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1. Introduction

During the last decades, fractional calculus has received a great deal of attention. Many famous mathematicians have
been working in this field and a journal entirely dedicated to the fractional calculus appeared several years ago. The
fractional powers of the Laplacian (—A)¥? arise in stochastic theory as the operators associated with symmetric s-stable
Levy processes. They play a crucial role in the study of many important PDEs [1-11], among them the quasi-geostrophic
equation in geophysical fluid dynamics [12], which is crucial to the understanding of atmosphere and ocean, as well as
being an enlightening model of 3D Euler equations and Navier-Stokes equations. To study PDEs with fractional Laplacian, it
is necessary to establish several functional inequalities with fractional Laplacians. The main concern of this paper is to prove
the fractional Gagliardo-Nirenberg and Hardy inequalities in Lorentz spaces.

First, we prove the fractional Gagliardo-Nirenberg inequality under Lorentz norms:

q—a

o
5 q—a
||u||Lp~q(R”) < A”(_A)S/ u”LqP]vih (Rn)”u”Lp;qz(Rn) (1])

and obtain an upper bound for the constant A. Similar inequalities in other spaces have been studied extensively, see [1] and
the references therein.
When working in Lebesgue spaces, similar to (1.1), we get the fractional Gagliardo-Nirenberg inequality:

a & p—a
”u“Lp(]R”) = B? ”(_A)S/zu”,_l;](Rn) ”u”]_Pg (R")’ (12)
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from the sharp fractional Sobolev inequality

lul, ng ) = B2 ullingan. (1.3)

n=Ps (R

The special case of (1.2) plays a significant role in a recent work of Frank and Lenzmann [13]. Cotsiolis and Tavoularis in
[14,15] have studied (1.3) forp = 2.

Then, combining (1.2) and the convexity of g(p) : p —> pln(J. [f]"Pdx), we get the fractional logarithmic
Gagliardo-Nirenberg inequality:

1 s 1 u(x)|? u(x)|? B|[(—A)¥u n
exp <7+7_7>/ | (q)| In | (q)| dx) < I(=4) ||Lp1(R)7 (1.4)
q n P1 R" ”u”,_t;((Rn) ”u”LQ(Rﬂ) ”u”Lq(R")

which implies the fractional logarithmic Sobolev inequality:

exp (% fR [u()[” In IU(X)I"dX> < Bll(=2)"?ul|p@n). (1.5)

Merker [16,17] has studied (1.4) for s = 1 and applied in doubly nonlinear diffusion equations. Cotsiolis and Tavoularis
in [18] established (1.5) for p = 2. The case s = 1 of (1.5) becomes the classical logarithmic Sobolev inequality, see, e.g.,
[19-21] and the references therein. Beckner and Pearson in [22] proved that the best constant (%)1/ 2 of (1.5)forp =2 and
s = 11is the asymptotic of the sharp constant of the L2-Sobolev inequality. So, for general s, we guess that the best constant

of (1.5)is (%)s/2 which is the asymptotic of the sharp constant B of fractional Sobolev inequality (1.3).
Whenp = 2and 0 < s < 1, (fgne1 |Vich(x, £)]2t'%dxdt)'/? is equivalent to the right hand side of (1.5) (see e.g.
+
[23,24]). Here h(x, t) is the extension of u(x) defined through the equation

{h(x, 0) = u(x),

1—2s 1.6
Axh+fht+htf=()~ ( )

Thus, (1.5) can also be thought as a logarithmic Sobolev trace inequality. Note that (fanl [Vich(x, £) 2t 25dxdt)/? is not

the L?-norm of the fractional Laplacian of a function on R™!. We also deduce a logarithmic Sobolev trace inequality for
fractional Laplacian

n—k
exp ( / k|<rku><x>|21n|rku<x>|dx) < Fllull 2% . (17)
R

Here tyu is the restriction of u from R to the n — k dimensional hyperplane R"*. Inequality (1.7) generalizes the
corresponding inequalities of Park [25], Xiao [24], and Xiao and Zhai [26].
Our self-contained approach also enables us to prove the fractional Hardy inequality in Lorentz spaces:

uto

wE < H||(=2)"u®)l|wagn (18)

LPA(RM)

and to exhibit an upper bound for the constant H. Note that in a recent work, Frank and Sereinger [27] have established a
sharp version of the Hardy inequality; however they have replaced the classical norm by another one to which it is equivalent
only for p = 2. The fractional Hardy inequalities under Lebesgue norms have been extensively studied by Bogdan and
Dyda [28], Dyda [29], Frank and Seiringer [30], Loss and Sloane [31], and Ostrovsky and Sirota [32].

