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ASYMPTOTICS

1. Introduction.
Asymptotics studies the behavior of a function at/near a given point. The simplest asymptotics is the
Taylor expansion:

f(x) = f(xo) + f'(xo) (& — wo) +--- (1)

Of course, when f(z) can be easily evaluated, for example when f is explicitly given by a simple formula,
there is no practical reason to do asymptotics. Therefore, in practice, asymptotics is often performed in
the following situations:

1. f is given semi-explicitly by an integral,;
2. f is given implicitly by a differential equation.

In many cases, the point xg is either 0 or co.

Example 1. (Viscous Burgers equation) Consider the Burgers equation with viscosity
ui +uful —eus, =0, u®(z,0)=g(x). (2)
The solution can be semi-explicitly given as an integral
L, K@yt
‘ [T te T dy
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where h is the antiderivative of g.
The parameter € is viscosity, and in realistic situations is very small. Thus one is tempted to neglect it
and study the Burgers equation

U + u g, =0. (5)
To justify this, we need to study the behavior of u® as £ \ 0.
Example 2. (Oscillatory Integrals) Such integrals usually appear in the process of solving wave-
related equations using transform methods. For example, when we try to solve the wave equation in a

cylinder, the solution can be represented by Bessel functions. Such functions are either given by infinite
sums or by integrals. For example, we have

Jn(x) = % /07T cos(nt —xsint)dt (6)

i T +int ,Fixsint
27TZ/0 e e dt. (7)
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which can be written as

Suppose we want to understand the behavior of J,(x) as x — co. Setting € =1/x, we are left with an inte-
gral of the form

b Z—<¢>(y)
/ fy)e < dy. (8)

And our task is to understand its behavior as € \, 0.

Example 3. (Homogenization) Homogenization is a mathematical theory dealing with problems with
multiple spatial scales. Consider a domain filled with two different materials. And let’s say they form
a “checker board” formation,



and now we would like to study the conductivity of the material. The equation is
V- (A(z) Vu)=0 (9)

where A(x)=a1(x) I for material 1 and as(z) I for material 2. One way to do this is to solve the equation.
However, when the grid size ¢ is very small, this approach is not efficient or even not practical. Therefore
we need to find out what the equation the limit potential satisfies.

2. Evaluation of integrals.

2.1. Laplace’s method.
Laplace’s method deals with integrals of the form

/ T yye " ay (10)

— o0

where k,[ are continuous functions.

We try to understand the limiting behavior as ¢ N\, 0. Now if we assume k(y) has a single minimizer,
_ k)
say at yo, then clearly e < reaches its maximum at yo. Furthermore, as € gets smaller, the “peak” at yq

gets steeper. As a consequence, the integral in a neighborhood of 7y dominates. Thus we expect, when &

is small,
o _kw o _kw
/ ly)e = dy~l(yo)/ e = dy. (11)
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Lemma 4. Suppose k,l: R— R are continuous functions, satisfying certain growth conditions at infinity—
which will be clear in the proof. Assume also there exists a unique point yo € R such that

k(yo) = min k(y) (12)
yER
Then
S e
[T Uy)e = dy
].II% k() :l(yO) (13)
e\ J"EOOO e e dy

k(y)
< — 00, for example when k(yo) <O0.

Remark 5. Note that the above makes sense even if [ fooo e

Proof. First notice that, Wlog! we can assume yo = 0. Next by replacing k(y) by k(y) — k(yo), we can
assume k(0)=0.
Let

pe(w) = —— . (14)

1. Without loss of generality.



Then all we need to show is that

lim pe(y) Uy) dy =1(yo)- (15)
eNO0 J_
Note that,
pre =0, / pe(y) dy =1. (16)
Thus it suffices to show =
lim (1(y) = 1(0)) pe(y) dy =0. (17)
eNO0 J_
For any € >0, we find 6 > 0 such that
ll(y) —1(0)[ <e (18)

when |y — yo| <. Now write

[ " () ~ 10)) pre(y) dy = /| e / y (19)

