
Math 527 A1 Homework 5 ( Due Nov. 1 8 in Class)

Exercise 1 . ( 1 0 pts) ( 5 . 1 0 . 6 ) Prove directly that if u ∈ W 1 , p( 0 , 1 ) for some 1 < p < ∞ , then | u( x ) − u( y) | 6 | x −
y | 1 −

1

p

( ∫
0

1 | u ′ | p dt
) 1 / p

for a. e. x , y ∈ [ 0 , 1 ] .

Exercise 2 . ( 5 pts) ( 5 . 1 0 . 7 ) Denote by U the open square
{
x ∈ R2

� | x 1 | < 1 , | x2 | < 1
}
. Define

u(x ) =





1 − x 1 x 1 > 0 , | x2 | < x 1

1 + x 1 x 1 < 0 , | x2 | < − x 1

1 − x2 x2 > 0 , | x1 | < x2

1 + x2 x2 < 0 , | x1 | < − x2

. ( 1 )

For which 1 6 p6 ∞ does u belong to W 1 , p(U ) ?

Exercise 3 . ( 1 0 pts ) ( 5 . 1 0 . 8 ) Integrate by parts to prove the interpolat ion inequality

∫

U
| Du | 2 dx 6 C

( ∫

U
u2 dx

) 1 / 2 ( ∫

U

∣∣ D 2u
∣∣ 2 dx

) 1 / 2

( 2 )

for all u ∈ Cc∞ (U ) . Assume ∂U is smooth, and prove this inequality if u ∈ H2 (U ) ∩ H0
1 (U ) . ( H int : Take {vk } ⊂ Cc∞ con-

verging to u in H0
1 (U ) , and {wk } ⊂ C∞

(
Ū
)
converging to u in H2 (U ) . )

Exercise 4. ( 5 pts) ( 5 . 1 0 . 1 3) Verify that if n > 1 , the unbounded function u = loglog
(

1 +
1

| x |

)
belongs to W 1 , n (U ) ,

for U = B0 ( 0 , 1 ) .

Exercise 5 . ( Optional) ( 5 . 1 0 . 1 0 ) Suppose U is connected and u ∈ W 1 , p(U ) sat isfies

Du = 0 a. e. in U. ( 3 )

P rove u is constant a. e. in U .


