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ABSTRACT. In this article we study local and global well-posedness of the La-
grangian Averaged Euler equations. We show local well-posedness in Triebel-
Lizorkin spaces and further prove a Beale-Kato-Majda type necessary and suf-
ficient condition for global existence involving the stream function. We al-
so establish new sufficient conditions for global existence in terms of mixed
Lebesgue norms of the generalized Clebsch variables.

1. Introduction. In [12, 13], Holm, Marsden and Ratiu introduced the 3D La-
grangian averaged Euler equations as follows:
O+ (ug - VIu+ (Vug)? -u=—Vp, )
dive = 0.

Here the j—th component of Vv -u is (Vv-u); = Zi:l 0jvkuy, and the relation
between the velocity u and the averaged velocity u,, is given by

e = (1 —a?A) lu. (2)
It is easy to see that when o = 0 (1) reduces to the 3D incompressible Euler
equations.
Similar to the 3D Euler equations, (1) also enjoys a “vorticity formulation” after
taking curl of both sides and denoting w =V x u:
Ow + (g - V)w = Vi, - w,
w(0) = wp.

(3)

Note that (3) has the same form as the vorticity formulation for the 3D Euler
equations, except that the transporting velocity u has been replaced by the “aver-
aged” velocity u, = (1 — @?A)~!u. One can further introduce the stream function
1) through —/Avy = w. For convenience of the readers, we summarize the relations
between u,w, the averaged velocity u, and the stream function :

—Ap=w, u=VxY=Vx(—A)lw, uy=(1-0a?A)"'Vxy. (4)
Equation (1) has both practical and theoretical significance. On one hand, it

can be applied to the study of turbulence as a closure model ([5, 6, 10]); On the
other hand, (1) enjoys similar geometrical and analytical structures as that of the
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3D Euler equations and thus can be studied as a regularized model of the latter.
For the geometrical side of the theory, we refer the readers to [13, 21, 22]. In the
following we will focus on the analytical side.

A long-standing open problem in mathematical fluid mechanics is the global
well-posedness/finite time singularity of the 3D Navier-Stokes/Euler equations. It
is thus natural to study the same problem for the Lagrangian averaged equations
and hope for some insight. Interestingly, despite the fact that (1) is “regularized”, a
fact clearly seen from the vorticity formulation (3), its global well-posedness/finite
time singularity still seems beyond current machinery of analysis. In this article
we will derive some new necessary and sufficient conditions for the global well-
posedness of (1). To put our results in context, we review some recent progress
before introducing the main results of this article.

In [15], Hou and Li studied the local existence and blow-up criterion for solution
in H™(R?). They proved that if wy € H*(R?) with s > 2 and

T
/ ||| prmodt < oo, for some T >0,
0

then for any o > 0, there exists a unique global solution in H*(R?) with
lw(®) |l asrsy < C(T)||w(0)|| s (msy, for 0<t<T.
Liu, Wang and Zhang in [19] showed that if wy € W*P(R?) with 2 < p < oo, and

T
/ ¥l g0 _(msydt < oo, for some T >0,
o %00

then for any o > 0, there exists a unique global solution in W*P?(R3) with
lw®)llwsrmsy < C(T)||w(0)|lwsrmsy, for 0<t<T.

Recently, Liu and Jia in [20] proved that if wy € Bj  (R?) with s > %, l1<p<oo

andlgqgoo,ors:%,1<p<ooandq:1,and

T
/ 1Yl o (]Ra)dt < oo, forsome T >0,
0 %0

then for any o > 0, there exists a unique global solution in B  (R?) with
lw @l 55, zs) < C(T)[|w(0)]

In this article, we will study the local existence and blow-up criterion of equation
(3) in Triebel-Lizorkin spaces F;  (R™). More specifically, we show that

B;ﬁq(RS), for 0 <t< T.

1. If wg € F;Q(Ria), for either s > % withl <p<oocand1<g<oo,ors=23
with p =1 and ¢ € [1, 0], the Lagrangian averaged 3D Euler equations (3) is
locally well-posed in F5 (R?).