The first term is clearly bounded by .
Now we study the second term. First we show that p.(y) — 0 uniformly as € \, 0 for all |y| > . To
see this, let
b:= min k(y) > 0. (20)
ly|>0
That b > 0 is because 0 is the only minimizer and k(y), oo as |y| — co. Now as k(0) = 0, there is ' > 0
such that

k(y) <b/2 (21)
for all |y| <d’. Note that ¢’ is independent of «.
It follows from the above that, for all |y|>J,

< e—b/a e—b/2a 0 0 99
Na(y)\f|2|<5/e_b/2€_ 257 — 0 as e \,0. (22)

Therefore pe(y) — 0 uniformly for |y| > J.
From the above analysis we know that

/ (I(y) — 1(0)) () dy — 0 (23)
i<|y|<R

for all R> ¢, and the proof ends as soon as we have some control at co.
We again study
e kW)/e

rRsa (24)

pe(y)

This time for |y| > R where R can be taken arbitrarily large on condition that it is independent of €. First
notice that the denominator satisfies

/e—k<z>/€>Ae—B/e (25)

for some constants A, B > 0. To see this, just pick an interval [ — A, A] and let B = max k(z) in that
interval. Note that by taking k£ to grow fast outside this interval, we see that this estimate is actually
sharp (meaning: for general k we cannot get better lower bound — the best we can do is find different A,
B). Thus we need to study

A / (i(y) — 1(0)) e~ W) =B)/= @y (26)
ly|>R



Now assume [ and k grows as certain powers of y at infinity. Say |I(y) —1(0)| < Cy®, k(y) — B> C'yb. We

find out conditions on a,b that guarantee

/ y“e‘yb/ady—>0.
ly|>R

Let z= y/sl/b. Then the above integral becomes

b
g/t yae=2"c1/b 4,
|z|>R/et/b

we see that for any a >0, b > 0 the integral goes to 0.
Thus as soon as k(y) ~ y” at infinity for any b> 0, we have

o _k®)
o Wye e dy
hH}) ) =1(y0)
e\ fi)ooo e < dy

for any continuous ! with polynomial growth at infinity.

2.2. The method of stationary phase.
Now we study the behavior of the integral

as € \,0.
The idea is as follows. Fix at point yo, we expand ¢(y) by Taylor expansion.

B() ~ 0(30) + /(50 (5 — 90) + LI (5 — o).

Thus the contribution of the integral around yq is

§ _
/yo+ ei% ei(y Eyo) &' (y0) f(y) dy
Yo—9
Recall the Riemann-Lebesgue lemma:

b
/ ¢ £ () dy — 0

as k /00, we see that those points with ¢’(yo) # 0 does not contribute as € \, 0.

Now consider those points with ¢’(yo) =0. Then around such yo we have, to the highest order,

p(yo) [YOFO ie(yo),. 2
[T SR ) 4y,
Yo—0

z=1/19"(y0)/2¢| (y — yo)

we reach (using the fact that f(y)~ f(yo) in this neighborhood)

Now do a change of variable

10w o VI¢7/ed

—_— e (9”2 4z,
|&" (o) —/1¢"/es

When € \ 0, the above integral tends to

> isgn(¢’’)z2 iZsgn(p’)
e*t dz=+/me'" .
—o0
As a consequence, we have

b Frae) 2me iZsgn (¢
R LD S Vi o
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(27)
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Now we give a rigorous treatment based on the above understanding.

Lemma 6. Let yo be such that ¢'(yo) # 0, then there is § >0 such that

1/2

/y0+€ eW/E f(y)dy=0(e) as e \,0. (39)
Y

o—el/2
Proof. Do a change of variable z = ¢(y). Then the integral becomes

/ el Pz (6/(n) " d (40)

Now notice that, o

. |2’2—2’1|:O(€1/2);
o F(2) —F(zl):0(51/2);
o ¥y - ¢’(yo)=0(€”2);

o [ e#Fdz=0(e).