Before proceeding to the subsequent sections, let us introduce several necessary notations. For real number s, the operator
(—A)*? is defined through Fourier transformation by

(CAYPf(E) = QrlEDTE).

For 0 < s < n, (—A)%? can be viewed as the inverse of the Riesz potential up to a positive constant, that is,

_ s/2
fx) = Ks,n/ %dﬁ Vx € R" (1.9)
rr Y —X]
with
P )
' JT”/ZZSF(S/Z)

The Riesz potential of a function f is defined by the Riesz kernel Iy = |x|*"" as, for 0 < s < n,

Is*f(X)=/ fidy forx € R".
R

n|x =y
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For a measurable function defined on an open domain R", we define the distribution function my (s) of f as
mp(s) = [{x e R" : [f(®)| > s}.

Here |A| is the Lebesgue measure of the set A C R". From the distribution function, we define the non-increasing
rearrangement of f on (0, c0) as

f*(t) =inf{s > 0: my(s) < t}.

For 1 < p < oo, itis well known that ||f ||p@ny = [|f*|l12(0.00)- This leads to a definition of the classical Lorentz spaces:
[PY9R™) = {f : f is measuable on R" with ||f || p.a@rn) < 00}

for1 <p <ooand1 < q < oo, with ||f||p.an) defined by

If llp.aqeny = ||f” qf (®)ll290,00)»

where the usual modification has to be made if ¢ = co. Obviously, [P (R") = [PP(R") for 1 < p < oo. For an introduction to
Lorentz spaces, see, for example, [33-35].

For1 < p < ooand1 < g < oo, we define the Lorentz-Sobolev space WSLP 9(R") as the set of functions satisfying
(— A)S/2f e [P9(R"). When p = g, it become the homogeneous Sobolev space W*? (R"). If furthermore p = 2, WS2(R") :=
H(RM).

2. Fractional Gagliardo-Nirenberg inequalities

In this section, we first prove the fractional Gargliardo-Nirenberg inequality under Lorentz norms. Then, we get fractional
logarithmic Gagliardo-Nirenberg and fractional logarithmic Sobolev inequalities. Finally, motivated by a special case of the
fractional logarithmic Sobolev inequalities, we establish a fractional logarithmic Sobolev trace inequality in terms of the

restriction tif of f.

2.1. Fractional Gagliardo-Nirenberg inequalities

Theorem2.1. et 1 <p <00,1<p2,q,q1,q2 <0,0 <o <q,0 <s <nand1 < p; < n/s. Then the inequality

q—a
||u||]_p q4(RM) =< A”( A)s/zuan a1 (R1) ”u”Lpz 92 (R") (21)
holds for
o —
L
8! 42

1 S 1 q
af — =2 )+@-o—=-

pr n P2 D
A< 3npq (wn7])$ E.
“\n—p;s n

Proof. Applying the Holder inequality and simple computation yields

and

Il g = 167002
LP-A(RM) — L9(0,00)

— / (tr = 3w (6))7dt
0

- /oo(tHu ()% (P~ Tu (1))t
0

R 1/ 1 g , '
( / (tﬁ_ﬁu*(t))”"dt> < / (P au*(t))" (q’“)dt)
0 0

<

< 6P TIU (O) e0,0 1P " ) 1 1009

< PR TR () [ o IE7 A TE @t ()0

= L' (0,00) L (q ) (0,00)
<

||u||LP3 41 (R") ”u”]_Pz 92 (RM)
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where r, s satisfy