2. If

T
/ 1Y@l g0 (wsydt <oo for some T >0,
0 .00

then the Lagrangian averaged 3D Euler equations have a unique global solu-
tion w(t) € F5 (R?), satisfying

lw(®)ll £, @) < C(T)]|w(0)]

F;ﬁq(RS), for 0 S t § T. (5)
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A novel approach to the global well-posedness problem is pioneered by Hou and
Li in [15], with inspiration from the classical Clebsch representation of vorticity.
They show that, if the initial vorticity w can be written in terms of two level set
functions as follows,

w(0,z) = wol¢o, o) Vo x Vo,
then this representation remains true for later times,
w(t,x) = WO(QS?’lp)vQS X V¢,
as long as the level set functions ¢, evolve according to
(bt + (ua : V)d) = 0> ¢(07 m) = ¢0(‘r)a
Vi + (ua - V)Y =0, (0,2) = o().
In this case, they proved that if the initial data wg, ¢g9 and vy are smooth and

bounded, then the Lagrangian averaged 3D Euler equations have a unique smooth
solution up to T as long as either

T T
/ lollrvdt < oo or / ]|y dt < oo. (6)
0 0

Moreover, the following estimate holds
||w(t)||Hm(R3) S C”W(O)HHNL(RS), 0 S t S T

for m > 5/2. Here ||¢|lzv = 320, ¢l rve, for
|6llva, = sup /

Z2,T3 J —o0o

d.’El

d)(xlaan (Eg)

dxy

and ||¢||lrva, and ||@||rva, defined similarly. This global existence condition has
been extended by Deng, Hou and Yu in [9] to the case of the vorticity represented
by generalized Clebsch Variables.
In this article, we will generalize conditions (6). More specifically, we replace the
TV norms by the following more general mixed norms:
3 110 " 3 1o &

Z 8yj 8yj

Jj=1

)
P17 a1 - P17 91
Ly/ Lyij (R3) 7j=1 L,y/ Lyij (R3)

of the level set functions ¢ and ¢ and 1 < p1,q; < oo with

for i; € {1,2,3}. Note that for each j, a different i; can be taken. Here 3 denotes
the remaining 2D vector excluding y;. It is easy to see that (6) corresponds to the
special case p; = 00,¢q1 =1 and i; = j.

The rest of this paper is organized as follows. In Section 2, following some
basic facts of the Littlewood-Paley theory, we prove the local existence and blow-up
criterion for solution in Triebel-Lizorkin spaces F}; ,(R™). In Section 3, we first give a
brief review of Clebsch variables as well as more general level set formulation of the
Lagrangian averaged Euler equations, then establish the global existence conditions
in terms of mixed norms.
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2. Local existence and blow-up criterion in F (R?).

2.1. Basics of Littlewood-Paley theory and Triebel-Lizorkin spaces. The
most intuitive definition of Triebel-Lizorkin spaces is based on the following
Littlewood-Paley decomposition (c.f. [28, 29]).

Let S be the Schwartz class of rapidly decreasing functions. For a given f € S,
its Fourier transform f is defined by

~ 1 .
_ —iz-§
76) = Gy [ ¢S
We consider ¢ € S with the properties Suppp C {{ eR: % < )¢ < 2}, and
b)) > 0 if 1 < [¢] < 2. Letting qgj = $(279¢), we can adjust the normalization
constant in front of gZA) such that
D 6 =1, vEeR™{0}.
JEZ
Given k € Z, we define Sj, € S through its Fourier transform
S(© =1~ Y ;).
F>k+1
We observe that
Suppg; N Suppgy =0 if |7 — 5| > 2.
Let s € R, p,q € [0,00]. Given f € &', denote A;f = ¢; * f, and then the
homogeneous Triebel-Lizorkin semi-norm || f|| ;. is defined by

1/q

Flig oy = || | @105 1)) , 1<g<oo

JEZ
L (R™)

I£1

FS,OO(R") = , 4= 00,

sup(2¥7]A;£()))
JEZ

LP(R™)
where LP(R™) is the usual Lebesgue space on R"™. The inhomogeneous Triebel-
Lizorkin norm || f||p;  is defined by

1 llmg @y = I FllLe@ny + 11 g oy
which is equivalent to

1/4q
oo

pCVSTIONE , 1<g¢<o
j=0
Lr(R™)
with usual modification for ¢ = co.

