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Please do not hesitate to interrupt me if you have a question.



Concepts



The Fundamental Forms

’5: Surface; p € S a point. ‘

e The first fundamental form.
e A "scale" at p;

Includes all information about measuring velocities at p;

A bilinear form on T,S;
Three numbers E(p), F(p), G(p):

(viw)ps = E(p)vims + F(p)(viwz + vowi) + G(p)vaws,.

e The second fundamental form.
e Contains all information about how S curves at p;
e A bilinear form on T,S;
e Three numbers L(p), M(p), N(p).

(v,w), s = L(p)vawi +M(p)(viwa +vow1) +N(p)rvowz.



Curvatures

e Normal curvature x,(p, w):

e How much does S curve at p along the direction w;
e Every curve in S passing p along the direction w is
"forced” to curve this much.

e Geodesic curvature r,: "Voluntary” curving of a curve
in a surface;

e Principle curvatures k1, k: Maximum and minimum
normal curvatures;

e Principal vectors t;, t,: Directions along which the
normal curvature equals one of the principal curvatures;
tlJ_tg;

e Mean curvature H: Average of normal curvatures;

e Gaussian curvature K: Limiting ratio of areas of
G(Q) cS?and Q C S. 3



Parallel Transport

’ w: Tangent vector field along a curve in a surface 5.‘

e Covariant derivative: Horizontal part of the derivative;
e Parallel along the curve: Covariant derivative is zero.

e Christoffel symbols 's: Components in the basis 0, 0,
of the covariant derivatives of o, 0, along the coordinate

curves u = const and v = const.



Geodesics

e Constant speed parametrizations of "straight lines” on a
surface.

e Curvature equals normal curvature. K = |K,|;

e Vanishing geodesic curvature. x, = 0;

e Unit tangent stays parallel. V, T = 0;

e Shortest path connecting two (close enough) points.



Calculation




The Fundamental Forms

‘5: Surface parametrized by o(u, v) ‘

e The first fundamental form.

E(u,v) = |ou(u,v)|? =0, 04
F(u,v) = ou(u,v)-o,(u,v);
G(u,v) = |o(u,V)|]?=0,-0,.

e The second fundamental form.
L(u,v) = ouw(u,v)  N(u,v)=—oc,  Ny;
M(u,v) = ouwl(u,v)-N(u,v)=—0,-N, =—0c, N,
N(u,v) = ow(u,v) - N(u,v)=—0o,-N,.



Measurements on a Surface

(-,)p.s: First fundamental form of the surface. E,F,G.

e Arc length:
b
. \1/2
L:/ <7,7>p’/5dt.
e Angle between two vectors:

<V’ W>P75

1/2 1/2
(v, V) e (w, w) Y2

cos Z(v,w) =
e Angle between two curves: p =1 Ny, v =", w= Y.
A= / VEG — F2dudv.
U

Make sure you know how to apply these formulas!

e Area:



Curvatures

e Normal curvature: k,(p, w) = %
»Wip,
e Geodesic curvature. kN = k,Ns + rg(Ns x T).

Principal curvatures.

det L—&xkE M — kgF 0
M—kF N—xsG/|

Principal vectors: t; = a;o, + b;o, with
L M e E F ai\ (0O
M N "\F G b:)  \0)°

.H:M,K:Hﬂiz
-1
A= £E LM .H:%TrA,K:detA.
F G M N
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Christoffel Symbols

| N: Surface normal. |

Ow = rilau + r%lav + LN:
Ty = I_}zcru + I‘éav + MN;
0w = [30,+ T30, +NN.

uu < 11; uv < 12; vv < 22.



Checking Parallel Transport

w = ao, + fo,: Vector field along v(s) = o(u(s), v(s)).

1, ..,3,: Christoffel symbols.

a4 Mo+ Tv)a+ (Mo +TM,v)E =
B + (rili’ + r%z‘./)a + (r$2[’ + r§2‘7)5 =

10



Checking Geodesics

L, M, N: 2nd fundamental form; Ffj-: Christoffel symbols.

d 1
&(Eu +Fv) = E(Euiﬂ + 2F,av + G, v?).

d 1
—(Eo+Fv) = =(E,i*+2F,av+ G,v?).
ds 2
or
b4 Tho? +2rhov + v = 0;
VAT 0? +2rdov +Ta,v?: = 0.
e Not satisfied if y(s) = o(u(s), v(s)) does not have

constant speed.
e Constant speed < Eui? + 2Fiv + Gv? is constant. 11



Examples




Measurements

Example

o(u,v) = (u, v, "™ +**). Calculate cos where 0 is the angle
between v = v and v = 0.

1. Parametrize the two curves: o(t,t),o(t,0).
2. Find the intersection point p: u=0,v = 0;
3. Calculate E,F,G at p:

E=2F=1G=2.
4. Calculate tangent vectors: o, + o,,0,, SO
vi=w =1, wi =1, wp, =0.
5. Calculate angle.
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Curvatures

Example
o(u,v) = (u,v,e"). Calculate principal, mean, Gaussian
curvatures at p = (0,0, 1).

1. p=0(0,0);
2.E=1,F=0,G=1L=0M=1N=0;
3. Solve k1 =1,k = —1;

4. H=0, K=—1.

13



Christoffel symbols, Parallel transport, Geodesics.

Example

o(u,v) = (u,v,e"). Calculate I'; along the curve u = 0 and
check if u =0 can be re-parametrized into a geodesic. .

1. Calculate o,,0,, N, 04, 0w, 0w,
K _ 0.
2. Solve I'U along u = 0;

! v rt Y Il other [ =
11:m, 12:m7 all other U_O

3. Arc length parametrize u = 0: (Note u(t) = 0)
Eo? + 2Fiv +Gv? =1 = v(t) = t.
4. Check geodesic equations.

14



Looking Back and Forward




Required Textbook Sections

’Not everything required is covered in this revievv,‘

only the most important topics. You should also:

1. Review the lecture notes;
2. Review the required sections in the textbook:
6.1; 7.1 -7.4;8.1-8.2; 9.1-9.4;
3. Review the optional sections in the textbook:
6.2 - 6.5; 8.3 - 8.6; 9.5;

4. Review Homeworks.

ii5)



See you Thursday!

Midterm 1l

11:10am — 12:10pm.

3 regular problems and 1 bonus problem.

Total points 15 + 2 or 3 (depending on the difficulty of
the bonus problem).

Geodesic equations will be provided.

16
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