1<r,r<oo, —+==1, ra>1,
ror
and
1 1 1 1
—=-——-t1 q1 =ra,
p3 p q T«
1 1 1 1 ,
—=-——-4 s @=r@-a.
p p q 1r@—-ow
Note that
_As/zu
u(x) = Ks,n/ Mdy
R X =y

Using the convolution inequality in Lorentz spaces (see O’'Neil’s [34, Theorem 2.6]), we deduce from |x|*™" € L%“’O(R”)
that

[ut]l p3.a1 gy < C||(—A)S/2U||Lpl~q1(R")

for

1 1 S
— ——, 0<s<n/p;.

ps p1 n
It follows from [26, Theorem 2.1, Remark 2.4] that the constant c satisfies

3np; (wnq)?
T n—p;s n

if 1 < q < oco.Thus, (2.1) holds for0 <s < n,0 <s < n/py,

o q—uo 1 S 1 q
—+ =1, o|l——-=-|4+@—-a)—=-=. O
q1 qz D1 n D2 p

When working in Lesbesgue spaces, we need the following sharp fractional Sobolev inequality (2.2) which can be deduced
from the sharp Hardy-Littlewood Sobolev inequality:

Lemma 2.2 ([36]). For 1 <p < ocoand0 < s < n/p, we have

llull _en
LT=PS (RM)

< BJ|(—2)**ul|p@n (2.2)

with the best constant

I'((n—s)/2 rm \""
g g5 ((1=9)/2) ( (n) ) . (2.3)
I'((n+s)/2) \I'(n/2)
Similar to Theorem 2.1, we can get the following fractional Gagliardo-Nirenberg inequalities from (2.2).
Corollary 2.3. Let 1 < p,py < 00,0 <a <p <00,0<s<nand1 < p; <n/s. We have
a 23 p—o
@) llpny < BP [[(— 220y o 1455 (2.4)
with
1 S -
((G-3) 5
pr n D2
and B given by (2.3)
Proof. Holder’s inequality implies
[ eopax = [ ueoriucor-ax
RM RP
<l Pl =42 =1
= P Ifs 1_7 F =
= Jlullfus Iull} -
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Let ap := pg and (p — )1 := p,. We have
/Rn (o) Pdx < ([l llulljp,”
and - + 22 = 1.Then, (2.2) yields (2.4) with p; satisfying % + 2= =14 %. ]

Remark 2.4. (i) It follows from the special case p; = q; and p, = q, of (2.1) that the inequality
a (=
lullpagany < All(=2)"2ull by o 1Ull 55 g, (25)
withq = p(1 — ”‘75). (2.5) can be thought of as a refinement of (2.4) since [P < [P"2 forry < .
(ii)) When g = p; = «, (2.5) becomes

< _ s/2
Il g < A2 s

which can also be thought of as a refinement of (2.2) (see, e.g., [26]).

2.2. Logarithmic Gagliardo—Nirenberg inequalities

We prove fractional logarithmic Gagliardo-Nirenberg inequalities which imply the [P-logarithmic Sobolev inequalities
for fractional Laplacian.

Theorem 2.5. let 1 < q < 00,0 <s <nand 1 < p; < n/s. Then the inequality

1 s 1 u(x)|? u(x)|? B|[(—A)¥?u n
exp (7_'_7_7)/ | (q)l In | (q)l i) < I(—=2)ul|p1 gny (2.6)
g n p1) Jen lulljogn llullq gny Nl o ey

holds for

1 S 1
- 4+-=—>0
q n P

and B given by (2.3).