Triebel-Lizorkin spaces include the usual Sobolev space WP (R™) through the
relation W*P(R™) = F3 o(R™). In particular, we have F5, = W*? = H®.

The key to the application of Littlewood-Paley in nonlinear partial differential
equations is a set of inequalities and estimates relating different function spaces
and quantify the effect of common differential operators on them. We begin with
Bernstein’s inequality.

Lemma 2.1 ([25, 28, 29]). Let f € S'(R™).



LAGRANGIAN AVERAGED EULER EQUATIONS 1813
(i) If Suppf C {£ € R™ : |¢] < r}, then there is a constant C such that, for
I<p<qg< oo,
1_1
||f||Lq(Rn) S CTn(P q) HfHLq(R”)?

108 1l Lorny < CTP £l 1oy

(i) If Suppf C {& € R™ : |¢| ~ r}, then there is a constant C such that, for
1<p<q< oo,

a(l_1
I fllzamny = Cr G q)Hf”Lq(R"):
IZI\lPk 10° fll Lo rny = CTF|| fll Lo )

Next we recall various embeddings for Triebel-Lizorkin spaces.

Lemma 2.2 ([26]).
(i) For s > % with p,q € [1,00], or s =n with p =1 and q € [1, 0], there holds

[fllzoe @y < Cllfllry , mmy-
(ii) For s >n (% - %) with ¢ € [1,00] and 1 < p < r < oo, there holds

[fllzr@®ny < CllfllFs, @n)-

Now we list the Commutator type estimates, Beale-Kato-Majda type inequalities
and Moser type inequalities in Triebel-Lizorkin spaces, respectively. They are useful
tools for the study of the local existence and blow-up criterion for some partial
differential equations.

Lemma 2.3 ([7]). Let (p,q) € (1,00) X (1,00], or p = q = 00, and f be a solenoidal
vector field. Then, for s > —1, we have

1/q
(Z&’“([f, Ax] - Vg»q)

kez Lot (&)

<C (HVf||L°C(R")”g|
where [f, Ax] - Vg = (f-V)Arg — Dp(f - V)g.

Lemma 2.4 ([3, 4]). Let s > 2 with p € [1,00], ¢ € [1,00). Then, there exists a
constant C' such that the following inequality holds

£l oy < CA+ N fllzg, _Qog™ 1fllE; ) +1))- (8)

by * I8l IV g ) ™

Lemma 2.5 ([3, 4]). Let s >0, (p,q) € (1,00) x (1,00], or p = ¢ = co. Then, there
ezists a constant C such that the following inequality holds:

£l

for p1,7m1 € [1, 00] with

fl

gl b @) )

Fs @) S ¢ (Hf||LP1(R") s, @) T lgllzr mm)

1 1 1 1 1
- =+ —=—+4+ —.
D b1 D2 T1 T2
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Finally we need some understanding of how differential and pseudo-differential
operators act on various Triebel-Lizorkin spaces.
A function m defined in R™\{0} is called to satisfy a Hormander condition of
order k if
Im(€) < C, in R™\{0},
and

<ﬁw““/‘ DPm(€)2de < C.
L<|¢|<2L

for all multi-indices 8 with |8] < k and C' independent of L > 0.

The Hérmander multiplier theorem (c.f. [27]) states that the multiplier operator
T associated with m, Tf(¢€) = m(£)f(€), f € S(R™), is bounded in LP(R™), for
1 < p < oo if the multiplier m satisfies a Hérmander condition of order k > n /2.

A N 2
If we define 1 = (1—a?A)~1(=A) by Ty £(&) = m(&) £(£) with m(&) = ke,
for any f € S(R™). It is easy to see that m satisfies a Héormander condition. There-

fore we have

1T f e ey < ClSfllLrn)- (10)
Meanwhile, it is easy to prove that
1T fll g, ny < CllFllgo, _any- (11)
Furthermore, for any Riesz-type operator R, we have,
I1RfllFs  &ny < [[fllFs, rm) (12)
for p,q € [1,00],s € R, and
IR gs _qamy < Cllflln _qeny- (13)
In particular, we have
IRfllze@n) < Cll fllLe®n) (14)

for 1 <p< 0.
Since Vu = VV x (—=A) 7w, (14) implies

||VUHLP(]RW) S CHUJHL?(R%) (15)

for 1 < p < 0o. On the other hand, Vu, = (1—a?A)"IVVxy = T1VV x (=A) 1,
consequently (11) and (13) imply

Vuallpe @y < ClYlig _@n) (16)

The following result can be deduced from Lemmas 2.1 and the Hérmander mul-
tiplier theorem.

