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Please do not hesitate to interrupt me if you have a question.
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Curve Theory



Regular Curve

• Definition.
A map γ : (α, β) 7→ Rn, for some −∞ ⩽ α < β ⩽ ∞, such

that γ ∈ C∞, and γ̇(t) ̸= 0 for every t ∈ (α, β).
• Trace.

C = γ((α, β)).
• Tangent vector.

• Tangent vector to the curve γ(t) at t = t0: γ̇(t0);
• Tangent vectors (tangent line) to the trace at p = γ(t0):
{aγ̇(t0) : a ∈ R}.

• Arc length.

L =
∫ b

a
∥γ̇(t)∥dt.
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Arc Length Parametrization

Given γ(t). Find Γ(s) with the same trace with
∥∥∥Γ̇(s)∥∥∥ = 1.

1. Calculate ∥γ̇(t)∥.
2. Solve Ṡ(t) = ∥γ̇(t)∥.
3. Find the inverse function T(s).
4. Γ(s) = γ(T(s)).
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Differential Geometry of Curves with Arc Length Parametrization

• T(s) = γ̇(s);
• N(s) = γ̈(s)

∥γ̈(s)∥ ;
• B(s) = T(s)× N(s);
• κ(s) = ∥γ̈(s)∥;
• τ(s) = (γ̇(s)×γ̈(s))·

...
γ (s)

κ2(s) ;
• Frenet-Serret:

Ṫ(s) = κ(s)N(s), (1)
Ṅ(s) = −κ(s)T(s) + τ(s)B(s), (2)
Ḃ(s) = −τ(s)N(s). (3)
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Differential Geometry for Curves with General Parametrization

• Required.
• T(t) = γ̇(t)

∥γ̇(t)∥ ;
• B(t) = γ̇(t)×γ̈(t)

∥γ̇(t)×γ̈(t)∥ ;
• N(t) = B(t)× T(t).

• Optional.
• κ(t) = ∥γ̇(t)×γ̈(t)∥

∥γ̇(t)∥3 ;
• τ(t) = (γ̇(t)×γ̈(t))·

...
γ (t)

∥γ̇(t)×γ̈(t)∥2 .
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Plane Curves

γ(s) = (x(s), y(s)): Arc length parametrized plane curve.

• Signed normal.
NS(s): T(s) rotates π/2 counter-clockwise;

• Signed curvature.
γ̈(s) = κS(s)NS(s).

• Relation between signed curvature and curvature.

κS(s)NS(s) = κ(s)N(s).
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Surface Theory



Surface/Surface Patch

• Regular surface patch.
σ : U 7→ R3. U ⊆ R2. σ: bijective. Both σ, σ−1 smooth.

σu × σv ̸= 0 anywhere.
• Tangent plane.

Tσ(u0,v0)S = {aσu(u0, v0) + bσv(u0, v0) : a,b ∈ R} .

• Unit normal.

Nσ(u0,v0) = N(u0, v0) =
σu(u0, v0)× σv(u0, v0)

∥σu(u0, v0)× σv(u0, v0)∥

Make sure you are aware of the sign problem!
• Surface area.

A =

∫
U
∥σu(u, v)× σv(u, v)∥dudv.
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Functions Between Surfaces

S = σ(u, v), S̃ = σ̃(ũ, ṽ), f : S 7→ S̃.

• ”Helper” function.
F = (σ̃)−1 ◦ f ◦ σ.

• Differential.
• Understanding Dpf(w).

Dpoint in Sf(vector in tangent plane of S) = vector in tangent plane of S̃.

Dpf is one function, acting on w!
• Formula.

Dpf(aσu + bσv) = ãσ̃ũ + b̃σ̃ṽ.
σu, σv at p, σ̃ũ, σ̃ṽ at f(p).(

ã
b̃

)
= DF(u, v) ·

(
a
b

)
, σ(u, v) = p.

8



Calculating Dpf(w)

σ : U 7→ S, σ̃ : Ũ 7→ S̃, f : S 7→ S̃, p ∈ S.

