Nov. 05, 2010
MatH 527 Al FaLL 2010

Quiz 4

Problem 1. Consider the Burgers equation with initial data uo(z) = { L z<0 Prove using defini-

1 z<t/2 0 >0

tion that u(z,t) = { 0 z>t/2 is a weak solution. Show that it is furthermore an entropy solution.

Proof. First we show that u is a weak solution. Take any 2 C RN {t > 0}. Wlog we assume QN {z =1/
2} is nonempty, and 022N {¢t =0} is nonempty. Thus we have

// u(bt—i—f(u)@gd:vdt:// ¢t+%¢mdxdt (1)
Q U
where

U:=0n{z<t/2}. (2)
It is easy to see that

oU =T1UT',Ul'y (3)

with To=0UN{z=1t/2} =QN{z=1t/2} and T's=0U N{t =0,z <0}.

Now using Gauss’ theorem (integration by parts) we have

//Uébt+%¢xd$dt—/{wu-<¢?2)dS—AI+A2+£3. (4)

As ¢ =0 along I'q, fFl = 0; Along I's, we have v || ( - 1/2 ) which makes the integrand 0, thus IFQ =0.
Along I's, we have v :( _01 ) and then

Jor (o Jose o [ waee = frmoae 0

Thus u is a weak solution.

Therefore u is an entropy solution.

Now we show that u is an entropy solution. Fix t. We have

0 z+a<t/2,z<t/2
t) — t
@ 0 x>t/2z+a>t/2




