Solution:
o0 3 oo
E{f{t]}=f e'“f{t}dt=f e""emdt+f e~ dt
1] 1] 3
3 b 1 3 1 b
=f e 5= gt 4 lim f e ®dt=— e =2 4 lim (— S
a b=+ 3 §—2 a b—soo 5 a
O v T P S e (e ST
§—2 8§—2 b 8 8
= {s=>0)

—3s
- (1 i 3_3{'_2}) Pt hecn
§—2 5



6

Use the Laplace transform table and the linearity of the Laplace
transform to determine C{f(t)}.

7. (Sec. 7.2 (16))

Solution:

L{t* — 3t — 2e *sin3t} = L{t*} — 3L{t} — 2L{e " sin 3t}

2 1 3
Zﬁ‘”‘(ﬁ)‘z(m)
= 6

“EE wariy

8. (Sec. 7.2 (20)) Same as #16

Solution:

L{e * cos V3t — t2e" %} = L{e" % cos v3t} — L{t?e %}
o 542 N 2 JEsw
T (842243 (s+2) :




Solutions to assignment 5, Math 201, winter of 2005.
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