Thus we have

[T e re @) e [ ) e (Beywrun +0(2)) =000 (41)

Z1 21

and the proof ends. O
From this we see that, if ¢’ 0 over [a, b], then
b .
/ et PW/E f(y) dy:O(al/Q) —0. (42)
Similarly we can prove ¢

Lemma 7. Let yo be such that ¢'(yo) =0, ¢"'(yo) #0. Then

yo+el/? 2o 2me iZsgn (¢
/ y ¢PWIE fy)dy = flyo) € ¢ /|¢_H(y0)| iFsen(s (yo))+0(51/2)_ (43)
Yo—¢€

Now it is clear that we have

b ey b (i) 7 e
[ rmay= 3 fae S [EEE e 0 o cr2), (44)

¢'(yi)=0

<
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For multi-dimensional generalization, see Evans pp.210-217.

3. Homogenization.
We discuss the following 1D model problem to get some idea of the homogenization procedure. Con-
sider the 1D problem

(a(f)u’)lzo, u(0)=0, u(l)=1. (45)

€

Here a(y) is assumed to be periodical. The basic approach is to treat y = ; as an independent variable,
thus the original derivative becomes

-/:aﬁéay. (46)
assume
u:uo(x,%>+5u1(x,%)+52uQ+--- (47)

where each u;(x, y) is periodic in the variable y.



Substituting this into the equation, we have
(a(y) (uo+eur+--)") =0 (48)
Using the new variables =, y we reach
(8 +e710y) {a(y) [e ' Dyuo+ (Oxuo + Oyur) + € (Dzur + Dyuz) + -] } =0. (49)
Expanding, we have
72 9y(a Oyup) + €1 [0 (a Dyuo) + Oy(a (Oxuo + Oyur))] + Oula (Dxuo + Oyur)) + Oy(a (Dpus + Oyua)) + -+ =
0. (50)

Now if our expansion of w is correct, all of uj,us, ... should remain bounded as € \,0. Thus necessarily the
quantities at each scale should be 0.
At O(e=?), we have

dy(a(y) yuo(z, y)) =0 (51)

with periodic boundary condition. This implies ug(z, y), for any fixed x, is a constant. In other words we
have

uo(z, y) = uo(z). (52)
Now move on to the next scale O(s_l). We have
9z (a(y) dyuo) + 0y (a(y)(zuo + dyus)) = 0. (53)
As Oyug=0 we have
0,(a dyur) = — (9,a) (Druo). (54)
If we set x = x(y) be such that
9y(adyx) =—0ya, (55)
then
u1 = x(y) Ozuo + u1(x). (56)
Next consider scale O(1). We have
0z(a Ogug) + 0z(a Oyur) + Oy(a Ozur) + 0y(a Oyuz) =0. (57)

Integrate from 0 to 1 in y, we obtain

1 1
Bw(/ a(?muO)—i—am(/ a Oyuq dy):O. (58)
0 0

w1 = x(y) Do + i (). (59)

3ml( /1 a(y)(1+ x’(y))dy>3zuO1 =0. (60)
0

This is the equation wug satisfies.
In our case (1D), the situation can be further simplified. As

(ax) =—d, (61)

Recall

we have

we have
(a(1+x")=A. (62)

To find out this constant, we divide both sides by a, and integrate over (0, 1):

1:/ 1+x’=A/édy. (63)



Thus

()
A_</o a(y)dy> . (64)

As a consequence, the equation satisfied by ug is

N
</0 @dy> ug =0. (65)

e For evaluation of integrals, see e.g. Norman Bleistein, Richard A. Handelsman “Asymptotic Expan-
sions of Integrals”, Dover, 1986.
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