Lemma 2.6. Let uy = (1 — a?A)~Yu. Then for any u € LP(R3), 1 < p < oo,

[uallw2r @) < CllullLr @, (17)
and for any u € Fj (R"), s€ R, 1 <p< oo and1 < q< o0,
llual Ft2(Rm) < CHU”F;&(R”)- (18)

According to (15) and (17), we have, for 1 < p < oo,
[Vuallw2r@ny < Cl[VullLe@n) < Cllwl|pemn).- (19)

This can also be found in [19] and [20].
Since u, = (1 — a?A)7IV x (=A) 1w, we get

Vg = (1 —a?A) ' Rw
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where R = VV x (—A)~! is a Riesz operator. Thus (12) and (18) imply
[Vual Fph2(Rn) < Ofwl Fyg (R (20)

This estimate is very important in the proof of our main results.

2.2. Local existence and blow-up criterion. In this section, we get the fol-
lowing result about the local existence and blow-up criterion of solution in the
Triebel-Lizorkin spaces F (R3). Our criterion is sharper than the result of Hou
and Li [15] in the sense that the BMO(R?) norm of the stream function is re-
placed by the F2, . (R?) norm, which is weaker than the BMO(R?) norm (namely,
BMO(R") < FY, _(R")).
Theorem 2.7.
(i) If wo € F;q(R?’), for either s > % with 1 <p<ooandl <qg<oo,ors=3
with p =1 and q € [1, 00|, the Lagrangian averaged 3D Euler equations (3) is locally
well-posed in FS (R?).
(i) If

T

| 1@y gy < o0,

0 :

then the solution in (i) exists up to at least T, and satisfies
Jw(®)lrs. @) < CO)w(O)llr @), for 0<t<T. (21)

Proof. First we clarify the source of the restriction on p. According to Lemma 2.6,
we have

[Vualle @) < C[Vual Fs  (R?) (22)
and [[w]| oo re) < Cllwl|Fs ) for s > % with 1 <p<ooand1<g<oo,ors=3
withpzlandlgqgoé.

Now we start the proof. Applying A; to (3), we have
D jw + (ug - VA jw = (Ug - V)Ajw — Dj(Ug - VIw + D (Vg - w).
Since divu, = 0, we deduce from Lemmas 2.3 and 2.5 and inequality (20) that

d
allw(t)l\p‘;,q(m) (23)

1/q

FetRme) S Cllw|

<C1 [ Vua(t) - w(t)|l

H D 27 (w0 - V) A jw— A (ug - V)w]?

JEZ
Lr(R3)

<OVt (Ol ey [0 O)l 5y + 100w | V(1)
<C([IVua @)l Lo @) lw @)l 7s &2y + 0@l Lo ®2) [Vuat)l £, @)
SCO(IVua )l Lo rey + llw ()| Lo () ) [l (t)|
For any r € [1,00), multiplying (3) by |w|"~2w and integrating over R3, we have

1 d

rdt

F;YQ(RS))

F: (R9))-

|w\ dz —|—/ (g - Vw - |w|" " 2wdzr = / (Vg - w) - |w|" " 2wdz.
R3

Noting that dlvua =0, we get fR3 (U - V)w- |w|""2wdz = 0 according to integration
by parts. Meanwhile, it is easy to see that

/]R3 (Vua . w) . ‘w|r_2wd$ S ||vua||Loo(R3)||UJ||T[‘/T(R3)
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Thus, for r € [1,00),
d
Fplwllzr@e) < IVuallpe @) [wllr @) (24)
and
d
Zile@llzr@s) < C (IVua®) e @) + @Ol @) @@ o @s)- (25)
The case r = p of estimate (25) and the previous estimate (23) tell us
d
Zlw@lEg @) < CUIVUa®)lze@s) + lw(t)| oo @)l (@)l g, m2))- - (26)
Thus (22) and (26) imply

2 3
Frq(R%)

d
(o)

This estimate and standard technique give us the local well-posedness in F§7q(R3).
Thus finishes the proof of (i).

