
Math 527 A1 Homework 6 ( Due Dec. 2 in Class)

Exercise 1 . ( 1 0 pts ) ( 6 . 6 . 1 )
Let

Lu = −
∑

i , j= 1

n (
ai j ux i

)
x j

+ c u ( 1 )

P rove that there exists a constant µ > 0 such that the corresponding bilinear form B [ , ] satisfies the hypothesis of the Lax −
Milgram theorem , provided

c( x ) > − µ ( x ∈ U ) . ( 2 )

Exercise 2 . ( 1 0 pts ) ( 6 . 6 . 5 )
Let u be a smooth solution of Lu = − ∑ i , j= 1

n ai j ux i x j = 0 in U. Set v � | Du | 2 + λ u2 . Show that

Lv 6 0 in U , if λ is large enough. ( 3 )

Deduce

‖ Du ‖ L∞ (U ) 6 C
(
‖ Du ‖ L∞ ( ∂U ) + ‖ u ‖ L∞ ( ∂U )

)
. ( 4)

Exercise 3 . ( 1 0 pts) ( 6 . 6 . 9 ) ( Courant minimax principle) . Let L = − ∑ i , j= 1
n (

ai j ux i
)
x j
, where

( (
ai j
) )

is symmetric .

Assume the operator L , with zero boundary condit ions, has eigenvalues 0 < λ1 < λ2 6 � . Show

λk = max
S ∈ Σ k − 1

min
u ∈ S⊥ , ‖ u ‖ L 2 = 1

B [u, u ] ( k = 1 , 2 , � ) . ( 5 )

Here Σk − 1 denotes the collect ion of ( k − 1 ) -dimensional subspaces of H0
1 (U ) .