1. Find u0, v0 such that σ(u0, v0) = p;
2. Calculate σu(u0, v0), σv(u0, v0);
3. Find a,b such that w = aσu(u0, v0) + bσv(u0, v0);
4. Calculate DF(u0, v0) for F = (σ̃)−1 ◦ f ◦ σ;
5. Calculate (

ã
b̃

)
= DF(u0, v0) ·

(
a
b;

)
6. Find ũ0, ṽ0 such that σ̃(ũ0, ṽ0) = f(p);
7. Calculate σ̃u(ũ0, ṽ0), σ̃v(ũ0, ṽ0);
8.

Dpf(w) = ãσ̃u(ũ0, ṽ0) + b̃σ̃v(ũ0, ṽ0).
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The Gauss Map

• Definition.

G : S 7→ S2, G(p) = N(u, v), p = σ(u, v).

• Natural patches.

Ũ = U; σ̃(u, v) = N(u, v) = σu × σv
∥σu × σv∥

.

• Calculation of DpG(w).
1. Find σ(u0, v0) = p;
2. Calculate σu(u0, v0), σv(u0, v0);
3. Find a, b, w = aσu(u0, v0) + bσv(u0, v0);
4. Calculate N(u, v) = σu×σv

∥σu×σv∥ ;
5. Calculate Nu(u0, v0),Nv(u0, v0);
6.

DpG(aσu + bσv) = aNu + bNv.
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Examples



Curve Problem I: Arc Length. T,N,B, κ, τ

Example
Calculate T,N,B, κ, τ for the curve γ(t) = (cos t, sin t, 2t).

1. Arc length parametrization.

Γ(s) = (cos s√
5
, sin s√

5
,
2s√
5
).

2. Apply formulas.

T(s) = Γ̇(s) = 1√
5
(− sin, cos, 2); (4)

N(s) =
Γ̈(s)∥∥∥Γ̈(s)∥∥∥ = (− cos,− sin, 0), κ(s) = 1

5 ; (5)

B(s) = T(s)× N(s) = 1√
5
(2 sin,−2 cos, 1); (6)

τ(s) = B(s) ·
...
Γ

κ
=
2
5 . (7)
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Curve Problpem II: Frenet-Serret

Example
(2016 Mid 1 Q4) Prove

[(T× Ṫ) · T̈][(B× Ḃ) · B̈] = κ3τ 3.

Proof.

• Ṫ = κN; T̈ = κ̇N+ κṄ = −κ2T+ κ̇N+ κτB.

(T× Ṫ) · T̈ = κ2τ.

• Ḃ = −τN; B̈ = −τ̇N− τ Ṅ = τκT− τ̇N− τ 2B.

(B× Ḃ) · B̈ = κτ 2.

• QED.
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Surface Problem I: Surface Area

Example
Calculate the surface area of the part of S, given by (u, v,u2 + v2),
between z = 0 and z = 1.

1. U = {(u, v) : u2 + v2 < 1};
2. σu = (1, 0, 2u), σv = (0, 1, 2v) → σu × σv = (−2u,−2v, 1);
3. ∥σu × σv∥ =

√
1+ 4u2 + 4v2;

4.
A =

∫
U

√
1+ 4u2 + 4v2dudv = π

6 (2
3/2 − 1).
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Surface Problem II: Differential; Gauss Map

Example
(2016 Mid 1 Q3) Let S be given by (u, v,u2 + v2). Calculate DpG(w)
where p = (1, 1, 2), w = (−1, 1, 0).

1. p = σ(1, 1);
2. σu(1, 1) = (1, 0, 2), σv(1, 1) = (0, 1, 2);
3. w = −σu + σv, so DpG(w) = −Nu + Nv;
4. N(u, v) = (−2u,−2v,1)√

1+4u2+4v2 .

Nu(1, 1) =
1
27 (−10, 8,−4), Nv(1, 1) =

1
27 (8,−10,−4).

5. DpG(w) = 1
3 (2,−2, 0).

Without using properties of the Gauss map: See 2016 Midterm 1
Solutions.
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Looking Back and Forward



Summary

κ, τ, T,N,B; Frenet-Serret.

Surface area; Functions between surfaces; Gauss Map.
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See You Thursday!

1 hour (11:10 - 12:10); 3-4 (+1?) problems.

I am ready. Hope you are too!
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