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Please do not hesitate to interrupt me if you have a question.



Review



Parallel Transport

Covariant derivative: V,w = w — (w - Ns)Ns

e Parallel transport. w: A tangent vector field defined
along a curve ~(t).
e w is parallel along v: V,w = 0;
e w = «o, + [fo, then w is parallel along v <

q+ (T o+ Mov)a+ (Thi+Tpv)8 = 0 (1)
B+ (Mi+2v)a+ (MZu+T4Lv)8 = 0. (2)
e Christoffel symbols.
ow = Ipo,+To, +LN (3)
Ow = [0, +T0, +MN (4)
ow = [304+T30,+NN (5)



Calculation of ['s: An Example

o(u, v) = (cos ucos v, cos usin v,sin u)

1. Preparation. Calculate
Ou, 0v, N, Ous O, O
2. Solve for If;.
ouw =THo,+T 0, +LN
3. Solve for I'f,.
ow = M0, + 2,0, + MN
4. Solve for I,

0w = M50, + 50, + NN.



Geodesics




” Straight” lines on a surface

Meaning of "straight”?

1. kK = |k,| along the curve;
2. kg = 0 along the curve;
3. V, T =0 along the curve.
4

. Shortest path connecting two points.

All four characterizations roughly equivalent.

Definition. 7(t) is a geodesic: V.4 =0

e 7 is a geodesic = ||| is constant.



Geodesic equations

If [|¥]| is constant, then «y is a geodesic <

1
%(EQ+IE‘V) = 5(Il-zuu?+2IFUL'I\'/+<GU\'/2), (6)

d 1

a(]Fu +Gv) = 5(Il-zva2 + 2F, av + G, v?). (7)

e Called geodesic equations.

e Consequence of k = |k,|.

e Among the three equations: two geodesic equations and
L114] = 0, any two imply the third.



Alternative formulations

V,¥ = 0 & parallel transport equation
&+ (Mo +Myv)a+ (Mo +T,v) = 0 (8)
B+ (Mu+T0)a+ (M%u+T%,v)3 = 0. (9)
where a = 4, f = v, thanks to ¥ = do, + vo,,
i+ 0%+ 2,07 + Thv? = 0 (10)

VT +2rhav + v = 0

e The geodesic equations are easier to remember in matrix
form.

|| 7|l does not need to be constant in the parallel transport

equations. What has changed here?



Application to Surfaces of

Revolution



Clairaut’s Theorem

o(u,v) = (f(u)cosv, f(u)sinv,u).

1. Geodesic equations.
d
(1 + P (2)i)
d
E(f(u)z\'/) = 0.
2. Assume (1 + f'(u)?)i? + f(u)?v? = ||§]]> = 1. Then

cos ZL(oy,y) = /1 + f'(u)?u.

3. Consequently,

F'(u)f"(u)a® + f(u)f'(u)v?,

f(u)sin Z(o,,7) = Constant.
4. Clairaut’s Theorem: Geodesic < f(u)sin Z(o,,7) = C.



Geodesics in the unit sphere

As surface of revolution: (v/1 — u?cosv, 1 — u?sinv, u)

1. (2nd )Geodesic equation
(1—u?)W = f(u)*V = c;
2. Constant speed (assume arc length parametrization)
1=f(u)?®+fW) VP + > =1—c =+ 0

3. Calculate
i Usinv — coUCOSV 11COoSV + cousinv
¥XY= y €O

V1—u? ’ V1—u?
4. 1-G=v*+=>(i+u)i=0=>L(yx4)=0.
5. 7 lies in a plane passing the origin = big circle.




Looking Back and Forward




e Definitions.

1. Geodesics. V,¥ = 0.
e Properties.

1. Geodesics must have constant speed.
e Equations.

1. Geodesic equations.

%(EquIF\'/) = %(Euu%zwuuw@uvz), (12)
d . . L . 2
a(Fu+Gv) = E(Evu +2F, av + G, v*). (13)
2. Alternative formulation of Geodesic equations.
i+ +2riow+riv? = 0o (14)
VA T30% 4 2T3,0v 4+ 3,02 = 0. (15)



See you next Tuesday!

’Review for Midterm I1. ‘

e Covers material after the first midterm:

e Similar format as Midterm |.
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