MatH 527 A1 HOMEWORK 5 (DUE Nov. 18 IN CLASS)
Exercise 1. (10 pts) (5.10.6) Prove directly that if w € WP(0, 1) for some 1 < p < oo, then |u(z) — u(y)| < |z —
y|17%( fol \u’|pdt>1/p for a.e. z,y€]0,1].
Exercise 2. (5 pts) (5.10.7) Denote by U the open square {z € R?||z1| <1, |z2| <1}. Define

1—21 x1>0, |z <z

14z 21<0,|z2] < —x1 (1)
l1—zg x2>0,|z1|<x2

14 xo :c2<07|:c1|<—x2

u(x) =

For which 1 <p < oo does u belong to Wl*p(U)?
Exercise 3. (10 pts) (5.10.8) Integrate by parts to prove the interpolation inequality

) ) V2eopo 1/2
|[Du|”dx <C u®dx | D?u|” dz (2)
U U U

for all u € C°(U). Assume AU is smooth, and prove this inequality if w € H2(U) N HE(U). (Hint: Take {vg} C C° con-
verging to u in H(U), and {wy} C C°°(U) converging to u in H3(U).)

Exercise 4. (5 pts) (5.10.13) Verify that if n > 1, the unbounded function u = 10glog(1 + L) belongs to Wh™(U),

for U= B%(0,1). !
Exercise 5. (Optional) (5.10.10) Suppose U is connected and u € W1:P(U) satisfies
Du=0 a.e. in U. (3)

Prove wu is constant a.e. in U.