Proof. The convexity of g(h) : p —> hlIn( /. [u(x)|"/"dx) implies

1 fon @M In[uCo)|dx _ g(hy) — g(h)
’ _ 1/h _ _JR
ghy=In (/R @ dx) h Jalu@/"dx = h—h

forh > hy > 0.By taking h = % and h; = %, Merker in [17] established the following logarithmic Hélder inequalities:

u(x)|9 ux)|9 l[ullp gen
/ | (q)| In | (q)| dx < p In lL]V(R)
R" ||u||Lq(]Rn) ||u||1_q(Rn) p—(q ||u||Lq(Rn)
nq
n—qs

« o p—a q
B [[(—=A)2ull by oy 111l 5 n)
q q ( P1(RM) P2 (RM)
/ [u()| In [ux)] ix < P
R p—4q

for0 < q < p < oo. We can choose p =

€ (q, oo) for p, = q and « satisfying the condition of Corollary 2.3 and get

q q q
n Jlullg gy llulla gny llulla gy

=

qo In <B||(—A)S/2U||LP1(1R")>
p—q llullza )

Note that

—

1 S 1 . . qo
| ———-)4+(@—a)- =1 implies =
pr n q

1
+ P1

S0

1
q
Thus, (2.6) holds. O

When q = p;, the previous logarithmic Gagliardo-Nirenberg inequalities imply the following logarithmic Sobolev
inequalities for fractional Laplacian.
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Corollary 2.6. Forany0 <s<n,1 <p <n/s,u € WSP(R™) such that llullp®ny = 1, we have
exp (%/ [u@)["In Iu(X)I”dX> < Bll(=2)"?ullp@n) (2.7)
RN
with B given by (2.3).

Remark 2.7. (i) If the best constant for (2.7) is defined as
exp (2 [, Ju@)|P In |u(x)|Pdx
D=sup{ P (2 fen WGP Inu(x)Pdx)

. AJS:D (RN _
(e

then D satisfies D < B. The exact form of D is unknown. For p = 2, an upper bound estimate for D was given by Cotsiolis
and Tavoularis in [15].

(ii) When s = 1, it is well known that the sharp constant for the logarithmic Sobolev inequality for p = 2 is (%)1/2 which
is the asymptotic of the sharp constant for the corresponding Sobolev inequality. So, it is reasonable to guess that the
best constant D for (2.7) is the asymptotic of the best constant B for fractional Sobolev inequalities (2.2). Recalling the
Stirling formula

rs+1) ~ \/2715”%, ass — oo,

we get

( I )5/" N <2n>5/2 4 fa=9/2) (2)
r'(n/2) e an r((n+s)/2) n
asn —> co.Then, B ~ (%)% asn —> 0. So, we guess D = (-2-)%/2

2.3. Logarithmic Sobolev trace inequalities

When p = 2, WS2(R") = H*(R") is endowed the norm

1/2
||u||H3(JR”):</ |2ﬂ$|25|ﬁ(5)|2d%‘) ,
RH

which is equivalent to (leH |V ch(x, t)|>t1=%dxdt)'/? up to a constant when 0 < s < 1 (see e.g. [23,24]). Here h(x, t) is
the extension of u(x) defined through the equation
{h(X, 0) = u(x),

1—-2s 2.8
Axh+ t ht+htt:O. ( )

So, when 0 < s < 1, if we use (fRT—l |V ch(x, £)|*t1~2dxdt) /2 to replace the right hand side of (2.7) up to a constant, then
we can think (2.7) as a logarithmic Sobolev trace inequality. Note that (f]Rn++1 |Vych(x, )21 % dxdt)'/? is not the L*-norm of

the fractional Laplacian of a function on R™1. We will deduce a logarithmic Sobolev trace inequality for fractional Laplacian
in terms of the restriction t,u of u € H*(R") to the n — k dimensional hyperplane given by

() (X1, X2, « -, Xp—g) = U(Xq, X2, ..., Xp—k, 0,0, ...,0)

from the following Sobolev trace inequality.
Theorem 2.8 (Einav and Loss in [37]). Let 0 < k < n and % <s< g For any u € H*(R"), we have

2
lzictll 210 = Ellullgsen) (2.9)
L =25 (Rn—ky

with the best constant

_sT(n/2 =35I (s—k/2) ( '(n—k) =3
resrmn/2+s—k F((n—k)/Z))