To prove (ii), it suffices to show that both ||[Vua(t)||ze®s) and [w(t)|| Lo (r3)
remains bounded up to 7. For any r > 3/2, using (8), (16) and (19), we have

IVuallim@sy < COA [Vuallpy _(og" [ Vutallwer@s) +1))
L3y +1)). (27)

< OO+l (log" ol
Next we estimate ||w||r- as well as ||w]|p~. We return to the vorticity equation (3)
and obtain for any r > 3/2:

Fs, ®) < Cllw(t)]

d
%HWHLT(RS) < [ Vual poo ey lwll r w3y
< O+ Hvua||pgom(10g+ [Vuallwer®s) + 1) |w] L ws)
< C(1+ W”F&,w(ngr lwllLr@sy + D) l|lwll Lr&n)- (28)

It now follows that when

T
| 100Ny oyt < o0

holds, ||w|| L is bounded up to T" and furthermore the bound is independent of r.
Letting 7 — oo we obtain the boundedness of [|w||ze®n). On the other hand, the
boundedness of ||w||zr®n) together with (27) immediately gives the boundedness of
Vi || Lo (rny. Thus ends the proof of (ii). O

3. Global existence conditions in terms of level set formulation.

3.1. Clebsch variables and level set formulations. We recall some known facts
about the classical Clebsch variables and its generalizations. We refer the readers
to Hou and Li [15], Deng, Hou and Yu [9] and Graham and Henyey [11] for more
information. For the 3D Euler equations in the vorticity form:
Ow + (u-V)w=Vu - w,
{ w(0) = wo.

the Lagrangian flow map X (¢, a) is defined as

d
aX(t,a) =u(t,X(t,a)), X(0,a)=a.
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Since the flow is divergence-free, the Jacobian det(V,X) = 1. Then, vorticity along
the Lagrangian trajectory has the following analytical expression ([8]):
w(t, X(t,a)) = (Vo X)wo(a). (29)
Now let 0(t, z) be the inverse map of X (¢, a), i.e. X(¢,0(t,z)) = x. Then, 0 satisfies
Oy +(u-V)0=0, 600,z)==x.

Denote 0 = (61,62,63) and wy = (w§,w?d,wd). Then (29) and the facts (V,X)(V.0) =
I and det(V,0) =1 imply that

w(t,z) = wg(0)Vhy x VO3 +w2(0)VO3 x Vo + w3 (0)VO; x Vs.

Note that 6;(j = 1,2,3) are level set functions convected by the flow veloci-
ty. In particular, if the initial vorticity can be written into the form w(0,z) =
wo(o, Vo)V X 1y and the level set functions ¢ and 1 satisfy

G+ (u-V)o=0, ¢(0,z)=do(),
¢t+(u'v)¢:07 ¢(0,$) :¢0($)>

then the vorticity at a later time can be expressed in terms of these two level set
functions and their gradients

w(t, ) = wo(¢, )V x V.

In the case wg = 1, ¢, are known as the Clebsch variables. We review some
properties of classical Clebsch variables.

o If w=V¢ x Vi at one time s, then w = V¢ x ¢ for all ¢ > s.

e If w = V¢ x Vi, then the helicity H = [u-w = 0.

o If w= V¢ x Vi) in a neighborhood of a point 2y where the vorticity vanishes,
then det[Vw(x)] = 0.

o If w # 0 at some xg, then w = V¢ x V) for some ¢ and 9 in a neighborhood
of Zo-

As pointed out in Hou-Li [15], the above Clebsch variables/level set formulation
is a direct consequence of the Lagrangian structure of the flow and therefore also
applies to the 3D Lagrangian averaged Euler equations. In this case, the level set
functions satisfy

o¢ + (uoz ' V)Cﬁ =0, (Z)(O,.Z‘) = ¢0(x)a
Ve + (ug - V) =0, (0,2) = o(x).

3.2. Global existence conditions. We establish the following new conditions for
existence of global solutions.

Theorem 3.1. Assume that the initial vorticity has the form

w(0,2) = wol(¢o,10) Vo x Vi
with smooth and bounded wqy, ¢g and g. Then the Lagrangian averaged 3D FEuler
equations (3) have a unique smooth solution up to T as long as, for each j € {1,2,3}
there exists i; € {1,2,3} such that one of the following two conditions is true:
(a)
5
0 4

—_— dt < oo;
y;

P1r41 3
Ly/ Ly,,]. (R )
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(b)

T 3
)5 at < o0,
0 = Ay; Ly} Ly, (R?)
Jor 1 <p1,q1 < oo with
2 1
1-———¢€10,1]
P1 @
Moreover, the following estimate holds
lo®lls @) < COwOlpy @), 0<EST (30)

for s > % with p € [1,00], ¢ € [1,00).

Remark 1. 1. Deng, Hou and Yu in [9] introduced the generalized Clebsch vari-
ables which are two triplets of real functions

O = {¢1,¢2,03} and U = {U(®),U2(®),Us(®)},

such that the vorticity vector field w can be represented in the following way

3
w=> VU x V. (31)
k=1

Similar to Deng, Hou and Yu [9, Theorem 3.1], we can generalize Theorem 3.1
to the case where initial vorticity field is bounded and with compact support,
and can be represented in the formula (31).

2. When (p1,¢1) = (00,1) and i; = j for each j € {1,2,3}, Theorem 3.1 covers
Hou and Li’s [15, Theorem 4]. Theorem 3.1 gives us more general blow-up
criteria for more exponents. The region A of these acceptable exponents are
shown in the following figure.

q1

‘/(Pl,(h) = (00, 1)

N[ =

Figure 1: Region of acceptable exponents

Now, we give the proof of Theorem 3.1.
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Proof. We only prove Theorem 3.1 under the assumption that that for each j €
{1,2,3} there exists i; € {1,2 3} such that

>

We follow the proof of [157 Theorem 4]. We only need to consider the case wy = 1,
that is, w = V¢ x Vo for all times. We write w = V x (¢V)). Like in [15], we
define B(y) be the integral kernel of the operator (1 — a?A)~!R in R?. Without
loss of generality, we let x = 0 and omit the reference to time. Then

dt < oo.
LPILQI (RS)

3yj

Vual0) = | [ Bty = | [ VB x 0Vl
R3 R3
with o
IVB(y)| < PECESTh (32)

Estimate (32) can be deduced as follows. It follows from [17, p. 261-262] that
Lyl
the Green function associated with the operator (1 — a?A)A is G4 (|y]) = 47r|y|“

Then,

U (0) = ¥ x / (19w / Fallal) s x w(w)dy. (33)

where fo(ly|) = 2 f (%‘) and f(y) = % (also see [14] and [16]). Using

(33), we can get
Co

|VB(ZU)| < m

for y € R3.

Let ¢ > 3,1 < p1,q1 < co. In the following, ¢’ denote the dual index for ¢q. Then,
for 0 < e < 1, we can estimate |Vu,(0)| in the following way:

Vo (0)]

_ /| = / . VB x () Vu)dy

<C||¢ll L (rs) e

0Y
Jy;

wize WAL+ 1yl T

37211

<c||¢|Lw<Rs>(s UV )

3 p pi/a
1 1 o
Sl ) o))
j; y’|2a/2<yij|26/2 ly[2(1 + |y]) dy; LZ}LE]_(RS)
<Clllm g (= IV0llces
/// i,
3 4! P1/41 P
1 ! N
+ / / (c) dyz dy/ s
; 3/26/2( lys; |>e/2 lyl** ’ Ay, L L ()
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for ¢ € [0,1]. In the previous inequalities, we used Hélder’s inequality for mixed

norms (see [1]) and the fact
1 C
2 S 24-c¢”?
lylP (L +[yl) — lyl

for y € R® and any ¢ € [0,1]. In fact, the cases ¢ = 0 and ¢ = 1 are obvious.