E=2%g

In the following, we use this Sobolev trace inequality to obtain a logarithmic Sobolev trace inequality.
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Theorem 2.9. Let k, n be integers withn > 2,0 < k < nand g <s< g If u € H*(R") and lliull 2@y = 1, then

n—k

exp ( / @) In |rku<x>|dx> < Fllull g gn) (2.10)
RN—K

with
n—k

by s T2 =9 MG —k/2)\ &5 ( T—l) \:
_< i F(S)F(n/2+s—k)> <F((n—k)/2)>'

2(n—
n—2

Proof. Letp = % 2<q< ’;).Applying the Holder inequality, we have

q _
Il sy = [ TmGoP lmaucolt Py
R—k

1— p(n—2s)

P 2 2(n—k)
< Nl 0 / | (zet) (%) -
[ n=2s (Rn—k) Rrn—k

Using the fact || txut|| 2gn-«) = 1 and (2.9), we get

1 1

q-2 q-2
(/ |rku<x>|“|rku<x>|2dx) =( / |rku<x>|qu)
RA—k Rrn—k
n—k
< Ellulsn) &5, (211)

Since |txu|?dx can be treated as a probability measure on R" ¥, Jensen’s inequality implies

1

(exp ( / () 1n<|rku<x)|q*2>dx)) ”
Rn—k

1

( /R - |rku<x>|‘J*2|r,<u(x)|2dx) . (2.12)

exp ( / (P 1n(|rku<x>|)dx)
Rn—k

IA

So,(2.11) and (2.12) give us (2.10). O

Remark 2.10. Xiao in [24] proved that, for u € H*(R"~') with lullzgn-1y =1,

n—1
4s
exp (/ lu(0)? In |u(x)|dx> <G (/ [V (e~ "2ty (x, t)|2t1’2sdxdt)
Rrn—1 H"

n—1
(2% r(@-D2-9\* [ Ta-1) \?
T\ B r@2-=-28)r'((n—1/2+5) '(n—-1/2) °
Note that for the case k = 1, our constant differs from Xiao’s by a factor 1/2. This is due to the fact that (e*(*ml/zfu) (x,t)is
only defined on H" = {(x, t) : x e R"™', t > 0}.

with

3. Fractional Hardy inequalities

In this section, we prove the Hardy inequalities for fractional Laplacian in Lorentz spaces and an upper bound for the
constant.

Theorem 3.1. Let 1 < p < 00,0 <s < n/qg,and 1 < q < oo. There holds

o

wE < Hll[(=2)2u@)llwagn), (3.1)

LP-4(RM)
with
2
< 3p Wn—1
(n—ps)(p—1)
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if 1<q<o0,and
wn—lpz

s(p — 12 + np(p—1)

n—ps

H < el/e

Ks n

if g=oo.

Proof. Recall a generalized version of Holder’s inequality: if 1 < p1, p2, 41, g2 < 00, then
p
Ifg llpa@ny < ﬁﬂfﬂmm @& 1€ 1p2-p2 @y

forany f € [Pv11(R") and g € [P2P2(R") with

1 1 1 1 1 1
- =—+4+— and - =—+ —.
P P1 P2 a q1 q2
The proof of this inequality can be found in [34].
We take g(x) = |x|~* and it is easy to see that g(x) € L/ (R") with g Il n/5.00 gy = (%)5/”. Here w,_1 is the surface
area of the unit ball in R". So, we get

u(x) P [wn—1)\¥"
= () el
IXI* I pagny — P—1 n LU=PST(RT)

with 1 < q < oo. It follows from [26, Theorem 2.1, Remark 2.4] that

GOl e g = €=U magen)

foranyu € [P9(R") with1 < g < 00,1 < p < 00,and 0 < s < n/p. Here the sharp constant c satisfies

< 3np (wn—l)T
n—ps n

if1 <q< oo, and

o

n on—1\"7T
S L E— ( n 1)
sp—1)+ s n
ifq = oo, where K; , = %.Thus, we have (3.1). O

Remark 3.2. Whenp =qand0 < s < 1,(3.1) becomes
lu@P  \'"°
/ dx) < Gll(=8)"u()
rn x|

which has been studied in [27].
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