€ (0,1), we have
14yl > (1= )19 4 e(ly[)/e > |yl

according to Young’s inequality.
Then, we have

3
[Vua (0)] < Cll¢ll Lo (s g g;é L7 LY () ’
for
NN *
b= /y’>e/2 </yijl>€/2 (|y2+c> dyij) B
, mid O\ 7

1 q1
_ : dy;. dy’
2+c 2
/y'ze/2 /|yij|za/2<(|yijl2+|y’|2) 2 ) ’

To estimate I;;, we first compute the inner integration as follows:

/ Pi/4

q1
Zie Yi;
iy 12e/2 \ (ly; 12 + [v']2) = '

4
, 1
‘y/|—(2+c)q1 o . dy;.
/ |2 /2 (152 +1)% ?
P1/q

_ 1|~ (2+c)p] -
B |y | ! (24¢)a] dylj
lyi; |>€/2 —z

(1%

z "o P/
C‘ /‘—(2+c)p/1 2 ‘y \sec 0 do
Y (2+C)<1
0 (tan®?6+1)—=

/4

<
N % PICROLE i
< C\y’\_( +e)pi+pi/d) becg df
0
, , % P1/4}
< C‘y"*(2+c)?1 +p1/d} COS 0 2+C)q172d9
0
/ p1/d}
< Cly'|-Cromtri/d (B ( q1 — 1)) e

For

(34)
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since (24 ¢)g; —2 > —1 and ¢ € [0, 1], where
1

B (a—;—l’b—;—l> = 2/2 (sin0)%(cos 0)’dh, a>—1, b>—1,
0

is the classical Beta function. So

1
/ ’ v
4 p1/a P

1 a
J 2+c j
/|y'|zs/2 /yij|ze/2 <<|y%|2 DE )

c / |-+t (B (1 (2+ )i — 1>>p1/q1 mE
ly/|>e/2 2’ 2
1/11/ [ee]
C (B <1’ (2—&-c)q’1—1)> ' / pl=@+opi+ri/a g,
2 2 o

1

(o250 ()

if ¢ can be taken such that 1 — (2 + ¢)p} + p}/¢i = —1, which is equivalent to
2 _ 1

c=1- p—l — o- Consequently the existence of such ¢ € [0,1] is the same as

1-— p—l — =~ € [0,1] which is assumed to be true in the theorem.

Thus, We have

[Vua (0)]

=~
Il

IN

X8

IN

IN

9y

3
3—24' 2 p’
<Cllolimqe) | " Vol + (10 2) " 3|22
3 Yj

j=1

LPl qu (R3)

3—24’
3

3—2¢' 7 2 ;7
<Clolme (27 (5) 7 I90laaqes + (1082) 5>

j=1

9
y;

P1rd1 3
LI LG (RY)

’

If we take € such that (£) 7 (e + [IVY| Lars)) = 1, then
1 1
2\ 71 ! af 1
(10g a) = (3 _qzq/> " Jlog(e + V9l Lacea))]

" log(e + |Vl paes))

IN
N
w
I
po|
Q\
\_/

since log(e 4 [|V¢||a(rs)) > 1. Finally, we get

— |V

O
Ve (0)] < Cllgllm sy 27 log (e + [Vl La(rs))
3yj LIJ1 qu (R3)
(36)
for 1 < p1,q1 < oo and ¢ > 3. This immediately gives
O
|Vtta | ey < € | 277" log (e + [[ V4| La(rs))
y] LplLE“ (R3)

for 1 < p1,q1 < o0 and g > 3, since H¢||Loo(R3) < H(bQHLeo(RS).
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To close the estimates we return to the equation for 1. Differentiating
Ve +uq -V =0
with respect to x, we get
(V)i + (ug - V)(VY) + Vu, Vi = 0. (37)
Now applying standard energy estimate to (37), we obtain

0
2 |Vlur e
<[ Vual Lo ®3) VY a(rs)
3
3-24/ 81/}
<C|(2 7 + o
.Z 8yj

=1 LZ,I ngj (R3)

log (e + ||V¢||Lq(R3)) VY| La(ws).-

T 3 o
I fy 5|82

dt < 0o, then the Gronwall inequality implies
Ly} Ly; (R3)
J

IVl Lags) < C(T)

which in turn gives us
T T
/ ||V’U,aHLoo(]R3)dt < C/ HV’(/)HLq(RB)dt < C(T)
0 0

The bound on fOT VU o ms)dt gives the L bound on V4 from (37). Similarly,
we get the L>° bound for V¢. Combining the L estimates for Vi and V¢, we
have the L*> bound for w. Now the energy estimate for w in the Flf’q(R?’) can be
proved by a standard argument and

d
10Ol @) < CUIVua(®)l e @) + o)z @) ol 53, s))-
O
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